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PREFACE  TO  THE  TENTH   EDITION. 


The  present  edition  is  essentially  a  new  work.  It  appears  not  only  in  a  new  form, 
greatly  reduced  in  size  and  weight,  but  with  additions  and  changes  so  extensive  and  impor- 
tant that  it  is  practically  rewritten  and  reset. 

In  the  change  of  title  from  "Strains"  to  Stresses^  we  have  at  last  conformed  to  the 
established  usage  of  all  physicists  and  the  large  and  increasing  majority  of  engineers.  In 
changing  the  signs  for  compression,  tension,  and  rotation  we  conform  to  the  universal 
notation  of  analytical  mechanics.  These  minor  changes  would  have  been  made  by  the 
author  long  since  had  it  not  been  for  the  expense,  necessitating  as  they  do  an  almost  entire 
resetting  of  the  type.  The  present  work  is  thus  in  harmony  as  regards  notation  and 
nomenclature  with  modern  practice. 

As  to  more  important  changes,  in  Part  I,  Section  I,  page  37,  we  have  replaced  the 
articles  upon  **  Graphic  Representation  of  Moments  for  any  Number  of  Forces  "  by  new  and 
correct  matter.  These  articles  have  until  now  appeared  in  successive  editions,  erroneous  in 
statement  and  demonstration.  Later  writers  have  not  called  the  attention  of  the  author  to 
this  blemish.  Indeed,  some  have  done  him  the  favor  of  giving  the  same  erroneous  presen- 
tation without  calling  attention  to  its  source.  It  is,  however,  hoped  that  in  their  future 
editions  they  may  give  him  the  credit  of  its  correction. 

Examination  of  the  rest  of  this  section  will  reveal  many  other  minor  changes,  too 
numerous  for  mention  here. 

In  Part  I,  Section  II,  many  of  the  changes  are  of  a  more  important  character* 

On  page  97  ei  seq,  we  give  a  revised  treatment  of  the  **  Method  of  Calculation  by 
Concentrated  Load  Systems;"  also  by  "equivalent  uniform  load,"  by  "one  locomo- 
tive excess  and  equivalent  uniform  load,"  and  by  "  two  locomotive  excesses  and  actual 
uniform  train  load."  We  also  give  a  comparison  of  the  results  of  these  various  methods, 
and  point  out  the  reasons  why  the  last  method  is  now  and  always  has  been  preferred  by 
the  author,  and  used  in  all  the  illustrative  examples.  At  the  same  time  the  matter  is  so 
presented  that  any  method  may  be  used,  the  illustrations  of  the  application  of  tlie  statical 
principles  being  so  full  and  complete  that  the  reader  can  have  no  difficulty  in  using  any 

system  of  loading  he  may  prefer. 
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In  Chapter  VI,  page  148,  we  have  given  the  principle  of  least  work,  and  illustrated  its 
application  to  redundant  members  and  to  the  deflection  of  a  framed  girder.  We  have  there 
given  our  reasons  for  considering  such  applications  of  little  practical  value,  although  in 
recent  works  much  stress  has  been  laid  upon  them.  This  principle  of  least  work  is,  however, 
capable  of  applications  of  great  value  in  directions  where  it  has  not  hitherto  been  applied, 
and  we  believe  that  in  the  present  work  several  such  applications  will  be  found  made  for  the 
first  time,  and  the  way  opened  for  others. 

Thus  in  Chapter  VII,  page  155,  we  have  applied  it  to  Swing  Bridges,  and  have 
obtained  new  and  general  methods  and  formulas  which  apply  to  varying  depth  and  chord 
section.  We  have  given  an  example  fully  worked  out,  for  a  centre-bearing  pivot-span,  also 
a  comparison  of  results  with  those  obtained  by  the  formulas  hitherto  in  use.  It  is  also 
shown  that  these  formulas  are  but  special  cases  of  our  more  general  method,  when  depth 
and  chord-sections  are  constant.  They  do  not  therefore  apply  to  most  practical  cases, 
although  heretofore  they  have  been  the  best  in  use.  The  new  formulas  of  this  chapter  are 
deduced  by  themselves  at  the  end.  They  follow  from  the  principle  of  least  work  so  directly 
and  simply,  that  the  value  of  this  principle  is  well  brought  out. 

Again,  in  Chapter  IX,  page  190,  we  have  applied  this  principle  to  the  Braced  Arch, 
with  the  same  results.  Here  also  we  obtain  new  and  general  methods  and  formulas  which 
apply  to  varying  depth  and  chord  sections  and  to  all  forms,  flat  or  full  centre.  Again  we 
find  that  the  formulas  heretofore  in  use  are  but  special  cases  for  a  flat  parabolic  arch  of 
constant  depth.  They  do  not  therefore  apply  to  many  practical  cases.  Here  again  the 
formulas  of  the  chapter  are  deduced  at  the  end,  and  those  familiar  with  the  usual  mathe- 
matical treatment  of  the  braced  arch  will  appreciate  the  directness  and  simplicity  of  that 
afforded  by  the  principle  of  least  work. 

Again,  in  Chapter  X,  page  217,  this  principle  gives  a  new  solution  for  the  Suspension 
System.  The  new  formulas  thus  obtained  are  recapitulated  on  page  228  for  ready  reference, 
in  shape  for  practical  application,  and  an  example  is  worked  out  and  results  given  both  by 
the  old  and  new  methods.  The  old  method  assumes  that  the  cable  carries  the  entire  load, 
dead  and  live,  and  that  the  truss  acts  merely  to  distribute  a  partial  loading.  The  error  of 
such  an  assumption  is  pointed  out,  and  by  the  application  of  the  principle  of  least  work  we 
determine  the  share  of  the  loading,  dead  and  live,  which  each  system  must  carry.  The  new 
formulas  obtained  are  simple  and  easy  of  application. 

In  the  appendix  to  Part  I,  Chapter  II,  page  270,  the  theory  of  Flexure  and  Mechanics 
of  Materials  is  rewritten  and  given  in  greater  fulness,  clearness,  and  with  improved 
notation.  Here  again  the  principle  of  least  work  is  applied,  giving  a  direct  and  simpler 
determination  of  the  reactions  in  the  cases  of  beam  fixed  at  one  end  and  supported  at 
the  other,  and  fixed  at  both  ends.  On  page  289  the  fundamental  formulas  are  recapitu- 
lated for  reference,  and  these  formulas  are  derived  anew  from  the  principle  of  work.  We 
have  also  treated  the  topics  of  combined  stresses  and  secondary  stresses. 

With  a  view  to  complete  treatment,  we  have  given  in  Chapter  III,  page  328,  the 
application  of  the  Theory  of  Flexure  to  Torsion,  although  the  subject  finds  no  application 
in  Framed  Structures.  Thus  the  student  need  not  go  outside  of  the  present  work  for  his 
course  on  Mechanics  of  Materials. 
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In  Chapter  IV.,  page  333,  we  have  given  a  new  treatment  of  the  "  ideal  column  **  and  of 
long  struts.  The  new  formula  of  Mr.  Prichard,  M.  Am.  Soc.  C.  E.,  is  here  given  for  the 
first  time.  This  formula  is  probably  the  most  important  on  this  subject  since  the  derivation 
of  Euler's  well-known  formula.  We  have  also  given  the  practical  column  formulas  in 
general  use.  For  the  reasons  stated  in  this  chapter,  we  consider  the  formula  of  Prof. 
Merriman  as  the  best  practical  formula  thus  far  proposed. 

As  to  Part  II.,  which  deals  with  practical  designing  and  structural  principles,  the 
changes  and  additions  are  numerous,  mainly  relating  to  improved  method  of  presentation 
or  to  present  practice.  This  part  of  the  subject  is  in  process  of  change  and  development. 
The  present  work  was  one  of  the  first  to  give  due  prominence  to  it,  and  the  first  to  give 
anything  like  a  complete  and  practical  presentation.  In  subsequent  editions  this  portion 
has  been  greatly  enlarged.  A  point  has  been  reached,  however,  where  it  would  be  impossible 
to  try  to  keep  pace  with  changing  details  and  minutiae  of  practice.  Nor  is  such  an  attempt 
desirable  in  a  work  of  this  character.  We  have  therefore  sought  in  the  present  edition  to 
give  clearly  and  logically  those  permanent  principles  and  practices,  never  out  of  date,  upon 
which  design  must  always  rest,  in  such  a  manner  as  to  indicate  their  application  to  construc- 
tions in  general,  whether  framed  structures  or  machines,  together  with  such  illustrations, 
special  details,  and  applications  to  framed  structures  in  especial,  as  may  serve  to  give  the 
student  ability  to  use  and  apply  those  principles  intelligently  to  other  cases.  The  teacher 
must  always  supplement  such  an  endeavor  by  more  detailed  instruction  and  by  as  great  a 
variety  of  examples  as  the  time  allotted  to  the  subject  may  permit;  while  the  student  and 
designer  must  seek  in  other  works  than  this,  in  specifications,  and  in  the  records  of  the  most 
recent  practice  for  those  changing  rules  and  details  which  constitute  the  latest  usage. 

With  the  kind  permission  of  Theodore  Cooper,  C.E.,  we  give  his  new  and  revised 
Specifications  for  1896  for  Steel  Railroad  Bridges. 

John  Sterling  Deans,  C.E.,  the  Chief  Engineer  of  the  Phoenix  Bridge  Co.,  has  kindly 
revised  liis  chapter  on  Erection,  bringing  it  up  to  date  for  this  edition. 

The  work  closes  with  a  chapter  upon  High-Building  Construction,  by  Wm.  W.  Crehore, 
M.  Am.  Soc.  C.  E. 
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PART  I. 


Section  I. 

DIFFERENT   METHODS   OF  CALCULATION. 


-    ■  Hi 


I.  GENERAL  PRINCIPLES. 


INTRODUCTORY. 

Definition  of  Framed  Structures.— A  framed  structure,  or''  truss*"  is  a  collection 
of  straight  '^members'*  so  joined  together  by  pins  or  rivets  as  to  form  a  rigid  framework. 

The  office  of  such  a  structure  may  be  either  to  transmit  or  transform  motion  or  work, 
in  which  case  it  may  form  part  or  whole  of  a  mechanism  or  machine ;  or  to  resist  the  action 
of  external  forces  tending  to  cause  motion,  in  which  case  it  is  a  structure  of  stability,  or  a 
statical  construction.  The  principles  which  govern  the  discussion  of  the  first  case  are 
therefore  dynamical,  and  belong  to  the  science  of  kinetics ;  while  in  the  second  they  are 
those  of  statical  equilibrium,  and  belong  to  the  science  of  statics.  The  latter  class  of 
structures  alone  is  discussed  in  this  work. 

The  simplest  kind  of  truss  is  a  triangle,  because  that  is  the  only  figure  whose  shape 
cannot  alter  without  changing  the  length  of  its  sides.  The  triangle  is  thus  the  truss 
element,  and  all  framed  structures,  no  matter  how  complicated,  which  contain  no  super- 
fluous members,  may  be  considered  as  assemblages  of  triangles. 

The  members  are  always  straight,  because  if  a  member  is  curved  its  axis  does  not 
coincide  with  the  force  at  each  end  which  it  is  designed  to  resist.  The  consequence  is  a 
tendency  to  deformation. 

External  Forces. — Every  structure  which  we  shall  consider  is  acted  upon  by 
external  forces,  such  as  the  loads  apphcd  at  various  points,  the  reactions  of  the  supports, 
the  weight  of  the  structure  itself,  the  force  of  the  wind,  the  weight  of  snow,  shocks,  etc. 
These  external  forces  act  to  distort  the  structure  and  the  various  members  of  which  it  is 
composed.  As  we  shall  see  later,  they  can  all  be  resolved  into  forces  applied  at  the  ends 
of  each  member.  These  forces  we  may  distinguish  by  the  effect  they  produce  in  the 
member. 

We  thus  distinguish  : 

Force  of  tension,  or  tensile  force,  which  acts  to  elongate  a  member  in  the  direction  of 
its  length. 

Force  of  compression,  or  compressive  force,  which  acts  to  compress  a  member  in  the 
direction  of  its  length. 

Force  of  shear,  or  shearing  force,  which  acts  upon  a  member  at  right  angles  to  its 
length. 

Stress. — Let  a  member  be  acted  upon  at  its  ends  by  two  equal  and  opposite  external 
forces  in  the  direction  of  its  length,  so  that  it  is  compressed  or  extended.     Then,  if  equi- 
librium exists,  it  follows  that  at  any  imaginary  section 
through  the  member  there  must  exist  two  internal  forces        ^ 
equal  and  opposite  to  the  external  forces  at  each  end.  +f~' 
These  internal  forces  are  called  stresses.     Thus,  if  a  mem- 
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her  AB  is  compressed  by  the  two  equal  and  opposite  external  forces  -\'  F,  —  F,  we  have 
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acting  at  each  end,  A  and  B,  an  internal  force  or  stress  -f  5,  —  5  equal  and  opposite  to 
the  external  force  at  that  end.  We  nnay  distinguish  the  stress  according  to  the  character 
of  the  external  force  it  balances. 

We  thus  distinguish : 

Stress  of  tension,  or  tensile  stress,  due  to  attraction  between  the  particles,  which  resists 
a  tensile  force. 

Stress  of  compression,  or  compressive  stress,  due  to  repulsion  between  the  particles, 
which  resists  a  compressive  force. 

Stress  of  shearing,  or  shearing  stress,  which  resists  a  shearing  force. 

Stress,  then,  is  always  internal.  We  speak  of  the  force  on  a  member,  and  the  resulting 
stress  in  the  member. 

Strain. — When  a  member  is  acted  upon  by  two  equal  and  opposite  forces  in  the 
direction  of  its  length  it  is  compressed  or  elongated.  This  compression  or  elongation  in 
opposition  to  existing  stress  is  called  strain. 

If  the  resisting  stress  is  compressive,  the  strain  is  a  compression. 

If  the  resisting  stress  is  tensile,  the  strain  is  an  extension. 

If  the  resisting  stress  is  shearing  stress,  the  strain  is  a  shearing  strain. 

Stress,  then,  is  measured  in  units  of  force,  as,  for  instance,  in  pounds;  while  strain  is 
measured  in  units  of  length,  as,  for  instance,  in  inches,  and  it  must  always  be  opposite  in 
direction  to  coexisting  stress. 

Strut,  Tie,  Brace,  Counterbrace,  etc. — The  word  "member,"  which  we  have 
used  already  so  many  times,  signifies  a  body  whose  length  is  generally  great  in  comparison 
to  its  other  dimensions.  It  is  always  straight.  By  the  union  of  such  members  the  structure 
.is  formed,  and  the  whole  combination  is  termed  z  framework.  The  member  has  different 
names  according  to  the  stress  it  is  designed  to  resist.  When  it  resists  a  compressive  stress 
in  general  it  is  called  a  Strut,  and  when  the  strut  is  vertical  it  becomes  a  Post.  When  the 
stress  is  tensile  the  member  is  called  a  Tie,  The  term  Brace  is  used  to  denote  both  struts 
and  ties.  When  a  brace  is  rendered  capable  of  acting  either  as  a  strut  or  as  a  tie  indiffer- 
ently it  is  said  to  be  counterbraced. 

Beam,  Girder. — In  the  case  of  a  bending  stress  the  member  is  called  a  Beam.  When 
the  beam  is  of  considerable  length  and  subjected  to  transverse  stresses  only  it  is  called  a 
Girder,  and  may  be  either  solid  or  flanged.  The  cross-section  of  a  solid  girder  is  either 
rectangular,  triangular,  or  round,  or  some  modification  of  these  forms.  The  flanged 
girder  consists  of  one  or  two  flanges  of  any  desirable  cross-section  .united  to  a  thin  vertical 
web.*  The  office  of  the  flanges  is  to  resist  the  compressive  and  tensile  stresses.  That  of 
the  web  is  to  resist  the  shearing  stress.  The  web  may  be  continuous,  as  \n  plate  girders  * 
or  open-work  as  in  framed  girders.  It  is  with  the  latter  only  fhat  we  have  to  do  in  this 
work.  The  intersection  of  a  brace  with  a  flange  is  called  an  Apex.*  That  portion  of  a 
flange  between  two  adjacent  apices  is  called  a  Bay  or  Panel. 

Fundamental  Principles. — All  the  various  methods  of  investigating  the  conditions 
of  stability  of  framed  structures  are  based  upon  one  of  two  principles — the  so-called 
"  principles  of  statical  equilibrium. 

The  first  of  these  is  as  follows : 

If  any  number  of  forces,  all  in  the  same  plane,  and  acting  at  a  common  point  of  applica-^ 
tioHy  oral  different  points  of  the  same  rigid  body  ^  are  ifi  equilibrium,  the  algebraic  sum  of  all  their 
components  in  any  given  direction  is  zero.     That  is,  t/ie  sum  of  all  the  components  tending  to  cause 

*  For  illustration  of  a  flange  cross-section  with  web,  see  Fig.  280,  Plate  20.     For  illustration  of  a  plate  girder, 
see  Fig.  280,  Plate  20,  and  for  a  framed  girder,  see  Plate  i  \{a).    For  illustration  of  panel  and  apex^  see  fig.  7,  page  1 1 
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motion  in  any  one  given  direction  is  exactly  equal  to  the  sum  of  all  those  tending  to  cause 
motion  in  the  precisely  opposite  direction. 

This  we  shall  call  the  *'  principle  of  the  resolution  of  forces.*' 

The  second  principle  is  as  follows : 

If  any  number  of  forces^  all  in  the  same  plane  ^  and  acting  at  a  common  point  of  appliccL^ 
tion^  or  at  different  points  of  the  same  rigid  body,  are  in  equilibrium,  tJu  algebraic  sum  of  the 
moments  of  these  forces,  taken  with  reference  to  any  point  whatever  in  the  plane  of  the  forces^ 
is  zero,  T/iat  is,  the  sum  of  the  moments  tcfiding  to  cause  rotation  in  one  direction  is  balanced 
by  the  sum  of  the  moments  tending  to  cause  rotation  in  the  otlur  direction. 

This  we  shall  call  the  "  principle  of  the  equality  of  moments.'* 

Definition  of  "  Moment.'*— The  "  moment  *'  of  a  force  is  the  product  of  the  force 
into  its  "  lever  arm,''  The  lever  arm  of  a  force  with  respect  to  any  point,  which  is  called 
the  "  centre  of  moments,*'  is  the  shortest  distance  of  that  point  from  the  direction  of  the 
force,  that  is,  it  is  the  length  of  the  perpendicular  let  fall  from  the  point  upon  the  force, 
prolonged  in  direction  if  necessary.* 

Unnecessary  Members. — If  any  framed  structure  be  conceived  as  cut  entirely  through 
so  as  to  divide  it  into  two  parts ^  it  is  evident  that  if  it  held  the  outer  forces  in  equilibrium  be- 
fore it  was  cut,  the  stresses  in  the  cut  members  must  have  formerly  held  in  equilibrium  all 
the  outer  forces  acting  upon  each  of  the  parts  into  ivhich  the  structure  is  divided. 

This  principle  is  evident  and  does*  not  need  demonstration.  Now  we  may  resolve 
each  of  the  outer  forces,  whatever  their  direction,  and  also  the  stresses  in  the  cut  members, 
into  vertical  and  horizontal  components  respectively. 

We  then  have,  according  to  our  fundamental  principles : 

1st.  The  algebraic  sum  of  all  the  vertical  components  is  zero. 

2d.  The  algebraic  sum  of  all  the  horizontal  components  is  zero. 

3d.  The  algebraic  sum  of  the  moments  with  reference  to  any  point  in  the  plane  of 
the  forces  is  zero. 

Here,  then,  are  three  conditions,  which  furnish  us  in  general  with  three  equations 
between  the  acting  forces.  If  only  three  of  these  forces  are  unknown,  they  can  therefore 
be  determined.  But  if  more  than  three  are  unknown,  they  cannot  be  determined,  because 
there  are  more  forces  to  be  found  than  there  are  equations  of  condition.  Now  in  general 
all  the  outer  forces  acting  upon  a  framed  structure  are  known.  It  follows,  therefore, 
that  if  it  is  impossible  to  divide  the  structure  in  any  direction  without  cutting  more  than 
three  members,  the  stresses  in  which  are  necessarily  unknown,  the  problem  is  indeterminate,  and 
t/ie  structure  has  tiunecessary  or  superfluous  members. 

The  frame  should  therefore  be  altered  so  as  to  dispense  with  one  or  more  of  these 
members,  when  the  problem  becomes  determinate. 

We  can  easily  deduce  a  criterion  for  determining  whether  any  frame  has  superfluous 
members.  Assume,  in  general,  the  position  of  one  side,  thus  fixing  the  position  of  two 
apices.  Now,  from  these  two  apices  we  can  locate  another  by  two  new  sides.  Then  we 
can  locate  another  by  two  sides  from  two  previously  located,  and  so  on.  If,  then,  m  is 
the  number  of  sides  necessary  for  stabilit3^  and  n  is  the  number  of  apices,  we  have 
w  =  2(«  —  2)  +  I,  or  ?«  =  271  —  3,  for  the  number  of  necessary  sides.  If  the  number  of 
sides  in  any  case  exceeds  2n  —  3,  the  extra  number  are  unnecessary  for  rigidity.  If  the 
number  of  sides  in  any  case  is  less  than  2n  —  3,  the  frame  can  change  its  shape  without 
changing  the  length  of  its  sides,  and  is  therefore  not  rigid. 

Methods  of  Calculation. — The  two  fundamental  principles  already  given,  give  rise 
to  two  methods  of  calculation  :  the  method  by  **  resolution  of  forces,'*  and  the  *'  method  of 

*  See  page  23,  Fig.  11,  for  illustration. 
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sections,"  or,  as  it  is  often  called,  the  '*  method  of  moments."  Each  of  these  may  be 
applied  graphically  or  analytically.  We  may  therefore  draw  up  the  following  scheme, 
which  includes  all  the  methods  of  solution  of  framed  structures  of  equilibrium : 


I.  Resolution  of  forces 


I 


(a)  Graphic  method  of  solution. 
(3)  Algebraic    " 


¥¥    »#  ^1.    J     r  I  W  Algebraic  method  of  solutioa 

II.  Method  of  moments    |  ^^^  ^^^^^^^  „        „        „ 

Any  one  of  these  methods  may  be  used  in  the  solution  of  any  given  case,  but  in  general 
there  will  be  one,  the  employment  of  which  in  any  special  case  will  be  found  preferable  in 
point  of  ease  and  simplicity  to  the  others.  Or,  it  may  be,  a  combination  of  two  or  more 
of  these  methods  furnishes  a  readier  solution.  It  is  therefore  desirable  that  the  engineer 
should  be  familiar  with  the  principles  and  application  of  all,  in  order  to  proceed  in  the 
best  manner  in  any  special  case. 

The  presentation  and  illustration  of  these  four  methods,  in  the  order  named,  will 
therefore  constitute  the  first  Section  of  this  work. 

Postulates. — There  are  certain  postulates  which  we  require  shall  be  understood 
and  agreed  to,  before  we  can  proceed  to  the  application  of  our  fundamental  principles. 

As  the  structures  which  we  are  to  discuss  are  all  of  them  structures  of  stability,  that 
is,  must  oppose  the  action  of  outer  forces  and  hold  these  forces  in  a  state  of  rest,  we 
assert : 

1st.  That  all  the  forces  which  act  upon  any  apex  of  a  framed  structure  must  constitute  a 
system  of  forces  in  equilibrium^  for  which,  therefore,  the  fundamental  principles  of  equili- 
brium just  stated  hold  good. 

If,  therefore,  the  outer  forces  at  any  apex  are  not  in  equilibrium  already,  they  must 
be  held  in  equilibrium  by  the  stresses  which  they  cause  in  the  members  meeting  at  that 
apex. 

2d.  If  the  entire  structure  or  frame-work  is  required  to  remain  at  rest,  it  follows  that 
all  the  outer  forces  acting  upon  it  must  also  constitute  a  system  of  forces  in  equilibrium. 

id.  A  uniformly  distributed  load  may,  without  sensible  error,  be  assumed  to  be  grouped 
into  weights  resting  upon  the  apices,  each  apex  supporting  a  weight  equal  to  the  load  resting 
upon  the  adjoining  half  panels. 

This  is  evidently  correct  in  the  case  of  pin  joints,  and  in  the  case  of  riveted  joints  the 
influence  of  continuity  can  be  disregarded.  In  practice,  moreover,  cross-girders  *  occur 
generally  only  at  the  apices,  so  that  no  panel  is  subject  to  transverse  stress  except  from  its 
own  weight. 

4///.  The  stress  in  each  panel  or  brace  is  miiform  throughout  its  length,  and  acts  in  the 
direction  of  the  length  only. 

This  must  evidently  be  the  case  for  any  assemblage  of  straight  members  connected  by 
pin  joints.  In  riveted  structures  there  may  be  a  slight  wrenching  at  the  joints  if  the 
members  are  not  accurately  in  the  direction  of  the  lines  of  stress,  which  can  be  neglected. 

5M.  A  brace  cannot  undergo  tension  and  compression  simultaneously. 

6th.  The  effect  of  several  stresses  acting  at  once  upon  any  brace  is  the  same  as  the  alge- 
braic sum  of  the  effects  produced  by  each  stress  when  cut ing  separately. 

Thus,  if  the  stresses  are  all  tensile  or  all  compressive,  the  combined  effect  is  equal 
to  the  sum  of  the  effects  produced  by  each.  If  some  are  tensile  and  some  compressive, 
the  difference  between  the  sum  of  the  tensile  and  the  sum  of  the  compressive  will  be  the 
resultant  stress. 


*  For  illustration  of  cross-girder,  see  Fig.  280,  Plate  20. 
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Unit-Stress — Inch-Stress. — The  stress  in  any  member  per  unit  of  area  of  its  cross- 
section  is  called  the  Unit-stress.  If  this  unit  is  the  square  inch,  then  the  stress  per  square 
inch  of  cross-section  is  the  inch-stress.  The  entire  stress  upon  a  member  is  then  equal  to 
its  area  of  cross-section  multiplied  by  its  unit-stress. 

Signs  for  Tension  and  Compression. — In  mechanics  generally  a  force  acting 
away  from  the  origin  is  always  positive,  acting  towards  the  origin,  negative.  If,  then,  we 
take  any  apex  as  origin,  a  tensile  stress  in  any  member  meeting  at  that  apex  will  act  away 
from  the  apex,  and  a  compressive  stress  towards  the  apex.  We  therefore  denote  a  tensile 
stress  by  a  plus  (+)  sign  and  a  compressive  stress  by  a  minus  (— )  sign. 

The  student  may  be  aided  in  memorizing  this  by  noting  that  the  word  '*  compression  ** 
contains  the  letter  ''  m,"  and  "  m  "  stands  for  "  minus." 


t 
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CHAPTER  I. 

GRAPHIC   RESOLUTION   OF   FORCES. 

A.      GENERAL  PRINCIPLES.      FORCES  IN  THE  SAME    PLANE,   COMMON   POINT  OF  APPLI- 
CATION. 

Graphic  Representation  of  a  Force. — ^Three  things  are  necessary  to  be  known  in 

order  that  a  force  may  be  completely  given — its  point  of  application,  its  direction,  and  its 
magnitude.  All  three  may  be  at  once  represented  by  a  straight  line.  Thus  the  length  of 
the  line  to  any  convenient  scale,  may  represent  the  magnitude  of  the  force ;  one  end  of 
this  line  then  gives  the  point  of  application,  and  the  direction  of  the  line  from  this  point 
gives  the  direction  in  which  the  force  acts. 

All  forces  of  which  we  shall  have  occasion  to  speak  will  be  considered  as  lying  and 
acting  in  the  same  plane. 

Two  Forces — Common  Point  of  Application. — If  two  forces  P^  and  P^,  given  in 
direction  and  magnitude  by  AP^  and  AP^  have  a  common  point  of  application  A^  Fig.  i,  we 

may  find  the  resultant  R  according  to  well  known  principles,  by  completing 
the  parallelogram,  as  indicated  by  the  dotted  lines  and  drawing  the  diagonal 
AR.  AR  is  the  resultant  in  direction  and  intensity.  If  then  we  apply  to 
the  point  A^  a  force  AR  it  will  have  the  same  effect  upon  the  point  as  the 
two  forces  P^  and  P%  had  when  acting  together,  that  is,  it  will  replace  P^  and 
/j.  If,  however,  the  resultant  R  acts  in  the  direction  RA^  it  will  produce  a 
precisely  opposite  effect  from  P^  and  P^  acting  together.  If,  therefore,  we  let  /\,  P^,  and 
R  all  act  upon  the  point  A  simultaneously,  and  suppose  R  to  act  in  the  direction  from  R 
to  A^  then  these  three  forces  will  be  in  equilibriunu 

Now  we  wish  to  call  attention  to  the  fact  that  it  is  unnecessary  to  complete  the  paral- 
lelogram fully.  Thus  it  would  have  been  sufficient  to  have  drawn  a  line  as  P^R  parallel 
and  equal  to  -^/j,  or  a  line  P^R  parallel  and  equal  to  AP^^  In  either  case  we  should  have 
found  the  point  i?,  and  would  have  found,  therefore,  the  magnitude  of  the  resultant. 

Next,  as  to  the  direction  of  the  resultant,  notice  that  if  it  acts  in  the  direction  from  R 
to  A  it  holds  the  forces  in  equilibrium.  If  it  should  act  in  the  direction  AR  it  would  re- 
place the  forces. 

If  then  the  resultant  is  supposed  to  act  in  the  direction  obtained  by  following  round 
cither  triangle  AP^R  or  AP^R,  in  the  direction  of  the  forces,  as  from  A  to  P^  and  P^  to  R  and 
R  to  A,  or  from  A  to  P^  and  P^  to  R  and  R\.o  A,  the  direction  RA  thus  obtained  is  the 
direction  for  equilibrium.  The  opposite  direction  is  that  in  which  the  resultant  must  act 
when  it  replaces  the  forces. 

Three  Forces — Common  Point  of  Application. — Suppose  we  have  three  forces 
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acting  at  A^  as  in  Fig.  2.  Then  from  the  preceding,  R^ji  is  the  resultant 
of  the  forces  P^  and  P^.  If  we  suppose  it  to  act  in  the  direction  from  A 
to  -^14,  it  will  replace  P^  and  /j  completely.  We  have  then  only  to  find 
the  resultant  of  R^j^  and  /i,  by  completing  the  parallelogram  upon  these 
forces,  and  we  find  R^^  the  resultant  of  the  forces  /i,  P^  and  P^, 

Again  we  see  it  is  unnecessary  to  complete  all  the  parallelograms. 
It  would  have  been  sufficient  to  draw  P^RxJi  parallel  and  equal  to  /,,  and 
then  RxJiRx.%  parallel  and  equal  to  /«,  and  we  should  have  found  the  resultant  /?i^. 

Again,  if  we  go  around  in  the  direction  of  the  forces^  from  A  to  P^  and  P^  to  ^j^,  then 
to  Rx^,  and  then  back  to  A^  the  direction  thus  obtained  is,  as  before,  the  direction  of  the 
resultant  for  equilibrium. 

It  is  not  necessary,  or  even  desirable,  to  go  through  the  construction  upon  the  dia- 
gram of  the  forces.     It  is  better  to  keep  the  two  constructions  separate. 

Four  Forces. — Let  us  apply  these  remarks  to  four  forces  P^y  /»,  /s,  P^^  acting 
at  the  point  A^  Fig.  3.  The  diagram  [a)  we  call  the  force 
diagram.  Now  parallel  to  every  force  in  the  force  diagram, 
we  draw  a  line  equal  by  scale  to  the  magnitude  of  the  force  to 
which  it  is  parallel.  We  thus  obtain  the  polygon  <?  i  2  3  4.  Thus 
a\  is  parallel  to /i,  and  equal  by  scale  to  the  magnitude  of  Z^. 
Then  from  the  end  oi  a\y  wc  draw  i  2  parallel  and  equal  to  -Pg,  then 
2  3  parallel  and  equal  to  /g.  then  34  parallel  and  equal  to  P^,  The 
polygon  we  thus  obtain  is  called  \\i^  force  polygon.  As  we  see,  it  is  precisely  the  outline  we 
should  have  obtained  had  we  completed  all  the  parallelograms  directly  upon  the  diagram 
(a)  as  in  the  last  case,  Fig.  2.  Thus  the  diagonal  a2  is  the  resultant  of  I  and  2,  ^3  is  the 
resultant  of  i,  2  and  3,  and  a\  is  the  resultant  of  i,  2,  3  and  4. 

Order  of  Forces  Immaterial.— The  order  in  which  the 

forces  are  laid  off  in  the  force  polygon  is  immaterial.  Thus  in 
Fig.  4,  it  is  evidently  a  matter  of  indifference  whether  we  lay  off 
the  forces  in  the  order  i,  3,  2,  4,  or  in  the  order  i,  2,  3,  4.  In  both 
cases  we  obtain  the  same  resultant  ^4,  and  the  same  direction 
and  magnitude,  for  the  resultant.  But  by  the  same  change  of  two 
and  two  we  can  produce  any  order  we  please. 

General  Principle. — We  sec,  in  Figs.  3  and  4,  that  the  direction  obtained  for  the 
resultant  by  following  around  the  force  polygon  in  the  direct io7i  of  t lie  forces  as  laid  off,  is 
the  direction  necessary  for  equilibrium.  The  opposite  direction  is  that  which  replaces  the 
forces.  Thus  ^2,  Fig.  3  {b)y  is  the  resultant  of  forces  Pi  and  P^y  just  as  in  Fig.  i,  and  if  it 
is  conceived  as  acting  at  A  in  the  force  diagram  {a)  in  the  direction  given  by  a2y  it  will  re- 
place forces  Px  and  P^^  We  have  then  ^3  as  the  resultant  of  a2  and  3  or  of  the  forces  i,  2, 
and  3,  and  acting  at  the  common  point  of  application  A  in  the  direction  from  ^  to  3  it 
will  replace  forces  i,  2,  and  3.  Finally  then,  ^4  is  the  resultant  of  forces  i,  2,  3,  and  4, 
and  acting  in  the  direction  from  ^  to  4  will  replace  these  forces,  or  will  have  the  same 
effect  upon  the  point  of  application  A,  as  all  the  forces  when  acting  together.  Of  course 
the  opposite  direction,  or  the  direction  from  4  to  a,  obtained  by  following  round  the  force 
polygon  in  the  direction  of  the  forces,  is  the  direction  necessary  for  equilibrium.  If  then 
we  conceive  a  force  applied  at  A  in  the  force  diagram  {a)  equal  and  parallel  to  4/z 
and  acting  in  the  direction  from  4  to  a^  as  given  by  the  force  polygon  (^),  we  should  have 
a  system  of  five  forces  all  acting  at  the  same  point,  in  equilibrium.  We  have  then  the  fol- 
lowing general  principle : 

If  any  number  of  forces  in  the  same  plane  having  a  cofnmon  point  of  application  are  in 
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equilibrium^  the  force  polygon  closes.  If  the  force  polygon  does  not  close y  the  line  necessary 
to  close  it  is  the  resultant.  If  this  resultant  acts  upon  the  point  of  application  in  tlu  direction 
obtained  by  following  around  the  force  polygon  with  the  forces ^  it  will  hold  the  forces  in  equi- 
librium.    If  taken  as  acting  in  the  opposite  direction^  it  will  replace  the  forces. 

We  see  also  that  any  diagonal  of  the  force  polygon,  as  shown  by  the  dotted  lines  in  Fig. 
3  {b\  is  the  resultant  of  the  forces  on  each  side,  and  replaces  those  upon  one  side,  and  holds 
in  equilibrium  those  upon  the  other,  or  vice  versa^  according  to  the  direction  in  which  we 
let  it  act. 

Thus,  in  Fig.  3  (i),  we  have  5  forces  in  equilibrium,  because  the  polygon  is  closed  by 
4tf.  If  these  are  in  equilibrium,  then  any  two,  as  ^i,  i  2,  must  hold  the  others  in  equi- 
librium, but  the  resultant  of  a\  and  i  2  is  «2,  and  acting  in  the  direction  from  a  to  2,  re- 
places these  two  forces.  It  would  therefore  hold  the  other  forces  in  equilibrium  if  acting 
in  this  direction. 

First  Fundamental  Principle  of  Equilibrium. — The  general  principle  just  enun- 
ciated is  nothing  more  than  a  statement  in  other  words  of  our  first  fundamental  principle 
of  equilibrium  given  on  page  4.     For  if  we  resolve  each  force  represented  by  a  line  of  the 
polygon,  into  a  horizontal  and  vertical  component,  for  instance,  as  shown  in  Fig.  5  (i),  it  is 
Fis*B  evident,  that  if  the  algebraic  sum  of  all  the  vertical  components 

is  zero,  and  the  algebraic  sum  of  all  the  horizontal  components  is 
zero,  the  polygon  must  be  closed.  Hence  when  the  force  poly- 
gon closes,  the  forces  must  be  in  equilibrium.  Thus,  starting 
from  the  point  a^  we  see  that  three  of  the  forces  give  downward 
vertical  components,  viz.  i,  4,  and  the  resultant  4^?,  and  the  sum 
of  these,  since  the  polygon  closes,  must  be  equal  to  the  upward 
vertical  components.  So  also  for  the  horizontal  components,  i  and  2  give  components 
acting  from  left  to  right.  Their  sum  is  the  horizontal  distance  from  a  to  2.  But  3,  4  and 
the  resultant  give  horizontal  components  acting  from  right  to  left,  and  if  the  polygon 
closes,  their  sum  must  be  equal  to  the  horizontal  distance  from  2  to  a. 

Forces  all  Parallel. — If  the  forces  are  all  parallel,  the  force  diagram  will  be  a 
061^,6  straight  line  as  in  Fig.  6  {a),  where  we  have  three  forces  Px,  P,,  /\,  all  vertical 

-^— ^^' — ^       and  acting  at  the  same  point  A. 

M  (b)  If  we  lay  off  these  forces  in  the  order  given  we  have  the  force  polygon  (^), 

which  in  this  case  is  also  a  straight  line.  Thus  ^i  is  laid  off  downwards,  equal 
to  Pi,  then  I  2  equal  to  Z^,  then  2  3  upwards  equal  to  P^.  The  line  ^a  then 
closes  the  polygon,  and  hence  the  resultant  is  the  algebraic  sum  of  the  forces, 
I  or  /i  +  /a— /V  The  line  ^  i  2  3  in  Fig.  6  {b)  should  be  regarded  still  as  a 
polygon  or  double  line.  Thus  following  round  in  the  direction  of  the  forces 
we  go  from  ^  to  i,  i  to  2,  2  to  3,  and  hence  the  resultant  3^,  which  closes,  must  act  up- 
wards for  equilibrium. 

B.   ILLUSTRATION  OF  GENERAL  PRINCIPLES. 

The  foregoing  principles,  simple  as  they  are,  furnish  us  with  the  means  of  finding  the 
stresses  in  any  framed  structure,  however  complicated,  which  the  civil  engineer  can  legiti- 
mately be  called  upon  to  erect,  provided  only  all  tlu  external  forces  are  known.  They  will 
be  applied  in  detail  to  many  different  kinds  of  structures  hereafter  (see  p.  66),  so  that  the 
reader  may  obtain  complete  majccry  of  the  method.  We  shall  content  ourselves  here  with 
a  single  example,  merely  to  illustrate  the  method  of  application.  For  this  purpose  we 
select  a  very  simple  structure. 
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APPLICATION   TO   A   ROOF   TRUSS. 

Dimensions  of  Truss.— Frame    Diagram.— The  truss  shown  in  Fig.  7  is  50 

feet  span,  and  12.5  feet  high.  Each  rafter  is  divided  into  four  equal  panels,  and  the 
lower  horizontal  tie  is  divided  into  six  equal  panels.  The  bracing  is  as  shown  in  the 
Figure.  Each  half  of  the  frame  is  perfectly  symmetrical  with  the  other  half.  The  Fig.  7 
we  call  the  frame  diagram.  It  may  be  drawn  to  any  convenient  scale,  the  larger  the  better. 
Loading  of  the  Truss. — According  to  our  postulate  3,  page  6,  we  suppose  all  that 
portion  of  the  weight  of  roof  covering  which  extends  from  the  centre  of  one  panel  to  the 
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centre  of  the  next,  including  weight  of  cross-pieces,  planking,  shingles,  etc.,  to  be  con- 
centrated at  each  apex.  Let  us  assume  that  we  thus  have  a  weight  of  800  lbs.  acting  at 
each  upper  apex,  except  the  two  end  ones,  where  the  weight  is  one-half  of  this,  or  400 
lbs.  Since  the  truss  is  symmetrical,  with  respect  to  the  centre,  and  symmetrically  loaded, 
the  upward  reaction  or  pressure  upon  the  wall  at  each  end  will  be  one  half  the  sum  of  all 
the  weights,  or  3,200  lbs.  at  each  end.  These  constitute  all  the  external  forces  which  act 
upon  the  frame-work. 

Notation. — The  notation  which  we  adopt  in  order  to  conveniently  designate  any 
member  or  stress  is  as  follows.     We  letter  the  triangular  spaces  into  which  the  truss  is  divided 
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by  the  braces,  also  the  spaces  between  the  forces.  The  letter  L  refers  to  all  the  space 
below  the  truss.  Thus  the  panels  into  which  the  rafter  is  divided  are  Ba,  Cb,  Dd,  Ef^  etc. 
The  panels  into  which  the  lower  horizontal  tie  is  divided  are  La,  Lc,  Z>,  etc  In  general 
any  member  is  denoted  by  the  letters  upon  each  side  of  it.  Thus  ab  is  the  first  brace,  be 
the  next,  and  so  on.     In  like  manner  AB  is  the  first  weight,  BC  the  second,  etc. 

Force  Polygon. — We  can  now  proceed  to  form  the  ''force  polygon'*  Thus  in  (a), 
Fig-  7 J  we  lay  off  the  weights  to  any  convenient  scale,  in  regular  order  one  after  the  other, 
and  thus  obtain  the  line  A,  By  C,  D,  .  .  .  .  K.  Then  the  two  reactions  are  laid  off  upwards 
from  K  to  L  and  L  to  A^  thus  closing  the  polygon,  as^  should  be  the  case,  since,  if  the 
truss  is  not  to  move  bodily,  the  stresses  must  form  a  system  in  equilibrium.  This  is  in 
accordance  with  our  postulate  2,  page  6.  The  force  polygon  in  this  case  is  therefore  a 
straight  line,  or  rather  a  double  line,  from  -^  to  A'  and  K  back  to  A  again.  This  is  evi- 
dently because  all  the  external  forces  are  parallel.     [Fig.  6,  p.  10.] 

Stress  Diagram. — We  may  now  proceed  to  form  the  ''stress  diagram^'  or  find  the 
stress  in  each  member  caused  by  these  forces.  According  to  our  postulate  I,  page  6,  the 
stresses  in  all  the  members  which  meet  at  any  apex,  together  with  all  the  forces  at  that  apex, 
must  form  a  system  of  forces  in  equilibrium.  Hence  the  polygon  obtained  by  drawing 
lines  parallel  to  these  forces,  and  equal  by  scale  to  their  magnitude,  must  closfift  Wherever, 
then,  in  general  we  know  all  the  forces  acting  at  any  apex  except  two,  we  can  easily  find 
these  two,  if  their  directions  are  given,  by  drawing  lines  parallel  to  these  given  direc- 
tions, and  prolonging  them  until  they  close  the  incomplete  polygon  formed  by  the  known 
forces.  These  remarks  will  be  evident  from  the  construction.  Thus  at  the  left  end,  Fig. 
7,  we  have  two  known  forces,  viz.,  the  half  weight  (400  lbs.)  acting  down,  and  the  reaction 
(3,200  lbs.)  acting  up.  We  have  also  the  unknown  stresses  in  the  members  jff^  and  La,  and 
these  four  forces  are  all  which  act  at  the  apex  A.  If  equilibrium  exists  they  must  therefore 
form  a  closed  polygon. 

But  the  reaction  LA  and  weight  AB  are  already  laid  off  in  order  in  the  force  polygon 
{a)t  the  one  up,  the  other  down.  We  have  therefore  only  to  unite  the  points  B  and  L  by 
lines  parallel  to  Ba  and  La,  and  we  shall  have  the  stresses  in  these  members  respectively, 
to  the  same  scale  as  that  chosen  for  the  force  polygon. 

Now  that  we  know  the  stress  in  the  member  Ba^  we  can  pass  to  the  next  upper  apex. 
Because  of  the  four  forces  acting  there,  we  know  already  Ba  and  the  weight  BC,  and  hence 
there  are  only  two  unknown,  viz.,  the  stresses  in  ab  and  Cb.  But  in  the  stress  diagram  (a) 
now  commenced,  we  have  already  Ba  and  BC  laid  off,  and  we  have  therefore  only  to  join 
the  points  C  and  a  by  lines  parallel  respectively  to  ab  and  Cb  above. 

We  next  proceed  to  the  first  lower  apex,  where  La  and  ab  are  known,  and  be  and  Lc 
are  to  be  found.  We  therefore  join  L  and  b  in  the  stress  diagram  by  lines  parallel  to  Lx 
and  be  above,  and  we  obtain  the  stresses  in  these  members.  Thus  the  polygon  LabcL  is 
made  to  close. 

We  then  proceed  to  the  next  upper  apex,  where  we  have  Cb,  be,  and  the  weight  CD 
now  known.  Hence  we  join  D  and  c  below  by  lines  parallel  to  these  pieces,  and  thus  com- 
plete the  polygon  DCbcdD. 

It  is  unnecessary  to  follow  out  the  method  of  procedure  further.  The  reader,  how- 
ever, ought  to  do  it  for  himself  carefully  and  thoroughly. 

The  Symmetry  of  the  Figure  a  Check  upon  the  Accuracy  of  the  Work.— 

Proceeding  in  the  method  indicated,  we  have  found  the  stresses  in  every  member  of  the 
frame.  The  broken  lines  give  the  stresses  in  the  right-hand  half.  It  will  be  at  once  seen 
that  they  should  be  precisely  equal  to  the  stresses  in  the  corresponding  pieces  of  the  left 
half.     This  affords  several  excellent  checks  upon  the  accuracy  of  our  work.     Thus  the  two 
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halves  of  the  Figure  should  be  perfectly  symmetrical,  and  the  broken  half  should  unite 
with  the  full  half  exactly  at  the  points  ^,  c  and  a. 

Character  of  the  Stresses.— The  determination  of  the  character  of  the  stresses  is 
second  only  in  importance  to  the  determination  of  the  stresses  themselves.  Suppose  we  have 
a  force  Aa  acting  at  any  point  as  A,  upwards,  as  shown  Fi».8 

by  the  arrow  in  Fig.  8,  and  that  this  force  is  held  in 
equilibrium  by  the  stresses  in  the  two  members  ab  and  ^ 
Ab,  which  also  act  upon  the  same  point  A.  Then,  as 
we  know,  these  forces  must  make  a  closed  polygon  as  a 
given  at  {c).  Now  follow  round  this  polygon  in  the 
direction  given  by  Aa^  and  we  find  that  for  equi- 
librium the  stress  in  ab  must  act  upon  the  point  A  in  the  direction  from  atob  given  in  Fig. 
{c).  As  this  force  can  only  act  upon  the  point  A  by  iPieans  of  the  member  ab  which  conveys 
it  there,  if  ab  is  on  the  right  of  the  point  A^  as  in  Fig.  (^),  the  piece  ab  must  be  in  compres- 
sion. If  ab  is  on  the  left  of  A,  the  stress  in  it  must  be  tension.  So  for  the  member  ^^.  We 
find  from  Fig.  {c)  its  equilibrium  direction  from  b  to  A,  or  from  left  to  right.  Transferring 
this  direction  to  the  Figs,  {a)  and  {b),  we  see  that  in  {a)  the  stress  in  Ab  must  be  tension 
and  in  {b)  tension  also.  This  is  sufficient  to  furnish  us  with  a  general  rule  for  finding  the 
character  of  the  stress  in  any  member,  as  well  as  to  illustrate  the  reason  of  the  rule. 

If  we  take  any  apex  of  the  friamc  and  consider  the  forces  acting  upon  that  apex  as  a 
system  of  forces  in  equilibrium,  the  rule  is  : 

Follow  round  the  polygon  formed  by  these  forces ^  in  the  direction  indicated  by  those  forces 
which  are  already  known  i?t  direction^  and  transfer  the  directions  thus  obtained  for  the  forces 
to  the  apex  under  consideration.  If  the  stress  in  any  member  is  thus  found  acting  away  from 
the  apeXy  the  corresponding  member  is  in  tension  ;  if  towards  the  apex,  it  is  in  compression. 

An  application  of  this  to  Fig.  7  will  make  it  plain.  Thus  take  the  first  apex. 
Here  we  have  the  reaction  known  to  act  up,  and  the  weight  AB  acting  down,  in  equilib- 
rium with  Ba  and  La,  Following  round  the  polygon  in  {a),  therefore,  we  go  up  from  L  to 
A^  then  down  from  A  to  B^  then,  continuing  round,  we  go  in  order  from  B  to  ^,  and  then 
from  a  to  L,  We  thus  find  the  direction  for  the  stresses  in  Ba  and  aL,  viz.,  Ba  from 
right  to  left,  and  aL  from  left  to  right.  .Referring  now  to  the  frame  itself,  and  transferring 
these  directions  to  the  corresponding  members,  we  see  that  the  direction  for  Ba  gives  us 
the  stress  in  that  member  acting  towards  the  apex  ;  it  is  therefore  in  compression.  In  like 
manner  we  have  the  stress  in  aL  acting  away  from  the  apex,  or  tension. 

Once  more  :  take  the  next  apex.  Here  the  weight  BC  acts  down.  We  follow  round  the 
polygon  in  (tf),  then,  from  B  to  C,  then  to  ^,  then  to  a,  and  then  back  to  B,  We  thus  find 
the  direction  for  aB  from  a  to  B,  "Referring  back  to  the  frame,  we  find  that  this  gives  us 
the  stress  in  this  member  acting  towards  the  apex  we  are  now  considering,  and  therefore 
compressive,  just  as  we  have  already  found  it.*  The  direction  Cb  gives  us  the  stress  in  Cb 
acting  towards  the  apex,  hence  compression.  The  direction  ba  gives  us  the  stress  in  ba  act- 
ing towards  the  apex,  and  therefore  compression. 

Again  :  take  the  first  lower  apex.  Here  we  have  already  found  La^  to  be  in  tension, 
hence  the  stress  in  that  member  must  act  away  from  the  apex  we  are  now  considering.  With 
this  to  guide  us  we  refer  to  Fig.  {cC)  and  follow  round  from  L  to  a,  then  from  a\.o  b,b  to  ^, 
and  c  back  to  L,  We  thus  find  ab  acting  towards  the  apex,  and  therefore  compression,  just 
as  wc  have  already  found  it.  Also  be  acting  away  from  apex,  or  tension,  and  cL  away,  and 
therefore  tension  also^ 

*  Observe  that  by  changing  the  apex  we  have  the  stress  in  Ba  opposite  in  direction  to  what  it  was  before,  but 
in  each  case  it  is  towards  the  apex  considered,  and  therefore  in  each  case  compression.  When  a  member  is  in  compres- 
sion the  stresses  in  it  act  towards  the  apices  at  each  end ;  when  in  tension  away  from  the  apices  at  each  end.     See 
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This  is  enough  to  indicate  the  application  of  our  rule.  The  reader  will  do  well  to  apply 
it  carefully  to  every  apex  until  thoroughly  familiar  with  it.  We  have  denoted  compression 
in  Fig.  7  (a)  by  heavy  lines  and  tension  by  light  lines. 

It  is  well,  when  solving  any  problem,  to  avoid  confusion  in  following  round  the  various 
polygons,  to  determine  the  character  of  the  stresses  by  our  rule  as  we  go  ahngy  and  not  to 
wait  until  the  stress  polygon  {a)  is  completed. 

Remarks  upon  the  Method.— The  truth  of  the  principle  enunciated  upon  page  5, 
viz.,  that  if  the  truss  be  cut  entirely  in  two  at  any  point,  the  stresses  in  the  members  cut 
will  hold  the  outer  forces  in  equilibrium,  is  also  evident  from  Fig.  7. 

Thus  suppose  a  section  cutting  Dd,  de  and  Z>,  then  the  stresses  in  these  members  ought 
to  be  in  equilibrium  witl.  the  algebraic  sum  of  the  weights  and  reaction.  We  see  from  the 
stress  diagram  below  that  this  is  the  case,  because  the  stresses  Dd^  de  and  eL  make  a  closed 
polygon  with  LD  —  LA  —  AR  —  BC  —  CD  =  algebraic  sum  of  weights  and  reaction. 

The  Figure  also  shows  other  relations  not  evident  from  any  principles  and  peculiar  to 
the  frame  of  the  truss.  Thus  we  see  that  the  stress  in  ab  will  be  the  least  possible  when  it 
is  perpendicular  to  the  rafter.  We  can  see,  also,  at  a  glance  how  the  stresses  would  be 
affected  by  altering  the  inclination  of  any  member. 

Finally,  the  application  of  the  method  is  equally  simple  and  easy  of  execution,  no 
matter  how  irregular  the  frame-work  of  the  truss. 

Choice  of  Scales. — In  general  the  larger  the  frame  is  drawn  the  better,  as  it  gives 
us  more  accurately  the  direction  of  the  members  composing  it.  The  force  polygon  should 
be  taken  to  as  small  a  scale  as  possible  consistently  with  reading  off  the  forces  conveniently 
to  as  great  a  degree  of  accuracy  as  is  required — so  as  to  avoid  the  intersection  of  very 
long  lines,  where  a  slight  deviation  from  true  direction  multiplies  the  error.  When  the 
stress  polygon  is  completely  finished,  the  stresses  may  be  read  off  according  to  scale,  and 
written  down  upon  the  frame  if  required.  Thus  a  good  scale,  dividers,  triangle,  straight- 
edge, and  hard  fine-pointed  pencil  are  all  the  tools  required.  The  work  should  be  done 
with  care,  all  lines  drawn  light  with  a  hard  pencil,  and  points  of  intersection  carefully  located, 
and  lettered  properly  to  correspond  with  the  frame.  Care  should  be  exercised  to  secure  per- 
fect parallelism  in  the  lines  of  the  stress  and  frame  diagrams.  Thus  in  Fig.  7,  since  the  mem- 
ber ab  is  very  short,  its  direction  is  better  given  by  the  member  ef^  which  is  parallel  to  it 
and  longer.    Always  observe  the  notation  given. 

The  student  will  find  in  Section  II.  many  examples  for  practice,  and  details  of  con- 
struction for  various  cases.  He  would  do  well  to  refer  now  to  the  examples  there  given. 
Some  practice  is  necessary  in  order  to  obtain  always  reliable  results.  It  should  be  remem- 
bered finally,  that  careful  habits  of  intelligent  manipulation,  while  they  tend  to  give  con- 
stantly increased  skill  and  more  accurate  results,  affect  very  slightly  the  rapidity  and  ease 
with  which  these  results  are  obtained. 

Numerical  Determination  of  Stresses.— In  the  case  of  Fig.  7,  we  have  drawn 

the  frame  to  a  scale  of  12  feet  to  an  inch,  and  taken  as  our  scale  of  force,  3,200  lbs. 
to  an  inch.  Scaling  off  the  stresses  in  {a\  we  have,  calling  tension  plus  (-f-)  and  com- 
pression minus  (— ),  the  stresses  in  the  various  members  as  follows: 

For  the  rafters, 

Ba=  —  6280,     Cb  =^  —  5816,     Dd=  —  4700,     Ef=^  —  3580  lbs. 

For  the  lower  panels, 

l^a  =  -\-  5624.    Z<r  =c  -f  4832,    Le  =  -\-  4024  lbs. 
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For  the  diagonals, 

ab  =z  —  720,  be  =  -{■  720,  cd  =  —  1060,  de  =  -{-  928,   r/=  —  1452,  ff  =  +  2410  lbs. 

The  checking  of  both  halves  of  the  Figure  gives  assurance  of  the  substantial  correct- 
ness of  the  result.  The  scale  actually  adopted  for  the  frame  by  which  the  above  results 
were  found  was  10  feet  to  an  inch,  and  for  the  forces  800  lbs.  to  an  inch.  As  the  error  of 
the  author  working  rapidly  does  not  exceed  y|^  ths  of  an  inch,  the  stresses  may  be  depended 
upon  within  about  24  or  25  pounds. 


CHAPTER   II. 

ANALYTIC  RESOLUTION  OF  FORCES. 

A.     GENERAL    PRINCIPLES.       FORCES  IN  THE    SAME  PLANE,   COMMON   POINT    OF    APPLI- 
CATION. 

Fundamental  Principle. — The  principle  upon  which  the  method  of  solution  by 
means  of  the  analytic  resolution  of  forces  depends,  is  the  same  as  that  upon  which  the 
graphic  method  of  the  preceding  chapter  is  based,  viz. : 

If  any  number  of  forces  y  in  the  same  plane  and  acting  upon  the  same  pointy  are  in  equili* 
brium^  the  algebraic  sums  of  their  vertical  and  horizontal  components  must  be  respectively  zero. 

The  two  methods  are  therefore  identical,  and  the  present  is  only  the  algebraic  solution 
of  the  preceding  graphical  construction. 

If  then,  at  any  apex  of  a  framed  structure,  which  is  the  point  of  application  for  a  sys- 
tem of  forces  in  equilibrium,  we  know  the  directions  of  all  the  acting  forces  and  the  magni- 
tude of  all  but  two,  we  can  at  once  write  down  two  equations  of  condition  between  these 
two  unknown  forces,  by  means  of  which  their  magnitude  may  be  determined. 

Notation. — We  always  measure  the  angle  of  inclination  of  any  member  from  the 
Fig.  9  vertical  through  the  apex.     This  angle  we  denote  in  general  by  6^,  and 

denote  by  subscripts  the  member  to  which  it  refers.     Thus,  Fig.  9,  let  aby 

eoc^j'^*^  ^^'  ^^and  ae  be  four  members  meeting  at  the  apex  a.     Then  the  angles 

of  inclination  of  these  members  are  measured  from  the  vertical  line  aV^ 

^ -^^j^- A»  through  the  apex.     Thus  d^  is  numerically  the  angle  ba  V^.    6^  is  numeri- 

cally  the  angle  ca  V^,    0^  is  numerically  the  angle  da  V^,    f^ae  is  numerically 

V*k^^*         the  angle  ea  V^. 

It  IS,  however,  necessary  that  we  should  always  introduce  the  sines 
and  cosines  of  these  angles  with  their  proper  signs  in  the  expression  for 
the  algebraic  sum  of  the  vertical  and  horizontal  components.     For  this  purpose  we  adopt 
the  following  conventions : 

A  compressive  stress  in  a  member  is  always  minus,  a  tensile  stress  plus.  This  conven- 
tion we  have  already  introduced  in  the  preceding  chapter. 

Any  force  acting  vertically  upwardSy  as,  for  instance,  a  reaction,  is  plus;  when  it  acts 
downwardsy  as,  for  instance,  a  weight,  it  is  minus. 

The  cosine  of  6  is  plus  when  the  member  in  question  lies  above  the  horizontal  through 
the  apex.  Thus,  Fig.  9,  cos  6^^  is  plus  and  cos  O^c  is  plus.  Similarly  cos  (^ad  ^^^  cos  H^^ 
are  minus. 

The  sine  of  0  is  plus  when  the  member  lies  to  the  right  of  the  vertical  through  the  apex. 
Thus,  Fig.  9,  sin  6ae  ^^^  sin  ^a6  are  plus,  while  sin  Oad  ^^^  sin  ^oo^re  minus. 

The  reader  will  observe  that  these  are  the  ordinary  conventions  of  analytical  mechan- 
igs,     That  is,  upward  acting  forces  are  positive,  downward  acting  forces  negative,     Also 
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h^aV^  ^*s  the  first  quadrant,  for  which  sine  and  cosine  are  both  positive.  The  second  quad- 
rant is  F,<i//„  for  which  sine  is  negative  and  cosine  positive.  The  third  quadrant  is  h^aV^^ 
for  which  cosine  is  negative  and  sine  negative.  The  fourth  quadrant  is  V^ah^,  for  which 
cosine  is  negative  and  sine  positive.  Hence  our  rule  just  given.  If  we  adhere  strictly  to 
this  notation  we  shall  always  be  able  to  write  down  the  various  terms  in  the  algebraic  sum 
of  the  vertical  and  horizontal  components  with  their  proper  signs.  If,  then,  we  find  any 
stress  plus,  it  will  denote  tension  ;  if  minus,  compression. 

General  Formulas. — Suppose  we  have  three  forces,  /\,  /*„  /*„  acting  at  the  iis.io 
point  A^  Fig.  lo,  in  equilibrium.  Then  if  we  resolve  each  of  these  forces  into 
a  vertical  and  horizontal  component,  the  algebraic  sum  of  the  vertical  compo- 
nents must  be  zero,  and  the  algebraic  sum  of  the  horizontal  components 
must  be  zero.  Adhering  to  the  notation  just  described,  the  signs  of  these 
components  in  any  particular  case  will  take  care  of  themselves,  and  we  can 
write  down  the  general  equations : 


For  the  vertical  components, 

/\  cos  dx  H-  P%  cos  d^  +  Pt 

For  the  horizontal  components, 

Px  sin  ^1  +  /a  sin  B^  +  P^  sin  B^  +  etc.  =  o. 


cos  ^8  +  etc.  =  a 


If  now  Pi  is  known,  we  have  two  equations  containing  two  unknown  quantities, 
P^  and  /j*  and  hence  these  forces  can  be  easily  found. 

It  is  evident,  then,  that  the  method  is  applicable  to  any  apex  of  any  framed  struc- 
ture, where  all  the  acting  forces  at  that  apex  are  known,  except  two  only, 

B.   ILLUSTRATION  OF  GENERAL   PRINCIPLES. 

Let  US  apply  the  foregoing  principles  to  the  same  example,  as  in  the  preceding  chap- 
ter, and  thus  check  the  results  there  obtained  by  the  graphic  method  of  resolution  of 
forces. 

APPLICATION  TO  A   ROOF  TRUSS. 

Dimensions. — We  take  the  same  dimensions  as  before,  page  ii,  and  refer  to  Fig.  7, 
p.  II.  The  angle,  then,  which  the  upper  panels  make  with  the  vertical  through  any  apex  is 
about  63**  26'.  The  angle  for  any  panel  of  the  horizontal  tie  is  90°.  The  angle  for  all  the 
parallel  braces  ab,  cd,  ef,  Fig.  7,  is  33°  41'.  The  angle  for  the  brace  be  is  also  33''  41'.  The 
angle  for  the  brace  de  is  12*^  31'. 

For  the  apex  BC,  for  instance,  we  have  the  panel  Cb,  Oct  =  63°  26',  and  according  to 
our  convention,  cos  Bet  5s  plus,  because  the  member  Cb  lies  in  the  first  quadrant,  and  sin 
^ob  is  plus  for  the  same  reason. 

Calculation. — Remembering,  then,  always  to  take  the  sines  and  cosines  with  their 
proper  signs  in  the  general  formulas  for  the  algebraic  sum  of  the  vertical  and  horizontal 
components,  and  also  recollecting  that  upward  forces  are  positive  and  downward  forces 
negative,  we  can  proceed  to  the  calculation. 

The  numerical  values  of  the  sines  and  cosines  are  easily  found  to  be  as  follows : 

-^     ^,  ,     j  cos  B  =  0.44724  ,  ,     j  cos  ^  =  o 

For  the  upper  panels,  i    .     ^         T^  lower  panels,  \    .     ^ 

^^     ^         '  ( sin  ^  =  0.89441  ^         '  ( sin  ^  =  I 


1.  11  w       ,      cos  ^  =  0.83212 

praces  parallel  to  abA    ,     ^ 

■  '  (  sin  ^  =  o. 


55460 
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for  be  i  COS  «  =  0.83212  ^   (  COS  «  =  0.97623 

I  sin  B  =  0.55460  I  sin  8  =  0.21672 

We  are  now  ready  to  apply  our  principles. 

Take  the  left  hand  apex,  Fig.  7.  Here  we  have  the  reaction  /?,  the  weight  ff^,  and 
the  stresses  in  Ba  and  La,  forming  a  system  of  forces  in  equilibrium.  We  have,  then,  for 
the  algebraic  sum  of  the  vertical  forces, 

R  -^  Wi  +  Ba  cos  Osa  +  La  cos  0^^  =z  o (a) 

and  for  the  algebraic  sum  of  the  horizontal  components, 

£a  sin  di^  -\-  Ba  sin  8^  :=  o (*) 

From  (a)  we  find,  since  La  is  horizontal,  and  hence  cos  6^^  =  o, 

stress  in  Ba  =  tj (i) 

cos  ^Ba 

From  (6)  we  find 

.     r         ^^^  sin  0^ 
stress  in  La  = -, — 2 (2) 

sin  Bi^  ^  ' 

Insertinfs^   numerical   values,   and  observing  our   notation    and    conventions,    we   have,   since  ^  -f  =  3200, 
W\  =  —  400,  cos  Bsa  =  4"  0'44724,  and  sin  Oim  =  » , 

—  3200  4-  400 

stress  in  Ba  =  — .    ^  ,,,^ —  =  —  6260  lbs. 

4  044724 

Hence  Ba  is  in  compression. 

.      ^          +  6260  X  0.89414 
stress  \n  La  = =  -i-  5600  lbs. 

Hence  La  is  in  tension. 

Let  us  pass  to  the  next  apex.     Here  we  have  for  the  algebraic  sum  of  the  vertical 
components, 

Wi  4-  Ba  cos  B^  ■}-  Cd  cos  Bet  +  ad  cos  Bai,  =  o (c) 

and  for  the  horizontal  components, 

Ba  sin  ^^  H-  C^  sin  ^^ft  +  ^*  sin  6^a»  =  o (d) 

Inserting  in  equation  (c)  the  value  of  Ba  cos  B^^  as  found  from  equation  (a),  we  have, 
after  substituting  value  of  Cd  from  (d)  and  reducing, 

,  IV2  sin  Bet ^2  sin  B^t  .. 

stress  in  ao  =  -; — 71 ^ ji — ; — ^ zriTTn a — S" (3j 

sin  Bat  cos  Bet  —  cos  Bat  sin  Bet       sin  {Bat  —  Bet)  ^^ 

In  the  same  way  we  find  from  equation  (d), 

,    ^,  Ba  sin  B^  IV^  sin  Bat  ,. 

stress  in  c^  =  —  — ; — ^ : — 77; 2— r (4) 

sin  Bet         sin  (6'^  —  Bet)  ^  ' 

Inserting  numerical  values,  we  have 

•«    A  -800x0.89441        _  -715,528 ._       „^  ,K. 

stress  in  ab  =  -; — ; — jo * Z" * — ttz  =  -; z —  —  —  720  IDs. 

sin  (146    19  -  63*  26  )        4  0.99730 

I4ence  ab  is  in  compression.      (Observe  that  the  angles  Qod  «nd  6c6  are  reckoned  as  shown  in  Fig.  9.  page  16 

Thus  6a5  =  146''  19'.) 

We  have  in  like  manner 

stress  in  Cb  =  6.260  ^  T^f^^^^S^^  =  -  6260  -4  447  =  -  5813  lbs. 

4-  0.9923Q        ~  ^  ^     ^ 

Hence  C^  is  in  conipression. 
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At  the  first  lower  apex,  Fig.  7,  we  have  for  the  vertical  components, 

db  cos  B^  -f  be  cos  O^  —  o {i) 

and  for  the  horizontal  components, 

(/) 

From  the  first  of  these  equations  we  obtain 


the  horizontal  components, 
La  sin  Oy^  +  ab  sin  ^a>  +  be  sin  Ste-V  Lc  sin  d^^^  o 

p  (imt  nf  tfipci*  pn nations  Ave  ohtain 


ab  COS  0ab 


stress  in  fe  =  -  ""  "V* (S) 

COS  ft  ^•'^ 


and  for  the  second, 

.     -         —  La  sin  dia  —  ab  sin  Bfo,  —  ^^  sin  B^  ,^ 

stress  m  ZiT  = ^ ; — 7\ — — (p) 


sin  B 


Lc 


Inserting  numerical  values,  we  have 


Hence  bt  is  in  tension. 
Also, 


.     .  -  720X  -ha 83212       ,  ,. 

stress  in  3^  = ; 5 =4-720  lbs. 

+  0.83212  '   ' 


«»r...  j«  r.  -  -  5600  X  -  I  -h  7ao  X  -  0.55460  -  720  X  0.55460 
stress  in  Lx  = \ 


=  +  5600  —  399  —  399  =  +  4802  lbs. 
Hence  Lc  is  in  tension. 

At  the  apex  CD^  Fig.  7,  we  have  for  the  vertical  components, 

Wz-\-  Cb  cos  ^c'»  +  be  cos  6^^  +  cd  cos  ^«f  +  ^^  cos  Bj)a=o (g) 

and  for  the  horizontal  components, 

Cb  sin  6^e»  +  be  sin  Bj^  +  ed  sin  B^  +  Dd  sin  6^2)^  =  0 (A) 

From  these  two  equations  we  have,  after  reduction, 

cfr^ac  ,-n  ../       ^8  sJn  Bpq  -f  <»/:  sln  {Vpa  -  e^)      '  . 

stress  iti  ea  = ; — 7-5 o— r ..•••• \/j 

—  sin  (f^jw  —  f^cd) 

Also, 

n^      ^*  sin  ^cft  H-  be  sin  S^c  +  ^^sin  B^a  /ai 

stress  in  Z'^/= — -. — ^ •  W 

—  sin  t/jpji 

Inserting  numerical  values,  we  have 

-  800  X  0.89441  4-  720  sin  (63''26^  -  gl3*4i') 

stress  m  rtf  = : — .^  o  ^» zs — k 

—  sin  (63  26'  —  146  19') 


—  716  —  360 
-f  0.99230 


Hence  cd  is  in  compression. 


Also,  ^^^^^  .^  ^^  _  -  5813  X  -  0.89441  -f  720  X  ~  0.55460  -  '081  X  0.55460 

—  0.S9441 

-  +  5199-305  -  399  -599  _        ,f^.  ,Kb 

;f  = =  —  4090  Ids 

—  0.89441  ■  " 

Hence  Dd  is  in  compression. 
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By  comparison  with  the  formulas  already  found,  we  can  now  write  down  the  formulas 
for  the  remaining  members  at  once,  without  first  writing  down  the  equations  of  condition. 
Thus,  at  the  second  lower  apex,  Fig.  7,  we  have  at  once,  by  simply  referring  to  the  formulas 
already  found  for  be  and  making  the  proper  changes  in  the  subscripts, 


.  cd  cos  6^,^ 

stress  m  o^  =  — 


(9) 


cos  ^^ 

In  like  manner,  referring  to  equation  (6), 

.     ^  '       —  Lc  %\xiBu  —  ^d  sin  6^  —  de  sin  d^ 
stress  m/.^  = -. — 7. (10) 

Inserting  numerical  values,  we  have 

.      .        4- 1081  X  -f- 0.83212 

stress  in  </^  = ,  ^      .— =  +  9^  'ds» 

-f- 0.97623 

.     ,         -f  4802 -f  1 081  X —0.55460  -  924  X  0.21672 
stress  in  Le  = 

=  +4802  —  599  —  200  =  -f  4003  lbs. 

In  similar  manner,  for  the  apex  DE,  Fig.  7,  referring  to  equations  (7)  and  (8),  we  can 
write  down  at  once, 

stress  m./= sin  {0^,  -  d,, ' <") 


Dd  sin  ft„4  -\-  de  sin  H^  +  efs\n  H,f 

Inserting  numerical  values,  we  have 


stress  in  £/ = : — z (12) 

•^  •  —  sin  ^r  ^     ^ 


.       ^__  —  800  X  0.89441  -f  9?4  sin  (63*  26'  —  192"  31') 
stress  in  </  -  _  ^^^^  ^^^,  ^^.  _  ^^^,  ^^,^ 

^-715-717^,  ,^ 

-f- 0.99230  ^^-' 

stress  in  i5/  =  -  4^96  X  -  0.89441  -f  924  X  -  0.21672  -  1443  X  0.55460 

—  0.S9441 

4-  4200  —  200  —  800 

= o =  —  3577  ^bs- 

—  0.89441  ^^" 

At  the  centre  apex  in  the  lower  chord,  Fig.  7,  we  have,  .since  by  reason  of  the  sym- 
metry of  the  frame  and  the  symmetrical  loading  the  stresses  in  all  the  members  of  the  right 
half  are  equal  to  those  in  the  left, 

2fe  cos  6ft  -\-  ff  cos  B  fft  =  o. 
Or 

stress  .n//'  =  —^^^^' (l^ 

Inserting  numerical  values, 

stress  in  //  =  +»X.443^X+o.83«2  ^  _^  ^^^  ,^ 
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A  comparison  with  the  stresses  found  for  the  same  case  in  Chapter  I.  shows  a  satisfactory  agreement  in  the  results 
of  the  two  methods.     Thus : 


Ba 

Cb 

Dd 

Ef 

La 

Lc 

Z^ 

ab 

be 

cd 

de 

</ 

Method  of  Chapter  \ 

—6280 

—  5816 

—  4700 

-3580  +  5624 

+4832 

+4024 

—  720 

+720 

—  1060 

+928 

-1452 

J**"^.            Tf 

Method  of  Chapter  11 

—6260 

-5813 

-4696 

-3577 

+5600 

+4802 

+4003 

—  720 

+720 

-1081 

+924 

-1443 

Comparison  with  Preceding  Method. — We  see  that  the  apph'cation  of  the  present 

method  to  the  case  chosen  is  much  more  difficult  than  the  graphic  method  of  Chap.  I.,  in 
that  it  involves  much  calculation  and  requires  very  careful  attention  to  avoid  errors.  The 
present  method,  therefore,  does  not  adapt  itself  readily  to  cases  where  the  various  members 
have  different  inclinations,  although,  as  we  shall  see  hereafter  in  the  applications  of  Sec. 
tion  II.,  page  103,  there  are  many  cases  of  frequent  occurrence  in  practice  where  the  applica- 
tion of  the  method  is  quick  and  easy.  When  the  calculations  are  performed  with  proper 
care,  the  results  are  more  accurate  than  by  the  graphic  method.  This  latter,  however,  by 
the  proper  choice  of  scales,  gives  results  practically  correct. 

One  important  point  of  difference  we  may  note  here,  however,  which  holds  good  for 
all  analytic  methods  as  compared  with  graphic — that  is,  the  graphic  method  gives  indeed 
a  general  method  ol  solution,  but,  in  any  case,  only  particular  results^  while  the  analytic 
method  gives  general  results  or  formulas  which  hold  good  for  all  similar  cases.  Thus  the 
formulas  we  have  just  obtained  hold  good  for  all  trusses  of  the  pattern  of  Fig.  7,  no  matter 
what  their  dimensions.  We  have,  in  any  case,  only  to  insert  the  special  numerical  values, 
and  the  formulas  give  us  at  once  the  stresses  for  that  ca^e. 

In  solving,  then,  any  particular  case,  we  solve  at  the  same  time  all  others  like  it,  while 
the  graphic  method  must  be  applied  anew  for  every  fresh  case.  This  is  generally  true  of 
all  graphic  methods. 

If  it  were  required  to  compute  a  large  number  of  trusses,  therefore,  of  different  dimen- 
sions but  same  type,  the  present  method  would  possess  perhaps  practical  advantages 
superior  to  the  graphic.  Each  method  has  thus  its  particular  advantages,  and  the  engineer 
should  be  able  to  choose  in  any  case,  that  which  leads  most  directly  and  easily  to  the  re- 
quired results.  Illustrations  of  the  use  of  this  method  will  occur  in  Section  II.,  wherever 
it  is  advantageous  to  make  use  of  it. 

The  Method  identical  with  the  Method  of  Sections. — We  have  stated  at  page 
5  the  principle  that  if  the  truss  is  conceived  as  cut  in  two  at  any  point,  the  stresses  in  the 
cut  members  are  in  equilibrium  with  the  outer  forces  acting  upon  each  portion  into  which 
the  truss  is  divided.  We  can  therefore  write  down  two  equations  of  condition  for  the  cut 
members,  expressing  the  condition  that  the  sums  of  all  the  horizontal  and  vertical  compo- 
nents are  zero,  and  thus  if  only  the  stresses  in  two  cut  members  are  unknown,  we  can  find 
them.  The  formulas  thus  obtained  would  be  precisely  identical  with  those  already  found, 
and  we  can  therefore,  if  we  choose,  call  the  present  method  the  analytic  method  of  sec% 
tions,  instead  of  the  analytic  method  of  resolution  of  forces. 

Thus  by  the  application  of  our  principle  we  have  for  the  apex  BCy  Fig.  7,  tli€ 
equation  (^r),  page  18,  viz.: 

W^  -¥  Ba  cos  d^  -f  Cb  cos  d^f,  +  ab  cos  ^o^  =  o. 

Bu**  we  have  already  found  for  the  preceding  apex, 

R  -^  Wt  -{-  Ba  cos  ffsa  +  ^^  cos  ^xa  =  <X 
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If  we  find  the  value  of  Ba  cos  0^  from  this,  and  insert  in  the  first  equation,  we  have,  since 
for  the  second  apex  cos  O^a  is  minus, 

W^-^- R  +  W,  +  La  cos  ej^+  Cb  cos  da,  +  ab  cos  ^o*  =  O, 

^hich  is  precisely  the  same  equation  as  we  should  obtain  by  the  method  of  sections,  and 
•expresses  the  condition  that  the  vertical  components  of  the  cut  members  La,  Cb,  and  ab  are 
in  equilibrium  with  the  outer  forces.  The  two  methods  are  therefore  identical,  and 
whether  we  had  proceeded  from  the  principle  that  all  the  forces  at  any  apex  are  in  equi- 
librium or  from  the  principle  just  stated  of  sections,  we  would  have  obtained  in  either  case 
precisely  the  same  results  and  equations. 

Algebraic  Representation  of  the  Stress  Diagram.— We  can  write  down  all  the 
formulas  obtained  for  the  various  members  directly  from  the  stress  diagram  Fig.  7  {a),  with- 
out stating  the  equations  of  condition  at  all.  Since  the  present  method  and  the  graphic 
method  of  Chapter  I.  are  both  based  upon  precisely  the  same  principle,  Fig.  7  (d)  is  simply 
the  graphic  interpretation  of  our  algebraic  work.  The  simple  trigonometrical  solution  of 
the  various  lines  in  the  stress  diagram  Fig.  7  {a)  will  therefore  give  us  at  once  the  formulas 
of  this  chapter.  Thus  a  little  inspection  of  the  stress  diagram  will  suffice  to  make  evident 
that 

ab  sin  {d^  —  6^^  =  W  sin  ba,. 

This  is  the  same  expression  as  equation  (3),  page  18.     So  for  the  other  members. 

Any  one  therefore  familiar  with  the  graphic  method  of  Chapter  I.  can  readily  deduce 
from  the  stress  diagram  itself  the  trigonometrical  formulas  for  the  stresses  in  the  various 
members. 


CHAPTER   III. 

METHCWD  OF   MOMENTS— ALGEBRAIC  SOLUTION. 

A.   GENERAL  PRINCIPLES.      FORCES  IN  THE   SAME   PLANE,  DIFFERENT   POINTS  OF  APPLI- 
CATION. 

Moment,  Lever  Arm,  Centre  of  Moments. — The  "  moment "  of  a  force  with  refer- 
ence to  any  point  is  the  product  of  the  force  into  its  **  lever  arm''  The  point  with  reference 
to  which  the  moment  is  taken  is  called  the  "  centre  of  moments^  The  lever  arm  of  a  force 
is  the  length  of  the  perpendicular  let  fall  from  the  centre  of  moments  upon  the  direction 
of  the  force.  For  this  purpose  the  force  must  be  considered  as  prolonged  in  direction  if 
necessary. 

Thus  in  Fig.  ii,  if  we  have  a  bent  lever  BAC,  with  its  fulcrum  at  A^  acted  upon  at 
C  by  the  force  P^  and  at  B  by  the  force  P^y  the  lever  arm  of  Pi  with  refer- 

.Pa 

the  moment  of  P^  with  reference  to  -.4  is  /^  x  Ac,     In  like  manner  the   ^>^  jA 

lever  arm  of  P^\s  Ab  and  its  moment  P^  v.  Ab,  l^lllk  jW^  ' 

Fut^DAMENTAL  PRINCIPLE. — The  methods  of  solution  of  the  two  6L..--!lilp!i^ — -|o 
preceding  chapters  are  based  upon  the  first  fundamental  principle  of 
equilibrium,  viz. :  that  if  any  number  of  forces  acting  upon  a  rigid  body  are  in  equilibrium, 
the  algebraic  sum  of  the  vertical  components  must  be  zero,  and  the  algebraic  sum  of  the 
horizontal  components  must  be  zero.  That  is,  all  the  forces  tending  to  raise  the  body 
vertically  must  be  balanced  by  those  tending  to  move  the  body  downwards,  and  all  those 
tending  to  move  it  horizontally  in  one  direction  must  be  balanced  by  all  those  tending  to 
move  it  horizontally  in  the  other. 

The  method  of  solution  of  the  present  chapter  is  based  upon  the  second  fundamental 
principle  of  equilibrium,  viz.: 

If  any  number  of  forces,  in  the  same  plane  and  acting  upon  the  same  point  or  at  different 
paints  of  the  same  rigid  body,  are  in  equilibrium,  the  algebraic  sum  of  the  moments  with  refer- 
ence  to  any  point  in  the  plane  must  be  zero. 

We  may  therefore  call  the  present  method  the  **  method  of  moments.*'  As  the  solu- 
tion is  algebraic,  it  is  the  **  algebraic  method  of  moments.** 

Sign  for  Moments. — As  in  analytical  mechanics  generally,  we  take  rotation  counter 
clock-wise  as  positive  and  clock-wise  as  negative.  If  then  any  force  tends  to  cause  rotation 
about  the  centre  of  moments  in  a  counter  clock-wise  direction,  or  from  right  to  left,  we  take 
its  moment  as  positive.  The  opposite  direction  is  negative.  If  we  adhere  strictly  to  this 
notation,  we  shall  always  be  able  to  write  down  the  various  terms  in  the  algebraic  sum  of 
the  moments  of  any  number  of  forces  about  any  assumed  centre  of  moments,  with  their 
proper  signs. 
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Thus,  in  Fig.  12,  suppose  we  have  a  lever  ab  resting  upon  a  fulcrum  at  A  and  acted 

upon  by  the  forces  /*,  and  /*,  and  the  reaction  of  the  ful- 
crum R.  If  there  is  equilibrium,  we  must  have  the  alge- 
braic sum  of  the  moments  of  the  forces  with  reference  to 
any  point  in  the  plane  of  the  forces  equal  to  zero. 

Taking  the  centre  of  moments  at  A^  and  adding  the 
moments  of  P,  and  /*,  algebraically  as  directed,  we 
have 


Fl». 

1^. 

* 

R 

b 

a 

A 

'-•  v. 

y    -i 

^F. 


+  P,XiA  -P,xAa  = 


o  or 


P      Aa 
,   P,XiA=P,XAa;     ••  ^  =  ^• 


This  is  the  well-known  "  law  of  the  lever,**  viz.,  the  forces  are  to  each  other  inversely  as 
their  lever  arms. 

It  makes  no  difference  where  we  take  the  centre  of  moments.  The  algebraic  sum  of 
the  moments  must  always  be  zero  for  equilibrium.  Thus  when  we  took  the  centre  of 
moments  at  A,  the  moment  of  R  is  zero  and  does  not  appear.  If,  however,  we  take  the 
centre  of  moments  at  d  we  should  have,  since  now  the  moment  of  P^  disappears, 

RXbA-  P,xba-o,   or  P,  =  R-r-- 
Again,  taking  the  centre  of  moments  at  a^  we  have,  since  the  moment  of  P^  now  disappears. 


P^Xba  —  Rx  Aa  —  o,   or  P,  =  R 


A  a 
b^' 


Adding  these  last  values  of  P,  and  P^ ,  we  obtain 

P,+P,  =  R—^ =  R,   or  /?-/>.-P.  =  o. 

That  is,  the  algebraic  sum  of  the  vertical  forces  is  zero,  or  the  reaction  R  is  equal  and 
opposite  to  the  sum  of  the  weights,  as  should  be  for  equilibrium. 

Pair. — Two  forces  having  different  points  of  application,  but  in  the  same  plane,  equal 
in  magnitude  and  parallel,  and  having  the  same  direction,  are  called  a  pair.  Thus  in  Fig. 
13,  the  two  equal  and  parallel  forces,  P^,  /^,,  are  called  a  pair.  Suppose  we  take  any  point 
to  the  left  of  b,  as  for  instance  a,  as  a  centre  of  moments,  then  we  shall  have  for  the  com- 
bined moment,  r'jj.is 


—  P,  X  ac-P.Xab^  -PXac  +  ab)=  ^  p^{ab  +  be  +  ab) 

=  -  PX2ab  +  bc)=-^  2p{ab  +  ^). 


1 1 


If  we  take  any  point  as  d,  to  the  right,  as  the  centre  of  moments,  we  have  for  the  com- 
bined moment 

+  PAcd+  bd)  =  +  PX2cd+bc)  =  +  2/^,(rrf+^). 

If  we  take  any  point  as  /  between  the  forces  as  the  centre  of  moments,  we  have  for  the 
resultant  moment 

-P,  Xc/-\-P,  X  W=  -P^cl  -bl)  =  -Plbc-bl-bl) 

=  _  p^(pc  -  2bl)  =  -  2P^^  -  bl). 
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We  see,  therefore,  that  wherever  the  centre  of  moments  is  taken,  the  moment  of  a  pair 
is  equal  to  the  moment  of  the  sum  of  the  forces  2P^  =  P^  acting  at  a  point  midway  be- 
tweeen  them.  A  pair  can  therefore  be  replaced  by  a  single  force,  /a*  equal  to  the  sum  of 
the  two  forces  and  parallel  to  them,  acting  at  a  point  midway  between  them. 

Uniform  Load. — Any  uniformly  distributed  load  can  be  regarded  as  a  system  of 
pairs,  symmetrically  placed  with  reference  to  the  centre  of  the  load. 

Thus  let  Fig.  14  represent  a  beam  fixed  horizontally  in  the  wall  at  the  left,  whose 

length  is  /^  and  let  a  load  of  /  pounds  per  unit  of  length  be  distributed  over  a  distance  of 

y^  Fis.14.  ^  units  from  the  right  end.     This  load  is  then  composed  of  a  number 

a  ol  unit  loads,  each  of  which  is  equal  to  /.     Consider  the  two  -ex- 
treme ones,  right  and  left.     These  form  a  pair,  and  can  therefore  be 
replaced  by  a  weight  of  2/  acting  at  the  centre  of  the  loaded  portion. 
The  same  holds  true  for  the  next  pair  right  and  left,  and  so  on.     The 
whole  load  can  then  always  be  replaced  by  the  sum  of  all  the  unit  loads,  or  the  whole  load,  pa, 
applied  at  the  centre  of  the  loaded  portion.     The  moment  of  this  force  with  reference  to  any 
point  not  covered  by  the  load  is  the  same  as  the  moment  of  the  load  itself.     Thus  the  moment 
with  reference  to  a  point  distant  x  from  the  left  end  is,  from  the  Fig.,  if  the  point  is  not 
covered  by  the  load, 

If  the  point  is  at  the  left  end  of  the  load,  we  have  x  —  I  -  a,  and  the  moment  is 

a  _pc? 
—  Pa  X  -  =  - — 
^  2—2 

If  the  point  is  covered  by  the  load,  or  ;r  >  I  —  a^v^t.  have  the  loaded  portion  on  the 
right  equal  to  /  —  ;r,  and  hence  the  load  on  the  right  of  the  point  equal  to  /  (/  —  x).     Its 

I  —  X 
lever  arm  is ,  hence  the  moment  of  all  the  right  hand  unit  weights  is 

-p{l-xf 


In  any  case,  then,  wherever  the  centre  of  moments,  the  moment  of  any  system  of 
uniform  loads  is  equal  to  the  moment  of  the  sum  of  these  loads  when  concentrated  at  the 
centre  of  the  system. 

Couple. — Two  forces  in  the  same  plane,  having  different  points  of  application,  parallel 
and  equal  in  magnitude,  but  having  opposite  directions,  are  called  a  couple. 

Thus  the  two  forces  P,  P,  in   Fig.  15,  form  a  couple.     If  we  take  any  point  to  the 

Wg.i5    p         left,  as  a,  as  a  centre  of  moments,  we  have  for  the  resultant  moment 

fi {lJ — ^-.d 

Ip  '-PXab  +  PXacz=i-{-  P{ac  -ab)  =  +PX  be. 

If  we  take  any  point  to  the  right,  as  d,  as  a  centre  of  moments,  we  have 

—  PX^^+Z'X  W=  ■\'P{bd^cd)-  +PX  be. 

If  we  take  any  point  between  the  forces,  as  /,  we  have 

+  PXcl+Pxbl=+P{cl  +  bl)  =  +Pxbc. 

The  moment,  therefore,  of  a  couple  is  constant,  wherever  the  centre  of  moments  is 
chosen,  and  equal  to  the  product  of  either  force  into  the  distance  between  the  forces. 
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A  couple,  then,  can  only  be  replaced  or  balanced  by  another  couple  in  the  same  planch. 
The  forces  of  the  new  couple  may  have  any  magnitude,  provided  the  distance  between 
them  is  so  chosen  that  the  product  of  either  force  into  this  distance  is  constant  and  equal 
to  the  moment  of  the  first  couple. 

Method  of  Application  of  Principles. — We  have  already  seen  (page  5)  that  if  a 
truss  is  properly  braced  and  has  no  superfluous  members,  it  is  always  possible  to  divide  it 
at  some  point  in  some  direction,  such  that  not  more  than  three  members  whose  stresses  arc 
necessarily  unknown  shall  be  cut.  Also  that  the  stresses  in  the  members  cut  must  hold  in 
equilibrium  the  outer  forces  acting  upon  either  portion  of  the  truss.  According  to  our 
principle,  then,  the  algebraic  sum  of  the  moments  of  the  stresses  in  the  members  and  of  the 
outer  forces  must  be  zero.  Now,  in  any  case,  the  outer  forces  are  always  given,  or  they 
must  first  be  found  before  we  can  attempt  to  determine  the  stresses.  There  are,  then,  at 
most,  only  three  unknown  stresses  to  be  determined,  viz.,  the  stresses  in  the  members  cut 
by  the  section.  Now,  as  we  can  take  the  centre  of  moments  anywhere  we  please,  we  have 
only  to  take  it  at  the  intersection  of  two  of  the  members,  and  we  shall  have  at  once  the 
moment  of  the  stress  in  the  other,  balanced  by  the  sum  of  the  moments  of  the  outer  forces, 
because  the  lever  arms,  and  therefore  the  moments  of  the  other  two  cut  members,  will  be 
zero. 

We  have  thus  the  following  rule : 

Conceive  at  any  point  a  section  completely  through  the  truss,  cutting  not  more  than  three 
members  the  stresses  in  which  are  unknown.  In  order  to  find  the  moment  of  the  stress  in  any 
one  of  these  members,  take  the  centre  of  moments  at  the  intersection  of  the  other  two. 

For  equilibrium,  the  algebraic  sum  of  the  moment  of  the  stress  in  this  member  and  of 
the  moments  of  the  outer  forces  acting  upon  cither  portion  of  the  truss  must  be  equal  to 
zero.  If,  then,  we  know  the  moments  of  these  outer  forces  and  the  lever  arm  for  the 
member,  we  can  find  the  stress  in  the  member. 

It  is  evident  that  the  section  may  cut  more  than  three  members  whose  stresses  are 
unknown,  in  fact  any  ViMVC^^Xy provided  all  but  that  one  in  which  the  stress  is  required  meet  at 
a  common  point.     We  have  only  to  take  this  point  as  the  centre  of  moments. 

Notation. — We  denote  the  lever  arm  for  any  member  in  general  by  the  letter  /,  with 
subscripts  denoting  the  member.  Rotation  counter  clock-wise  is  plus,  clock-wise  minus. 
A  tensile  stress  is  plus,  a  compressive  stress  minus. 

Since  now  the  outer  forces  are  all  known,  both  in  direction,  magnitude,  and  points  of 
application,  we  can  easily  write  down  their  moments  in  any  case,  for  any  assumed  centre  of 
moments,  each  with  its  proper  sign,  according  to  the  direction  of  rotation  which  each  force 
severally  tends  to  cause  about  that  centre  of  moments.  It  remains  only  to  give  a  rule  for 
determining  the  proper  sign  to  give  to  the  .moment  of  the  member  the  stress  in  which  is 
required,  in  order  that  a  plus  sign  for  the  stress  in  the  result  may  indicate  tension,  and  a 
minus  sign  compression. 

Proper  Sign  for  Moment  of  the  Member.— Let  Fig.  16  represent  a  portion  of 

any  truss  subjected  to  the  action  of  known  outer  forces,  not 
shown  in  the  figure.  Suppose  we  wish  the  stress  in  the  member 
cd.  Taking  a  section  through  cd,  ce,  and  be,  we  have  the  centre 
of  moments  for  cd  at  e,  the  intersection  of  the  other  cut 
members.  Now,  in  order  to  always  write  the  moment  of  the 
stress  with  its  proper  sign  in  the  algebraic  sum,  we  have  the 
following  rule: 

Place  arrows  upon  the  cut  member  at  the  section,  pointing  away  from  each  end,  as  shown 
in  Fig,  16.  The  moment  of  the  stress  is  to  be  taken  with  the  same  sign  as  the  rotation  indi- 
cated by  these  arrows. 
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Thus  in  Fig.  i6,  if  we  consider  the  left-hand  portion  into  which  the  truss  is  divided  by 
the  section,  we  take  the  arrow  belonging  to  this  lefUhand  portion.  If,  then,  we  denote  the 
stress  in  cd  by  cd^  and  its  lever  arm  by  /^^,  we  have,  considering  the  left-hand  portion,  the 
rotation  indicated  by  the  arrow  belonging  to  that  portion,  with  reference  to  the  centre  of 
moments  at  ^,  dock-wise  or  negative  in  the  figure.     We  have  then  for  equilibrium 

J    jy\  algebraic  sum  of  moments  of  all  outer  forces  )  ^ 
—       X   erf  -f- 1      acting  upon  the  left-hand  portion  )  "" 

If  we  were  to  consider  the  right-hand  portion,  we  should  have  from  the  figure 

j  algebraic  sum  of  moments  of  all  outer  forces  \  _ 
c    X  erf  -r  I      acting  upon  the  right-hand  portion  )  "" 

In  the  first  case,  if  the  moment  sum  for  the  left-hand  portion  is  negative,  we  should 
evidently  have  compression  in  cd^  and  by  our  rule  we  should  have 

—  ^rf  X  /erf  —  -^  =  o,     or    cd  =  —  Y"^ 

ted 

that  is,  the  stress  in  cd  is  minus  or  compression. 

In  the  second  case,  the  moment  sum  for  the  right-hand  portion  would  be  positive  and 
we  should  have  cd  negative  as  before.     In  all  cases  the  lever  arm  is  taken  without  sign. 

If  we  observe  the  above  rule  and  notation,  the  signs  of  the  stresses  will  denote  the 
character  of  the  stress  according  to  the  convention  we  have  adopted  of  plus  for  tension  and 
minus  for  compression. 

Unless  otherwise  stated,  we  shall  always  consider  the  left-hand  portion  into  which  the 
truss  is  divided  by  the  section  and  write  down  the  algebraic  sum  of  the  moments  for  all 
the  outer  forces  acting  upon  this  left-hand  portion. 

B.      ILLUSTRATION   OF  GENERAL  PRINCIPLES. 

Let  us  choose  as  an  example  to  illustrate  these  points  the  same  truss  which  we  have 
already  become  familiar  with  in  the  preceding  chapters,  represented  in  Fig.  7.* 

APPLICATION  TO  A   ROOF  TRUSS. 

Lever  Arms. — It  is  necessary  first  to  find  the  lever  arms  of  the  various  members. 
This  in  any  case  is  a  simple  question  of  trigonometry.  The  lever  arms  for  the  upper  panels. 
Fig.  7,  are  evidently  the  perpendiculars  drawn  to  those  panels  from  each  opposite  lower 
apex.  For  the  lower  panels  we  have  the  perpendiculars  let  fall  upon  these  panels  from 
each  opposite  upper  apex.  For  each  brace,  the  lever  arm  is  the  perpendicular  to  the 
direction  of  the  brace  drawn  through  the  left  end  A,  where  rafter  and  tie  intersect.  This 
will  be  evident  by  considering  sections  through  the  truss  and  applying  our  rule. 

Thus  suppose  a  section  cutting  Cb,  be  and  Zr,  as  indicated  by  the  broken  line,  or  Dd^ 
dc  and  Lc.  Then,  by  our  rule,  the  point  of  moments  for  Lc  is  the  apex  CD^  the  point  of 
intersection  of  the  other  two  members.  For  Cb  it  is  the  second  lower  apex.  For  be  it  is 
the  apex  ABy  or  the  left  end  of  the  truss.  The  panels  Ba  and  Cb  have  evidently  the  same 
lever  arm. 

If  we  pass  a  section  through  Efff\  /V  and  Le'  it  cuts,  to  be  sure,  more  than  three 
braces.     The  stress  in  f'e'  can,  however,  be  easily  found,  since  it  is  equal  to  ef  by  reason 


*  The  student  will  find  the  method  of  moments  of  this  chapter  applied  in  detail  to  Bridges  and  Roofs  of 
various  kinds  in  **  Dach  und  Brucken-Consiructionen**  by  A.  Hitter,  Hanover,  1873,  a  translation  of  which,  under 
the  title  of  "  Elementary  Theory  and  Calculation  of  Iron  Bridges  and  Roofs,**  by  H.  R,  Sankey,  has  been  published 
by  E.  &  F.  N.  Spon. 
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of  the  symmetry  of  the  frame  and  loading.  If  this  were  not  the  case  we  could  easily  find 
it  by  working  toward  it  from  the  right  end.  The  intersection  of  the  unknown  members  Ef 
and  Le'  is  at  the  left  end,  and  this  is  therefore  the  centre  of  moments  lor  ff. 

We  can  easily  find,  then,  the  lever  arms  for  the  various  pieces  by  simple  trigonometri- 
cal computation. 

It  is  unnecessary  to  explain  this  work  in  detail.     The  lever  arms  thus  computed  are  as 
follows : 

For  the  lower  panels. 


lever  arms  =  3.125 

Lc 
6.25 

• 

Le 

9.375  ft. 

For  the  upper  panels, 

Ba 
lever  arms  —  3.727 

Cb 
3-727 

Dd 
7-454 

Ef 
1 1. 18 1  ft. 

For  the  braces, 

ab             be 
lever  arms  —  6.934        6.934 

cd 
13-869 

de 
16.27 

ef          ff 
20.803        25  ft. 

Length  of  each  lower  panel  =  8J  ft. 

Horizontal  projection  of  each  upper  panel  =  6.25  ft. 

Calculation. — Let  us  first  calculate  the  lower  panels.  Conceive  La  cut.*  The 
centre  of  moments  is  then  at  the  apex  BC,  Fig.  7.  Let  R  be  the  reaction  at  the  left  end, 
and  let  us  always  consider  the  left-hand  portion  of  the  truss. 

Then, 

•  « 

RXlR-{'LaXlLa=^o (i) 

Inserting  numerical  values,  and  having  regard  to  our  notation  and  rule  for  sign  of  moments,  we  have,  since 
the  rotation  due  to  R  is  negative  according  to  our  rule,  because  the  arrow  for  La  gives  positive  rotation  for  the 
assumed  centre  of  moments, 

—  2800  X  6.25  -\-  Lay,  3.125  =  o. 
Hence, 

.  ,  2800  X  6.25        ,     ,      ,. 

jT^  r=  -^ =  4-  5600  lbs. 

3.125         ^"^ 

La  is  therefore  in  tension. 

For  Lc  we  have  by  our  rule,  page  27,  the  centre  of  moments  at  the  apex  CD,  whether 
we  pass  a  section  cutting  Cb,  be  and  Lc,  or  Dd,  cd  and  Lc. 

We  have  for  the  general  equation  of  equilibrium, 

^  X  4  +  W^a  X  /,r.  +  ^^  X  //>  =  O (2) 

As  the  centre  of  moments  is  on  the  right  of  Lc,  according  to  our  rule,  page  27,  the 
moment  for  Lc  is  plus. 

Inserting  numerical  values,  and  having  regard  to  the  signs  for  positive  and  negative  rotation,  we  have 

—  2800  X  12.5  4-  800  X  6.25  -I-  Z<rX6.25  =  o. 
Hence, 

6.25 

Lc  is  therefore  also  in  tension. 

*  Let  the  section  cut  La,  ad  and  Cd.  Of  these  three  pieces  the  two  not  desired  meet  at  the  apex  BC.  This, 
therefore,  is  our  centre  of  moments  for  La.     For  Ba,  in  like  manner,  take  a  section  through  Ba,  ad,  be  and  Lc, 
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For  Le  we  have,  in  like  manner, 

^  X  4  +  M^2  X  />r,  +  H^3  X  />r.  +  ^^  X  4*  =  a (3) 

Inserting  numerical  values, 

—  2800  X  18.75  X  800  X  12.5  +  800  X  6.25  +  Z/  X  9.375  =  o. 


Hence, 


.        +  2800  X  18.75  -  800  X  12.5  -  800X6.25        , 

Le  = =  +  4000  lbs. 

9-375  ^ 


Let  us  now  calculate  the  upper  panels. 

For  the  panel  Ba,  the  centre  of  moments  is  at  the  first  lower  apex.     The  general  equa^ 
tion  is 

RXlR-^-BaXlBa-O. (4) 

According  to  our  rule,  the  moment  for  Ba  is  minus,  because  the  arrow  for  Ba  gives 
negative  rotation  for  the  assumed  centre  of  moments. 

Inserting  numerical  values, 

—  2800  X  8.33  —  ^tf  X  3727  =  o. 

Hence. 


_         -  2800  X  8.33  ^  ^  ,w 

Ba  — =  —  6260  lbs. 

3.727 


Ba  is  therefore  in  compression. 


For  the  panel  Cd  we  have  the  same  point  of  moments ;  but  when  we  pass  a  section 
through  C6,  ad  and  La,  the  weight  W^  acts  upon  the  left-hand  portion  also,  as  well  as  R, 
Hence, 

^  X  //?  -f-  »^3  X  V,  +  C'*  X  /a  =  o (5) 

Inserting  numerical  values,  we  have,  since  i?  causes  negative  rotation  and  IV^  positive,  and  since  the  arrow 
for  Ct  gives  negative  rotation, 

—  2800  X  8.33  -f  800  X  2.08  —  CdX  3.727  =  o. 
Hence, 

a  =  -^800x8.33  +  800x2.08  ^  _       ^^^ 

3727 

For  the  panel  Dd,  the  centre  of  moments  is  at  the  second  lower  apex.     The  moment, 
according  to  our  rule,  is  minus.     The  general  equation  is 

Rxij,-{-iv,xU+iv,xu  +  ndx/o4  =  o (6) 

Inserting  numerical  values, 

—  2800  X  16.66  +  800  X  10.416  4-800X4.166  -  DdX  7-454  =0. 

Hence, 

^.      —2800X16.664-800X10.416x800  +  4.166  ,      ,. 

L?a  = ■ ^ —  =  —  4695  lbs. 

7.454 

For  the  panel  E/we  have  the  centre  of  moments  at  the  centre  of  the  lower  tie.     The 
moment  is  minus  according  to  rule.     We  have,  then, 

^X'^+^^X/^r,+  H^8X/K^,-f  ^4X  V,+  f/X/^  =  Q.    .,,,..     (7) 
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Inserting  numerical  values, 

—  2800X  25  +  800  X  18.75 -f- 800  X  12.5  +  800X6.25  —  E/X  II. 181  =0. 


Hence, 


_  _   -  2800  X  25  +  800  X  18.75  +  800  X  12.5  +  800  X  6.25 

E/= ni8i =  -  3590. 


Let  us  now  calculate  the  stresses  in  the  braces.  For  the  brace  ab,  and  indeed  for  all 
the  braces,  the  centre  of  moments,  according  to  our  rule,  is  at  the  left  end.  The  moment 
for  ab  is  minus  according  to  rule.     The  general  formula  is 

W^Xlw^  +  abxL  =  o (8) 

Inserting  num'^rical  values,  we  have,  since  IV%  tends  to  cause  negative  rotation,  and  the  moment  for  ab 
is  minus, 

—  800  X  6.25— a^  X6.934  =  o. 

Hence, 

.       —800X6.25  _     ,. 

ab  = -—^ =  =  —  721  lbs. 

6.934 

For  the  brace  be  we  have,  according  to  rule,  the  moment  plus,  because  the  arrow  for 
be  gives  positive  rotation  for  the  assumed  centre  of  moments.  We  have,  for  the  general 
formula, 

W^Xlw.  +  beXltc^o (9) 

Inserting  numerical  values, 

—  800  X6.25  +  ^^  X  6.934  =  o. 

Hence, 

+  800  X  6.25        ,  ,. 

be  =  - — 7—^-^ ■  =  +  721  lbs. 

6.934 

For  the  brace  ^rfthe  moment  is  minus,  and  we  have, 

W^Xlw^+W^Xlwt  +  cdxlcd^o (10) 

Inserting  numerical  values, 

—  800  X  6.25  —  800  X  12.5  —  cdX  13.869  =  o. 
Hence, 

^^^  -  800  X  6.25- 800  X.jj  ^  _  ,^8,  lbs. 

13.869 

For  the  brace  de,  in  like  manner,  the  moment  is  plus.     We  have  then, 

mxl^v.+  ^zXlw^  +  deXL  =  0 (ll) 

Inserting  numerical  values, 

—  800  X  6.25  —  800  X  12.5  +  </f  X  16.27  =  o. 
Hence, 

*  =  +8°°X6.a5+8ooX.2.5  ^  ^        ,^, 

10.27 

For  the  brace  ^/the  moment,  according  to  rule,  is  minus.     We  have, 

fnX/Fr,+  W^8X/^.+  ff;x/,r,  +  </X/^  =  Q (l2) 
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Inserting  numerical  valuer, 

—  800  X  6.25  —  800  X  12.5  —  800  X  18.75  —  </X  20.803  =  0' 


Hence, 


^      —  800  X  6.25  —  800  X  12.5  —  800  X  18.75 
<A=  z =:  —  I443* 

-'  20.803  ^ 


For  the  brace  yy^  we  pass  a  section  cutting  Ef^f/'^fV,  and  Le',  Since  the  point  of 
moments  is  on  the  left,  according  to  our  rule,  the  moment  iox  ff  is  plus.  The  stress  in 
f'e'  is,  by  reason  of  the  symmetry  of  frame  and  loading,  equal  to  that  already  found  for  ef. 
We  have  then 

«^,X/H.,+  fF,x/«..H-fF4X/^.+/Vx//^+/r'X////  =  o (13) 

Inserting  numerical  values, 

—  800  X  6.25  —  800  X  12.5  —  800  X  18.75  —  1442  X  20.803  -^-ff  X  25  =  o. 
Hence, 

ff,  _   ,   800  X  6.25  +  800  X  12.S  +  800  X  18.75  +  '442  X  20.803  _    I   2400  lbs 

25 

Remarks. — These  results  compare  favorably  with  those  found  for  the  same  case  in 
the  two  preceding  chapters.  The  student  will  do  well  to  select  another  example  and  com- 
pute it  thoroughly,  according  to  our  method,  paying  special  attention  to  the  rules  for  deter- 
mining the  centres  of  moments  and  the  signs  for  the  moments,  and  checking  his  results  by 
the  method  of  Chapter  I.  Only  in  such  way  can  he  obtain  mastery  of  the  method.  He 
would  do  well  also  to  remember  that  time  cannot  be  better  spent  than  in  getting  familiar 
with  the  principles  in  these  first  four  chapters.  When  we  pass  to  applications  in  the  second 
section,  he  will  then  find  no  difficulty  in  following  the  text,  and  will  not  be  confused  by  the 
special  details  peculiar  to  different  structures. 

Comparison  of  Methods. — Much  use  will  be  made  of  the  present  rnethod  in  this 
work.  We  shall  call  it  hereafter  the  '^method  of  sections,**  We  see  that  it  is  general  in  its 
application  to  all  properly  braced  structures—  that  is,  all  framed  structures  which  have  no 
superfluous  members.  As  compared  with  the  analytic  method  by  resolution  of  forces,  of 
the  preceding  chapter,  it  will  be  seen  that  its  application  in  the  case  chosen  is  much 
simpler  and  involves  much  less  calculation.  Still,  for  trusses  in  which  the  members  have 
various  inclinations,  all  different,  the  computation  of  the  lever  arm  is  tedious,  and  the 
graphic  method  of  Chapter  I  commends  itself  as  specially  adapted  to  such  cases.  Indeed 
it  is  the  special  advantage  of  the  graphic  method,  that  it  is  entirely  unaffected  by  irregu- 
larities of  form  and  loading  which  necessitate  much  calculation  by  the  other  methods. 

The  present  method  can,  however,  in  all  cases,  be  used  as  a  check  upon  the  accuracy 
of  the  results  obtained  by  the  graphic  method,  to  great  advantage,  inasmuch  as  it  gives  the 
stress  in  any  member  without  reference  to  any  others  of  the  frame. 

Thus  in  the  example  Fig.  7,  after  having  found  all  the  stresses  by  the  graphic  method, 
as  shown  in  Fig.  7  {a),  we  can  compute  the  stresses  /;/  the  last  member  of  that  Figure,  Z^,  by 
the  present  method  of  moments.  If  this  is  found  to  agree  with  the  stress  given  by  the 
graphic  method,  we  may  have  confidence  in  the  accuracy  of  all  the  others,  because  any 
error  would  have  b^en  carried  along  from  niembcr  to  member,  and  would  have  ?hpwn  itself 
in  the  last, 


CHAPTER  IV. 

METHOD   OF   MOMENTS.— GRAPHIC   SOLUTION. 

A.      GENERAL     PRINCIPLES.      FORCES     IN     THE     SAME    PLANE,    DIFP^ERENT     POINTS    OF 

APPLICATION. 

General  Problem. — We  have  seen  in  the  preceding  chapter  that  in  order  to  find 
the  stress  in  any  member  of  a  framed  structure  we  have  simply  to  divide  the  algebraic  sum 
of  the  moments  of  all  the  outer  forces  by  the  lever  arm  for  this  member.  The  centre  of 
moments  for  both  member  and  outer  forces  is  at  the  intersection  of  the  other  members  cut 
by  an  imaginary  section  which  completely  divides  the  truss  into  two  portions  and  cuts  the 
member  the  stress  in  which  is  required.  The  outer  forces  acting  upon  the  left-hand  portion 
of  the  truss  is  alone  considered. 

We  see,  then,  that  in  any  case  the  problem  to  be  solved  is — What  are  the  moments  of 
these  outer  forces?  If  the  algebraic  sum  of  these  is  once  found,  we  have  only  to  divide  by 
the  lever  arm  of  the  member  in  order  to  find  its  stress.  The  object  of  the  present  chapter, 
therefore,  is  to  deduce  ^,  graphic  method  for  finding  the  algebraic  sum  of  the  moments  of  the 
outer  forces. 

Position  of  Resultant. — Suppose  we  have  any  number  of  forces,  Fig.  17,  given  in 
''*«-i7         ^         direction  and  magnitude,  and  acting  at  different  points  of  application 
p  /  r        in  the  same  plane. 

^v^^         ""■"■^^'^'^^^vp  ^^  ^^  '^y  these  forces  off  to  scale,  the  one  after  the  other,  and 

T^^f^S^^i  ^  thus  form  the  force  polygon  (^),  the  line  necessary  to  close  this  polygon 

/\  will  be,  as  in  Chapter  I,  the  resultant  to  scale,  and  given  in  direction. 

\p         But  we  do  not  know  whereabouts  in  the  plane  of  the  forces,  in  Fig. 
1        (cl)  17,  this  resultant  should  act. 

/^\^^^  In  the  present  case  a  ready  method   suggests  itself  at   once. 

*v~— If — --^®  Thus  we  can  consider  P<^  as  acting  at  any  point  in  its  line  of  direc- 

Nki^-'^v*    /z  tion,  and  so  also   for  P^.     The  resultant  of  Px  and  P^^  then,  we  can 

"^  consider  as  acting  at  the  intersection  a  of  Px  and  /i,  prolonged  if 

necessary.  But  the  resultant  of  P^  and  /^  is  given  in  the  force  polygon  (a)  in  direction  and 
magnitude  by  the  diagonal  02,  because  that  diagonal  closes  the  polygon  commenced  by 
the  forces  P^  and  /,.  At  a  then,  parallel  to  02  below,  we  can  draw  a  line  representing 
the  direction  of  the  resultant  of  P^  and  P^,  and  produce  it  till  it  meets  Pg,  prolonged  if 
necessary,  at  b.  At  b  we  can  consider  the  resultant  of  R^Ji  and  /g  acting,  or  the  resultant 
of  -Pi,  P%  and  Pg.  But  03  in  the  force  polygon  {a)  below  gives  this  resultant  in  direction 
and  magnitude.  Parallel  to  03  then  draw  a  line  through  b  till  it  meets  P4,  prolonged  if 
necessary,  at  c. 

Thus  ^  is  a  point  in  the  plane  of  the  forces  through  which  the  direction  of  the  result- 
ant passes.     In  the  force  polygon  (tf),  04  is  this  resultant  in  direction  and  magnitude, 
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Parallel  to  04  draw  a  line  through  c,  and  it  will  represent  the  resultant  in  proper  posi- 
tion and  direction.  This  resultant,  taken  as  acting  in  the  direction  obtained  by  following 
around  the  force  polygon  in  the  direction  of  the  forces,  or  in  the  direction  from  4  to  o,  as 
shown  by  the  arrow,  will  hold  the  forces  in  equilibrium.  Fig.i8 

If  in   the   opposite  direction,  it  will  replace   the   forces  (see  1 

page  10).  ^  ]^  /^^ 

The  Preceding  Method  not  General. — This  method  of  ^^  a  •«£•  A 

finding  the  position  of  the  resultant,  though  sufficiently  obvious,  is        ''A':-i&._isj^'-;^  . 
evidently  not  general  in  its  application.     Thus,  suppose  the  forces       /     ^^jj^  \  X      \ 
were  all  parallel  or  inclined  so  slightly  as  not  to  intersect  within     ^^i  *«  t    |  V^ 

the  limits  of  the  drawing.  In  such  case  the  method  would  fail. 
It  is  necessary,  therefore  to  find  some  method  which  shall  avoid 
this  difficulty. 

General  Method  for  Finding  Position  of  Resultant. — 
In  Fig.  18  we  have  four  forces  given  :  required  to  find  the  resultant 
in  direction,  magnitude  and  position. 

We  shall  evidently  find  the  first  two  from  the  force  polygon 
as  before.  Thus  lay  off  the  forces  to  scale  in  Fig.  18  («),  one  after  the  other,  and  we  shall 
have  the  resultant  given  in  magnitude  and  direction  by  the  closing  line  04.  If  this  result- 
ant acts  in  the  direction  from  4  to  o,  obtained  by  following  around  the  polygon  in  the 
direction  of  the  forces,  it  will  hold  the  forces  in  equilibrium.  In  the  opposite  direction  it 
will  replace  the  forces. 

It  remains  to  determine  i\\Q  position  of  the  resultant  in  the  plane  of  the  forces. 

For  this  purpose  we  choose  a  point  O  at  any  convenient  point,  and  draw  the  lines  Oo 
and  O4.  This  point  thus  chosen  we  shall  hereafter  call  a  *' pole,''  Now,  since  every  line 
in  the  force  polygon  represents  a  force,  by  thus  choosing  a  pole  and  drawing  lines  to 
the  extremities  of  the  resultant,  we  have  resolved  the  result  ajit  into  the  two  forces^  Oo  and  O^ 
This  is  evident  from  the  fact  that  these  two  lines  close  the  polygon,  and  hence,  taken 
as  acting  from  4  to  O  and  O  to  o,  as  shown  by  the  arrows,  hold  the  forces  Pj,  Z^,  Ps*  ^i 
in  equilibrium.  But  these  same  lines  make  a  closed  polygon  with  04,  and  taken  in  the 
direction  shown  by  the  arrows,  replace  the  resultant  when  acting  in  the  direction  necessary 
for  equilibrium.  As  the  pole  O  can  be  taken  anywhere,  we  can  thus  resolve  the  resultant 
into  any  two  directions  we  wish. 

Let  us  then  consider  the  resultant  as  replaced  by  the  two  forces  Oo  and  O^.  Any- 
where in  the  plane  of  the  forces  above.  Fig.  18,  draw  a  line  5y  parallel  to  Cto,  and  pro- 
duce it  till  it  meets  I\,  produced  if  necessary,  at  a.  The  resultant  of  S^  and  Pi  will  pass 
through  a  and  be  parallel  to  S^,  in  the  force  polygon,  since  S^  in  the  force  polygon  is  the 
resultant  of  Pi  and  5o,  given  in  direction  and  magnitude.  Through  a  then  draw  a  line 
parallel  to  Si  and  produce  to  intersection  b  with  P^,  The  line  ^2  in  the  force  polygon  is 
the  resultant  of  5©,  Pi,  and  P^.  Parallel  to  this  line  draw  ^2  through  b  above,  and  produce 
to  intersection  c  with  /g.  The  point  c  will  be  the  point  where  the  resultant  of  vSq,  Pi,  /2» 
and  /s  should  act.  The  force  polygon  gives  the  direction  of  this  resultant  as  well  as  its 
magnitude.  It  is  S^.  Parallel  to  this  draw  S^  above,  and  produce  to  intersection  d  with 
P^,     Finally  through  d,  draw  a  line  ^4  parallel  with  ^4  in  the  force  polygon. 

Proceeding  in  this  manner,  we  thus  find  for  any  assumed  position  of  S^  in  the  plane 
of  the  forces,  the  proper  corresponding  position  for  ^4.  Since  now,  S^  and  S^  are  com- 
ponents of  the  resultant,  and  each  may  be  considered  as  acting  at  any  point  in  its  line  of 
direction,  we  have  only  to  prolong  them  and  t/ieir  ijttersection  gives  a  point  through  which 
the  resultant   must  act.      Through    the  point  c,  therefore,  draw  a  line  parallel    to   the 
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line  40  in  the  force  polygon,  and  it  will  represent  the  resultant  in  proper  direction  and 
position.  Acting  as  shown  by  the  arrow  it  causes  equilibrium.  The  magnitude  of  the 
resultant  is  given  to  scale  in  the  force  polygon. 

Position  of  Pole  and  of  5o  Indifferent. — A  little  inspection  will  make  it  appar- 
ent that  our  method  is  general,  no  matter  where  in  the  plane  of  the  forces  we  take  S^  a§ 
acting,  that  is  no  matter  where  the  point  a  is  taken.  Thus  if  a  had  any  other  position 
upon  the  direction  of  /i,  if  everything  else  remained  unchanged,  we  should  evidently 
obtain  a  polygon  every  side  of  which  would  be  parallel  to  that  shown  in  Fig.  18.  The 
new  S^  would  then  be  parallel  to  that  line  in  the  present  Figure  as  also  S^  Their 
intersection  would,  therefore,  lie  in  a  point  upon  the  direction  of  the  resultant  as 
drawn. 

Also  any  other  position  of  pole  would  give  different  directions  for  the  lines  S^  5i,  S%, 
etc,  but  the  intersection  e  of  the  end  lines  would  still  lie  in  the  same  line. 

Pole,  Equilibrium   Polygon,  Closinc;   Line,  Rays.— The  point  O  we  call  the 

^^ pole"  in  the  force  polygon.  It  may  be  taken  where  we  please.  The  polygon  abed 
above  we  call  the  "  equilibrium  polygon**  and  ab,  be,  cd^  etc.,  are  its  segments.  In  the  pres- 
ent case  it  is  evidently  the  shape  a  string  would  take  if  suspended  at  any  two  points,  as  A 
and  B  on  5,  and  S^  respectively.  The  stresses  in  the  segments  would  be  tensile.  We 
denote  these  stresses  0<' ,  0\y  O2,  etc.,  by  5„  5„  5,,  etc.,  and  call  them  **  rays''  In  general, 
forces  may  act  up  as  well  as  down,  in  which  case  some  of  the  rays  might  represent  com- 
pressive stresses,  and  our  polygon  above  would  contain  struts  as  well  as  ties. 

Let  us  suppose,  in  Fig.  19,  that  we  take  any  two  points,  as  A  and  B^  upon  the  end  seg- 
J^'K'io  ments  5,  and  5i,  and  suppose  them  to  be  made  fixed.     The 

fp  f  T'^^3^    force  5,  acting  at  A  we  shall  then  have  to  replace  by  two  forces, 

one  parallel  to  the  resultant,  and  one  through -^5.  So  also 
for  5|.  The  sum  of  the  two  components  parallel  to  the  result- 
ant must  be  equal  and  opposite  to  the  resultant,  and  the  com- 
ponent in  the  direction  AB  must  be  resisted  in  the  present 
/"^^  ^^^  case  by  a  strut  or  compressive  member  ^  A     This  resolution 

/[      ^x^  we  can  make  at  once,  by  drawing  through  O  in  the  force  poly- 

rrj^'^'-^j^Q  gon  a  line  OL  parallel   to  AB,     The   line  AB  we   call    the 

if "1'%'jV^;:^'  ''^closing  line''     Thus  we  see  from  Fig.  19  (a)  that  the  sum  of 

rT I    \{^  the  components  4Z  and  Lo  equals  the  resultant  04. 

4  In  any  case  then  we  can  fix  any  two  points  of  the  polygon, 

as  A,  B,  by  drawing  the  closing  line  AB.  A  line  OL  through  O  parallel  to  this  in  the  force 
polygon  gives  the  components  into  which  S,  and  S^  are  resolved.  We  must  consider, 
then,  the  entire  polygon  AabcdB,  with  its  closing  line  A B,  as  a.  frame  in  equilibrium,  and 
can  apply  to  it  the  principles  of  Chapter  I.  Thus  take  the  apex.^.  Here  we  have  the 
force  r  in  equilibrium  with  the  stresses  in  AB  and  Aa.  Following  round  in  the  force 
polygon  from  Z  to  o  and  so  around,  we  find  by  our  rule,  page  13,  Aa  in  tension  and  L  in 
compression.  So  also  for  the  other  end  5,  we  find  Bd  in  tension  and  L  in  compression. 
The  components  r  and  /  act  opposed  to  the  resultant  which  replaces  the  forces,  and  the 
forces  at  A  and  B  parallel  to  L  are  equal  and  opposite,  hence  there  is  no  motion  of  the 
entire  frame  in  any  direction. 

Recapitulation;  Force  and  Equilibrium  Polygon  for  any  Number  of 
Forces  in  a  Plane. — Suppose  then  we  have  any  number  of  forces,  as  /*»  .  .  .  P^,  Fig. 
20.     Our  method  is  as  follows : 

1st.  Form  the  force  polygon,  Fig.  2o{a),  by  laying  off  the  forces  to  scale,  one  after  the 
Pther  in  any  order.     The  line  05  which  closes  the  polygon  is  the  resultant  in  magnitude 
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and  direction.  When  it  acts  in  the  direction  from  5  to  o,  obtained  by  following  round  in 
the  direction  of  the  forces,  it  will  cause  equilibrium.  In  the  opposite  direction  it  will  re- 
place the  forces.  rig.20 

2d.  Choose  a  pole  O  at  any  convenient  point,   and  draw   the  ^ 

rays  5,,  5,  .  .  .  5,.  s.,  /  \^         /  ^^^ 

3d.  Form  the  equilibrium  polygon  by  drawing  anywhere  in  the      \1  i    ,_       './ 

plane  of  the  forces  a  line  parallel  to  5,  until  it  meets  P„  prolonged  "  '^\^.^.  T  .*- 
if  necessary,  at  a.  From  a  a  line  parallel  to  5j  till  it  meets  P^  at  6.  /  'A,""*?'  *V 
From  d  a  line  parallel  to  5,  till  it  meets  P^  at  c.  From  c  a  line  par- 
allel to  5,  till  it  meets  P^  at  ^.  From  ^  a  line  parallel  to  5^  till  it 
meets  P^  at  e.  From  e  a  line  parallel  to  S^.  The  first  and  last 
segments  of  this  polygon  intersect  at  a  point  upon  the  resultant. 
Moreover,  ariy  two  segments^  as  ab  and  cdy  intersect  at  a  point  upon  the  -  ^~~t^-s»j^^ 

resultant  for  the  forces  P^  and  P^  acting  between  these  segments.     The  r^%^-''''^^ 

intersection  of  ab  and  de  gives  thus  a  point  upon  the  resultant  of  /*„  >^    1  ^Y 

P^  and  -P,.     These  resultants  may  be  found  in  magnitude  and  direc-  'S'' 

tion  from  the  force  polygon  (a), 

4th.  Fix  any  two  points  in  the  end  segments  of  the  equilibrium  polygon  by  drawing 
the  closing  line^^.  Resolve  S^  and  5^  into  forces  r  and  Z,  and  r'  and  Z,  respectively  par- 
allel  to  the  direction  of  the  resultant  and  closing  line.  This  is  at  once  done  by  drawing 
the  line  OL  in  the  force  polygon  parallel  to  AB.  Then  OL  is  the  force  to  scale,  acting  at 
each  end  of  the  closing  Xvae  ABy  and  Zo  is  the  component  r,  and  5Z  the  component  r.  If 
these  forces  are  to  replace  S^  and  5^,  they  must  act  as  shown  by  the  arrows,  in  directions 
opposite  to  those  obtained  by  following  round  in  the  direction  of  the  forces  in  the  force 
polygon.  Thus  S^  acts  from  (9  to  o  for  equilibrium.  Following  round,  we  obtain,  then,  r 
acting  from  L  to  o,  and  L  acting  from  O  to  Z,  as  the  directions  necessary  to  replace  S^,  In 
the  same  way  we  find,  since  S^  acts  from  $  to  O  for  equilibrium,  5Z  and  LO  as  the  direc- 
tions for  r'  and  Z  at  the  right  end  of  the  closing  line. 

5th.  Conceive  now  the  forces  5,  and  S^  removed,  and  replace  them  at  the  points  A  and 
B,  by  r,  Z,  and  /  and  Z,  and  we  have  a  frame-work,  AabcdeB^  which,  acted  upon  by  the 
forces /\  .  .  .  P^  and  r,  Z,  r'  and  Z,  is  in  equilibrium.  Applying  the  principles  of  Chapter 
I.  to  the  apex^,  where  we  have  r,  Z,  and  the  stress  in  Aa  in  equilibrium,  we  find  the  stress 
in  AB  in  this  case  compression.  So  also  for  the  apex  B.  The  stresses  in  all  the  segments 
are  tensile  in  this  case.  The  magnitude  of  these  stresses  can  be  found  to  scale  from  the 
force  polygon  {d), 

Culmann's  Principle. — Suppose  we  have  a  single  force  P,,  Fig.  21.     The  force  poly- 
gon {a)  becomes  a  straight  line  equal  by  scale  to  P^.     Let  us  choose  Fig.ai 
a  pole  O  anywhere,  and  draw  the  rays  5,  and  5^.     This  is  the  3ame 

thing  as  resolving  the  force  P^  into  two   components  parallel  to  5,       i-.^    ,   ^^    ,<,,  ;-^ 
and  5,.    These  components  are  given   indirection  and  magnitude  ^5r(7^^^>jf^^-|3^^^ 
in  the  force  polygon  (a).     Parallel  to  them  draw  lines  5,,  5,,  through 
the  point  of  application  A  of  the  force  /*,. 

Now  draw  from    the  pole  O  a  line  OH  perpendicular   to  01. 
This  distance  OH  we  call  the  ''pole  distance'' 

In  the  plane  of  the  forces  take  any  point  whatever  having  any 
position,  as  a^  or  a^y  and  draw  through  this  point  the  ordinates  ^/„  b^c^,  etc.  Now  the 
moment  of  P,  with  reference  to  any  point,  as  a^,  is  P^  X  Aa^,  But  referring  to  the  force 
polygon  (a),  we  have  by  similar  triangles, 

P,\  H '.'.  b^c^  :  Aa^, 
Hence,  P,  X  Aa.  =  H  X  b,c,. 
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That  is,  the  moment  of  the  force  P„  with  reference  to  any  point,  is  equal  to  the  ordinate 
through  this  point,  parallel  to  P,,  included  by  the  two  components  into  which  P,  is  resolved, 
multiplied  hy  the  pole  distance  in  the  force  polygon. 

This  principle  we  call  Culmann's  principle.  It  has,  as  we  shall  see,  direct  application 
to  the  equilibrium  polygon.  For  any  point  situated  to  the  left  of  P„  the  moment  is  by 
convention  plus.  For  any  point  to  the  right  it  is  minus,  provided  the  force/',  acts  upward 
as  represented.  If  it  acted  downward,  the  moments  to  the  right  would  be  plus,  and  those 
to  the  left  minus. 

This  principle  can  also  be  proved  as  follows:  The  moment  of  a  force  is  equal  to  the 
algebraic  sum  of  the  moments  of  its  components.  In  Fig.  21,  P,  is  resolved  into  compo- 
nents S,  and  S,.  The  moment  of /*,  then  about  any  point  as  a,  is  equal  to  the  sum  of  the 
moments  of  S,  and  5,  about  that  point.  But  5,  can  be  resolved  at  ^,  into  a  vertical  force 
passing  through  d,  and  the  horizontal  iorce //.  So  also  5,  at  c,  can  be  resolved  into 
a  vertical  force  passing  through  a,  and  the  horizontal  force  N.  The  vertical  forces 
passing  through  a,  have  no  moment.  The  sum  of  the  moments  of  the  horizontal  forces  is 
ff  X  a,/>,  +  f/X  a,c,  =ffX  V>- 

Graphic  Representation  of  Moments  for  any  Number  of  Forces  in  Equi- 
librium.— Significance  of  Equilibrium  Polygon.* — We  are  now  able  to  solve  the 
problem  proposed  at  the  beginning  of  this  chapter,  and  find  graphically  the  moments 
of  any  number  of  forces  in  equilibrium. 

Thus  suppose  we  have  any  number  of  forces  P„  /*„  P„  /*„  etc.,  acting  at  the  points  of 
r»B-  »»  application  /I „  A„  A^,  A,.  Fig.  22. 

1st.  Construct  the  force  polygon  (a)  I 
choose  any  pole  Cf  and  draw  the  ray« 
S;.  S,'.  S,',  S,'.  S,'  (broken  lines). 

2d.  Construct  the  corresponding  equi> 
librium  polygon  (broken  lines) /ii'2'3'4'^- 
Produce  the  two  end  segments.  The  re- 
sultant R  passes  through  their  point  of 
intersection  and  is  parallel  and  equal  by 
scale  to  4'o  in  (a). 

Draw  a  closing  line  Z.anywhere,as  AB. 
3d.  Parallel  to  AB  draw  O'L  in  {a). 
It  will  be  to  scale  the  stress  in  the  closing 
line  AB,  and  the  segments  into  which  it 
divides  the  resultant,  viz.  Lo  and  4'Z,  will 
be  the  forces  r  and  /  at  W  and  B,  parallel 
to  the  resultant.  Then  considering  the  equilibrium  polygon  as  a  frame,  we  have  the 
forces  r,  r'  and  P,  P„  etc.,  in  equilibrium,  since  they  make  a  closed  polygon  in  (a). 

4th.  Produce  the  forces  /*„  /•„  P„  P,  to  their  intersections/,,^,,/,,/*,  with  the  closing 
WaeAB,  and  through  these  points  draw  lines /t,i,/,2,/,3,/,4,  parallel  to  the  resultant. 

Also  through  the  points  of  application  of  the  forces  A„  A„  A„  A,  draw  lines  parallel 
to  the  resultant,  intersecting  the  closing  line  in  a„  «,,  a„  a,. 

In  Fig.  (a)  project  each  force  oi',  i'2'.  2'3',  3'4'>  on  the  resultant  4'o,  by  lines  I'l,  2'2, 
3*3,  parallel  to  the  closing  line,  thus  obtaining  the  points  I,  2,  3,  on  4'o. 

Choose  any  pole  0  in  LO'  prolonged,  draw  the  pole  distance  H  =  OH  perpendicular  lo 
4'o,  and  the  rays  5„  5„  5„  S„  S,  (full  lines). 

Form  the  corresponding  equilibrium  polygon  Ai2^^.  Since  P,  passes  through/,,  its 
moment  about/,  is  zero.  The  moment  of  r  with  reference  to/,  is  then,  by  Culmann's 
principle,  preceding,  equal  to  the  pole  distance  Off,  multiplied  by  the  ordinate /,l. 

•  The  sludfnl  may  omit  here  to  "  Application  lo  Parallel  Forces,"  page  38,  if   he  finds  what  lollnws  lo  be 
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If  we  suppose  P^  acting  at  /,  to  be  resolved  into  a  component  parallel  to  the  resultant 
(01  in  (^))  and  along  the  closing  line  (I'l  in  {a)\  the  latter  component  will  have  no  moment 
for  any  point  in  the  closing  line -^  A  The  first  component,  by  Culmann's  principle,  has  a 
moment  at  a^  equal  to  a' a  multiplied  by  OH  =  H.  The  moment  at  a^,  then,  of  r  and  jP^  is 
equal  to  a^a'  X  H  for  r,  and  a^a  X  H  for  P„  or  a  total  of  a^a  XH. 

For  any  point  k  in  the  closing  line  ABy  then,  from  A  to  tf„  the  moment  of  all  the  forces 
on  left  (or  right)  is  equal  to  the  ordinate  >&>& (parallel  to  the  resultant)  X  H.  Beyond  a,,  for 
any  point  m  between  a,  and  a^y  we  have  the  moment  equal  to  mn  X  H 

5th.  We  have  then  simply  to  prolong  the  sides  12,  23,  34  of  the  equilibrium  polygon 
Ai2i^  already  drawn,  to  intersections  a^  by  c,  ^,  with  the  resultant  parallels  through 
A^t  A^y  A^y  A^.  We  thus  have  the  polygon  Aa'ab'bccd'dB,  The  momejit  at  any  point  m  of 
the  closing  line  ABy  of  all  the  forces  left  {or  right)  of  this  pointy  is  equal  to  the  ordinate  mn 
of  this  polygony  parallel  to  the  resultant y  multiplied  by  the  pole  distance  H. 

Pole  Distance  a  Matter  of  Indifference. — If  in  Fig.  22  the  pole  were  in  the 
same  line  LO,  parallel  to  ABy  but  at  any  other  distance,  as,  for  instance,  twice  as  far,  all 
our  ordinates  would  be  decreased  in  the  same  proportion,  or  be  half  as  much.  The  product 
of  the  ordinates  by  H  would,  therefore,  be  unchanged.  We  can  therefore  take  O  at  any 
convenient  distance  in  the  line  LO. 

Application  to  a  Beam. — In  the  case  of  a  beam  resting  upon  supports,  the  method 
is  the  same,  except  that  we  must  have  the  closing  line  AB  coinciding  with  the  beam. 

Thus  let  ABy  Fig.  23,  be  the  axis  of  a  beam,  supported  at  A  and  B  and  acted  upon  by  the 
forces  P„  P^y  P^y  P^y  applied  at  the  points  ^„  ^„  yi„  A^ ;  these  points  being  rigidly  connected 
with  the  beam.  Required  to  find  the  reactions  at  the  supports  A  and  B  and  the  combined 
moment  of  all  the  forces  left  (or  right)  of  any  point  of  the  axis  with  reference  to  that  point- 

1st.  Construct  the  force  polygon  oi'2'3Vo,  Fig.  23  [a).  Choose  any  pole  O'  and  draw 
the  rays  5/,  5/,  5/,  5,',  5/  (broken  lines). 

2d.  Construct  the  corresponding  equilibrium  polygon  (Fig.  23,  broken  lines)  0'\'2''^'/^B' 

and  draw  a  closing  line  O'B' 
through  the  points  0\  B'  at 
the  ends  of  the  beam  in  the 
lines  A  O'y  BB'y  parallel  to  the 
resultant  4'o.  Draw  O'B'  in 
Then  B'o  is  the  reaction  at 


{a)  parallel. 

^,and  4' 5' the  reaction  at  B.    If  the  beam 

^^«   rests  upon  supports  upon  both  of  which  the  pressure  is 

vertical  only,  then  4^  and  Bo  are  these  reactions  and  44'  is  a 

horizontal  force  tending  to  slide  the  beam  off  its  supports, 

which  must  be  resisted  by  an    equal  horizontal  outer  force 

o  acting  upon  the  beam  at  A  in  the  opposite  direction. 

If  the  beam  simply  rests  on  its  right  support,  so  that  the 
reaction  at  B  ox\\y  is  vertical,  that  reaction  is  equal  to  4'^  and 
the  inclined  reaction  at  the  left  end  A  is  bo.  If  the  beam  simply  rests  on 
its  left  support,  so  that  the  reaction  at  A  only  is  vertical,  that  reaction  is  equal  to  BOy  and 
the  inclined  reaction  at  the  right  end  B  is^'B. 

3d.  In  (a)  choose  a  new  pole  O  anywhere  in  the  horizontal  through  B\  Then  the  clos- 
ing line  for  our  new  polygon  will  be  horizontal  also.     We  construct  this  new  polygon  as  in 

the  preceding  article. 

Thus,  produce  7^,,  P,,  etc.,  to  intersections  /„/„  etc.,  with  ABy  draw  verticals  through 
^,»  ^«.  a%y  etc,  and  also  through  ^„  ^„  ^„  etc.  In  (a)  project  01',  i'2',  etc.,  vertically  upon 
04,  thus  obtaining  1.2,3,4.  Draw  the  rays  5,.  5„  5„  5„  5,  (f  ull  lines)  and  construct  the 
corresponding  equilibrium  polygon  ^1234/?  (full  lines). 
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Produce  12  to  a^  23  to  b,  34  to  d^  and  we  have,  as  before,  the  polygon  Aa'ab'bidd'B. 
At  any  point  m  of  AB,  the  vertical  ordinate  mn  to  this  polygon,  multiplied  by  the  pole 
distance  OB  =  H,  will  give  the  moment  of  all  the  forces  left  (or  right)  of  w.* 

Corollary. — It  is  evident  that  if  the  points  of  application  A^,  yl,,  etc.,  coincide  with 
/>,,/„  etc.,  we  have  simply  the  polygon  .^12345,  and  the  sudden  changes  a'a^  b'b,  etc.,  dis- 
appear. 

Application  to  Parallel  Forces. — The  outer  forces  acting  upon   framed  struc- 
tures are  generally  weights  and  the  reactions  of  supports  due  to  these  weights,  and  there- 
fore in  a  majority  of  practical  cases,  it  is  required  to  investigate  a  system  of  parallel  forces. 
Suppose  we  have  a  number  of  parallel  forces.  Pi  .  .  /i,  Fig.  24. 

1st.  Form  the   force   polygon  {a).      This  becomes  in   this  case  a 
straight  line  04. 

2d.  Choose  a  pole  O  and  draw  Sq,  S^  .  .  S^, 
3d.  Form  the  equilibrium  polygon  abed, 

4th.  Fix  any  two  points,  as  A  and  B,  by  drawing  the  closing  line 
AB,  Parallel  to  ^-fi  in  the  force  polygon  draw  the  line  L.  Then  Zo 
and  4/^  are  the  upward  reactions  which  must  be  applied  at  A  and  B  to 
produce  equilibrium.  Their  sum  is  equal  to  the  resultant,  as  should  be. 
Now  the  resultant  will  act  at  e,  and  be  parallel  to  the  forces  and 
equal  to  their  sum.  The  pole  distance  is  the  perpendicular  from  the  pole  O  upon  the  direc- 
tion of  the  forces.  The  projection  of  each  of  the  rays  5o,  5i,  etc.,  in  this  direction  is  con- 
stant and  equal  to  the  pole  distance  OH. 

From  Culmann's  principle,  the  moment  at  any  point  Kol  the  reaction  V,  is  therefore 
the  ordinate  Km  measured  parallel  to  the  resultant,  multiplied  by  the  pole  distance  H, 
But  according  to  the  same  principle,  the  moment  of  the  force  Pi  is  equal  to  the  ordinate 
nm  X  H.  Hence,  the  combined  moment,  since  Facts  up  and  Pi  down,  is  H{Km  —nm)  = 
H  X  Kn. 

For  parallel  forces  then,  any  ordinate  of  the  equilibrium  polygon  parallel  to  the  resultant 
is  directly  proportional  to  the  algebraic  sum  of  the  moments  of  the  forces  on  one  side  of  tht 
section  with  reference  to  any  point  in  that  ordinate^  whether  07i  the  li?te  AB  or  not. 

The  moment  itself  is  equal  to  the  ordinate  to  the  scale  of  length,  multiplied  by  the 
pole  distance  to  the  scale  of  force. 

We  see,  also,  that  the  ordinate  included  between  any  two  segments  of  the  equilibrium  polygon 
prolonged,  gives  in  the  same  way  the  moment  of  the  force  at  their  intersection,  with  reference 
to  any  point  on  that  ordinate.  Thus  mn  multiplied  by  H,  gives  the  moment  of  Pi  with  ref- 
erence to  any  point  on  Km,  as  K,  or  n,  or  m. 

Example  i. — A  few  examples  will  make  the  above  principles  clear  and  show  their 
application  to  practical  problems. 

Let  AB,  Fig.  25,  be  a  beam  subjected  to  two  unequal  weights  Pi  and  /,  applied  at 

any  two  points.     Required  the  reaction  at  the  supports  A  and 
,.  B,  also  the  moment  at  any  point  of  all  the  forces  right  or  left  of 
that  point,  when  equilibrium  exists. 
1st.  Form  the  force  polygon  {a), 

2d.  Choose  a  pole  O,  and   draw   the   rays   S^,  Si  and  5^,  and 
the  pole  distance  H, 

3d.  Construct  the  equilibrium  polygon  by  drawing  a  line  par- 
allel to  5q  till  it  meets  Pi,  produced  if  necessary,  at  a.     From  a 


Fis.25 


*For  an  application  of  Uiis  method  to  axles,  see  Rouleaux— '' The  Constructor:*  Translation  by  H.  Supler. 
Phila..  1895.  There  are  many  other  interesting  and  important  properties  of  the  equilibrium  polygon,  which  may 
be  found  in  "  Elements  of  Graphical  Statics,"  DuBois— Wiley  &  Sons.  Upon  these  properties  the  entire  science  of 
graphic  statics  is  based.     The  above  are,  however,  all  of  which  we  shall  need  to  make  use  in  this  work. 
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a  line  parallel  to  S^  till  it  meets  P^  at  b.  From  b  draw  a  parallel  to  5^,  and  prolong  it  in- 
definitely. Drop  verticals  from  the  ends  A  and  B  of  the  beam,  and  draw  the  closing  line 
A B\     Parallel  to  A'B'  draw  OL  in  the  force  polygon. 

Then  Zo  and  2L  are  the  reactions  at  the  ends  A  and  B,  and  acting  upwards  they  hold 
the  weights  in  equilibrium.  The  supports  should,  therefore,  be  below  the  beam  at  each 
end. 

The  moment  at  any  point  AT  of  the  beam  is  equal  to  the  ordinate  //;;/,  multiplied  by  the 
pole  distance  H, 

Example  2. — It  is  well  to  observe  that  the  order  in  which  the  forces  are  taken, 
makes  no  difference  as  to  the  results,  although  the  Figure  obtained  Fl^-do 

may  be  very  different.  ^^-.^ 

Thus  let  us  take  the  same  example  as  before,  but  number  the 
forces  in  inverse  order. 

We  form  the  force  polygon  as  before,  choose  a  pole  and  draw 
S^  5*1  and  5^.  Now  parallel  to  5o  we  must  draw  a  line  ////  it  meets 
Pi  at  a.  [Note  that  Sq  must  always  be  prolonged  to  intersection 
with  /\.]  Then  from  a  a  parallel  to  S^  till  it  meets  /^  at  b.  Then 
from  b  a  parallel  to  ^2.  Draw  the  closing  line  A'B\  A  parallel  to  it  in  (a)  gives  the  re- 
actions Lo  and  2Z  as  before.  Since  Sq  acts  from  O  to  o  for  equilibrium,  Lo  must  act  up  to 
replace  it.  Hence  the  support  at  A  is  below.  So  also  for  2Z.  Since  S2  acts  from  2  towards 
O  for  equilibrium,  2L  must  act  up  to  replace \ty  and  the  support  at  B  should  be  below  also. 

In  general,  always  take  the  directions  of  the  reactions  opposed  to  the  directions  of  5„ 
and  5„  for  equilibrium,  obtained  by  following  round  the  force  polygon. 

As  to  the  moments,  we  see  that  the  moment  of  the  left  reaction  with  reference  to 
any  point,  as  A",  is  mn  x  H.  But  the  moment  of  P^  with  reference  to  the  same  point,  is 
op  X  //.  The  difference  then  of  mn  and  opy  gives  us  the  same  ordinate  as  in  the  first  exam- 
ple. The  lower  ordinates  subtracted  from  the  upper,  will  give  us  the  same  Figure  as  be- 
fore. 

We  see,  therefore,  that  whenever  we  obtain  a  double  Figure,  as  in  the  present  case, 
it  shows  simply  that  we  have  taken  the  forces  in  inconvenient  order.  We  have  only  to 
change  the  order,  to  obtain  the  moments  directly  from  the  polygon. 

In  Fig.  25.  we  have  a  comprehensive  picture  of  the  way  in  which  the  moments  change 
for  ever\-  point  of  the  beam  from  end  to  end. 

Closing  Line  Parallel  to  Beam  :  Choice  of  Pole  Distance. — It  makes  no  dif- 
ference what  inclination  the  closing  line  may  have,  because,  as  we  have  seen,  the  ordinate 
in  the  equilibnum  polygon  parallel  to  the  resultant,  multiplied  by  the  pole  distance,  gives 
the  combined  moment  icith  reference  to  any  point  on  tfiat  ordinate,  of  all  the  forces  right 
or  left. 

We  can.  however,  if  we  wish,  always  render  the  closing  line  parallel  to  the  beam 
itself,  and  this  it  is  sometimes  desirable  to  do.  We  have  only  first  to  find  by  preliminary 
construction,  the  reactions,  or  the  point  L  where  the  parallel  to  the  closing  line  in  the 
preliminar>'  force  polygon  intersects  the  force  line  ^Figs.  25  and  26;.  If  then  we  take  a 
new  pole  anywhere  upon  a  line  through  this  point,  parallel  to  the  beam,  the  closing  line 
will  be  parallel  to  the  beam 

As  to  choice  of  pole  distance,  we  have  only  to  so  choose  the  position  of  the  pole  as 
to  give  good  intersections  for  the  polygon.  The  multiplication  may  be  directly  performed 
by  properly  chan:7ing  the  scale  in  the  equilibrium  polygon.  The  ordinate  to  the  new 
scale  will  then  give  the  moment  at  once.  Thus  if  our  scale  of  length  in  Fig.  25  is  five 
feet  to  an  inch,  and  the  pole  distance  in  the  force  polygon  measured  to  the  scale  adopted 
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for  forces  is,  say,  ten  pounds,  we  have  only  to  take  fifty  moment   units  to  the  inch  as  the 
scale  for  the  ordinates,  and  they  will  then  give  the  moments  directly. 

Example  3. — Beam  with  any   Number    of  Weights. — Suppose  we  have  any 

number  of  weights  as  Pi  .  .  P^,  Fig.  27. 

The  method  of  procedure  is  as  follows : 

1st.    Construct  the  force   polygon  {a\      Choose  a  pole  O  and 
draw  the  rays  5o  .  .  .  S^. 

2d.  Construct  the  equilibrium  polygon. 

3d.  Draw  the  closing  line  through  \.\it  ^omX.^  A\  B\  vertically 
beneath  the  supports. 

A  parallel  in  the  force  polygon  gives  the  reactions  at  the  end, 
Lo  and  4Z.  These  reactions  must  always  act  so  as  to  replace  the 
stresses  in  those  lines  of  tlie  equilibrium  polygon  which  meet  at  A 
and  B.  Thus  at  A\  Lo  must  replace  the  stresses  in  A' B'  and  A' a. 
In  the  force  polygon  below,  we  see  that  A' a  or  .So,  for  equilibrium,  acts  from  O  to  o. 
Hence  Zo  must  act  opposed,  or  up.  In  same  way,  stress  in  dB'  or  S^  acts  from  4  to  C^ 
for  equilibrium,  hence  4Z  must  act  opposed,  or  up  also.  The  supports  at  A  and  B  must 
then  be  below. 

Knowing  the  reactions,  we  can  now  make  the  closing  line  parallel  to  the  beam  if  we 
choose,  by  simply  taking  a  new  pole  anywhere  upon  a  line  through  L  parallel  to  the  beam, 
and  making  a  new  equilibrium  polygon.  No  advantage  would  be  gained  by  such  con- 
struction in  this  case. 

The  moment  at  any  point  is  given  by  the  ordinate,  in  the  equilibrium  polygon,  par- 
allel to  the  resultant  or  to  the  forces,  multiplied  by  the  pole  distance  H, 

Example  4. — Beam  with  a  Single  Weight. — Let  the  weight  P„  Fig.  28,  act  at  any 
point  of  the  beam  AB.  Then  the  equilibrium  polygon  is  A'aB\  The  vertical  reaction  at 
the  ends  of  the  beam  are  Zo  and  iZ,  both  acting  up,  and  hence  the 
supports  must  be  below  the  beam. 

We  see  at  once  that  the  moment  is  greatest  at  the  weight,  and 
decreases  both  ways  to  zero  at  the  ends. 

Example   5. — Beam  with    Weight    Beyond    Both    Sup- 
ports.— Observe  in  the  construction  of  the  equilibrium  polygon 
that  S^  is  always  prolonged  ////  //  meets  ]\     Also  that  the  closing 
line  A E  always  unites  the  two  points  vertically  below  the  sup- 
ports.    The  equilibrium  polygon  A'aB'  is  then  easily  drawn. 

The  reactions  require  special  notice.  Thus,  the  reaction  at  B  is  the  resultant  of  the 
stresses  in  the  lines  Si  and  Z,  which  meet  at  B'.     This,  as  shown  by  the  force  polygon,  is 

iZ.  Since  Si  has  the  direction  from  i  to  O  for  equilibrium,  the 
reaction  iZ  to  replace  Si  and  Z  must  act  up.  The  support  at  B  is 
therefore  below  the  beam.  Again,  the  reaction  at  A  is  the  resultant 
of  the  stresses  in  S^  and  Z  which  meet  at  A\  This  is  given  in  the  force 
polygon  by  Zo.  But  S^  acts  from  (9  to  o  for  equilibrium.  The  reac- 
tion, then,  in  order  to  replace  S^  and  Z,  must  act  opposed  to  this 
Pig.«o  direction,  or  down.  Hence  the  support  at  A  must  be  above  the 
beam.  The  reaction  at  B  is  then  greater  than  the  weight  Pi  by  the 
amount  of  the  reaction  Fat  A,  just  as  should  be  the  case. 

The  moment  at  any  point  is  given,  as  always,  by  multiplying  the 
ordinate  in  the  equilibrium  polygon  into  the  pole  distance  H. 

Example  6. — Beam  with  One  Downward  and  One  Upward  Force  Between 
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THE  Supports. — Here  we  need  only  call  special  attention  to  the  fact  that  as  /»  acts  up 
and  is  less  than  /i,  S2  in  the  force  polygon  lies  between  Sq  and  S^, 
The  reactions  areZo  and  2Z,  and  obtaining  the  directions  of  S^  and 
S%  for  equilibrium,  we  see  that  one  of  the  reactions  must  act  up  in 
this  case  and  the  other  down. 

We  see  also  that  if  P^  should  be  taken  less,  so  that  2  falls  below 
L  in  the  force  polygon,  the  reaction  at  B  would  be  upward  also, 
and  the  support  there  would  have  to  be  below  the  beam.  The  stu- 
Fis.31  dent  would  do  well  to  sketch  the  construction  for 

/i  greater  than  /j. 

At  the  point  o  we  see  that  the  moment  is  zero.    At  this  point  the  mo- 
'^'i  ment  of  Fis  equal  and  opposite  to  the  moment  of  /\.  At  o,  then,  we  would 

have  a  **  point  of  inflection,**  or  the  beam  would  be  concave  upward  as  far  as  o,  and  from  o  on 
convex  upward,  as  shown  in  Fig.  31.     At  o  the  two  curves  would  have  a  common  tangent. 

Example  7.— Beam  Same  as  Before,  both  Forces  Equal. — Laying  off  the  force 
polygon,  the  first   force  extends  from  o  to   i,  Fig.  32  {(i)y  and  the 
second  from  i  back  to  o  again.     Choosing,  therefore,  a  pole  O  and 
drawing  5o,  5i,  ^2,  we  find  that  Sq  and  ^2  fall  together.     The  direc- 
tions of  5o  and  ^2  for  equilibrium  are  shown  by  the  arrows. 

Constructing  the  equilibrium  polygon,  and  drawing  the  closing 
line  A'B'  and  its  parallel  L  in  the  force  polygon,  we  see  that  the  re- 
action at  Ay  or  the  resultant  of  Sq  and  L  is  Zo,  and  the  reaction  at 
B^  or  the  resultant  of  ^2  and  Z,  is  also  Lo.  The  reactions  F'and  V 
are  therefore  equal.  This  is  in  accordance  with  our  principle,  page 
26,  that  a  couple  can  only  be  held  in  equilibrium  by  another  couple. 
As  to  the  direction  of  these  reactions,  taking  Sq  as  acting  as  shown 
by  the  arrow  for  equilibrium,  F,  in  order  to  replace,  must  act  up.  In  like  manner  V  must  act 
down.  The  support  at  A  should  be  below  and  B  above.  At  o  we  have  the  moment  zero. 
Here  then  is  a  point  of  inflection,  and  the  beam  has  the  deflected  shape  shown  in  Fig.  31. 

The  moments  at  any  point  are,  as  always,  given  by  the  ordinates  multiplied  by  the  pole 
distance  H,  We  see  that  the  moment  is  greatest  at  each  force,  and  zero  at  o  and  the  two  ends. 

Example  8. — Beam  with  two  Equal  Weights   beyond  the  Supports. — Fig. 

]v        Fis.33  33  needs  no  explanation,  except  to  call  attention  to  the  reactions. 

Thus  the  reaction  at  A  is  oZ  acting  down.     At  B,  it  is  the  result- 
ant of  5*2  and  Z,  or  2Z,  acting  up. 

We  see  from  the  ordinates  in  the  equilibrium   polygon,  how  the 
moments  vary  from  point  to  point. 

We  repeat  here,  that  the  order  in  which  the  forces  are  taken  in 
all  these  examples,  is  indifferent,  as  also  the  position  of  the  pole. 
The  student  will  do  well  to  work  out  cases  to 
scale  and  satisfy  himself  that  this  is  so. 

Example  9. — Beam  with  a  Couple  Beyond  the.  Supports. 

— Observe  that  5o,  Fig.  34,  is  produced  till  it  intersects  Z\  in  the  equi- 
librium polygon.  Then  S^  to  Zj,  then  ^2  parallel  to  Sq,  The  closing 
line  A'B'  is  then  drawn.  A  parallel  to  it  in  the  force  polygon  {a)  gives 
Zo  acting  down  as  the  reaction  at  A  and  oZ  acting  up  as  the  reaction 
at  B.  Between  B  and  Zi  we  see  that  the  moment  is  constant,  be- 
cause Sq  and  S^  are  parallel.  This  is  the  graphical  interpretation 
of  our  principle,  page  26,  that  the  moment  of  a  couple  is  constant 
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for  any  point  in  the  plane.  We  see,  also,  that  since  5),  and  S^  intersect  at  an  infinite 
distance  and  the  resultant  of  ^  and  S^  is  zero  in  the  force  polygon,  that  the  resultant  oj 
a  couple  is  an  infinitely  small  force  situated  at  an  infinite  distance. 

Example  io.— Beam  with  a  Vertical  Weight  Beyond  Each  Support.— Here 
we  would  call  attention.  Fig  35,  to  the  construction  of  the  equi- 
librium polygon.  We  draw  a  parallel  to  S^  in  the  force  polygon 
till  it  meets  Px  at  a.  From  a  a  parallel  to  Si  till  it  meets  P^  at  b. 
Through  b  a  parallel  to  S^.  Prolong  ^  and  S^  till  they  meet  the 
verticals  through  B  and  A  at  B'  and  A'.  B'A'  is  the  closing  line. 
This  gives  us  in  {a)  Lo  acting  up  for  reaction  Tat  A,  and  zL 
acting  up  for  reaction  V  at  B. 

If  we  had  taken  the  forces  in  inverse  order,  we  should  have 
got  a  double  figure,  as  in  Fig.  26. 

Example  ii. — Uniform  Loading. — A  uniform  load  may 
be  considered  as  a  system  of  equal  and  equidistant  weights 
very  close  together. 

Thus,  in  Fig.  36,  the  load  area,  which  is  a  rectangle  whose  height  is  the  load  per  unit 
of  length,  and  whose  length  is  the  length  of  the  beam, 
may  be  divided  into  any  number  of  equal  parts.  The 
area  of  each  of  these  parts  we  may  consider  as  the 
weight  which  acts  at  its  centre  of  gravity,  and  lay  it 
oft  to  any  assumed  scale  in  the  force  polygon.  Since 
the  reaction  at  A  and  B  must  be  equal,  we  take  the 
pole  in  a  horizontal  through  the  centre  of  the  force 
line.  The  closing  line  will  then  be  parallel  to  the 
beam,  and  OH  =  OL. 

Now  draw  the  rays  S^S^...  5,„  and  then  con- 
struct the  equilibrium  polygon.  It  is  evident  that  the 
points  abcde,  etc.,  of  the  polygon  will  enclose  a  curve         '*"' 

tangent  to  ab,  be,  cd,  de,  etc.,  at  the  points  midway  between,  that  is,  where  the  lines  of 
division  of  the  load  area  meet  the  sides  of  the  polygon. 

The  ordinates  to  this  curve,  multiplied  by  the  pole  distance  H,  give  the  moment  at 
any  point  of  the  beam. 

It  will  be  seen,  however,  that  this  method  is  deficient  in  accuracy,  because  the  lines 
ab,  be,  etc.,  are  sq  short,  and  there  are  so  many  of  them.  Any  error  in  direction  is  thus 
carried  on,  and  even  the  most  extreme  care  would  fail  to  produce  accurate  results. 

We  may  avoid  this  objection  by  taking  fewer  lines 
of  division. 

Thus,  suppose,  Fig.  37,  we  divide  the  load  into  only 
two  portions,  x  and  l-x.  The  entire  weight  over  the 
portion  X  can  be  considered  as  acting  at  the  centre  e^ 
of  the  load-area  :r  (page  25).  The  same  holds  good  for 
the  load  over  l-x.  We  thus  have  two  forces,  /"i  and  P^ 
Taking  the  pole  as  before,  so  that  the  closing  line  shall 
be  parallel  to  the  beam,  construct  the  equilibrium 
polygon  A'abB'.  The  curve  of  moments  required  will 
be  tangent  ^iA',c and  B,  as  shown  by  the  dotted  curve, 
We  may  thus  determine  as  many  points  of  tangency 


ptrsr 


and  may  therefore  be  sketched  in. 

as  we  wish,  and  sketch  the  curve  with  considerable  accuracy. 
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We  may,  however,  devise  a  still  better  method.  It  is  evident  that  the  curve  required 
is  symmetrical  with  respect  to  the  vertical  through  the  centre  of  the  beam.  If  we  can 
determine  what  this  curve  is,  it  may  be  possible  to  construct  it  directly  without  using  the 
force  polygon  at  all. 

Now  we  see  that  no  matter  where  the  load  area  is  supposed  to  be  divided,  we  shall 
have  always,  Fig.  37, 

e,e^  =  -X  ■¥  -  {I'X)  =  -  /. 

That  is,  no  matter  where  the  line  of  division,  the  horizontal  projection  of  the  line  ab 
of  the  equilibrium  polygon  is  constant  and  equal  to  J/.  But  the  line  ab  is  a  tangent  to  the 
curve  required.  But  if  from  any  point  on  the  line  A'dvft,  draw  a  line  aby  limited  by  the 
line  Bd^  in  such  a  way  that  its  horizontal  projection  is  constant,  the  line  ab  will  envelop  a 
parabola. 

This  may  easily  be  proved  analytically  as  follows  : — Let  the  load  per  unit  of  length  be/.     Then  the  entire  load 


is  pi  and  the  reaction  at  each  end  is 


pi 


The  moment  at  any  point  distant  jt,  Fig.  37,  from  the  left  end,  is  then 

//  X 


but  since  F  is  always  equal  to  px^ 

y=-'^x  -f  ^—  ^^  -^.Jr(/-jr). 
•^  2  2  2 

That  is.  the  moment  at  any  point  in  a  beam  subjected  to  a  uniform  load  is  equal  to  one  half  the  unit  load  multi- 
plied by  the  product  of  the  two  segments  of  the  beam, 

I 
This  is  the  equation  of  the  curve  of  moments  when  the  origin  is  at  A',      For  the  centre  of  the  beam,  -^  =-1 . 


and  we  have,  therefore,  the  ordinate  to  the  curve  at  the  centre,  — 


8   • 


If  we  take  the  origin  at  K^  we  have, 


'  =  7+''. 


hence. 


-¥^.'=-i({+'>-:(4-+-)' 


or 
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y*  -=   —  v' 

which  is  the  equation  of  a  parabola  referred  to  its  vertex. 

We  have,  therefore,  the  following  construction  : 

In  Fig.  38,  lay  off  a  perpendicular  eK  to  the  beam  at  its 

pr 

centre,  and  make  it  equal  by  scale  to^.      Through  Ay   B,  a 

o  ^ 

and  K,  construct    a  parabola,   having  its  vertex  at  K.    The 

ordinate  to  this  parabola  at  any  point  of  the  beam  will  give 

the  moment  at  that  point,  to  the  same  scale  as  that  by  which 

pl" 
eK  was  laid  off.     The  distance  Kd  is  equal  also  to  ^— ,  because 

Pl  I  Pl*  A       J  LT  LTJ         Pl*  Pl^  Pl^ 

edy  or  the  moment  of  the  reaction  is  ^  X  -  =  <— ,andi?^  -<?A=A^  =  <- <—  =%- 

224  400 

^/« 
The  distance  ed  then  is  equal  to  —  • 
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How  TO  Draw  a  Parabola. — Since  in  any  case  we  know,  then,  the  distance  ed^  we 

can  always  draw  the  lines  ^^and  Bd^  Fig.  39.  If  then  we 
divide  Ad  into  any  number  of  equal  parts,  as  say,  six,  and 
Bd  into  the  same  number  of  equal  parts,  and  number  these 
parts  in  the  one  case  away  from  rf,  and  in  the  other  case  to- 
wards d^  we  have  only  to  draw  lines  joining  any  two  points 
having  the    same    number,   and    these    lines  will    all  have 

the  same  horizontal  projection  equal  to  — .   They  will,  there- 

fore,  enclose  the  parabola  required.     Tangent  to  these  lines  we  may  sketch  the  curve. 

A  better  method,  because  more  accurate,  is  to  plot  the  ordinates  to  the  curve,  from  its  equation. 
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by  inserting  forar,  measured  from  the  left  end  different  values,  as  — A  — ^f  ~  A  etc.,    and  finding   the    corresponding 

values  for  the  ordinate  y. 

Example  12.— Beam  Loaded  Uniformly  Beyond  the  Supports.— Let  the  beam, 
Fig.  40,  be  loaded  uniformly  beyond  the  support  B.  If  we  divide  the  total  load  into  say 
four  equal  parts,  and  consider  each  weight  acting  at 
the  point  midway  between  the  points  of  division,  we 
may  form  the  force  polygon  and  then  draw  the  equi- 
librium polygon  as  shown. 

Take  the  pole  in  a  horizontal  through  0,  Then 
5o  will  be  parallel  to  the  beam  and  be  equal  to  H, 
We  obtain  the  equilibrium  polygon  A'abcdB',  and 
A'B'  is  the  closing  line.  This  gives  us  Lo  for  the 
reaction  at  A,  acting  down,  and  4Z  for  the  reaction 
at  By  acting  up.  The  ordinate  at  any  point,  multi- 
plied by  Hy  gives  the  moment. 

Again,  we  see  that  the  polygon  abcdB  is  properly 
a  curve,  tangent  to  ab^  be,  etc,  at  the  points  where  the  lines  of  division  prolonged  meet  these 
sides.  The  polygon  approaches  this  curve  more  nearly,  the  greater  the  number  of  parts 
into  which  we  divide  the  load. 

It  is  better,  to  insure  accuracy,  to  plot  this  curve,  which  is,  as  before,  a  parabola,  by 
points. 

Thus,  if  the  loaded  portion  is  /,  we  have  for  the  moment  at  any  point  distant  x  from 

the  right  end  the  moment  y  =  ^—. 

Inserting  different  values  for  ;r,  we  can  find  the  corresponding  moment  and  lay  it  off  to 

scale.     The  moment  at  B  is  then  ^-—.     Laying  this  off  from  e  to  B'  by  scale,  we  can  join 

B'A\  and  thus  obtain  the  equilibrium  polygon.     The  ordinate  at  any  point  taken  to  the 
scale  adopted  gives  then  at  once  the  moment  at  that  point,  i.  e.,  the  pole  distance  is  unity. 

Example  13. — Beam  Loaded  with  Concentrated  Equal  Weights,  Equi-Dis- 

tant. — Let  the   distance  from  the  ends  to  the  nearest  weight  be  equal  to  the  distance 
between  the  weights. 

Take  the  pole  as  before.  Fig.  38,  so  that  the  closing  line  shall  be  horizontal.     We  can 
then  construct  the  polygon  abcde.  Fig.  41,  the  ordinates  to  which,  multiplied  by  the  pole 
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distance,  give  the  moments.  As  the  weights  are  concentrated,  we  have  not  in  this  case  a 
curve,  but  a  true  polygon.  We  meet,  however,  the  same  practical  difficulties  of  construc- 
tion as  in  Fig.  36. 

These  difficulties  may  be  overcome,  as  in  that  case,  by  constructing  the  parabola  for 
an  equal  uniform  load,  and  then  remembering  that  the  poly-  Fig.4i 

gon  required  is  inscribed  in  this  parabola y  that  is,  has  its  angles    Aj 
upon  the  curve. 

We  can  then  construct  the  parabola  for  an  equal  uniform    ^h^-s^^^oT^ 
load,  as  directed,  page  44,  and  where  the  weights  intersect  the   ^  jg^Si     " " 
curve,  we  have  the  points /i^^^,  etc.     The  polygon  can  then    » --^'V-'3^'^ 
be  drawn.     The  moment  for  the  point  of  application  of  any   <^"''^^/'^ 
weight  then  is  given  by  the  ordinate  to  the  curve.    The  mo-  si'' 

ment  for  a  point  between  any  weight  is  given  by  the  ordinate  to  the  polygon^  and  not  to 
the  curve. 

To  construct  the  parabola,  we  divide  one  of  the  equal  weights  by  the  distance  be- 
tween two  weights.  Tiiis  gives  us  the  equivalent  uniform  load  per  unit  of  length/.  We 
can  then  plot  the  parabola  by  points  from  its  equation 

pi  px^ 

y  z=i^—  X  —  - — 
"^2  2 

by  inserting  for  x  the  distance  of  each  weight  from  the  left  end  in  terms  of  /.  The  mo- 
ment is  then  given  directly  by  ^.  We  can  lay  off  the  values  for  ^  thus  found,  to  scale,  and 
the  force  polygon  is  unnecessary,  since  the  pole  distance  is  thus  assumed  as  unity. 

The  above  is  sufficient  to  enable  any  careful  student  to  thoroughly  master  the  method. 
We  see  that  in  any  case  we  can  easily  find,  by  a  graphical  construction,  the  moment  of 
all  the  outer  forces  acting  upon  any  rigid  body,  right  or  left  of  any  point,  and  this  was  the 
problem  proposed  for  solution  at  the  beginning  of  this  chapter.  The  student  should  at 
first  draw  all  the  examples  with  parallel  ruler.  Afterwards  he  can  sketch  merely  by  eye 
for  purposes  of  elucidation  only. 

B.   ILLUSTRATION   OF  GENERAL   PRINCIPLES. 

Let  us  choose  as  an  example  to  illustrate  the  application  of  these  principles  the  same 
truss  as  that  already  discussed  in  the  preceding  chapter. 

ALLIGATION  TO  A   ROOF  TRUSS. 

Let  Fig.  42  represent  the  truss.  The  end  weights  can  evidently  be  disregarded  in  the 
force  polygon,  since  they  act  directly  upon  the  supports.  This  is  also  shown  in  Fig.  7 
(a),  where  the  end  weights  have  no  effect  upon  the  stresses,  and  the  Figure  is  the  same  as 
though  they  were  left  out,  provided  the  reaction  is  taken  at  2,800  lbs.  instead  of  3,200  lbs. 
In  the  methods  of  Chapter  IL  and  Chapter  IIL  also,  the  same  is  the  case.  In  general,  a 
weight  upon  the  support  has  no  effect  upon  the  truss,  and  can  be  disregarded. 

Numbering  the  weights  then  as  in  Fig.  42,  we  can  construct  a  force  polygon  (a),  and 
then  the  equilibrium  polygon,  as  shown.  This,  however,  is  not  advisable,  for  reasons  already 
given.  It  will  be  more  accurate  to  assume  the  pole  distance  as  unity,  thus  discarding  the 
force  polygon  altogether,  and  construct  the  parabola  from  its  equation 


//         px^ 

J"  = 

as  directed  in  Example  13. 


y  =  —  X  — 
•^2  2 
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Putting  then  x  =  -/,  -/,  -|/,  ^/,  etc.,  we  obtain  for  the  moments  at  the  points  of  appii 

o      o      o      o 

cation  of  the  weights,  and,  therefore,   for  the  apices  a^  b,  c,  d,  etc.,  upon  the  curve,  the 
ordinatesy 

^  =  4^^'  l^V^'  ^S^''  FaV' '  ^''^^ 


B 
C 
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E 
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(a) 
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o^ 


s. 


s. 


^^- 


H 
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The  total  weight  acting  upon  the  truss  in  the  present  case,  including  the  end  weights, 
is  6,400  lbs.*   The  length  of  the  span  /  =  50  feet.     Hence  /  =  -^—  =  128  lbs. 
We  have,  then,  for 


x=     ^/ 
8 


1^ 


3/ 
8 


t 


jy  =    17500  30000 


37500 


40000  moment  units. 


Laying  these  off  to  any  convenient  scale,  we  determine  very  accurately  the  points  aicd. 
Fig.  42.     The  other  half  of  the  polygon  is  precisely  similar. 

*  Observe  that  in  calculating/,  or  the  equivalent  load  per  unit  of  length,  a// the  weights  must  be  taken,  or  else 

800 
sve  mus^  djvicleonc  of  the  equal  weights  bv  the  distance  between.     'Ihusr-—  =  128  lbs.  per  ft. 
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The  ordinates  to  this  polygon  will  give,  to  the  scale  adopted  for  moment  units,  the 
moment  for  any  point  of  the  truss,  of  the  outer  forces  left  or  right  of  this  point.  Thus 
the  moment  with  reference  to  k,  of  all  the  forces  right  or  left,  is  km,  Fig.  42.  We  find  by 
scale  km  =  21666J  moment  units.  In  the  same  way,  the  moment  for  the  next  lower  apex 
is  35000  moment  units  to  scale.  The  moment  at  the  next  lower  apex,  or  for  the  centre 
of  the  span,  is  40000  moment  units,  since  it  is  vertically  beneath  the  weight  W^. 

Now  our  rule  is,  as  before.  Chapter  III.,  page  27,  for  any  member. 

Stress  X  lever  arm  +  -2  moments  of  outer  forces  =  o. 

The  second  term  is  given  by  our  ordinates  to  the  polygon  to  scale.  We  have  then 
only  to  divide  these  by  the  lever  arm  for  any  member  in  order  to  obtain  the  stress. 

As  regards  the  centre  of  moments  for  any  member,  we  must  observe  the  rule.  Chapter 
III.,  page  26,  viz. :  Cut  the  truss  entirely  through  by  a  section  cutting  only  three  mem- 
bers, the  stresses  in  which  are  unknown.  For  any  one  of  these  members  take  the  point  of 
moments  at  the  intersection  of  the  other  two  cut. 

For  the  proper  sign  of  the  stress  moment,  we  have,  as  before,  the  rule  of  Chapter  III., 
page  26,  viz,  :  Considering  only  the  left-hand  portion  of  the  truss  thus  divided  in  two, 
imagine  an  arrow  at  the  section  pointing  away  from  the  left  end  of  the  cut  member.  Take 
the  stress  moment  with  the  same  sign  as  the  rotation  indicated  by  this  arrow. 

The  lever  arms  for  this  case  have  been  calculated  for  each  member,  and  are  given  in 
Chapter  III.,  page  28. 

As  always,  a  moment  causing  rotation  in  the  direction  of  the  hands  of  a  watch  is  nega- 
tive, in  the  reverse  direction  positive. 

Observing  these  conventions,  a  plus  sign  in  the  result  will  indicate  tension  in  a  member, 
a  minus  sign  compression. 

Let  us  first  find  the  stress  in  the  lower  panels.  For  La,  the  centre  of  moments  is  at 
the  first  upper  apex  BC,  according  to  rule.  The  moment  for  this  point  is  given  by  the 
ordinate  na,  or  is  17500  moment  units.  Considering  always  the  left  portion,  this  moment 
is  negative,  because  the  reaction — the  only  force  acting  on  that  portion — acts  up.  The 
stress  moment  is,  according  to  the  rule,  plus,  because  the  arrow  for  La  would  give  positive 
rotation.     The  lever  arm  has  been  found  to  be  3.125  feet  (page  28). 

We  have,  then. 

La  X  3-125  —  17500  =  o, 
or, 

i7';oo 
^«  =+ jY^5  =  + 5600  lbs. 

In  similar  manner  we  have 

Lc  X  6.25  —  30000  =  o, 


or, 


For  Le,  we  have 


or. 


^0000 
^^=+-625- =  +4800  lbs. 


Le  X  9-375  -  37500  =  o, 


Le  =  -\-  -^^-^—  =  +  4(xx)  lbs. 
9-375 
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Let  US  now  find  the  stresses  in  the  upper  panels.  For  the  panel  Ba,  the  centre  of  mo- 
ments is  at  k.  Since,  when  we  z\x\.  Ba  and  La,  the  only  force  acting  on  the  left-hand  por- 
tion of  the  truss  is  the  reaction,  the  moment  at  k  is  the  moment  of  this  reaction.  That  is, 
it  is  the  ordinate  from  k  to  the  line  Aa  of  the  polygon  produced.  It  is  therefore  negative  and 
larger  than  km^  which  gives  the  combined  moment  of  the  reaction  and  first  weight.  We 
find  it  by  scale  to  be  23333^  moment  units.  The  stress  moment  of  Ba  is  negative,  be- 
cause the  arrow  for  Ba  would  indicate  negative  rotation. 

We  have  then 

—  BaX  1.727  —  23333i  =  o, 
or, 

^a  =  -  ^^^  =  -  6260  lbs. 
3727 

In  like  manner,  for  Ci  we  have  the  moment  km  =  2i666f.    Hence, 

—  C6  X  3.727  —  21666I  =  o, 

or, 

21666 
C*  =  —  — -—  =  —  5813  lbs. 
3-737  ^     ^ 

In  the  same  way  we  have 

—  DdX  7.454  —  35000  =  o. 


or. 


7.454  ^^ 

Also, 

—  Ef  X  II. 151  —40000  =  0, 
or, 

^         _  40000  ^  __  j^^ 

•^  11.151 

For  the  braces,  the  point  of  moments  is  at  ^.  Taking  a  section  through  Cb,  ab  and  La, 
we  have  acting  on  the  left-hand  portion  only  the  weight  at  BC,  which  causes  a  moment 
about  A.  But  the  moment  of  this  weight  with  reference  to  A  is,  by  our  principles,  the  ordi- 
nate through  A  which  meets  S^  produced.  This  moment  is  negative.  We  take  it  off  to 
scale  =  5000  moment  units.  The  lever  arm  for  ab  is  given  on  page  28.  The  stress 
moment  for  ab  is  negative  by  our  rule.     We  have,  then, 


or. 


—  ab  X  6.934  —  5000  =  o, 

,  5000 

ab  =^  —  z.      -  =  —  721. 

In  like  manner,  for  be  the  stress  moment  is  positive  and  the  same  as  for  ab. 
We  have,  then, 

be  =  +721  lbs. 

Again,  for  the  brace  cd,  the  moment  is  the  sum  of  the  moments  of  the  weights  at  BC 
and  CD  with  reference  to  Aj  because  when  we  cut  Dd^  cd,  and  Lc,  both  of  these  weights 
act  upon  the  left-hand  portion.  This  moment  is  given  to  scale  by  the  ordinate  through  A 
which  meets  the  line  5,  in  the  equilibrium  polygon  produced.  It  is  to  scale  15000  and  is 
negative. 


or 


f 
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We  have,  then,  since  the  stress  moment  is  minus, 

^cdX  13869  ~  1 5000  =  o, 

_  15000  ^    ,^ 

^a  = 5^  =  —  1081  lbs. 

13869 

For  ther  brace  de  we  have  the  same  moment,  because  only  the  same  weights  act  upon 
the  left-hand  portion,  but  the  stress  moment  is  positive. 

We  have,  then, 

de  X  16.2  —  15000  =  o, 

or, 

15000 

de  =  A -p —  =  +  026  lbs. 

'      16.2  '   ^ 

For  the  brace  ef,  in  like  manner,  the  moment  is  positive  and  equal  to  the  ordinate 
through  A,  limited  by  the  line  cd  oi  the  equilibrium  polygon,  produced.  This  ordinate  to 
scale  is  30000  moment  units,  and  is  negative.     We  have  then 

—  efx  20.803  —  30000  =  o, 

or, 

30000 

</■= 5—  =  —  1442  lbs. 

■^  20.803  ^^ 

For  the  brace  ff^  we  have  the  same  moment,  but  the  stress  moment  is  positive.  But 
the  piece  /V,  which  is  also  cut,  has  also  a  moment  with  respect  to  A,  which  must  be  taken 
into  account.  Since,  by  reason  of  the  symmetry  of  frame  and  loading,  the  stress  in  / V  is 
the  same  as  that  already  found  for  ef,  and  its  lever  arm  is  the  same,  its  moment  is  also 
—  30000. 

We  have,  then, 

ff  X  2S  —  60000  =  o, 
or, 

ff  =^  +  2400  lbs. 

These  values  are  precisely  the  same  as  those  already  found  for  the  roof  truss  in  the 
preceding  chapters. 

Remarks  upon  the  Method. — The  present  method  is  convenient  for  finding  the 
stresses  in  the  upper  and  lower  panels,  but  it  should  never  be  used  far  the  braces.  Wd  see  from 
Fig.  42  that  in  prolonging  the  sides  ab^  be,  etc.,  of  the  equilibrium  polygon  till  they  meet 
the  vertical  through  Ay  which  is  necessary  in  order  to  find  the  moments  for  the  braces,  a 
little  variation  in  direction  will  make  considerable  difference.  As  the  sides  aby  be,  etc.,  are 
short,  they  do  not  give  direction  accurately  enough. 

In  fact,  of  all  our  four  methods,  none  are  so  well  adapted  to  the  case  of  Fig.  42  as  the 
method  of  Chapter  I.,  checked  in  one  or  two  of  the  last  pieces  by  the  method  of  Chapter 
III.  The  more  irregular  the  frame  the  more  advantageous  is  the  graphic  method  of 
Chapter  I.  For  girders  with  parallel  flanges,  like  most  bridge  trusses,  however,  the  method 
of  the  present  chapter  is  very  extensively  used  for  the  upper  and  lower  flanges,  and  is  in 
such  cases  very  easy  of  application. 

TEXT-BOOKS  ON  GRAPHIC  STATICS. 

The  student  will  find  the  graphical  method  of  Chapters  \,  and  IV.,  as  well  as  many  other  applications 
and  principles,  explained  and  treated  in  the  following  works  : 

Culmann,  K.—*' T>\t  Graphische  Statik."    With  Atlas  of  36  Plates..  Zurich,  Meyer  &  Zeller,  1866. 
[I.  Part,  1864 :    Elements  and  Graphical  Investigations  of  Structures^    Also  a  second  edition. 
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first  volume,  1875,  with  17  Plates.  General  Principles,  second  volume,  to  follow  shortly.  This 
is  the  pioneer  work  on  the  subject,  and  also  the  most  complete.] 

Aj«jrA/if^^r.— "**Elemente  der  Graphischen  Statik.**  With  Atlas  of  20  Plates.  MUnchen,  1871.  [A 
more  popular  presentation  of  the  subject,  requiring  less  mathematical  preparation  to  read.] 

Oit^  K.  Von. — **  Die  Grundzuge  des  Graphischen  Rechnens  und  der  Graphischen  Statik."  Prag,  1872. 
[English  translation  by  G.  S.  Clarke.     A  small  elementary  treatise.] 

Favaro,  Antonio, — **Lezioni  di  Static^a  Grafica."     Padua,  1877.     Pp.650. 

Levy. — "La  Statique  Graphique  et  ses  Applications."  Paris,  1874.  With  Atlas  of  24  Plates.  [Prin- 
ciples and  numerous  applications.] 

Du  Bois^  A.  J. — *'  The  Elements  of  Graphic  Statics,  and  their  Application  to  Framed  Structures." 
Pp.  400.     With  Atlas  of  32  Plates.     New  York,  John  Wiley  &  Sons. 

Garke,  G:  5*.—'*  The  Principles  of  Graphic  Statics."  Pp.  138.  With  Atlas  of  11  Plates  and  numer- 
ous illustrations  in  Text.     E.  &  F.  N.  Spon,  London. 

Greene,  Charles  E. — **  Trusses  and  Arches  Analyzed  and  Discussed  by  Graphical  Methods.'*  John 
Wiley  &  Sons,  New  York. 

Bow,  R,  H. — "  Economics  of  Construction  in  Relation  to  Framed  Structures."  E.  &  F.  N.  Spon, 
London. 

The  literature  of  graphic  statics  is  now  quite  extensive.  Our  space  forbids  mention  of  monographs  and 
papers.  A  more  complete  list  may  be  found  in  the  author's  treatise  above,  which  was  the  first  systematic 
presentation  in  English.  The  preceding  list  comprises  all  the  text-books  upon  the  subject  proper  known  to 
the  author. 
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Section   II. 


PRACTICAL  APPLICATIONS. 


SECTION  IL 

PRACTICAL  APPLICATION  OF  PRECEDING  METHODS  TO  VARIOUS  STRUCTURES 

INTRODUCTORY. — CLASSIFICATION   OF  STRUCTURES. 

Plan  of  this  Section. — The  preceding  section  includes  all  the  methods  used  in  the 
solution  of  framed  structures.  They  are,  as  we  have  seen,  four  in  number — two  graphic 
and  two  algebraic.  Special  cases  lead  sometimes  to  modifications  of  these  general 
methods,  which  we  shall  point  out  in  their  proper  place.  In  the  present  section  we  shall 
discuss  more  in  detail  the  various  forms  of  framed  structures  most  frequently  met  with, 
and,  in  doing  so,  shall  sufficiently  indicate  the  application  of  our  principles  to  enable  the 
reader  to  easily  solve  any  other  case  not  specially  treated.  We  shall  choose  for  each  form 
that  method  or  that  combination  of  methods  which  in  each  case  seems  most  advantageous. 
The  student  familiar  with  the  principles  of  the  preceding  section  can  easily  apply  any  other 
combination  which  seems  to  him  to  offer  superior  advantages  as  to  accuracy  or  facility. 

The  choice  of  any  method  for  any  special  case  is  in  some  measure  a  matter  of  indi- 
vidual preference.  While,  therefore,  we  shall  adopt  those  methods  which  seem  to  us  the 
best  suited  to  the  case  in  hand,  or  which  are  most  generally  in  use,  the  student  will  under- 
stand clearly  that  he  is  by  no  means  confined  to  such  method  unless  it  commends  itself 
to  him  as,  on  the  whole,  the  best. 

Classification  of  Structures.-  We  may  divide  all  those  structures  of  which  we  shall 
treat  into  two  classes :  those  which  sustain  the  action  of  a  permanent  load,  or  unvarying 
forces,  and  those  which  are  subject  to  forces  of  variable  magnitude.  To  the  first  class 
belong  Roof  Trusses,  Cranes,  Cantilevers,  and  in  general  all  those  structures  which  have  to 
sustain  a  *'dead  load,"  such  as  their  own  weight  and  exterior  forces  of  constant  magnitude, 
such  as  the  weight  of  roofing,  snow,  etc.  To  the  second  class  belong  bridges,  which  have 
to  sustain,  besides  a  "  dead  load  "  proper,  consisting  of  their  own  weight  and  outside  forces 
of  constant  magnitude,  also  the  action  of  a  "live  load,"  such  as  that  of  moving  cars  or 
vehicles,  cattle,  and  men. 

Roof  Trusses. — Roof  trusses  are  of  almost  innumerable  forms.  It  will  be  unneces- 
sary to  discuss  each  form.  The  principles  which  apply  to  one  apply  to  all.  The  selection 
of  a  few  well-chosen  cases  will  suffice  for  all.     Such  cases  will  be  found  in  the  next  chapter. 

Truss  Element. — The  truss  element  is  in  all  cases  a  triangle.  No  rigid  framework 
can  be  made  which  does  not  consist  of  a  repetition  of  the  triangle.  Any  frame  of  three 
sides  is  rigid.  Its  shape  cannot  be  altered  without  altering  the  lengths  of  its  sides.  Any 
framework  of  more  than  three  members  can  thus  alter  its  shape,  unless  divided  into  triangles 
by  diagonals  which  constitute  the  bracing. 

Superfluous    Members. — The  conditions  of    equilibrium  are  three,  viz.:    ist.  The 
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algebraic  sum  of  the  vertical  components  must  be  zero ;  2d.  The  algebraic  sum  of  the  hori- 
zontal components  must  be  zero  ;  3d.  The  algebraic  sum  of  the  moments  of  the  forces  must 
be  zero.  As  in  any  framed  structure  we  know,  or  must  first  independently  determine,  all 
the  outer  forces,  it  follows  that  these  outer  forces  must  be  held  in  equilibrium  at  any  point 
of  the  frame  by  the  stresses  in  the  members  cut  by  a  section  through  the  frame  at  that 
point  {p.  5).  If  there  are  only  three  such  members  the  stresses  in  which  are  necessarily 
unknown,  we  can  always  write  down  three  equations  of  condition  between  the  stresses  in 
these  members,  and  therefore  determine  them.  If  there  are  more,  the  problem  is  indeter- 
minate; there  are  more  unknown  quantities  than  there  are  equations  of  condition  between 
them. 

At  any  point,  therefore,  of  any  properly  framed  structure  it  should  be  possible  to 
make,  in  some  direction,  a  section,  cutting  the  structure  entirely  in  two,  which  shall  not  cut 
more  than  three  members,  the  stresses  in  which  are  necessarily  unknown.  Of  course  it  may 
cut  any  number  of  members,  provided  it  is  possible  to  find  independently  the  stresses  in  all 
but  three.  Any  framed  structure  which  violates  this  rule  is  improperly  framed,  and  has 
superfluous  members. 

Bridge  Trusses. — We  may  divide  all  bridge  trusses  into  two  classes,  those  in  which 
the  upper  and  lower  members,  or  "  chords,"  are  horizontal  or  parallel,  and  those  in  which 
the  chords  are  not  parallel,  and  modifications  of  these. 


Warren  Girder.- 
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I.    GIRDERS   WITH   PARALLEL  CHORDS. 

In  the  first  class  there  are  two  pure  types  which  admit  of  many  varieties.  These  are 
the  triangular  and  the  quadrilateral  types,  so  called  from  the  character  of  the  bracing. 

-The  "  Warren  "  girder.  Fig.  43,  is  an  example  of  the  pure  trian- 
gular type.  Its  bracing  consists  always  of  equi- 
lateral triangles.  When  the  triangles  are  not 
equilateral,  but  isosceles,  or  have,  indeed,  any 
other  shape,  the  truss  is  simply  a  "  triangular 
truss."  A  common  form  is  to  make  the  height, 
or  distance  from  centre  to  centre  of  chords,  half 
the  length  of  panel,  in  which  case  the  angles  of  the  braces  with  the  chords  are  45°.  This 
truss  is  of  more  frequent  occurrence  in  England  than  in  this  country. 

Double  Triangular- Lattice  Truss. — The  triangular  is  the  simplest  form  of  truss, 
consisting  simply  of  repetitions  of  the  single  truss  element,  or  triangle.  When,  owing  to 
the  great  length  of  panels,  we  have  two  or  more  systems  of  triangulation,  as  shown  in  Fig.  43, 
bythe  dotted  lines,the  truss  becomes  the  "al>«*/f/r(ij«-  »%.« 

guiar"  or  "  tripU  triangular"  as  the  case  may  be. 

When  there  are  in  general  more  than  three  sys- 
tems, and  the  braces  are  riveted  to  each  other  at  their 
intersections,  we  have  what  is  known  as  the  "  lattice  " 
girderor  truss,  Fig.  44.  A  few  lattice  girders  executed  ■ 
in  wood  are  still  to  be  found.  With  these  exceptions, 
this  style  of  truss  may  be  said  to  be  almost  unknown  in  America. 

Fink  Truss. — This  is  essentially  a  triangular  truss  with  the  lower  chord  left  out,  Fig. 
45.  The  span  is  trussed  or  supported  at  the  centre  by  a  strut  and  ties  from  each  end. 
Then  the  half  spans,  if  sufficiently  long  to  need  it, 
are  trussed  as  shown  in  the  Figure.  Again,  the 
■  manner, 
}  are  to  be 
tound  in  this  country,  but  it  is  not  now  generally  regarded  with  favor  by  bridge  builders. 


nc.w 


*  ^^Tr-^^^''^^  I  ^Z^<n^^^  quarter  spans  may  be  trussed  in  similar  1 

^•^.'-^^---i^'-''^''-*^  and  so  on.    A  number  of  these  trusses  ai 
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These  are,  in  general,  all  the  modifications  of  the  simple  triangular  type  as  applied  to 
bridges. 

Quadrilateral  Type. — It  is  evident  that  if  such  a  structure  as  Fig.  43  is  subjected 
to  the  action  of  a  Hve  load,  some  of  the  braces  may  be  sometimes  extended  and  sometimes 
compressed,  according  to  the  position  of  the  moving  load.  It  is  not  advisable,  from  a 
practical  point  of  view,  to  subject  the  same  member  to  alternating  stresses  of  different  char- 
acter. Such  action  tends  to  deteriorate  the  material  of  which  the  piece  is  made,  and 
shorten  its  life  in  the  structure. 

This  has  given  rise  to  various  constructions,  in  which  each  member  is  required  to  sus- 
tain a  stress  of  only  one  character,  although  this  stress  may  indeed  vary  considerably  in 
amount.  In  Fig.  43,  the  difficulty  might  be  met  by  having  each  brace,  when  necessary, 
double,  consisting  of  a  hollow  cylindrical  member  for  compression,  enclosing  a  tie  rod  to  take 
the  tension. 

Such  considerations  have  led  to  the  quadrilateral  type  of  truss,  in  which  each  member 
takes  only  stress  of  a  certain  character. 

Quadrilateral  Truss — Howe,  Pratt,  Murphy-Whipple. — A  very  common  form 
is  shown  in  Fig.  46.  We  may  call  it  a  single  quadrilateral  because  it  has  but  one  system 
of  bracing,  and  the  panels  are  rectangular  in  form. 

When  the  vertical  members  sustain  only  com- 
pression,  and  the  inclined  members  tension,  it  is 
known  as  the  ''Pratt "  or  "  Murphy-Whipple  "  sys- 
tem. In  this  shape  it  is  often  constructed  of  iron, 
and  is  then  an  advantageous  form,  because  the 
shortest  braces  are  compressed.  As  a  long  piece  in  compression  always  requires  extra 
material  to  stiffen  it  and  prevent  it  from  doubling  up  or  "  buckling,**  this  tends  to  save 
material.     When  there  are  two  systems  it  is  called  the  Whipple  or  double-intersection  truss. 

When  the  vertical  members  are  in  tension  and  the  inclined  braces  in  compression,  the 
form  is  known  as  the  '*  Hozue^'  system.  This  is  still  often  executed  in  wood  and  iron  com- 
bined. The  long  braces  are  made  of  wood  and  the  verticals  of  iron  rods.  This  is  again 
an  advantageous  use  of  material,  as  wood  is  comparatively  cheap  and  best  used  in  com- 
pression, while  wrought  iron  is  dearer  and  better  adapted  for  tension. 

Counter-braces. — Where  in  any  quadrilateral  system  the  action  of  the  live  load 
tends  to  cause  in  any  inclined  brace  a  stress  opposite  in  character  to  that  which  it  is 
designed  to  take,  a  brace  in  the  direction  of  the  other  diagonal  is  inserted,  as  shown  by  the 
dotted  braces  in  Fig.  46.  Thus  a  load  which  tends  to  shorten  one  brace  or  diagonal  cannot 
do  so  without  elongating  the  other.  If,  for  instance,  the  braces  in  full  lines  in  Fig.  46  will 
take  only  tension,  and  buckle  up  under  the  action  of  a  compressive  stress,  the  dotted  braces 
will  be  called  into  action.  Such  braces  are  called  **  count er^br aces.''  The  stress  in  a  coun- 
ter-brace  is,  therefore,  due  entirely  to  the  action  of  the  live  load.  The  dead  load  causes  no 
stresses  in  it  whatever.  The  main  braces,  therefore,  in  any  case  are  those  braces  which  are 
called  into  action  by  the  dead  load  ;  the  counter-braces,  those  which  are  called  into  action 
by  the  live  load  only. 

Screwing  up  Counter-braces. — By  properly  screwing  up  the  counters  of  such  a 

truss  as  Fig.  46,  the  girder  may  be  held  down  to  that  deflection  which  would  be  caused  by 
the  live  load  when  it  covers  the  whole  span,  and  the  girder  thus  rendered  very  rigid.  The 
live  load  as  it  comes  on  would  then  act  simply  to  relieve  the  stresses  in  the  counters  without 
adding  anything  to  those  existing  in  the  braces  themselves.  Under  such  circumstances  all 
the  members  sustain  always  a  steady  stress,  except  the  counter-braces,  and  in  these  the 
stress,  though  fluctuating  in  amount,  is  always  the  same  in  character. 

Double  Quadrilateral— Whipple  Truss. — When  the  panels  in  Fig.  46  become 
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very  long  we  may  divide  them  up,  and  thus  obtain  the  double  quadrangular  system  of 
Fig.  47(tf),  or,  as  it  is  called  sometimes,  the  **  Whipple  **  or  double-intersection  Pratt  truss. 
In  the  same  way  we  may  obtain  triple  quadrilateral,  etc.  All  such  systems  as  Figs.  44  and 
47(d:)  may  be  called  multiple  systems.     The  pure  types  are  the  triangular  and  the  quadrilat- 

Fi».4'y(tf)  ^r^^>  from  which  they  are  derived  by  multiplica- 

tion of  the  system  of  bracing. 

This  is  still  a  common  form  of  truss,  though 
the  best  practice  avoids  all  multiple  systems.     A 
modification  of  it  of  European  origin  is  shown  in  Fig.  47(^). 

If  h  represents  the  height  and  /  the  length  of  span,  the  best  length  a  of  the  portion  AB 
is  given  by 

a  =  0.006  /+  i-o8  A. 

The  object  of  the  variation  is  of  course  to  effect  a  saving  of  material,  but  it  may  be  doubted 
whether  the  design  would  compare  favorably  with  the  double-intersection  Pratt  truss  as 
executed  in  America  with  pin  connections.     Two  such  bridges  are  in  existence  in  Vienna, 

Fig.47fft)  over  the   Danube,    each 

about  2(X)  feet  span. 

Another  modification, 
known  in  Germany  as  the 
^   Schwedler  truss,  consists 
in  curving  the  ends  AC^ 
Fig.  47(^).     In  this  truss  the  length  of  the  portion  AB  is  given  by  the  formula 


' = '5[^.  +  ^  - .]. 


where  /  is  the  span,  w  the  dead  weight,  and  w'  the  live  load  per  unit  of  length.     The  height 
A  at  any  distance  x  from  the  end  of  the  curved  portion  is  given  by 


=w-+>+o 


'  x{l-x) 
wl-\-tj(/x* 


Fig.48. 


where  ^,  is  the  height  of  the  straight  portion.  All  the  members  are,  of  course,  straight,  and 
only  the  apices  of  the  portion /iC  lie  in  the  curve  given  by  the  above  equation.  The 
height  is  so  regulated  by  these  equations  that  no  counter- braces  are  required  in  the 
portions  AB. 

Post  Truss. — A  well-known  form  of  double  quadrilateral  is  that  known  as  the  ^'Post " 
truss.  Fig.  48.  In  this  truss  the  ties  are  made  to  slope 
at  an  angle  of  45°,  and  the  struts  at  an  angle  of  18°  26' 
with  the  vertical.  The  dimensions,  therefore,  are  taken 
so  that,  the  height  being  equal  to  one  panel  and  a  half, 
the  ties  extend  across  one  panel  and  a  half  and  the 
struts  across  one-half  a  panel.  The  apices  in  one  chord  are  midway  between  those  of  the 
other. 

Baltimore  Bridge  Co.'s  Truss. — A  modification  of  the  single  quadrangular  system 
is  shown  in  Fig.  49.  It  is  known  as  the  Baltimore  Bridge  Co*s  Truss,  also  as  the  Petit 
Truss,  or  more  commonly  as  the  "  sub-Pratt.'*  It  is  used  in  modern  practice  in  preference 
to  multiple  systems,  which  are  generally  avoided. 
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Its  peculiarity  consists  in  the  way  in  which  a  large  panel  is  divided  into  two  smaller 
ones  by  inserting  half-braces  and  suspending  ties. 

Kellogg  Truss. — This  is  another  modification  of 
the  simple  quadrangular.  The  object,  as  in  all  modifica- 
tions, is  to  diminish  the  length  of  panel  in  a  long  span 
with  the  least  material.  The  construction  is  shown  in 
Fig.  50.  For  this  purpose  additional  ties  are  run  from 
the  top  of  each  post  to  the  centre  of  the  bay  or  panel, 
dotted  lines.     This  like  other  multiple  systems  is  avoided 

BOLLMAN  Truss. — A  compound  system  consisting 


*#\m^^ 


The  counter-braces  are  shown  by 
by  modern  practice, 
of  a  suspension  system  combined 
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Fig.  61 
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with  a  stifiFening  truss  of  the  simple  quadrangular  type,  is  known  as  the  Bollman  truss, 
Fig.  51.  A  tie  is  run  from  each  end  directly  to  each  loaded  apex,  thus  forming  a  suspen- 
sion system,  which  is  stiffened  by  a  quadrangular  truss.     This  truss  is  no  longer  built. 

The  above  comprise  all  the  best  known  varieties  of  quadrangular  truss,  as  applied  to 
bridges. 

Continuous  Girder. — When  a  girder  with  parallel  chords  is  extended  over  more  than 

Fiff.5J8(o)  two  supports  it  is  called 

TT^  a  continuous  girder.  Fig. 
52  (a). 

The  bracing  may  be 

of  any  character,  either  triangular  or  quadrangular,  single  or  multiple,  properly  arranged 
so  that  each  system  shall  transfer  pressure  directly  to  the  supports.  Thus  if  a  double 
system  is  adopted  in  Fig.  52  (^),  as  shown  by  the  dotted  lines,  we  must  introduce  verticals 
over  each  support.  A 
system  shown  in  Fig. 
52  (d),  has  been  patented 
by  Gerber,  in  Germany, 
in  which  the  girder  is 
continuous  over  the  sup- 
ports and  A/«^^rf  beyond 
the  supports.  The  system  is  claimed  to  have  all  the  advantages  for  long  spans  of  the 
continuous  girder,  so  far  as  saving  in  material  is  concerned,  without  the  disadvantages  of 
the  latter  system.  It  shows  on  stress  sheet  considerable  gain  over  the  simple  girder  in 
the  parallel  chords,  amounting  to  over  25  per  cent.,  and  is  equally  simple  and  certain  in 
its  calculation  and  construction.  The  distance  of  the  hinges  from  the  centre  supports 
should  be,  for  long  spans  of  over  200  feet,  about  0.2  of  the  centre  span.  This  it  will  be 
seen  is  the  forerunner  of  the  "  cantilever." 

In  the  case  of  a  succession  of  long  spans  the  system  is  worthy  of  more  attention  than 
it  has  heretofore  received,  as  it  offers  some  advantages  over  the  discontinuous  girder. 

Deck  and  Through  Bridge — Lateral  Bracing. — In  all  these  forms,  and  in  bridge 
trusses  generally,  the  system  may  be  so  arranged  as  to  allow  the  live  load  to  traverse 
either  the  upper  or  the  lower  chord.  A  truss  in  which  the  live  load  traverses  the  lower  or 
tension  chord,  is  called  a  ''through "  truss.  If  the  truss  in  this  case  is  not  high  enough  to 
admit  of  cross-bracing  over  head,  it  is  called  a  ''pony''  truss.  Such  trusses  are  necessa- 
rily short.     If  over  100  feet  in  length  they  are  apt  to  be  deficient  in  lateral  stability.     If 
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the  live  load  traverses  the  upper  or  compression  chord,  it  is  called  a  "  deck  bridge.**  A 
bridge  consists  essentially  of  two  or  more  trusses  placed  side  by  side  over  the  interval  to 
be  spanned,  and  connected  together  at  either  top  or  bottom,  or  both,  by  horizontal  or  late- 
ral trussing,  usually  of  the  quadrilateral  type.  The  object  of  this  bracing  is  to  support 
the  trusses  and  stiffen  the  structure  against  the  action  of  the  wind.  The  same  principles 
apply  to  it  as  to  the  main  trusses,  and  it  is  calculated  in  similar  manner.  From  apex  of 
one  truss  to  apex  of  the  other,  floor  beams  are  laid  across,  upon  which  the  flooring  is  put 

II.   GIRDERS   WITH   INCLINED   CHORDS. 

Girders  whose  chords  are  not  parallel  are  named  according  to  the  general  shape  of 

truss,  rather  than  the  character  of  bracing  adopted.     They  are  used  in  general  where, 

Fi  .53  owing  to  the  length  of  the  span,  the  height  of  a  girder  with  horizontal 

chords  would  be  excessive. 
1  Fig.  53  represents  a  girder  with  a  curved  upper  chord  and  straight 

lower  chord.  The  bracing  is  usually  of  the  quadrilateral  type.  The 
well  known  Kuilenberg  bridge  in  Holland  is  of  this  class.  For  long  spans  there  is  a  saving 
of  material  over  the  girder  with  parallel  chords.  The  curve  of  the  upper  chord  is  usually 
that  of  a  parabola. 

Bowstring  Girder. — The  bowstring  girder.  Fig.  54,  consists  of  a  curved  upper  chord, 
usually  parabolic  or  circular,  and  straight  horizontal  lower  chord.  fic.64 


The  bracing  may  be  of  any  character,  generally  quadrilateral.     It    ^^.^^k  1  >j  ■^p^^,^^ 
is  a  common  form,  and  well  adapted  to  bridges  of  long  span.     It  '^"^^  ^^  ^  ^  \^  ^"'^- 


may  sometimes  be  inverted,  so  that  the  bottom  chord  is  arched,  in  which  case  we  may  call 
it  the  inverted  bowstring. 

Double  Bow  or  Lenticular. — The  double  bowstring,  or  bowstring  suspension,  or 
lenticular  truss,  Fig.  55,  consists  of  two  arched  chords,  so  arranged  that  the  thrust  of  the 
Fig.sa  one  outwards  is  balanced  by  the  pull  of  the  other  inwards.     The  brac- 

ing may  be  of  any  sort.  The  roadway  may  pass  through  the  centre  or 
be  above  or  below  the  truss.  Of  this  class  are  the  famous  Saltash 
bridge,  and  the  bridge  over  the  Rhine  at  Mayence.  In  Germany,  this  shape  is  known  as 
the  Pauli  truss. 

The  form  of  the  Pauli  truss  is  so  arranged  that  the  maximum  stresses  in  the  chords 
shall  be  constant.     For  this  purpose  the  depth  at  any  point  distant  x  from  the  end  is 


A  =  4^^(.-f)[l   +   2^(.-2£)'], 


where  /  is  the  span  and  h^  the  depth  at  centre. 

This  truss  has  all  the  advantages  of  the  double  bowstring,  and  is  said  to  be  from  4  to 
17  per  cent,  more  economical  of  material.  It  is  often  found  in  Germany,  the  most  note- 
worthy  example  being  the  Mayence  bridge,  which  consists  of  four  spans  of  about  345  feet 
eachy  and  24  smaller  ones  of  from  52  to  87  and  115  feet. 

Flff.56  Flg.67  Fls.50 
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r"^l    .^^-^^^  .^^"^ 


Braced  Arch. — The  braced  arch,  as  its  name  implies,  consists.  Fig.  56,  of  an  arched 
chord  stiffened  so  as  to  resist  the  action  of  the  live  load  by  bracing  in  various  ways.     The 
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bracing  maybe  of  either  the  triangular  or  quadrilateral  types.  The  system  admits  of  many 
modifications,  as  shown  in  Figs.  57,  58  and  59. 

In  Fig.  59  we  have  two  parallel  arches,  braced  together.  This  is  the  system  of  the 
braced  arch  over  the  Mississippi  at  St.  Louis. 

Many  other  modifications  may  be  devised.  The  braced  arch  may  be  divided  into 
three  kinds  in  which  the  distribution  of  stresses  are  entirely  different. 

Thus  we  may  have,  ist,  the  arch  hinged  or  free  to  turn  at  the  crown  and  at  both 
ends ;  2d,  the  arch  hinged  at  ends  only ;  3d,  the  arch  without  hinges.  The  St.  Louis  arch 
is  of  the  latter  kind. 

Suspension  System. — A  common  form  of  suspension  bridge  is  that  shown  in 
Fig.  60.  A  cable  is  stretched  from  towers  at  either  end,  over  which  it  passes  to  anchorages 
where  it  is  made  fast.     The  office  of  this  cable  is  to  sus-  ^^        fis.6o 

tain  the  total  load.  The  system  is  stiffened  by  a  hori- 
zontal truss  of  ordinary  form,  and  by  stays  extending 
out  from  each  tower. 

This  is  the  system  of  the  suspension  bridge  at  Niagara,  of  the  East  River  bridge  at 
New  York,  and  of  others  erected  by  Roebling.  This  system  also  admits  of  many  modifi. 
cations.     Thus  Figs.  56,  57,  58,  59,  all  become  suspension  systems  when  inverted. 

Double  Systems — Long  Spans. — In  general,  all  double  systems  of  bracing  are  now 
avoided  by  good  practice,  owing  to  the  indeterminate  character  of  the  stresses,  and  tlic 
difficulty  of  ensuring  that  each  system  shall  carry  its  own  share,  and  no  more  or  less.  The 
Lattice  Truss,  Fig.  44;  Fink  Truss,  Fig.  45  ;  Post  Truss,  Fig.  48  ;  Kellogg  Truss,  Fig.  50; 
Bollman  Truss,  Fig.  51,  are  also  antiquated.  No  more  will  probably  be  built  in  America. 
Of  the  forms  remaining,  only  one  system  of  bracing  should  be  used.  The  tendency 
of  modern  practice  is  towards  long  panels,  much  longer  than  formerly.  The  Pratt  Truss, 
Fig.  46,  has  thus  become  the  standard  form  for  horizontal  chords.  The  Warren  is  less 
often  used. 

When,  owing  to  length  of  span,  the  panels  would  become  excessively  long,  the  "  sub- 
Tiatt"  or  Baltimore  Truss,  Fig.  49,  or  some  modification  of  it,  either  with  or  without 
inclined  chords,  is  used. 

Thus  Fig.  60  (a)  is  a  sketch  of  one  of  the  spans  of  the  Cincinnati  and  Covington 
5  Bridge,  span  484.5  feet;  centre  depth,  75  feet;  depth 

"2  at  ends,  52  feet.     It  will  be  observed  that  the  bracing 

is  that  of  the  **  sub-Pratt" ;  the  chords  are  inclined, 
and  the  long  compression  panels  in  the  top  chord  are 
supported  at  the  centre.  The  length  of  panel  is  27 
feet  oi  inches  at  ends,  and  26  feet  8  inches  for  the 

«^ uvuJS^tUL.: ^^^i^"  others.     This  is  a  good  illustration  of  recent  practice, 

p iMU:'c.p.H,f  EodPin. ~Z^     iQj^g  length  of  panel,  large  centre  depth,  inclined  chords, 

and  single-system  bracing. 

Cantilever  System.* — The  cantilever  system  counts  the  longest  spans  of  the  day. 
The  Forth  Bridge,  in  Scotland,  the  longest  existing  clear  span,  is  of  this  type.  Its  longest 
span  is  1,710  feet,  the  central  girder  being  350  feet  long,  and  the  cantilever  arms  extend- 
ing out  680  feet  on  each  side. 

The  principle  of  this  system  is  better  illustrated  by  the  subjoined  cut  than  by  any 
lengthy  description. 

This  cut  was  given  in  the  Engineering  News,  June  11,  1887,  from  the  original  photo- 
graph furnished  by  Tho.  C.  Clarke,  C.  E.,  and  was  used  by  Mr.  Benjamin  Baker  in  a  lec- 
ture on  the  Forth  Bridge,  before  the  Royal  Institution.  

*  The  theory  of  the  cantilever  will  be  found,  page  262. 
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CLASSIFICATION  OF  STRUCTURES. 


The  sketch  represents  the  Forth  Bridge. 

The  four  sticks  which  form  the  "compression  members"  simply  abut  against  the 
chairs  and  are  grasped  by  the  "  tension  members  "  at  each  end.  The  "  central  span  "  is 
hung  from  the  inner  ends.     The  outer  ends  are  anchored  down. 


Object  of  Sectiok  II. — It  is  not  the  place  here  to  discuss  the  relative  merits  of 
these  different  forms,  nor  the  conditions  which  lead  to  the  adoption  of  one  or  the  other 
in  any  special  case.  These  will  be  alluded  to  as  we  discuss  in  turn  each  typical  fonn.  The 
object  of  the  present  section  of  this  work,  therefore,  is  to  so  apply  the  principles  of  Section 
I.,  to  selected  cases,  as  to  enable  the  student  to  readily  determine  the  stresses  in  any  of  the 
preceding  structures,  or  any  modification  of  them.  In  doing  this,  we  shall  have  occasion 
to  make  such  comparisons  as  shall  enable  him  to  appreciate  the  special  advantages  of  each 
form. 


CHAPTER  I. 

STRUCTURES  WHICH  SUSTAIN  A  DEAD  LOAD  ONLY— ROOF  TRUSSES. 

The  method  which  we  adopt  for  all  structures  of  this  class  is  the  Graphic  method  of 
Section  I.,  Chapter  I.,  checking  in  every  case  our  results  by  the  calculation  of  the 
stresses  in  one  or  two  members,  by  the  method  of  moments  of  Chapter  III.,  Section  I.  The 
method  is  so  simple  and  general  in  its  application,  that  but  little  remains  to  be  added  to 
the  remarks  of  Chapter  I,  Section  I. 

Bent  Crane.— In  Fig.  6i  we  have  given  the  frame  diagram  and  stress  diagram  for  a 
bent  crane,  bearing  the  load  P  at  the  peak.    The  notation  is  the  same  Fig.oi 

as  on  page  ii.  The  student  should  follow  out  the  stress  diagram 
carefully  with  reference  to  determining  the  proper  character  of  the 
stresses  in  the  various  members.  Thus  he  will  observe  that  the  stresses 
in  the  braces  alternate  in  character  up  \.o  gh ;  at  this  point  the  stresses 
in  gh  and  ///  are  of  the  same  character. 

All  the  lower  chords  radiate  from  B  and  are  in  compression. 
All  the  upper  chords  radiate  from  A  and  are  in  tension.  Observe 
also  that  the  stress  diagram  could  have  been  laid  off  equally  well  upon  the  right  of  the 
weight  line,  BAy  in  which  case  the  letters  B  and  A  should  be  interchanged,  and  all  the  upper 
chords  would  radiate  from  the  top  of  the  weight  line,  and  the  lower  chords  from  the  bot- 
tom, as  shown  by  the  dotted  lines.  In  general  the  stress  diagram  may  thus  be  laid  off 
upon  either  side  of  the  weight  line. 

Observe,  also,  that  to  obtain  accurate  results  in  such  a  case,  the  frame  should  be  drawn 
carefully  to  as  large  a  scale  as  possible,  as  the  braces  Aa  and  the  flanges  Ba  and  Ab,  etc., 
are  very  short.  It  may  even  be  desirable  to  calculate  the  slope  of  these  members  from  the 
given  dimensions  of  the  frame,  and  pFot  their  directions  by  ordinates,  so  as  to  obtain  longer 
lines  of  direction.  The  scale  for  the  stress  diagrams  should,  on  the  other  hand',  be  taken 
as  small  as  is  consistent  with  reading  off  the  stresses  to  the  desired  degree  of  accuracy. 

Finally,  the  stress  in  Am  may  be  calculated  by  moments.  For  this  purpose  the  lever 
arm  of  Am^  with  reference  to  C,  may  be  calculated  or  measured  directly  from  the  frame  to 
scale. 

v^^'^^  In  all  cases  the  student  should  determine  the  character  of  the  stresses 

in  each  member  as  he  makes  the  stress  diagram,  and  not  wait  until  it  is  com- 
pleted.    When   it  is  all  completed  the  stresses  may  be  taken  off  to  scale. 
Cantilever  Crane. — In  Fig.  62  we  have  represented  a  cantilever 
crane.     The  same  remarks  apply  as  in  the  preceding  case.     It  is  given  as  an  example  for 

the  student  to  solve,  in  accordance  with  the  preceding  remarks, 
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French  Roof  Truss. — In  Fig.  63  we  have  represented  what  is  sometimes  known  as 

the  "  French  Roof  Truss."     The  bracing  is  formed  by  supporting  each  principal  rafter  at 

its  middle  point  by  a  strut,  cd^  perpendicular  to  the  rafter,  and  two  tie  rods,  one  from  each 

end.     If  the  half  rafter  is  still  too  long,  we  insert  the  perpendicular  struts  ab  and  ^at  the 

quarter  points,  as  shown  in  the  Figure,  and  join  the  ends  to  the  centre  by  ties  be  and  de. 

This  system  of  trussing  is  repeated  as  often  as  may  be  requisite.     The  form  is  a  very  com- 
mon  one,  and  we  have  chosen  it  as  an  illustration  because  there  is  in  it  at  the  apex  BC  an 

apparent  indeterminance  and  violation  of  our  rule,  page  5,  which  is  apt  to  cause  trouble  to 
the  beginner. 

Thus  the  student  will  find  no  difficulty  in  constructing  the  stress  diagram  and  find- 
ing the  stress  as  given  in  the  Figure  as  far  as  apex  BC, 
When  wq  arrive  at  this  apex,  however,  we  have  the 
stresses  in  Bb  and  be  already  determined,  and  the  known 
apex  weight  at  BC  in  equilibrium  with  three  unknown 
stresses,  viz.  ed^  de,  and  Ce.  1  he  problem  would,  there- 
fore, seem  to  be  indeterminate. 

If,  however,  we  apply  the  criterion  for  superfluous 
members,  page  5,  we  find  that  there  are  no  superfluous 
members  and  there  should  be,  therefore,  no  real  indetermi- 
nance. Thus  the  number  of  members  m  is  27  (we  disre- 
gard the  dotted  member).  The  number  of  apices  «  is  15. 
We  have  then,  applying  our  criterion,  m  =  2//  —  3. 
There  are  then  no  superfluous  members. 

If  now  we  remove  the  two  members  de  and  ef  and  re- 
place them  by  the  dotted  member  //,  where  /  takes  the 
place  in  the  new  notation  of  the  two  letters  e  and  </,  we 
still  have  a  rigid  frame  with  no  superfluous  members. 
For  the  number  of  members  is  now  m  =  25  and  the  number 
of  apices  «  =  14.     We  have  then  ;«  =  2  ;/  —  3. 

But  this  change  has  evidently  not  affected  the  stress  in  the  member  L^.  We  can  now 
carry  on  the  diagram  until  we  find  the  stress  in  L^.  When  the  stress  in  Lg^  is  thus  found, 
we  can  replace  the  members  de  and  e/.  We  can  now  consider  the  second  lower  apex  and 
find  the  stresses  in  ed  and  dg-.  We  then  proceed  to  the  apex  BC  and  shall  have  no  diffi- 
culty. 

We  might  also  find  the  stress  in  Lg^  directly  by  the  method  of  sections,  page  26. 
Every  case  of  apparent  indeterminance  can  be  solved  in  this  manner. 
Curved  Members. — Whenever  curved  members  occur,  as  they  sometimes  do  in  roof 
trusses,  the  direction  of  the  stress  should  be  taken  in  the  line  connecting  the  two  ends. 
Such  members  are  subject  to  a  bending  stress  as  well  as  to  direct  compression  or  tension,  and 
must  be  proportioned  accordingly.  The  method  of  proportioning  the  cross-section  of 
members  to  resist  the  stresses  to  which  they  are  subjected  will  be  taken  up  in  Part  II.  of 
this  work.  In  all  such  cases  as  Figs.  61  and  62,  the  members  in  the  curved  chords  are 
always  straight,  and  are  chords  of  the  curve  in  which  the  apices  are  situated. 

Wind  Forces. — Roof  trusses  have  not  only  to  sustain  the  weight  of  roofing,  snow, 
etc.,  but  also  the  pressure  caused  by  wind.  This  is  often,  especially  in  the  case  of  large 
trusses,  placed  at  considerable  intervals  apart,  very  great.  The  action  of  the  wind, 
moreover,  may  often  be  to  cause  in  certain  nriembers  stresses  opposite  in  character  to  those 
caused  in  the  same  members  by  the  dead  load.     The  calculation  of  the  stresses  caused  by 
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wind  forces  is  thus  often  of  considerable  importance,  and  ought  never  to  be  left  out  of 
account  in  designing  iron  roofs  of  large  span. 

When  a  horizontal  current  of  ^yind  strikes  against  an  inclined  surface,  it  is  deviated 
from  its  original  direction  and  causes  a  normal  pressure  upon  that  surface.  This  normal 
pressure,  owing  to  the  fluidity  of  the  air,  is  found  to  be  greater  than  the  normal  component 
of  the  pressure  upon  a  surface  at  right  angles  to  the  wind. 

Thus,  Fig.  65,  HP  IS  the  pressure  of  the  wind  in  lbs.  persq.  ft.,  upon  a  surface  perpen- 
Fig.6ft  dicular  to  its  direction,  the  normal   component  of  this  pressure 

upon  a  surface  inclined  at  the  angle  i  to  the  horizon,  is  not  P  sin* 
I  as  it  would  be  by  the  resolution  of  forces,  but  is  found  by  ex- 


'\     periment  to  be  given  by  the  experimental  formula 


:\Mco%i^\.  * 


Pn  =  Psin  u 

If  we  take  the  maximum  pressure  of  the  wind  against  a  surface  perpendicular  to  its 
direction,  as  50  lbs.  per  square  foot,  we  shall  probably  allow  sufficient  margin  for  the  heav- 
iest  gales  in  our  latitudes.  The  highest  pressures,  according  to  Unwin,  do  not  exceed  55  lbs. 
per  square  foot,  and  the  accuracy  of  these  observations  is  stated  by  him  as  "doubtful." 

Taking,  then,  the  greatest  pressure  of  wind  to  be  anticipated  at  50  lbs.  per  square  foot 
we  have,  from  our  formula,  the  normal  pressure  per  square  foot  upon  surfaces  inclined  at 
various  angles  to  the  horizon,  as  follows : 


ANGLi  or  Roor 

WITH  HORIZON. 


MOBMAL  PRKSSUKX 
PBR  LBS. 


5° 

15° 

20° 

JO"" 

35° 
40° 


6.6 
12.1 

17.5 
22.9 

28.1 

41.5 


ANOLB  OF  ROOP 

NORMAL  PRB8I 

WITH  HORIZON.                                         PSR  LB8. 

45° 44.0 

50°       .        . 

47.6 

55°    . 

.    49-5 

(xP    . 

.        50.6 

650    .    . 

51. 1 

7o«^    . 

5X.2 

80°    . 

50.5 

90°    . 

50.0 

From  this  Table  we  can  find  by  interpolation  the  normal  pressure  upon  a  roof  having 
any  angle  of  inclination  to  the  horizon,  due  to  a  gale  of  wind  which  would  cause  a  pressure 
of  50  lbs.  upon  a  square  foot  of  surface  perpendicular  to  its  direction. 

Again,  in  order  to  find  the  pressure  from  the  velocity,  let  v  be  the  velocity  of  the 
current  in  feet  per  second,  and  /  be  the  pressure  of  the  current  in  lbs.  per  square  foot 
upon  a  surface  perpendicular  to  its  direction.  Then,  if  w  is  the  weight  of  the  fluid  in  lbs. 
per  cubic  foot,  we  have,  according  to  hydraulic  principles, 

p  =  2hw^ 
where  h  is  the  "  head  "  due  to  the  velocity,  or 


/  = 


Since  for  ordinary  atmospheric  air,  w  =  0.08  lbs.  approximately, 

32  \20/ 


p  = 


From  the  formula/  =  ( — )   we  have  the  following  Table  : 

*  This  formula  is  given  by  Unwin,  '*  Iran  Bridges  and  Roofs"  London,  1869,  and  is  by  him  attributed  to  Huttoi\. 
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TSLOciTT  nr  raxT 

PSR  BBOOITD. 


TELOCITT  IN  KILXB 
FEB  HOUB. 


FBUSTTRB  OT  LBS. 
BQUABB  FOOT. 


lO 


6.8 


0.25 


20 13.6  .  .  .  ; i.oo 


27.2 
40.8 
47.6 
54.4 


40 

60 

70 

80 

90 

100 

no 

120 81.6 

130 88.4 

150 102.0 


4.00 

9.00 

12.25 

16.00 


61.2 20.25 

68.0 25.00 

74.8 30.25 


36.00 
42.25 
56.25 


Application  to  a  Roof  Truss. — Let  Fig.  66  represent  a  roof  truss.  Let  the  span 
be  50  feet  and  height  12.5  feet.  The  length  of 
each  rafter  is  then  27.95  feet.  Suppose  that  the 
truss  supports  8  feet  of  roofing,  that  is,  that  the 
main  trusses,  of  which  Fig.  66  is  one,  are  placed 
8  feet  apart.  Then  the  area  of  roof  supported 
by  one  rafter  is  27.95   x  8  =  223.6  square  feet. 

Now  the  inclination  of  the  rafter  to  the 
horizon  is  /  =  26°  34'.  From  our  Table,  then,  we  have  the  normal  wind  pressure  =  29.6 
lbs.  per  square  foot.  The  total  normal  wind  pressure  upon  one  side  of  the  roof  due  to  the 
wind  is,  then,  223.6  x  29.6  =  6,619  ^^^'  '^'^^^  pressure  we  divide  into  four  equal  parts  of 
1,655  lbs.  each,  or  say,  in  round  numbers,  1,600  lbs.  Let  us  suppose  the  wind  blowing  upon 
the  left  side.  Then  we  have  a  normal  pressure  of  1,600  lbs.  at  each  of  the  ^ices  AB,  BC 
and  CD,  and  a  normal  pressure  of  800.  lbs.  at  the  left  end  and  top  apex.  Since  all  the 
pressure  from  the  centre  of  one  bay  to  the  centre  of  the  next  is  supposed  to  be  concen- 
trated at  the  intermediate  apex,  we  have  at  the  top  and  bottom  apex  only  half  as  much 
pressure  as  at  the  other  apices. 

It  remains  to  determine  the  reactions.  As  soon  as  these  are  known,  we  shall  know 
all  the  outer  forces  which  act  upon  the  truss,  and  can  then  proceed  to  diagram  the 
stresses. 

Determination  of  Reactions. — The  action  of  the  wind,  blowing  horizontally  upon 
the  left,  is  to  slide  the  entire  truss  off  of  its  supports.  The  truss,  if  it  is  necessary,  should, 
therefore,  be  fastened  at  the  ends  to  the  wall.  In  general,  the  weight  of  the  truss  and  its 
roofing  is  sufficient  to  cause  friction  enough  to  keep  it  in  place.  If  not,  it  can  easily  be 
fastened.  Large  iron  trusses  may  sometimes  be  put  upon  friction  rollers  at  one  end,  so 
as  to  allow  for  changes  of  temperature,  in  which  case  the  other  end  must  be  fixed. 

We  have  then  two  cases;  ist,  when  both  ends  are  fixed  ;  2d,  when  one  end  only  is 
fixed  and  the  other  is  upon  rollers. 

I.   REACTIONS   WHEN  BOTH   ENDS  ARE   FIXED. 

In  this  case,  the  two  reactions  are  parallel  to  the  normal  wind  forces,  and  can  easily 
be  calculated.  Thus  if  we  take  moments  about  the  left  end  A,  Fig.  67,  we  have  the 
tnoment  of  the  reaction  R^  balanced  by  the  sum  of  the  moments  of  the  forces,  or 

R^  X  AD  =  P^  X  Alf  +  P,^  X  Ac  ■{-  P^  X  Ad  -h  Pfi  X  Ae. 
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^*''  •'^'  Or  we  may  take  the   resultant  of  all  the 

forces  acting  at  the  apex  r,  and  therefore  • 

R^yi  AD  :=  {P,  +  P,  +  /^s  +  ^4  +  /i)  X  Ac. 

The  reaction  R^,  at  the  right  end,  is  thus 
easily  found.  Of  course,  the  reaction  at  the 
left  end  is  found  by  subtracting  R^  from  the  sum 
of  the  forces.  The  reactions  being  thus  known, 
we  now  know  all  the  outer  forces  acting  upon 
the  truss.  We  can,  therefore,  form  the  force 
polygon  and  then  proceed  to  construct  the 
stress  diagram.  Thus  the  force  polygon  is  the 
line  012345,  Fig.  67.  The  reaction  R^  is 
the  distance  5Z,  and  the  reaction  ^1  is  the  dis- 
tance oL. 

Instead  of  calculating  -^2*  we  may  take  a 
pole  o,  draw  the  rays,  Su  Jj  .  .  .  ^5,  construct 
the  corresponding  equilibrium  polygon,  draw  the  closing  line  A'  B\  and  thus  deter- 
mine the  reactions  5Z  and  Lo  (see  page  39).  Note  that  it  is  only  necessary  in  this  case 
to  draw  the  two  sides  Sq  and  J5,  meeting  in  P^. 

II.     REACTIONS  WHEN  ONE   END   IS   FIXED  AND   THE  OTHER  ON   ROLLERS. 


Then  the  reaction  at  the  roller  end  must 

FlC.  68. 


'O-Vv 


a 


c 


Suppose  the  wind  end  is  on  rollers,  Fig.  68. 
be  vertical.  Since,  then,  we  know  its  direc- 
tion, we  can  easily  calculate  it  by  taking  mo- 
ments about  the  right  hand  end.     Thus 

R^  y.  AB  -  P^  y.  Ba  -^  P^  y. 

Bb  ^  P^y  Be  ^-  P^y  Bd  ^-  P^y  Be. 

,  The  lever  arms  Ba,  Bb^  etc.,  can  be  easily 
found  from  the  given  dimensions  of  the  Figure. 
Or  we  may  consider  the  resultant  of  all  the 
forces  acting  at  the  apex  where  P^  acts.    Hence 

R^y  AB  =  {P,  +  /\  +  /'a  +  P4  +  P5)  X  Be, 

Having  thus  found  -^„  R^  may  be  easily 
found.  Thus,  if  we  lay  off  the  forces  P^  /», 
etc.,  to  scale,  as  shown  in  Fig.  68(^),  and  then 
lay  off  oJ/ vertically  to  scale  equal  to  ^i  already 
found,  the  line  J/5  necessary  to  close  the  polygon  is  the  resultant  R^  in  magnitude  and 

direction.    The  force  polygon  is  then  closed  and  we  can  proceed  to  form  the  stress  diagram. 

Instead  of  calculating  /?,,  we  may  take  a  pole  o,  construct  the  corresponding  equilib- 
rium polygon,  draw  the  closing  line  A^B\  and  thus  determine  the  reactions  Mo  and  $M 
(see  page  39).  Note  that  in  this  case  it  is  only  necessary  to  draw  the  two  sides  j,  and  j,, 
meeting  in  P^  at  e,  in  order  to  determine  the  closing  line  A^B\ 

But  the  wind  may  blow  upon  the  fixed  end  side,  in  which  case  the  stresses  in  the  mem- 
bers may  be  very  different.  Instead  of  supposing  the  wind  to  blow  on  the  right  side,  let  us 
suppose  the  left  end  fixed  and  the  right  on  rollers,  Fig.  69.  Then  the  reaction  R^  is 
inclined  and  R^  must  be  vertical.  We  can,  therefore,  easily  calculate  R^  by  taking  moments 
about  the  left  end  A.     Thus 

*  Tlie  lever  arms  AD,  Ab,  Ac,  etc.,  are  andentood,  of  coarse,  to  be  \}[i.t petpendiaUars  from  A  to  R%,  Pt,  P%,  etc. 
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or, 


R,XBA  =  P,xAi-\-P,xAc  +  P,X  Ad-{-  />.  X  Af, 
R,X  BA  =  {P,  +  P,-{-  P,-\-  P,  +  P,)  X  A  c. 


■t|p.e9 


If,  then,  we  lay  off  the  wind  forces  to  scale  in  Fig.  6g{a\  and  lay  off  5J/  vertical  and 
equal  to  if,  already  calculated,  the  line  Mo  necessary  to  close  the  polygon  is  the  reaction 

R^  in  magnitude   and  direction.     We  can   now  pro- 
ceed to  form  the  stress  diagram. 

We  can  construct  the  reactions  in  this  case  also 
by  means  of  an  equilibrium  polygon. 

The  student  can  now  easily  diagram  the  stresses 
for  the  three  cases  of  Figs.  6"/,  68,  and  69.  In  each 
case  we  have  given  the  stresses  in  the  first  two  mem- 
bers, in  order  to  call  attention  to  the  fact  that  the  first 
half  weight  P^  has  no  influence  upon  the  stresses. 
Thus  in  Fig.  69  we  have  acting  at  the  apex  A  the 
reaction  i?,  and  the  force  P^.  We  have,  then,  in  the 
force  diagram  {a),  to  join  i  and  M  by  lines  parallel  to  Ba  and  Ma. 

We  see  at  once  from  Figs.  69  and  68  that  the  stress  in  Ma,  for  instance,  is  much  greater 
when  the  wind  blows  on  the  fixed  end  side  than  when  it  blows  on  the  roller  end.  This  is 
evident,  because  when  it  blows  on  the  roller  end  it  tends  to  shut  up  the  truss  and  thus 
relieve  the  tension  in  Ma,  If  the  forces  were  great  enough,  we  might  even  have  compres- 
sion in  Ma,  that  is,  the  intersection  a.  Fig.  68(^z),  might  fall  to  the  right  of  L. 

Complete  Calculation  of  a  Roof  Truss.— We  see  then  that  the  complete  calcu- 
lation of  a  roof  truss  consists  of  two  parts.  1st.  We  must  find  the  stresses  due  to  the 
greatest  dead  load  or  weight  of  truss,  together  with  roofing,  snow  load,  etc.  2d.  We  must 
find  the  stresses  in  each  member  due  to  wind  force,  as  already  detailed.  Here  again,  in  case 
of  rollers,  we  may  have  in  any  member  two  stresses,  according  as  the  wind  comes  on  from 
right  or  left.  If  both  these  stresses  are  of  the  same  character  as  the  dead  load  stress,  we 
should  add  the  greatest  of  them  to  the  dead  load  stress  to  obtain  the  greatest  stress  in  the 
member.  If  one  of  these  is  of  the  same  character  as  the  dead  load  stress,  we  add  it. 
As  to  the  other,  if  it  is  less  in  amount  than  the  dead  load  stress,  it  will  only  tend,  when 
the  wind  blows,  to  relieve  the  stress  due  to  dead  load  by  that  amount ;  but  if  it  is  greater 
than  the  dead  load  stress  it  will  cause  a  stress  of  opposite  character,  and  the  piece  should 
be  counterbraced  for  the  difference.  If  both  the  wind  stresses  are  of  different  character 
from  that  caused  by  the  dead  load,  we  need  only  consider  the  greater  of  the  two.  If  this 
is  less  than  the  dead  load  stress,  it  will  produce  no  effect,  except  sometimes  to  diminish  the 
stress  in  the  member.  But  if  it  is  greater,  it  will  cause  stress  of  an  opposite  character,  and 
the  member  should  be  counterbraced  for  the  difference.  In  all  cases  the  wind  has  great 
influence  upon  the  stresses,  and  it  should  always  be  taken  into  account  in  the  designing  of 
large  spans. 

Curved  Roofs. — For  a  curved  roof,  such  as  Fig.  70,  the  inclination  of  the  surface 
exposed  to  the  wind  is  different  at  every  apex,  and  is  always  to  be  taken  as  tangent  to  the 
curve  at  each  apex.     In  such  a  case  as  Fig.  70,  it  may  Fig.io 

often  happen  that  the  wind  causes  stresses  in  certain  ^.^-rr' — 7^r"""->e-^ 

members  opposite  in  character  to  those  caused  by  the       ^^^2_\Z_\^C^^^v,,^ 
dead  load.     We  give  in  Plates  i  to  7  a  large  number  of     '^^^  ^^^ 

roofs  of  various  kinds,  with  their  stress  diagrams.*     For  the  sake  of  generality,  acting 
forces  and  reactions  are  often  taken  as  inclined.     The  student  cannot  do  better  than  to 


♦  These  Plates  are  copied  from  "  Economics  of  Construction ,''  Bow.  London,  1873. 
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follow  out  the  stress  diagrams  for  a  number  of  cases,  until  he  feels  himself  thoroughly 
master  of  the  method,  and  can  determine  the  character  of  the  stresses  in  each  case. 

EXAMPLES.* 

1.  If  the  pole  of  an  equilibrium  polygon  describe  a  straight  line,  show  that  the  corresponding  sides  of 
the  successive  equilibrium  polygons  will  intersect  in  a  straight  line  which  is  parallel  to  the  locus  of  the  pole. 

2.  A  system  of  heavy  bars,  freely  articulated,  is  suspended  from  two  fixed  points  ;  determine  the  mag- 
nitudes and  directions  of  the  stresses  at  the  joints.  If  the  bars  are  all  of  equal  weight  and  length,  show  that 
the  tangents  of  the  angles  which  successive  bars  make  with  the  horizontal  are  in  arithmetic  progression. 

3.  If  an  even  number  of  bars  of  equal  length  and  weight  rest  in  equilibrium  in  the  form  of  an  arch,  and 
/Ji,  tf„  .  .  .  .  An>  be  the  respective  angles  of  inclination  to  the  horizon  of  the  ist,  2nd,  ....  «th  bars  count- 

ing  from  the  top,  show  that  tan  a»+ 1  = tan  a., 

291—1 

'4.  Four  bars  of  equal  weight  and  length,  freely  articulated  at  the  extremities,  form  a  square  A  BCD. 
The  system  rests  in  a  vertical  plane,  the  joint  A  being  fixed,  and  the  form  of  the  square  is  preserved  by  means 
of  a  horizontal  string  connecting  the  points  ^and  D.     If  W  be  the  weight  of  each  bar,  show,  ist,  that  the 

stress  at  Cis  horizontal  and  =  —  ;  2d.  That  the  stress  on  BC  2X  B  is  JV-Y-^.  and  makes  with  the  vertical  an 

2  2 

angle  tan-'—  ;  3d.  That  the  stress  on  AB ait  Bis  W ^ —  and  makes  with  the  vertical  an  angle  tan-  *  — 
2  2  2* 

4th.  That  the  stress  upon  AB  2X  A\s—  IV;  5th.  That  the  tension  of  the  string  is  2  IV. 

4b 

5.  Five  bars  of  equal  length  and  weight,  freely  articulated  at  the  extremities,  form  a  regular  pentagon 

ABCDE.     The  system  rests  in  a  vertical  plane,  the  bar  CD  being  fixed  in  a  horizontal  position,  and  the 

form  of  the  pentagon  being  preserved  by  means  of  a  string  connecting  the  joints  ^and  E.     If  the  weight  of 

IV 
each  bar  be   W,  show  that  the  tension  of  the  string  is  -    (tan  54**  +  3  tan  18"),  and  find  magnitudes  and 

directions  of  the  stresses  at  the  joints. 

6.  Six  bars  of  equal  length  and  weight  (=  W),  freely  articulated  at  the  extremities,  form  a  regular 
hexagon. 

First,  if  the  system  hang  in  a  vertical  plane,  the  bar  AB  being  fixed  in  a  horizontal  position,  and  the 

form  of  the  hexagon  being  preserved  by  means  of  a  string  connecting  the  middle  points  of  AB  and  DE,  show 

W 
that,  1st,  the  tension  of  the  string  is  3^^;  2d,  the  stress  at  C  is  — -r=:.  and  horizontal ;  3d,  the  stress  at  D 

b  IV y  —  and  makes  with  the  horizontal  an  angle  tan"*  2  l/J 

Second,  if  the  system  rest  in  a  vertical  plane,  the  bar  DE  being  fixed  in  a  horizontal  position,  and  the 
form  of  the  hexagon  be  preserved  by  means  of  a  string  connecting  the  joints  C  and  F,  show  that,   ist, 

the  tension  of  the  string  is  IV \^  3;  2d,  the  stress  at  C  is  IVy  —  and  makes  with  CB  an  angle  sin**  y  — ; 

3d,  the  stress  at  B  is  IVy  —  and  makes  with  CD  an  angle  sin-*  r   "^' 

Third,  if  the  system  hang  in  a  vertical  plane,  the  joint  A  being  fixed,  and  the  form  of  the  hexagon  be 
preserved  by  strings  connecting  A  with  the  joints  E,  D  and  C.  show  that,  ist,  the  tension  of  each  of  the 
strings  AE  and  A  Cis  ^VJl  2d.,  the  tension  of  the  stringy  AD  is  2 IV,  and  determine  the  magnitudes  and 
directions  of  the  rtresses  at  the  joints,  assuming  that  the  strings  are  connected  with  pins  distinct  from 
the  bars. 

7.  Show  that  the  stresses  at  C  and  F,  in  the  first  case  of  Ex.  6,  remain  horizontal  when  the  bars  AF,  Fh 
BC,  CD,  are  replaced  by  any  others,  which  are  all  equally  inclined  to  the  horizon. 

8.  An  ordinary  jib-crane  is  required  to  lift  a  weight  of  10  tons  at  a  horizontal  distance  of  6  ft.  from  the 
axis  of  the  post.  The  post  is  a  hollow  cast-iron  cylinder  of  10  ins.  external  diam. ;  find  its  thickness,  assum- 
ing the  safe  tensile  and  compressive  stress  to  be  3  tons  per  sq.  in. 

♦The  following  Examples  are  taken  from  '*  Applied  Mechanics**  by  Prof.  Henry  T.  Bovey,  Montreal,  1882.  It 
is  believed  that  the  intelligent  student  can  solve  them  by  an  independent  application  of  preceding  principles. 
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The  hanging  part  of  the  chain  is  in  four  falls  ;  the  jib  is  15  ft.  long,  and  the  top  of  the  post  is  12  ft. 
above  ground  ;  find  the  stresses  in  the  jib  and  tie  when  the  chain  passes,  (i)— along  the  jib  ;  (2)— along 
the  tie. 

The  post  turns  round  a  vertical  axis  ;  find  the  direction  and  magnitude  of  the  pressure  at  the  tie;  which 

is  three  feet  below  the  ground. 

9.  If  the  post  in  the  preceding  question  were  replaced  by  a  solid  cylindrical  wrought-iron  post,  what 
should  its  diam.  be  ;  the  safe  inch-stress  being  3  tons  as  before  ? 

ID.   The  horizontal  traces  of  the  two  back -stays  of  a  derrick-crane  are  x  and  y  feet  in  length,  and  the 

angle  between  them  is  a  ;  show  that  the  stress  in  the  post  is  a  maximum  when  ^^^^^7      =  -1  ®  being  the 
**  .  cos  0  y 

angle  between  the  trace  x  and  the  plane  of  the  jib  and  tie. 

11.  The  inner  flange  of  a  bent  crane  (Fig.  61,  page  62,)  forms  a  quadrant  of  a  circle  of  20  ft.  radius,  and 
is  divided  into  four  equal  bays.  The  outer  flange  forms  the  segment  of  a  circle  of  23  ft.  radius.  The  two 
flanges  are  5  ft.  apart  at  the  foot,  and  are  struck  from  centres  in  the  same  horizontal  line.  The  bracing  con- 
sists of  a  series  of  isosceles  triangles,  of  which  the  bases  are  the  equal  bays  of  the  inner  flange.  The  crane  is 
required  to  lift  a  weight  of  10  tons.     Determine  the  stresses  in  all  the  members. 

12.  A  braced  semi-arch  is  10  ft.  deep  at  the  wall,  and  projects  40  ft.  The  upper  flange  is  horizontal,  is 
divided  into  four  equal  bays,  and  carries  a  aniformly  distributed  load  of  40  tons.  The  lower  flange 
forms  the  segment  of  a  circle  of  104  ft.  radius.  The  bracmg  consists  of  a  series  of  isosceles  triangles, 
of  which  the  bases  are  the  equal  bays  of  the  upper  flange.     Determine  the  stresses  on  all  the  members. 

13.  Three  bars,  freely  articulated,  form  the  equilateral  triangle  ABC.  The  system  rests  in  a  vertical 
plane  upon  the  supports  ^and  Cin  the  same  horizontal  line,  and  a  weight,  W,  is  suspended  from  A,  Deter- 
mine the  stress  in  BC,  neglecting  the  weight  of  the  bars. 

14.  A  triangular  truss  of  white  pine  consists  of  two  equal  rafters,  AB^  AC,  and  a  tic  beam  BC \  the 
span  of  the  truss  is  30  ft,  and  its  rise  is  ^\  ft.;  the  uniformly  distributed  load  upon  each  rafter  is  8,400  lbs., 
and  a  weight  of  10,000  lbs.  is  suspended  from  the  centre  of  the  tie-beam.  Determine  the  dimensions  of  the 
rafters  and  tie-beam,  assuming  the  safe  tensile  and  compressive  inch  stresses  to  be  3,300  and  2,700  lbs., 
respectively. 

15.  A  triangular  truss  consists  of  two  equal  rafters,  AB,  AQ  and  a  tie  beam  BC,  all  of  white  pine  ; 
the  centre  D  of  the  tie-beam  is  supported  from  -^4  by  a  wrought-iron  rod  AD;  the  uniformly  distributed  load 
upon* each  rafter  is  8,400  lbs.,  and  upon  the  tie-beam  is  36,000  lbs.  Determine  the  dimensions  of  the  different 
members.  BC  being  40  ft.  and  AD  20  ft. 

What  will  be  the  eff"ect  upon  the  several  members  if  the  centre  of  the  tie-beam  be  supported  upon  2 
wall,  and  if  for  the  rod  a  post  be  substituted,  against  which  the  heads  of  the  rafters  can  rest  ? 

16.  A  triangular  truss  of  white  pine  consists  of  a  rafter  AQ  a.  vertical  post  AB,  and  a  horizontal  tie- 
beam  AC;  the  load  upon  the  rafter  is  300  lbs.  per  lineal  ft.  ;  ^C=  30  ft.,  AB=  6  ft.  Find  the  resultant 
pressure  at  C 

How  much  strength  will  be  gained  if  the  centre  of  the  rafter  be  supported  by  a  strut  from  B  ? 

17.  The  rafters  of  a  roof  are  20  ft.  long,  and  inclined  to  the  vertical  at  60"  ;  the  feet  of  the  rafters  are 
tied  by  two  rods,  which  meet  under  the  vertex,  and  are  tied  to  it  by  a  rod  5  ft.  long :  the  roof  is  loaded  with 
a  weight  of  3,500  lbs.  at  the  vertex.     Determine  the  stresses  in  all  the  members. 

18.  The  feet  of  the  equal  roof  rafters  AB,  AC,  are  tied  by  rods  BD,  CD,  which  meet  under  the  vertex 

and  are  joined  to  it  by  a  rod  AD,     If  JV  and  IV  are  the  distributed  loads  in  lbs.  upon  the  rafters,  and  if  5 

K  IV+IV' 
is  the  span  of  the  roof  in  feet,  show  that  the  weight  of  metal  in  the  ties  in  lbs.  is  ^ j 5"  cot.  ft,  f  being 

the  safe  inch  stress  in  lbs.,  and  ff  the  angle  ABD. 

19.  A  roof  truss  consists  of  two  equal  raftersinclinedat6o°tothe  vertical,  of  a  horizontal  tie-beam  of  length 

/ 
/,  of  a  collar-beam  of  leng^th  — ,  and  of  a  queen-post  at  each  end  of  the  collar-beam  ;  the  truss  is  loaded  with 

a  weight  of  2,6co  lbs.  at  the  vertex,  a  weight  of  4,000  lbs.  at  one  collar-beam  joint,  a  weight  of  1,206  lbs.  at  the 
other,  and  a  weight  of  13,500  lbs.  at  the  foot  of  each  queen.     Determine  the  stresses  in  the  members. 

20.  A  frame  is  composed  of  a  horizontal  top-beam  40  ft.  long,  two  vertical  struts  3  ft.  long,  and  three 
tie-rods,  of  which  the  middle  one  is  horizontal  and  15  ft.  long.  Find  the  greatest  stress  produced  in  the 
several  members  when  a  single  load  of  12,000  lbs.  passes  over  the  truss. 

21.  An  equilibrium  polygon  is  drawn  for  a  series  of  parallel  loads  at  given  distances.  Show  that, 
1st.  By  properly  drawing  the  closing  line  of  the  polygon  a  bending  moment  curve  is  obtained  which  corre- 
sponds to  any  position  of  the  series  of  loads  on  any  given  beam  ;  2d.  So  long  as  the  closing  line  lies  on  the 
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same  two  polygon  sides,  its  positions  for  any  given  beam  form  the  envelope  of  a  parabola  ;  3d.  The  centre 
of  the  beam  corresponding  to  a  given  closing  line  bisects  the  distance  between  the  verticals  through  the 
intersection  of  the  polygon  sides,  and  the  point  where  the  closing  line  touches  the  parabola. 

22.  Vertical  loads  of  4,  3,  7,  and  2  tons  are  concentrated  upon  a  horizontal  beam  of  20  ft.  span,  at  dis- 
tances of  3,  7,  12,  and  15  ft.,  respectively,  from  the  left  support.  Prove  generally  that  the  vertical  ordinate 
intercepted  between  a  point  in  the  corresponding  equilibrium  polygon  and  a  closing  line  whose  horizontal 
projection  is  the  span  of  the  beam,  represents  on  a  certain  determined  scale  the  bending  moment  of  a  section 
at  any  point.  Find  its  value  by  scale  measurement  for  a  section  at  9  ft.  from  the  left  support,  using  the  fol- 
lowing scale  :  For  lengths^  \  inch  =  i  foot ;  for  forces,  \  inch  =  i  ton  ;  the  polar  distance  =  5  tons.  De- 
termine graphically,  by  means  of  the  same  diagram,  the  greatest  bending  moment  that  can  be  produced  on 
the  same  section  by  the  same  series  of  loads  traveling  over  the  span  at  the  stated  distances  apart 
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Shear — Definition  of. — Let  Fig.  71  represent  a  beam  fixed  horizontally  at  one  end 
and  sustaining  a  load  P^  at  the  other.  Imagine  the  beam  cut  completely  in  two  at  any 
pointy  and  then  consider  what  forces  are  necessary  in  order  that  the  separated  portion  may 

still  retain  its  place  and  perform  its  duty.  We  know  that  before  the 
section  was  made  all  the  fibres  above  the  neutral  axis  were  extended, 
and  all  below  were  compressed.  We  can  replace  these  forces  by  a  link 
above  and  a  strut  or  compression  piece  below,  as  shown  in  Fig.  71.  But 
these  alone  are  not  sufficient.  The  link  and  strut  prevent  the,  right 
hand  portion  from  turning  about  the  section  under  the  action  of  the 
weight  Py  and  that  is  all.  In  order  to  prevent  the  right  hand  portion 
from  falling  vertically  we  must  apply  an  upward  force  at  the  section  equal  and  opposed  to 
P,  as  shown  in  Fig.  71.  The  weight  P,we  call  the  "  shearing  forced'  and  the  equal  and  op- 
posite  force  at  the  section,  the  "  resistance  to  shear ,'  or  '^  shearing  stressS' 

The  shearing  force  is  so  called,  because  its  action  is  to  cause  one  section  to  slide  upon 
the  next,  just  as  if  the  separation  were  effected  by  cutting  with  a  pair  of  shears. 

We  may  then  define  shearing  force,  as  that  force  which  at  any  section  tends  to  make 
that  section  slide  upon  the  one  immediately  following. 

Thus,  in  Fig.  72,  which  represents  a  horizontal  beam,  AB,  subjected  to  the  action  of 
outer  forces  -^1,  /\,  /,,  P^,  R^,  the  shear  at  any  section  between  the 
left  end  and  P^  is  constant  and  equal  to  the  reaction  -^1.  -^1  acting 
up  at  the  left  end  tends  to  slide  each  section  upon  the  next,  until 
we  come  to  Pj.  Here  we  have  -^1  still  tending  to  slide  the  section 
up,  but  Px  tends  to  slide  it  down.  The  difference  or  algebraic  sum 
is  then  the  shear  for  any  section  between  P^  and  P^  Thus  the  or- 
dinates  to  the  shaded  area  below,  give  to  scale  the  shear  at  any 
point  of  the  beam  AB, 

When,  therefore,  the  section  is  vertical,  and  the  outer  forces  all  vertical,  we  may  de- 
fine the  shearing  force  as  the  algebraic  sum  of  all  the  outer  forces  acting  upon  the  beam,  right 
or  left  of  the  section  in  question. 

If  any  of  the  outer  forces  are  not  vertical,  we  must  resolve  them  into  components  par- 
allel  and  perpendicular  to  the  vertical  section,  and  take  the  former  in  the  algebraic  sum. 
In  general,  to  find  the  shear  in  a  section  taken  in  any  direction,  resolve  all  the  outer 
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forces  into  components,  perpendicular  and  parallel  to  the  plane  of  the  section,  and  the 
algebraic  sum  of  all  the  latter,  right  or  left  of  the  section,  will  be  the  shear  in  that  section, 
or  the  force  tending  to  slide  it  upon  the  next  consecutive  section. 

Framed  Girder — Horizontal  Chords — Shear. — If  in  any  framed  structure  we 
conceive  a  section  dividing  the  structure  into  two  portions,  it  is  evident  from  the  above 

that  the  stresses  in  the  cut  members  must  hold  the  shear  in 
equilibrium.  This  principle  we  have  already  proved  in 
Chapter  II.,  page  22.  Thus  in  Fig.  73,  conceive  a  section 
cutting  ab^  be  and  cd.  Then  the  stresses  in  these  three 
,^  ^  ^  ^  ^  members  must  hold  the  shear  in  equilibrium. 

/  The  shear  in  the  present  case  is  the  algebrafc  sum  of  all 

"^^  the  outer  forces  left  or  right  of  the  section,  because  the  sec- 

tion and  forces  are  all  vertical.  In  taking  the  algebraic  sum  we  adhere  to  the  conventions 
of  Chapter  II.,  page  16,  and  take,  therefore,  upward  forces  as  positive,  and  downward 
forces  as  negative,  and  consider  always  only  that  portion  of  the  truss  on  the  left  of  the  section. 
This  must  be  carefully  noted,  for  if  we  took  the  right-hand  portion,  our  conventions  should 
be  reversed.  The  shear,  then,  in  the  present  case,  is  +  -^1  —  -'^i  —  -'^t*  and  the  stresses  in 
the  cut  members  ab,  bcy  and  cd  must  hold  this  shear  in  equilibrium. 

But  if  the  chords  are  horizontal,  as  in  Fig.  73,  the  vertical  components  of  their  stress 
is  zero.  That  is,  they  cannot  take  any  part  in  resisting  the  shear  or  transverse  action  of 
the  forces,  and  simply  answer  the  purpose  of  the  link  and  strut  in  Fig.  71.  The  brace  be 
must  then  resist  the  shear,  and  hence  the  vertical  component  of  its  stress  must  be  equal 
and  opposed  to  the  shear. 

Thus  according  to  the  conventions  of  Chapter  II.,  page  16,  that  is,  taking  tension  as 
plus,  and  compression  as  minus,  and  measuring  the  angle  0  made  by  any  brace  with  the 
vertical,  as  shown  in  Fig.  9,  page  16,  and  considering  always  the  left-hand  portion  of 
the  truss, 

stress  in  *^  X  +  cos  6^^  +  ^,  —  P,  —  P,  =  o, 
or 

stress  in  be  =  ^^ — ^ ~ =  —  shear  X  sec  ^v. 

—  cos  Uj^  ^  bC 

That  is,  for  horizontal  chords  and  vertical  loads,  the  stress  in  any  braee  is  equal  to  the 
shear  multiplied  by  the  secant  of  the  angle  which  the  brace  makes  with  the  vertical. 

The  angle  6^  should  always  be  measured  as  directed  in  Fig.  9,  page  16.  There  may 
arise  some  uncertainty  as  regards  the  proper  sign  for  this  angle  ^.  Thus,  Fig.  73,  if  we 
measure  the  angle  6/  round  from  the  vertical  through  c,  the  sec.  of  d  is  positive,  but  if  we 
measure  from  the  vertical  through  b,  the  sec.  of  B  is  negative.  This  uncertainty  will  be 
removed  if  we  remember  that  since  we  are  considering  only  the  left-hand  portion  of  the 
truss,  we  must  always  measure  the  angle  B  for  any  braee  y  from  the  vertical  through  that  end  of 

the  brace   BELONGING  TO  THE   LEFT-HAND   PORTION. 

Thus  in  the  present  case,  for  instance,  the  sec.  of  d  for  be  is  essentially  positive,  because 
measured  as  above  it  lies  in  the  first  quadrant.  (See  Fig.  9,  page  16.)  If  all  the  weights 
are  equal  and  equidistant,  R^  will  be  greater  than  P^-{-  P^,  and  the  shear  will  be  plus. 
We  shall  have  then  the  stress  in  be  essentially  minus,  denoting  that  be  is  in  com- 
pression. 

In  like  manner,  for  the  brace  bd,  the  shear  would  be  the  same  as  for  &,  but  as  the 
angle  B  is  in  the  fourth  quadrant,  the  sec.  of  B  for  bd  will  be  negative. 
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We  have  then, 

—  stress  in  bd  X  cos  ^m  +  -R,  —  /*,  —  -P,  =  o, 
or 

stress  in  ^rf  =  +  shear  X  sec  Of^. 

We  see  at  once  that  the  stress  in  bd  will  be  plus  or  tension,  and  equal  in  amount  to  the 
compression  just  found  for  be. 

We  can  easily  deduce  the  same  result  directly  from  the  principle  of  moments,  Chapter 
III.,  page  23.  Thus  the  chords  ab  and  cd.  Fig.  73,  being  parallel,  their  point  of  intersection 
is  at  an  infinite  distance.  Taking  this  point  as  a  centre  of  moments,  we  have  for  the  lever 
arm  of  be,  00  cos  d.  The  lever  arms  of  R^,P^  and  P^  are  each  00.  Then  according  to  our 
rule,  Chapter  III.,  page  27, 

stress  in  ^^  X  00  cos  d^-^- R^co  —  P^co  —  P^oo  =0, 
or 

stress  in  be  =  — — — ^r-^ —  =  —  shear  X  sec  Obc 

—  00  cos  6^50 

Residual  Shear. — If  the  chords  are  not  horizontal,  they  will  themselves  take  some  of 
the  shear,  and  only  what  is  left  is  to  be  resisted  by  the  braces.  This  remainder  we  call  the 
*'  residual  shears 

Thus,  for  instance.  Fig.  74,  if  we  take  a  section  cutting  ab,  be  and  ed,  the  stresses  in  these 

members  are  in  equilibrium  with  the  shear. 

The  shear  is,  from  the  preceding,  R^  —  P^  —  P^.  But  the 
member  ab  resists  a  portion  of  this  shear  equal  to  the  vertical 
component  of  the  stress  in  it.  The  member  ed,  being  in  the  pres- 
ent  case  horizontal,  has  no  vertical  component.  The  chord 
stresses  can  always  be  found  by  moments  independently  of  the 
braces.  Let  us  suppose  ab  to  be  thus  found,  and  to  be  compres- 
sion.    The  vertical  component  of  its  stress  is  then, 

stress  in  ab  X  cos  0^, 

The  angle  0  is  to  be  measured,  as  already  noticed,  always  from  the  vertical  through  the 
left  end  of  the  member,  as  directed  in  Fig.  9,  page  16.     We  have  then  for  the  stress  in  cb, 

stress  in  ^*  X  +  cos  ^c6  +  ^,  -/',  —  /',  +  ^^  cos  ^at  =  o, 
or 

stress  in  eb  =  ^+ ^' ""  ^»  "  ^^  +  ^^^^^  ^^^  =  -  residual  shear  X  sec  d^ 

—  cos  e^ 

That  is,  the  stress  in  any  braee  is  equal  to  the  RESIDUAL  SHEAR  multiplied  by  the  secant 
of  the  angle  which  the  brace  makes  with  the  vertical. 

Action  of  Live  Load. — When  a  structure  is  designed  to  resist  the  action  not  only  of 
a  constant  dead  load,  but  also  of  a  moving  or  live  load,  which  may  have  various  positions, 
it  is  evident  that  the  stresses  in  the  members  will  vary  according  to  the  position  of  the  live 
load.  It  is  of  great  importance,  therefore,  to  determine  what  position  of  the  live  load  gives 
the  greatest  stress  in  any  particular  member.  Comparing,  then,  this  greatest  stress  due  to 
live  load  with  the  stress  in  the  same  member  due  to  dead  load,  if  they  are  both  of  the  same 
kind,  the  total  maximum  stress  in  the  member  will  be  the  sum  of  both.     If  they  are  of  dif- 
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ferent  kinds,  and  the  live  load  stress  exceeds  the  dead  load  stress,  the  members  must  be 
counterbraced  for  the  difference.  But  if  the  dead  load  stress  is  greatest,  no  counterbracing 
is  necessary,  because  the  action  of  the  live  load  then  is  simply  to  relieve  the  strained  mem- 
ber of  a  certain  amount  of  its  dead  load  stress. 

The  live  load  may  also  often  cause  in  the  same  member  stresses  of  different  kinds,  some- 
times compression  and  sometimes  tension,  according  to  its  position. 

Distribution  of  Uniform  Live  Load  Causing  Maximum  Chord  Stresses. — In 

any  properly  framed  structure,  such  as  we  shall  discuss  hereafter,  we  can  always  divide  the 
frame  by  a  section  at  any  point,  cutting  one  brace  and  two  chords.  Taking,  then,  the 
point  of  moments  at  the  intersection  of  the  other  two  members  cut,  we  have  the  moment  of  the 
stress  in  the  chord  balanced  by  the  sum  of  the  moments  of  the  outer  forces  right  or  left  of 
the  section.  The  stress  in  any  chord  will  then  be  greatest  when  the  live  load  is  so  disposed 
as  to  give  the  greatest  moment  possible  for  that  chord.  It  is  required,  then,  to  find  that 
n  distribution  of  load  which  makes  the  moment  at  any  point  a  max- 

Flg.75 

.  imum. 
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This  is  easily  found  for  a  uniform  load.     Thus,  in  Fig.  75,  sup- 

A ^.__^  A    pose  we  have  a  uniformly  distributed  moving  load  of  w  lbs.  per  unit 

of  length,  coming  on  from  the  right.  Let  it  cover  the  distance  /  —  ;r, 
the  end  of  the  load  being  at  a  distance  x  from  the  left  end.  Then,  for  the  reaction  R  at 
the  left  end,  we  have  by  moments, 

-  ie/+  tt/(/  -  ;r)  X  ^^^  =  O, 

2 

because  the  weight  w{/  —  x)  of  the  loaded  portion  can  be  considered  as>concentrated  at  the 
middle  point  of  the  loaded  portion  (Chapter  III.,  page  25). 
The  reaction  at  the  left  end  is,  therefore. 

The  moment  at  any  point  distant  from  a  from  the  left  end,  if  a  is  greater  than  x,  is 

2 

Substituting  the  value  of  R  above, 

jlf^^_  wa{l-xy       w{a-  xy 

2/  '  2         ' 

If  we  suppose  x  constant,  and  differentiate  with  respect  to  a,  and  put  the  first  differ- 
ential equal  to  zero,  we  have 

R  —  w{a  —■  x)  =0. 

That  is,  /or  any  given  position  of  the  load,  the  moment  is  greatest  at  that  point  for  which  thi 
shear  is  zero. 

But  we  can  put  the  preceding  equation  after  easy  reduction  in  the  form 

M  __  __  w^  (^—  ^)   ,   wx^  (/  —  a) 

Ma  -  -       +        Yl      • 

We  see  at  once  from  this  equation  that  for  any  given  values  of  a  and  /,  the  moment 
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will   be   greatest    when  .r  =  a      That  is,  the   moment  at  any  point  is  the  greatest  possible 
when  the  load  covers  the  whole  span. 

No  special  discussion,  therefore,  is  necessary  in  order  to  find  the  methods  of  loading 
which  give  the  greatest  stresses  in  the  chords  for  uniform  load.  We  have  only  to  suppose 
the  live  load  to  cover  the  whole  span,  just  like  the  dead  load.  The  greatest  stresses  in  the 
chords  will  then  be  found  when  we  suppose  the  girder  fully  loaded  with  both  dead  and  live 
loads.  This  holds  good  whether  the  chord  are  parallel  or  inclined,  provided  the  girder  is  a 
simple  girder,  i.e.,  not  continuous  over  more  than  two  supports,  and  whether  the  girder  is 
framed  or  is  a  solid  beam. 

Graphic  Interpretation  of  Equation  for  Maximum  Mo- 
MENTS. — From  the  preceding  principle  we  can  easily  find  the  maximum      ft         n^-Te 
moment  at  any  point.     Thus,  let  the  moving  load  per  unit  of  length  be 
w  and  the  dead  load  w'.     Then  the  total  load  is  {w'  -\-  w)  I.     The  reac- 

u       ...       ,        (w'  +  w)l  ,  III I' I 

tion  at  each  end  is,  therefore,  -^^ ■ '—,  and  the  maximum  moment  at 

2 

any  point  distant  x  from  the  left  end  is, 

Af„„=  -(!2^',  +  („'  +  -.,'^  =  -  ?L±ii'., (/-,). 

That  is,  the  moment  at  any  point  of  a  beam  for  a  uniform  load,  is  equal  to  one  half  the 
unit  load  multiplied  by  the  product  of  the  two  segments  of  the  beam. 

This  is  the  equation  of  a  parabola.  Fig.  77,  whose  middle  ordinate  at  the  centre  of  the 

•i^AXi  aC  =:  ~  {w' -{- w) —,  viWicU  passes  through  the  ends  of  the  girder 

A  and  B,  and  has  its  vertex  at  C.     The  same  result  has  been  already 
obtained  in  Chapter  IV.,  page  45.     If,  therefore,  we  draw  a   parabola 

through  A  and  B,  whose  middle  ordinate  aC  is  by  scale  {20'  -(-  w)  -,  the  ordinates  to  this 

parabola  will  give  the  maximum  moments  at  any  other  point  of  the  beam. 

Application  to  a  Framed  Girder.— In  the  case  of  a  framed  girder.  Fig.  78,  the 
load  consists  of  a  succession  of  concentrated  apex  loads,  and  the  parabola  becomes  a  poly- 
gon whose  apices  are  at  the  intersections  of  the  weights   with  the  FiB.78 
curve. 

To  find  the  greatest  stress  in  ab,  Fig.  78,  we  first  locate  the 
point  of  moments  at  c  (Chapter  III.,  page  27).  Then  the  ordinate 
Ogives  the  moment  at  c.  This  moment,  divided  by  the  lever  arm 
for  a*,  gives  the  stress  in  ab.  In  order  to  obtain  the  stress  with  its 
proper  sign,  plus  for  tension  and  minus  for  compre.ision,  observe 
the  rule  for  the  sign  of  the  stress  moment,  Chapter  III.,  page  27, 
and  remember  that  the  moments  are  all  negative. 

Again,  for  the  stress  in  the  chord  cd,  the  point  of  moincnts  is  at  b.     From  this  point, 
then,  we  drop  the   ordinate  gh  to  the  polygon.     The   moment  is  given  to  scale  by  gh. 
Generally,  we  draw  the  ordinate  through  the  point  of  moments  for  the  chord  in  question. 
Distribution  of  Uniform  Live  Load  Causing  Maximum  Shear. — The  position 
Fif.i0  °^  ^  uniform  live  load,  in  order  to  give  the  greatest  shear  at  any  point, 

is  different  according  as  the  girder  is  solid  or  framed,  and  in  the  latter 
s  according  as  the  chords  are  parallel  or  inclined. 
1st.    Solid  beam  without  panels. — Let  the  load,  as  before,  come  on 
from  the  right. 
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Then  the  left-hand  reaction  is,  as  before, 
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R  = 


— fl>" 
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w{l-  xf 

2/         • 


This  reaction  is  the  shear  for  any  and  all  points  between  the  left  end  and  the 
end  of  the  load.  For  any  point  distant,  a^  from  the  left  end,  where  a  is  greater  than  x^  the 
shear  is 


2/ 


We  see  at  once  that  this  is  less  than  the  reaction  by  the  amount  w{a  —  ;r),  and  that  the 
shear  will  be  greatest  when  a  =  x.  That  is,  the  shear  at  any  point  is  greatest  when  the  load 
reaches  from  that  poi?it  to  the  farthest  support.  When  the  load  reaches  from  the  point  to 
the  nearest  support  we  have  the  greatest  shear  of  opposite  character. 

The  same  holds  good  for  residual  shear. 

Graphic  Interpretation, — The  equation  which  gives  the  greatest  shear  at  any  point 
distant  x  from  the  left  end,  as  the  load  comes  on  from  the  right,  is  then 


Max.  Shear  = 


w  {I  —  x) 

2r 


a 


This  is  the  equation  of  a  parabola,  Fig.  8o,  having  its  vertex  at  the  right  end,  B,  and 

w/ 
the  ordinate  AC  ^t  the  left  end  equal  by  scale  to  — .or  half  the  live  load. 


The  ordinates  to  this  parabola  at  any  point  give  the  maximum 
shear  when  the  load  comes  on  from  the  right.  A  similar  para- 
bola, indicated  by  the  dotted  line,  gives  the  maximum  shear  for 
any  point  when  the  load  comes  on  from  the  left. 

Shear  Caused  by  Dead  Load, — If  a  beam  or  girder  sustains  a 

uniformly  distributed  load  over  its  whole  extent  of  «/'  per  unit  of 

w  I 
length,  the  total  load  will  be  w'l,  and  the  reaction  at  each  end  — . 


Fls.80 


The  shear  at  any  point 


distant  x  from  the  left  end,  is  then 


■^[TTTrrTT.^"- 
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Shear  = wx, 

2 


^"""^-UJMJi!^  This  is  the  equation  of  a  straight  line,  as  shown  in  Fig. 

8i,  the  end  ordinates  being — ,  and  the  ordinate  at  the  centre 

being  zero. 

2d.  Framed  girder^  uniform  load,  maximum  shear. — The  stress  in  any  brace  is,  as  we 
have  seen,  found  by  multiplying  the  shear,  or  residual  shear,  by  the  secant  of  the  angle 
which  the  brace  makes  with  the  vertical,  regard  being  had  to  the  conventions  of  positive 
and  negative  forces,  and  the  quadrant  in  which  ^  is  measured,  and  the  definition  of  shear, 
pages  79  and  8o. 

In  order  to  find  the  maximum  stress  in  any  brace,  we  must  then  find  that  position  of 
the  loading  which  gives  the  greatest  shear  for  that  brace  and  the  corresponding  shear 
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This  we  can  easily  do  for  a  uniform  load.     It  should  be  noted  that  the  position  is  different 
for  parallel  and  inclined  flanges. 

Let  us  first  take  the  case  of  parallel  flanges.  It  is  a  common  practice  to  take  the  load 
for  any  brace  as  extending  beyond  the  brace  to  the  middle  of  the  paneL  This  is  not  strictly 
correct.  The  load  reaches  into  the  panel  a  variable  distance,  ;r,  as  will  be  seen  from  the 
following : 

Let  /=  span,/  =  panel  length,  N  =  number  of  panels,  m  =  number  of  panels  covered 

by  the  load,  w  =  the  uniform  load  per  lineal  foot,    r  a tt 7V tt tt 7^^ tv 

R  =  the  reaction  at  unloaded  end.  1/  \  /  \  /  \  /  \  /  \  /  \  /  \ 


/////////y.'^////////////////////.v//A 


\ 


Then  that  portion  of  the  load  wxy  which  takes  '^ V  ym^^^^u^^^ 

wx^  ^A^ mp. ^  _4 

effect  at  the  panel  point  beyond  the  load,  is  —  .  eig.  82,  ■ 

2p 

The  shear  at  the  panel  point  covered  by  the  load  is  then 

S  =  R-  ^. 

2/ 

But  we  have  for  the  reaction 

I 

Substituting  this  value  of  R  in  the  expression  for  the  shear,  and  placing  the  first  differen 
tial  coefficient  equal  to  zero,  we  have  for  the  condition  of  maximum  shear 

w  ,                 .       wx  .  / 

-^  {2x  4-  2fnp) ^  =  o,  or,  since  P  =  j^> 

-J  {2x  +  2mp  —  2Nx)  =  0       ,\x  =  jj-^— . 
Substituting  this  value  of  x  in  the  expression  for  the  shear,  we  have,  after  reduction, 

Max.  Shear  =  —r^ \« 

2  (iV  —  i) 

For  the  first  panel  point  from  left,  m^  N  —  \  and  ;r=/,  or  the  whole  span  is  covered, 
and  the  shear  is  -^—^ .  These  results  are  independent  of  the  bracing,  whether  in- 
clined, or  vertical  and  inclined. 

Example. — Let  the  span  /=  140  feet,  number  of  panels  iV=  7,  uniform  load  w  =  4,000  lbs. 
per  lineal  foot. 

Then,  for  the  maximum  shear  at  the  first  panel  point  on  left,  we  have  m^d^  N  —  i  =6,  x  =  /, 

shear  =  — ^=  3  zc^  =  3  full  panel  loads,  or  half  the  effective  load  =  3  x  4,000  x  20  =  240,000  lbs. 
2 

At  the  fourth  panel  point,  »«  =  3,  jc  =  -,  or  the  load  reaches  just  to  the  middle  of  the  panel 

shear  =  \  wp. 

At  the  sixth  panel  point,  m  =  \,x  =  \p^  shear  =  ^  wp.  If  we  took  the  panel  load  wp  as  con- 
centrated at  the  panel  point,  and  disregard  the  portion  which  goes  direct  to  the  right  abutment,  ag 
is  the  common  practice,  we  would  have  shear  =  \  wp. 
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In  general,  it  will  be  easily  seen  that  the  shear  obtained  by  supposing  the  panel  load 
wp  as  concentrated  at  the  panel  point,  and  disregarding  the  half  panel  loads  at  each  end, 
is  always  somewhat  in  excess  of  the  strictly  correct  value.     For  this  reason  it  is  a  common 

and  allowable  practice  to  take  x  as  always  — ,  and  suppose  all  the  load  from  middle  to 

middle  of  panel  as  concentrated  at  the  panel  point. 

For  inclined  chords  the  position  of  the  load  is  different,  as  the  chords  themselves  take 
a  portion  of  the  shear,  and  only  the  rest  affects  the  braces.     Let  the  position  of  the  uni- 

\  form  load  giving  the  maxi- 

^^            /  mum  stress  in  the  brace  T 

/^.^^fK 7^--^  be  required,  Fig.  83.     Let  n 


^  IR 


-^  -     - 


/ 


be  the  number  of  panels  on 
the  left  of  the  panel  point 


^  /  }f}})>})h^)nw)hrwMwu})w}Mw}})))}))^^  in    question,   c  =  the    load 

1,1  1^     !  ^  J  i      which    takes   effect    at    the 


I 


-mp— 


H      forward    panel    point,    and 
d  =  the  distance   from   the 


;  '  Fig.  83. 

left  support  to  the  intersection  of  the  chords  cut  by  a  section  through  T^or  P, 

Let  7  =  the  lever  arm  of  7"  about  the  intersection  of  the  chords,  A. 
Let/'  =  the  lever  arm  of  /'about  the  intersection  of  the  chords,  A, 


Then  we  have  for  the  reaction  at  left  support 


R  = 


wx 


(f  +  «,^) 


w  (mpy        , 
+  — —,~,  and 
2/ 


c  = 


wx* 


Also,  passing  a  section  through  Tor'Py  completely  severing  the  truss,  and  taking  moments 
about  A,  we  have 

^        Dv         /^  .      j.\      wxd fx   ,         \    ,  w{mpfd      wx^d      wx^n 
Tj.  =  Rd-c{d-^np)  =  -j-(^--^mp)^      ^^      -— -. 


Putting  the  first  differential  coefficient  equal  to  zero,  and  /  =  -^^  and  reducing,  we  have, 
for  the  condition  which  makes  7y,  and  therefore  the  stress  in  T  or  P^  a  maximum. 


X  = 


fnpd 


d{N-  i)  +  n/' 


Inserting  this  value  of  x,  we  have 


n/r     •  ^       wnfpd 

Maximum  Ty  =  — ^ 


N  ^ 


nl 


(^-.)+^ 


nl 


If  the  flanges  are  parallel,  d=  co ,y=  eo  cos  6,  as  on  page  80,  -j  =  o, and x  =  ^^   ,  and 

shear  =  7"  cos  ^  =     /y(V_  .y  as  already  found.     The  character  of  the  bracing,  whether 
vertical  and  inclined,  or  inclined  only,  makes  no  difference  in  these  results. 


Pi      f. 


^ ^ 


^^ 


B 


structures  which  sustain  a  live  as  well  as  a  dead  load,         8$ 

Maximum  Shear  and  Moment  for  a  System  consisting  of  Two  Concen. 
TRATED  Loads. — The  maximum  shear  and  moment  at  any  point  of  a  beam  due  to  a  single 
concentrated  load,  evidently  occurs  when  the  load  acts  r 
at  this  point. 

For  two  concentrated  loads,  the  maximum  shear 
and  moment  at  any  point  on  the  left  of  the  centre 
occurs  when  the  first  load  is  at  this  point. 

This  is  easily  found  as  follows:    Let  the  two  loads  be/,  and/,  at  a  constant  distance 

d.     Let  the  point  be  at  a  distance  x  from  the  left  end  less  than  the  half  length  -.      Let  /. 

be  at  a  distance  z  from  the  point.    Then  /,  is  distant  from  the  right  end  (/  —  x  -\-z\  and/, 
is  distant  from  the  right  end  (/  —  ;r  +^  —  rf).     We  have  then  for  the  reaction  R2XA, 

K-  = ^ =  A  +  A  —  j{^-  ^)—-^  i^  +  d—z). 

We  have  then  for  the  shear  at  the  point 


5=/?-a=aG-7)-^^4^'(^-4 


(•) 


and  for  the  moment  at  the  point 

M=—  Rx-^  p^z 

We  see  then  that  R  and  5  are  greatest  for  z  =  o.     Hence  M  is  greatest  for  z=o.     That  is 
the  shear  and  moment  at  any  point  on  left  of  centre  are  greatest  for/,  at  that  point. 

Method  of  Calculation  by  Concentrated  Load  Systems* — It  is  the  present 

practice  of  many  engineers  to  calculate  all  spans  below  200  feet,  for  the  system  of  concen- 
trated loads  actually  formed  by  the  locomotive  and  tenders,  followed  either  by  a  uniform 
train  load,  or  by  a  system  of  concentrated  train  loads  also.  Many  systems  are  specified  by 
engineers,  and  the  reader  should  remember  that  we  seek  to  illustrate  the  method  of  proced- 
ure, rather  than  to  sanction  any  special  numerical  values. 

The  system  of  loads  which  we  adopt  we  believe  to  represent  good  practice  and  to 
allow  margin  for  future  increase.  At  the  same  time  the  tendency  is  ever  toward  heavier 
rolling  stock,  and  our  system  of  loads  may  shortly  be  considered  too  light.  Any  system, 
however,  may  be  handled  in  a  precisely  similar  manner. 

In  Fig.  84,  suppose  a  series  of  loads,  /i.  A,  /s .  .  .  .  /»» to  p    p    p 

act  upon  the  girder  AB,  the  distances  from  load  to  load  pfr^L^'rfj 


±_^ 


being  di,  d^,  d^  .  .  ,  ,  //n-i>  ^md  the  distance  of  the  last  load    a 

from  the  right  end  being  J/.  *  '^'■- "*"  ^ 


**  The  principles  and  application  of  the  method  here  given  were  worked  out  independently,  but  simultaneously, 
by  Mr.  Robert  Escobar,  C.  E.,  of  the  Union  Bridge  Company,  and  by  Theodore  Cooper,  C.  E.,  Trans,  Am,  Soc 
C,  E,,  July,  1889. 
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Then  the  total  moment  at  B  will  be  the  sum  of  the  moments  of  each  load,  or 

Moment  at  B  =•  p^  (^i+^-f  ^a^i  +  .  .  .  .  ^„_i  +  ^n)  +  A  (^+  4  +  •  .  •  •  ^n-i+ J'*) 

Now,  let  us  denote  the  total  moment  at  the  end  load/,,,  by  M^,     We  have 

Moment  at/„=i^„  =/i(rfi  +  44-^+  ....  ^n-i)  + A (^2  +  4+ ^n-i)  + A(^+ ^n-i). 

Comparing  this  with  the  value  of  the  moment  at  the  right  end  of  the  span,  and 
denoting  the  sum  of  all  the  wheel  loads  by  /*„,  we  see  at  once  that 

Moment  at  5  =  iT/,.  =  J/^  +  (A  +  A  +  A  ■^■ A)7«  =  ^^  -^Kj^n- 

This  principle  holds  good  for  any  other  point.  Thus  the  moment  at  any  point  is 
equal  to  the  moment  at  the  preceding  load  on  left^  plus  the  sum  of  all  the  preceding  loads 
multiplied  by  the  distance  from  the  left  preceding  load  to  the  point  in  question. 

If  a  uniform  train  load,  w  per  lineal  foot,  comes  on  at  the  right,  and  covers  the  dis- 
tance ^„,  then,  in  order  to  find  the  moment  at  the  right  end,  let  M^  stand  for  the  moment 
at  the  head  of  the  train,  instead  of  the  last  concentrated  load,  and  we  shall  have 

Mr^M^^P^y^^-'^, 

which  is  a  general  expression  for  Mr  in  any  case,  simply  taking  for  M^  the  moment  at 
last  wheel,  if  there  is  no  train  load,  and  at  the  head  of  the  train  if  there  is ;  y^  in  the  first 
case  being  the  distance  from  last  wheel  to  right  end,  and  in  the  second,  the  distance 
covered  by  the  train.     In  both  cases  P^  is  the  sum  of  the  wheel  loads  on  the  span. 

Let  us  now  take,  for  our  system  of  concentrated  loads,  that  given  in  the  Table  which 
follows.  We  give  in  column  (i)  the  wheel  loads  A»  A»  A»  ^^c.,  and  in  column  (2)  the  dis- 
tances rfi,  di,  d^y  etc.,  between  the  wheels.  Any  desired  system  can  be  tabulated  in  a  sim- 
ilar manner.  Then  in  column  (3)  we  place  the  distances  d^,  d^  +  d^,  d^  f-^  +  ^s*  etc.,  of  each 
wheel  from  the  front  wheel,  and  in  column  (4)  the  sum  of  the  loads  /*„. 

By  applying  our  principle  we  can  find  the  moment  M^,  at  any  load  of  all  preceding 
loads,  as  given  in  column  (6). 

Thus,  for  the  moment  at  A»  ^^  have  160CO  x  8=  128000  ft.  lbs.  At  A  we  have 
128000  +  41600  X  4'  3"  =  304800  ft.  lbs.  At/4  we  have  304800  -f-  67200  x  4'  3"  =  590400  ft. 
lbs.,  and  so  on.  Multiplying,  then,  each  value  of  P„  in  column  (4)  by  the  corresponding 
distance  in  column  (2),  we  obtain  the  values  in  column  (5),  and  the  successive  additions  of 
these  give  column  (6),  The  sum  of  all  values  in  (i)  should  check  by  giving  the  last  value 
in  (4),  and  the  sum  of  all  in  (5)  should  give  the  last  value  in  (6). 

The  Table  gives  locomotives  and  tenders,  as  specified  by  the  Atlantic  Coast-Line 
Railroad.  Any  desired  system  of  loads  can  be  treated  in  precisely  similar  manner.  The 
loads  given  are  the  total  loads  for  one  track. 

We  suppose  these  two  locomotives  and  tenders  to  be  followed  by  a  train  load  of 
4000  lbs.  per  lineal  foot,*  and  the  distance  from  the  last  wheel  load,  /go,  to  the  uniform 
load  to  be  2'  3".  Then  the  moment  at  the  beginning  of  the  uniform  train  load  is 
22870666  +  448000  X  2j-  =  23878666,  and  tliis  moment  is  to  be  taken  for  M^  in  finding 
Mr  =  moment  at  right  end,  in  case  tliere  is  any  train  load  on  the  span. 

*  Since  the  locomotive  and  tender  concentrates  224000  lbs.  on  a  54  ft.  wheel  base,  the  locomotive  excess  for  this 
case  is  224000  —  54  X  4000  =  8000  lbs.     The  distance  between  locomotives  is  then  about  50  feet. 
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TABLE   FOR  TWO  112-TON  DECAPOD  ENGINES. 

Atlantic  Coast  Line. 


(1) 


LOADS  IN  POUNDS. 


\p^ 
p^ 

p. 

P^ 


,/so    = 


=  16000 
=  25600 
=  25600 
=  25600 
=  25600 
=  25600 
=  20000 
=  20000 
=  20000 
=  20000 
=  16000 
=  25600 
=  25600 
=  25600 
=  25600 
=  25600 
=  20000 
=  20000 
=  20000 
20000 


(2) 


DISTANCES 

d\y   </a,     ETC., 

BETWEEN 

WHEELS. 


8' 

4'"  3' 
4' 3' 


'  all 


4' 3 
7'6 

4'8 

5 '7 


4'8' 


7' 3" 


8' 


4' 3 


4' 3' 

"Yf,' 


i 
s 


/   O" 


4' 8 


5  7 
4' 8' 


(3) 


DISTANCE  FROM 
FIRST  WHEEL, 


8' 

12' 

3" 

i6' 

6" 

20' 

9" 

25' 

32' 

6" 

37' 

2" 

42' 

9" 

47' 

5" 

54' 

8" 

62' 

8" 

66' 

11" 

71' 

2" 

75' 

5" 

79' 

8" 

87' 

2" 

91' 

10" 

97' 

5" 

102'  I" 


(4) 


SUMMATION  OF  LOADS, 

P  . 


16000 
41600 


67200 
92800 


I I 8400 
144000 


164000 
184000 


204000 
224000 


240000 
265600 


291200 
316800 


342400 
368000 


388000 
408000 


428000 
448000 


(5) 


PRODUCT  OF  P     BY 
DISTANCE    TO  "next 
WHEEL. 


128000 


176800 
285600 


394400 
503200 


1080000 
765333 


1027333 
952000 


1624000 
1920000 


I I 28800 
1237600 


1346400 
1455200 


276OCOO 
1810666 


2278000 
1997333 


22870666 


(6) 


MOMENT  AT  EACH 
WHEEL,  M  . 


128000 
304800 
590400 
984800 
1488000 
2568000 

3333333 
4360666 

5312666 

6936666 

8856666 

9985466 

I 1223066 

12569466 

14024666 

16784666 

18595333 
20873333 

22870666 


The  results  of  our  table  can  now  be  embodied  in  a  diagram  arranged  for  ready  use. 
Several  forms  of  diagram  are  in  use,  each  having  its  own  points  of  merit  and  its  own  ad- 
vocates. The  student  who  understands  one  will  have  no  difficulty  in  understanding  any 
other. 

The  first  horizontal  line  gives  the  summation  of  the  loads  from  the  left,  and  the  last 
line  at  bottom  gives  the  summation  of  loads  from  the  right. 

The  second  horizontal  line  gives  the  loads  themselves. 

The  numbers  in  the  vertical  column  under  load  i  give  the  moments  of  load  i  with 
reference  to  the  end  of  the  train  load  and  each  of  the  other  loads.  Thus,  1668800  is  the 
moment  in  ft.-lbs.  of  load  i  with  reference  to  the  end  of  the  train  load ;  while  1633600  is 
the  moment  of  load  i  with  reference  to  load  20;  1558400  with  reference  to  load  19;  1470- 
400  with  reference  to  load  18 ;  an3  so  on,  as  indicated  by  the  stepped  line. 

The  numbers  in  the  vertical  column  under  load  2  give  the  moment  of  loads  i  and  2. 
Thus,  4134080  is  the  moment  of  loads  i  and  2  with  reference  to  the  end  of  the  train  load  ; 
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4042560  is  the  moment  of  loads  i  and  2  with  reference  to  load  20 ;  3847040  is  the  moment 
of  loads  I  and  2  with  reference  to  load  19,  and  so  on. 

The  numbers  in  the  vertical  column  under  load  3  give  in  the  same  way  the  moment  of 
loads  I,  2  and  3,  and  so  on. 

Hence,  23862720  is  the  moment  of  all  the  loads  with  reference  to  the  end  of  the  train 
load,  and  22877120  is  the  moment  of  loads  i  to  19  inclusive  with  reference  to  load  20. 

At  the  upper  right  hand,  below  the  stepped  line,  the  numbers  in  the  first  vertical  col- 
umn give  the  distances  of  the  loads  from  the  end  of  the  train.  Thus,  2.2  ft.  is  the  distance 
of  load  20,  6,9  of  load  19,  12.4  of  load  18,  17.1  of  load  17,  etc.,  all  from  the  end  of  train. 

In  the  next  vertical  column  on  left,  we  have  the  distances  of  the  loads  from  load  20. 
Thus,  4.7  ft.  is  the  distance  of  load  19,  10.2  of  load  18,  14.9  of  load  17,  all  from  load  20,  and 
so  on.  Hence  the  distance  of  load  i  from  load  2  is  8  ft. ;  of  load  2  from  load  3,  4.2  ft. ;  of 
load  3  from  load  4,  4.3  ft.,  and  so  on. 

The  diagram  gives  total  loads  and  moments.     For  one  rail  divide  by  2. 

Illustration  of  the  Use  of  the  Diagram — Criterion  for  Maximum  Shear.— 

Let  Fig.  85  represent  a  girder  with  a  system  of  concentrated  wheel  loads,  followed  by  a 
uniform  train  load. 

It  is  required  to  find 
the  position  of  the  sys- 
tem which  gives  the  max- 
imum shear  at  the  point  a 
AT,  whatever  the  charac- 
ter of  the  bracing  may  be,  -^  ■ » 
the  chords  being  horizontal.                                                   Fi«.  8  5 . 

A 

Let  the  sum  of  all  the  wheel  loads  between  the  ends  A  and  B  he  2 P=  P^.     Let  b 

B 

denote  the  distance  of  any  wheel  P  from  the  right  end  B,  and  k  denote  the  distance  of 
any  wheel  on  the  left  of  K  from  K.     Let  the  sum  of  all  the  wheel  weights  between  A  and 

A  H 

Hhe^P^  P^,  and  of  all  the  loads  in  the  panel  HK,  :^ P=  P,, 

H  K 

Let  /  =  the  span  of  the  girder,  /  the  panel  length  HK,  and  N  the  number  of  panels, 

when  all  the  panels  are  equal. 

I     ^ 
Then,  taking  moments  about  B,  we  have  the  reaction  R  at  the  left  end,  R  =  -j  2  Pb, 

*      B 

I     ^ 
and  the  portion  of  the  load  in  the  panel  HKy  which  takes  effect  at  //,  is  -  2  PJk.     Hence 

/      AT 

the  shear  at  K  is 


I   ^^ 


ff 


S=  -j2Pb-  2P^  -2Pk. 

*'       B  H  P       K 

The  last  term  is  increased  suddenly  whenever  a  wheel  passes  K.  The  shear  will  there- 
fore be  a  maximum  when  some  wheel  is  at  the  point  K, 

Now,  let  the  system  be  moved  a  very  small  distance,  d;r,  to  the  left.  The  shear  will 
be  increased  by  a  small  amount,  6S^  and  we  shall  have 

S^6S^  \2^P{b  +  6x)  -2^P-~~  2P  ik  +  dx). 

t       B  U         P       K 


Subtracting  the  value  of  5  already  found,  we  have 


K 


Pn 
I 


P, 


*  Such  a  lai^e  scale  diagram  will  be  found  ai  page  215. 
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The  shear  5  will  therefore  be  a  maximum  for  some  wheel  at  K,  which,  when  it  is 

rf  c 
moved  to  the  left,  so  as  to  enter  the  panel  HK,  causes  the  value  of  —  to  be  either  zero 

or  to  pass  from  positive  to  negative.     If  any  of  the  uniform  train  load,  w  per  lineal  foot,  is 
on  the  span,  and  covers  the  distance^,,,  it  should  be  included  in  the  total  load  from  A  to  B, 
We  have,  therefore,  for  the  criterion  for  maximum  shear,  in  the  case  of  parallel  chords, 
whatever  the  character  of  the  bracing, 

The  second  form  holds  for  equal  panels,  so  that  Np  =  L  The  first  form  is  general,  / 
being  the  panel  length  HK,  We  see  that  P^  does  not  appear  in  the  criterion.  In  all 
practical  cases,  or  when  the  number  of  panels  is  not  very  great,  P^  will  be  zero.  Whether 
it  is  or  not,  it  does  not  affect  the  criterion. 

The  shear  for  horizontal  chords,  whatever  the  bracing,  is  then  a  maximum  at  any 
panel  point,  when  one  of  the  wheels  is  at  the  point  and  when  the  average  load  on  the  span  is 
equal  to  or  just  greater  than  the  average  load  in  the  panel  in  front  of  the  panel  point,  * 

The  value  of  P^  does  NOT  include  the  load  at  the  point.     Without  that  load,  Px  should 

be  equal  to  or  less  than  the  first  term  of  the  criterion ;  and  when  that  load  is  added  to  /i, 

by  reason  of  a  small  shift  to  the  left,  the  sum  should  be  greater  than  the  first  term  of  the 

criterion. 

We  can  thus  easily  find,  by  trial  with  the  diagram,  the  position  of  the  system  giving 

a  maximum.     This  position  being  known,  we  can  find  the  moment  M^  at  the  right  end,  of 

the  entire  load  on  the  span,  including  the  uniform  train  load,  if  any.     Dividing  M^  by 

the  length  of  span  /,  we  have  the  reaction  at  the  left  end.     Subtract  from  this  reaction 

I    ^ 
P^-\-  -2 Pk  and  we  have  the  shear.     In  finding  the  moment  Mr  at  the  right  end,  the 

/     K 

w 
moment  of  the  train  load  -y„  must  be  included  if  the  train  comes  on.     If,  then,  Af„  is 

the  moment  of  all  the  wheels  with  reference  to  the  head  of  the  train,  the  moment  at  the 
right  end  J/^.  =  J/„  -f  P^y,,.     If  we  denote  the  moment  of  all  the  wheels  in  the  panel 

with  reference  to  Ky  or  '2  Pk  by  J/i,  we  have  then,  in  general, 

K 

bhear  _—_/-,__=  -  ^' ~  ~p' 

Usually  it  will  be  found  that  there  are  no  loads  beyond  the  panel  on  the  left  of  the  point, 
so  that  /a  is  zero,  and  Mi  can  be  taken  directly  from  the  diagram.     We  have  in  this  case 

Mr      Ml  ,  . 

Shear  =  -^  -  -^ (2) 

where  Mr  is  the  moment  at  the  right  end  of  all  the  loads  on  the  span,  including  the  uniform 
train  load,  if  any. 

Example. — Suppose  the  span  /  =  140  feet,  the  number  of  panels  TV  =  7,  and  the  maximum 
shear  is  required  at  20  feet  from  the  left  end. 

Suppose  the  first  wheel, /j,  is  at  the  point,  20  feet  from  left  end  of  span.     In  this  position  of 
the  system  P^  is  zero,  the  train  load  covers  the  distance  j„  =  120  —  104  3  =  15.7  feet,  P„  =  448000, 

and  the  total  load  Pn  -\-  wyn  =  448000  -f  4000  X  15.7  =  510800  lbs.    We  have,  therefore,  — ^^— ' — — 

7 

greater  than  P^y  and  if  ^,  is  moved  a  little  to  the  left  of  the  point,  P^  will  become  16000,  but  the 
total  load  is  essentially  the  same,  and  \\\i  of  this  is  greater  than  16000  also. 

^^  *It  should  be  noted  that  this  criterion  holds  good  only  for  horizontal  chords.     For  inclined  chords  a  modifica- 

Wmt    tion  is  necessary  (page  245). 
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We  therefore  try  for/,  at  the  point.  We  have  now  P^  =  16000,  ^n  =  120  -f  8  —  104.3  =  23.7 
feet,  Pn  =  448000,  total  load  =  448000  4-  4000  x  23.7  =  542800  lbs.  Again,  |th  of  this  is  greater 
than  Px  =  16000,  and  if  the  second  wheel  is  moved  a  very  little  to  left  of  the  point,  Px  will  be  41600, 
the  total  load  is  practically  unchanged,  and  ^th  of  it  is  greater  than  41600  also. 

We  therefore  try  for /a  at  the  point.  For  this  position  of  the  system  Px  =  41600,  ^n  =  120  + 
12.2  —  104.3  =  27.9  feet,  Pn  =  448000,  the  total  load  is  448000  +  4000  x  27.9  =  559600  lbs.,  and 
i^th  of  this  is  greater  than  Px.  If  the  third  wheel  is  moved  a  very  little  to  left,  Px  becomes  67200, 
the  total  load  is  unchanged,  and  |th  of  it  is  greater  than  67200  also. 

We  therefore  try  for/4  at  the  point..  For  this  position  P\  =  67200,  ^n  =  120  +  16.5  —  104.3  = 
32.2  feet,  Pn  =  448000,  total  load  =  448000  4-  4000  x  32.2  =  576800  lbs.,  and  ^th  of  this  is  greater 
than  Px.  But  if  the  fourth  wheel  is  moved  a  little  to  left,  Px  becomes  92800,  the  total  load  is 
unchanged,  and  4^th  of  it  is  less  than  92800. 

T\\Q  fourth  wheel  at  the  point  g\\t%  therefore,  a  maximum  shear,  since  this  is  the  one  for  which 

z>  P     -i-  7//V 

— ^  is  greater  than  Px  =  67200,  and  less  than  92800  ;  that  is,  it  is  the  position  for  which  — ^  is 

7  ^ 

just  greater  than  Px. 

Assuming  this  position,  we  have  at  once  Mx  =  590400,  and  moment  at  right  end  of  span  Mr  = 

23878666  +  448000  X  32.2  4 ^^-^ —  =  40377946.     We  have,  therefore,  from  (i)^  maximum 

sh^ar  =  40377946  -  7  X  590400  ^  ^^^^^^ 

140 

Whenever  we  thus  determine  the  position  for  maximum  shear,  if  when  we  place  the  next  load 
on  the  point  the  front  wheel  goes  off  the  span,  we  should  see  whether  there  is  not  another  maximum 
which  is  greater  than  that  already  found. 

Thus  in  the  present  case,  for  the  fifth  wheel  at  the  point, /i  passes  off.     Hence  P\  =  92800  — 

16000  =  76800  lbs.     The  train  load  covers  7„  =  120  -f  20.7  —  104.  j  =  36.4  feet,  and  total  load  = 

p 

448000  —  16000  +  4000  X  36.4  =  577600  lbs.,  and  — ^  is  greater  than  T'l.     But  for/j  a  little  to  left 

7 

P 

of  the  point  Px  becomes  102400,  the  total  load  remains  the  same,  and  — ^  is  less  than  Pi.     Hence /s 

7 
at  the  point  also  gives  a  maximum. 

For  this  position  we  have  Mx  =  984800  —  16000  x  20.7  =  653600,  and  moment  at  right  end  of 
span  Mr  =  23878666  +  448000  X  36.4  +  — • ^ 16000  x   140.7  =  40584586.     Hence 

40584586  —  7  X  653600  ,,  *       ,  .     .     ,         t 

maximum  shear  =•      *^     *" ^^ =  257210  lbs.      As  this  is  less  than  A  at  the  point, 

140  JT  r  J 

that  position  gives  the  true  maximum. 

Finally,  we  should  test  and  see  whether  the  uniform  load  alone  does  not  give,  a  greater  shear. 

In  the  present  case  the  shear  due  to  uniform  load  is,  as  found  on  page  85,  240000  lbs. 

We  may  find  in  similar  manner  the  maximum  shear  at  any  other  panel  point.  The  shear  thus 
found  is  correct  for  double  track  and  two  trusses  for  each  track.  We  should  take  one  half  of  it  for 
each  truss,  for  single  track  and  two  trusses. 

Criterion  for  Maximum  Shear  for  any  Point  of  a   Solid  Beam.— Let  the 

wheel  /„  Fig  85  (rt),  be  at  any  point  A!"  of  a  beam  AB  ol  length  /.     Then  the  reaction  at 
the  left  end  A  or  the  shear  at  K  is  given  by  Figr.85  (a). 


-Rl+^  Pb  =  o\    or,   R=,-L^< 

B  I 


P 


1 


V, 


A  "  B 

Now  let  the  system  be  moved,  until  /,  is  at  K.     \l  d^  is  the  distance  between/,  and 
/„  we  have  for  the  reaction. 


-  Rl-\-  :/p{b  -[-  ^,)  =  o;   or,  i?  = 

B 


2\b  +  d,). 

B 
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The  shear  then  in  the  second  case  is 

7  ^'' 

If  from  this  we  subtract  the  shear  in  the  first  case  we  have  for  the  change  of  sheari 

A 

if  we  denote  '^  P  by  P^^ 

B 

-Y-P O) 

If  this  expression  is  positive,  it  shows  that  the  shear  is  increased  when  /,  is  at  K\  if 
negative,  the  shear  is  greatest  for  /,  at  K,  Expression  (3)  then  is  the  criterion  for  deter- 
mining which  of  two  consecutive  wheels  gives  the  maximum  shear  at  any  point  A'  of  a 
beam.  If  when  /,  is  at  K  additional  loads  come  on  the  beam,  let  P^  be  the  sum  of  all 
loads  for  /,  and  P^'  the  sum  of  all  loads  for  /,  at  K,  Then  the  change  of  shear  will  be 
between 

P:d,  ^     PJ'd, 

— /,    and     — -J A- 

If  the  first  expression  is  negative  and  the  second  positive,  we  must  try  both  positions 
in  order  to  find  which  load  gives  the  greatest  shear  at  K.  This  will  be  the  case  only  for  a 
short  distance,  on  the  left  of  which  both  expressions  are  positive,  giving  /,  at  the  point, 
and  on  the  right  both  are  negative,  giving  /,. 

For  the  point  at  which  both  /,  and  /,  give  the  same  shear  we  have,  if  no  loads  come 
on  or  go  off, 

/       d,  ^^^ 

This  then  is  the  condition  for  equal  shear. 

Example. — Let  /  =  70  ft.,/,  =  16000  lbs.,  ^/,  =  8  ft.  and  the  distance  of  K  from  the  left  end 
be  AK  =  0  =  20  ft.  Required  to  find  the  position  of  the  load  system  which  gives  a  maximum 
shear  at  K. 

Take  first  /,  at  K.  Then  from  our  diagram,  page  88,  we  see  that  /,,  is  the  last  load  on  the 
beam  and  Pn  =  224000.     If  now/,  is  at  A',/,,  is  the  last  load  on,  and  Pn'  =  240000.     We  have 

then  for  the  change  of  shear 16000  =  +  9600  lbs.    We  have  also  -^, — '  — /,  positive. 

The  shear  at  K  is  then  greatest  for  p^  at  the  point. 
From  (4)  we  have 


n  16000  X    70 

^n  =  ;;; =  i 


^  .40000  lbs. 


When  P^  then  is  equal  to  or  greater  than  140000  lbs.  we  have  /,  at  the  point,  and  for  P^ 
equal  to  or  less  than  T40000  lbs.  we  have  /,  at  the  point.  That  is,  from  our  diagram,  page  88,  for 
a  distance  from  the  right  end  up  to  20.7  ft.,  we  have  /,  at  the  point,  and  for  a  distance  from  the 
right  end  greater  than  25  ft.  we  have  /,  at  the  point.     For  any  point  between  20.7  ft.  and  25  ft. 


^»  «.»  %f  cat 

from  the  right  end,  both  positions  must  be  tested. 
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Criterion  for  Maximum  Moment. — for  the  moment  at  the  panel  point  Ky  Fig. 
85,  wj  have,  if  we  call  the  distance  AK,  z, 

M=  -Rz+  2'^Pk=  -^^'^Pb  +  ^^Pk 

K  I        B  K 

If  the  system  is  moved  a  small  distance,  tfjr,  to  the  left,  we  find,  as  before, 

where  Pg  is  the  sum  of  the  wheel  loads  on  the  segment  AK  =  z. 
We  have,  therefore,  in  general,  the  criterion 

Pn  +  l^yn  _P_z.    ^^     {Pn  +  Wy^  _ 

That  is,  the  moment  is  a  maximum  when  one  of  the  wheels  is  at  the  pohtt,  and  when  the 
average  load  upon  the  span  is  equal  to  or  just  greater  than  the  average  load  beyond  the  panel 
point. 

It  should  be  remembered,  however,  that,  as  we  shall  see  later,  this  criterion,  while  it 
holds  good  for  chords  either  horizontal  or  inclined,  and  also  for  any  point  of  the  loaded 
chord,  whatever  the  bracing,  and  for  both  chords  in  the  case  of  vertical  and  diagonal  brac- 
ing, does  not  hold  for  points  in  the  unloaded  chord  when  the  bracing  is  triangular.  For 
this  latter  case  a  modification  is  necessary  (page  242). 

If  we  denote  the  moment  of  all  the  wheels  between  A  and  K^  with  reference  to  K^ 
by  Mg,  we  have  for  the  moment  corresponding  to  the  maximum  position,  as  determined 
by  our  criterion, 

{M^^P^y^Jr'^y^^z 
M=z  --jMr  +  M,= -^ \-M,     ....     (6) 

where  M^  is  the  moment  at  the  right  end  of  all  the  loading  on  the  span,  including  the 
uniform  train  load,  if  any. 

Example. —  Let  /=  140/eety  iV=  7,  and  let  the  maximum  moment  at  40  feet  from  left  end  be 
required. 

Here  ^  =  40,  —  =  — ,  and  we  proceed  as  for  shear,  except  that  we  use  criterion  (5)  and  equa- 

l       7 

tion  (6). 

Thus,  let  us  place  /,  at  the  point.  The  uniform  load  covers  the  distance  j'n  =  100+25  ~ 
104.3  =  20.7  feet,  total  load  =  448000  +  4000  X  20.7  =  530800,  and  fths  of  this  =  15 1657.  This, 
we  see,  is  greater  than  1 18400  preceding,  and  also  greater  than  144000.    There  is  no  maximum  for/,. 

We  next  place  p^  at  the  point.  For  this  position  y^  =100  +  32.5  —  104.3  =  28.2  feet,  total 
load  =  448000  +  4000  X  28.2  =  560800,  and  fths  of  this  =  160228.  This  is  greater  than  /*,  = 
144000  and  less  than  164000.     There  is  a  maximum  for  /,  at  the  point. 

For  this  maximum  we  have  Mz  =  2568000,  and 

Mr  -  23878666  +  448000  X  28.2  +  4000  (28' 2)   __  ^gjQ2746. 

Hence,  for/,,  at  the  point, 

2M 

M  = ?•  -j-  J/^  =  -  8318500  ft.  lbs. 

7 
It  by  no  means  follows,  however,  that  this  is  the  only  maximum. 
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Thus,  if  we  place  /.  at  the  point,  >'„  =  loo  +  37.2  —  104.3  ~  32-9  feet;  total  load  =  448000  + 
4000  X  32.9  =  579600,  and  fths  of  this  =  165600.  This  is  greater  than  /*,  =  164000,  and  Uss  than 
184000.     There  is,  therefore,  a  maximum  for  p^  at  the  point. 

For  this  maximum  we  have  Af^  =  3333333,  and 

Mr  =  23878666  +  448000  X  32.9  +  i^^^—^1-  =  40782686. 


Hence,  for  ^„  at  the  point. 


J/=  -  ?-^+  J/,  =  -  8318863  ft.  lbs. 


This  maximum  is,  therefore,  greater  than  for  /,. 

If  we  continue  to  test  we  shall  find  no  maximum  until  /,,  is  placed  at  the  point. 

For  this  position  yn=  100  +  54«7  —  104.3  =  50'4'  But  since  /,  —  ^,  have  passed  off  the  span> 
total  load  =  448000  -f-  4000  X  50.4  —  67200  =  582420  lbs.,  and  f  ths  of  this  =  166400.  Also,  for 
/^,  we  have  224000  —  67200  =  156800,  and  for  next  value  of  /^„  240000  —  67200  =  172800.  We 
see  that  166400  is  greater  than  the  first  and  /ess  than  the  second.  There  is,  therefore,  a  maximum 
for/,,. 

For  this  maximum  we  have 

Mm  =  6936666  —  304800  —  67200  X  42.5  =  3775866,  and 

Mr  =  23878666  +  448000  X  50.4  -f- ^    ' 304800  —  67200  X  142.5  =  41657386. 

2 

Hence,  for  /,„  at  the  point, 

M=-^  +  M,=  '-  8126244. 
7 
This  is  less  than  for  /,. 

If  we  continue  to  test  we  find  no  maximum  until  we  come  to/,,. 

For  this  position,  we  have  j„  =  100  +  71.2  —  104.3  ~  ^^9  ^^^^  J  A  ~"  A  ^^^^  passed  off ;  total 
load  =  448000  +  4000  X  66.9  —  144000  =  571600. 

-P,  =  291200  —  144000  =  147200,  and  the  next  yalue  is  316800  —  144000  =  172800.  Since 
fths  of  total  load  =  163314  is  greater  than  the  first  and  less  than  the  second,/,,  gives  a  maximum. 

For  this  maximum,  we  have 

Mm  =  1 1223066  —  1488000  —  144000  X  46.2  =  3082266,  and 

Mr  =  23878666  +  448000  X  66.9  H ^ — 1488000  —  144000  X  146.2  =  40260286. 

2 

Hence,  for/,,,  at  the  point, 

M=  —  ^^-f  iir,  =  —8420673. 

This  is  greater  than  for/,. 

For/,^  at  the  point,  jn  =  100  -f  75.4  —  104.3  =  71. i  feet  ;/,—/>,  are  off  ;  total  load  =  448000 
+  4000  X  7 1. 1  —  164000  =  568400,  and  fths  of  this  =  162400  lbs. 

■^M  =  316800  —  164000  =  152800,  and  the  next  value  is  342400  —  164000  =  178400.  Since 
fths  of  total  load  is  greater  than  the  first  and  less  than  the  second,  we  have  a  maximum  for  /„. 

For  this  maximum  M,  =  12569466  —  2568000  —  164000  X  42.9  =  2965866  ;  and 

Mr  =  23878666  +  448000  X  71. 1  _[_4ooo  [7 11)   __  2568000  —  164000  X  142.9  =  39838286. 

Hence,  for/,^,  at  the  point, 

2M 

^= — ^  +  J/.  =  -  8416500  ft.  lbs. 

For  /„,  at  the  point,  we  find,  in  similar  manner,  M=  —  8407196  ft.  lbs. 
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We  see,  then,  that  the  greatest  maximum  is  for/,,  at  the  point,  and  it  is  8410670  ft.  lbs. 
For  uniform  train  load  over  the  whole  span  the  moment  is  8000000  it.  lbs.     The  maximum 
required  is  therefore  8410670  ft.  lbs. 

Concentrated  Load  System— Graphical  Solution. — The  preceding  method  of 
calculation  is  tedious.  For  this  reason  the  following  graphical  construction  will  often  be 
found  to  be  preferable.*  We  shall  first  illustrate  the  principle  of  the  graphical  construction 
and  then  give  the  construction  itself. 

1st.  Moments. — Let  /„  />,■■■  />„  Fig.  Ss{a),  be  a  number  of  concentrated  wheel 
loads,    followed   by   a  uniform    train   load,  as  „,  ^^,^^ 

shown  in  the  Figure.  Lay  off  each  load  to 
scale.  We  thus  obtain  the  "  load  line"  a  1  2' 
2  3'  3  4'  4  5'  5  6  7.  If  now  we  lay  off  upon  a 
vertical  at  o  the  moments  o^',  i'c',  etc.,  with 
reference  to  o,  of  the  loads  />„  p„  etc.,  and  draw 
the  lines  ad',  be  ,  etc.,  we  obtain  the  equilibrium 
polygon  a  b  c  d  e  f.  From  /  to  ^  we  have  a 
parabola  which  may  be  easily  drawn  by  laying 
off  the  ordinates  to  a  number  of  its  points. 
Any  ordinate  as  dn  will  then  give  the  moment 
at  n  of  all  loads  on  the  left.  a 

Now  suppose  AB=l  is  the  length  of  a  truss 
and  we  wish  the   maximum  moment  at  some  j/[\j\J\jxl/|/]/^j 

panel  point  A'distant  /J^=«  from  the  left  end  A.  At^-JK  "  ''  >^b 

The  maximum  moment  at  K  will  be  for  some  wheel  load  at  K.  We  therefore  try  for 
one  after  another  as  follows : 

Place  the  span  AB  so  that/,  acts  at  K.  Now  the  criterion  for  maximum  moment  is, 
for  vertical  and  diagonal  bracing  (page  93), 


P.+  'vy.  =  P.  (/'.+ifj,)3. 

I    ■    >  z'     °^  I         > 


P.- 


That  is,  the  moment  is  a  maximum  for  vertical  and  diagonal  bracing,  for  one  of  the 
wheels  at  the  panel  point,  and  when  the  average  load  upon  the  span  is  equal  to  orju.tt 
greater  than  the  average  load  beyond  the  panel  point. 

If  then  we  project  the  ends  A  and  B  upon  the  load  line  at  A"  and  B",  the  line  A" B" 

makes  an  angle  with  the  horizontal  whose  tangent  is  given  by    '—■,      '  •     If  also  we  draw  the 

lines  A'%  and  ^"4'>  ^^^  ''"c  A"/^  makes  an  angle   with  the  horizontal  whose  tangent  is 

/ 
given  by  — ,  and  the  line  A"  4  makes  an  angle  with  the  horizontal-  whose  tangent  is  given 

by-O- — o.     We   have  then,   if  the   line  A"S'   cuts  the    load    line    between   4  and   4', 

-^— >-'and<^' — ~.     Hence/,  at  the   panel  point  gives  a   maximum.     If  A"B' 

passes  above  4,  we  should  shift  the  span  AB  to  the  left  and  try  for/,  at  the  panel  point  K, 

If  A"B"  passes  below  4',  we  should  shift  the  span  AB  to  the  right  and  try  for/,  at  the 

panel  point  K.     If  there  are  no  loads  of!  the  bridge  on  the  left,  the  point  A"  is  in  the  line  ao 

vertically  over  the  end  A  of  the  bridge.     When  loads  at  the  left  are  off,  as  in  the  Figure,  the 

•See  paper  by  Prof.  H.  T.  Eddy.  Tram.  Ant.  Set.  C.  E.  Vol.  XXTI.  iBqo.     AIm  Prof.  Ward  Baldwin,  Eng. 
Mem,  Sep.  a8.  1S89.    Also  "  Graphics!  Sialics,"  Du  Bois,  Wilej  ft  Sons.  New  York,  1875. 
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Fis.  85  (6). 


8. 


6 


point  A"  is  on  the  load  line  vertically  over  the  end  A  of  the  bridge.  The  point  B"  is  always 
on  the  load  line  vertically  over  the  end  B  of  the  bridge.  The  criterion,  it  should  be  noted, 
holds  only  for  vertical  and  diagonal  bracing.  For  triangular  bracing  we  have  a  different 
criterion  and  construction  (page  243). 

We  can  thus  find  by  trial  the  position  of  the  load  system  which  gives  a  maximum 
moment  at  the  panel  point  K,  In  the  Figure,  p^  at  K  gives  a  maximum.  We  can  now  draw 
the  closing  line*-^'^'  and  the  maximum  moment  is  given  to  scale  by  the  ordinate  md. 

2d.  Shear — Framed  Girder. — The  criterion  for  maximum  shear,  for  horizontal 
chords,  is 

I        >/• 

That  is,  the  shear  at  any  point  is  a  maximum,  for  horizontal  chords,  when  one  of  the 
wheels  is  at  the  point  and  when  the  average  load  on  the  span  is  equal  to  or  just  greater  than 
the  average  load  in  the  panel  in  front  of  the  panel  point. 

Let  I  2  3,  etc.,  Fig.  85(^),  be  the  load  line  as  before.  Place  the  span  AB  so  that  the 
first  panel  point  /is  at  /„  and  draw  Aa^Ab,  Acy  so  that  the  ordinates  at  /are  Pxypi'\-p^y 
A+A+A*  ^^^'     Then  we  see  at  once  from  the  Figure  that  Aa  makes  an  angle  with  the 

liorizontal  whose  tangent  ^  is  greater  than  ^JlTIj^iIi  ^nd  less  than  tSjJiZLhnii^^    7^^ 

first  wheel  load  /,  will  then  give  a  maximum  shear 

until  p^  comes  on,  or  for  a  distance  BJ,  from  the 

right  end.     Mark  off  on  a  strip  of  paper  the  panel 

^  points  and  place  it  in  the  position  AB  with  the 

first  panel  point  at  /.     Then  if  we  lay  off  from 

B  the  distance  BJ,  we  have  the  distance  from 

the  right  end  for  which  /,  gives  the  maximum 

shear. 

Wheel  />,  gives  the  maximum  shear  at  every 

point   it  passes,  when  the  load  system  is  moved 

from  the  position  with  p^  at  B  to  the  position   with  p^  at  B.     If  we  mark  off  then  on  the 

strip  from  the  right  end  B  the  distances  B^/I  and  -ff,//,  we  have  the  space  within  which 

/,  gives  the  maximum  shear.      This  space  evidently  overlaps  the  first  by  the  distance  /,  //, 

within  which  we  must  test  for  both  /,  and  /,.      If  the  ordinate  Be  is  greater  than  /J,  when 

p,  is  at  /,  the  maximum  shear  is  given  by/,  for  the  rest  of  the  truss. 

We  can  thus  find  the  position  of  the  load  system  for  the  maximum  shear  at  any  panel 

point.     The  shear  itself  is  then  easily  found.     Thus  in  Fig.  85(a)  for  moments,  the  reaction 

at  the  left  end  is  equal  to  the  ordinate   to  the   equilibrium    polygon   at  the    right   end, 

M 
divided  by  the  length  of  the  truss.     This  gives  us  -y-^  page  9a      From  this  we  have  to 

Af 

subtract  the  loads  P^  beyond  the  panel,  if  any,  and  ~,  where  M^  is  the  moment  at  the  right 

end  of  the  panel  of  all  loads  in  the  panel.  This  can  also  be  easily  taken  off  the 
diagram. 

3d.  Shear  for  Solid  Beam. — The  criterion  for  equal  shear  for/,  and  A  »s  (page  92) 

d,~  r 

Let  o  I  2  3,  etc.,  be  the  load  line.  Fig  85(^),  as  before.     We  draw  the  line  of  equal 

P 
shears  Aa,  making  the  angle  with  the  horizontal  whose  tangent  is  given  by  ^.     If  then  we 
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lay  off  the  length  of  the  beam  AB  from  o,  and  draw  the  ordinate  Ba,  we  have  -j  =^,     In 

order  that  Ba  may  be  the  total  load  P„  we  see  from  the  Figure  that  wheel  4  must  be  at  the 

right  end.     If  then  we  lay  off  the  beam  from  B'  to  the  left  for  m».  Mift. 

any  point  between  B"  and  C,  the  maximum  shear  is  given  by 

p,  at  the  point,  and  for  any  point  between  A  and  the  left  end 

the  maximum  moment  is  given  by/,  at  the  point.     For  any 

point  between  A  and  C  we  must  try  for  both/,  and/,. 

Application  of  Preceding  Principles  to  Construc- 
tion OF  A  Diagram. — We  may  now  construct  a  diagram  as  H 
follows:  Take  a  sheet  of  cross-section  paper  and  indicate  * 
the  wheels  to  a  scale  of  say  8  feet  to  an  inch,  as  shown  in  the  following  diagram.  Then 
lay  off  the  load  line  to  a  scale  of  say  24,000  lbs.  to  an  inch.  Above  the  uuiform  train  load 
we  have  a  straight  line  with  a  slope  of  2000  lbs.  per  foot.  Note  that  we  take  only  the 
loads  for  one  rail  or  one  half  the  loads  given  on  page  1 1 2.  We  now  set  off  on  the  right  the 
moments  at  the  end  of  the  train  load  for  wheels  1,  2,  3,  etc.,  and  draw  the  moment  lines 
numbered  i,  2,  3,  etc.,  on  the  right.  We  take  for  the  scale  of  moments  2,000,000  ft.  lbs, 
per  inch.  We  thus  construct  the  equilibrium  polygon  as  shown  in  the  diagram  following. 
The  part  of  the  equilibrium  polygon  above  the  moment  line  ig  is  a  portion  of  a  parabola 
which  can  be  constructed  by  computing  the  moments  for  different  points,  and  laying  off 
these  moments  above  the  bottom  line. 

The  use  of  the  diagram  thus  prepared  has  already  been  explained  in  connection  with 
Figs.  85((j),  {b),  and  (c).  In  Fig.  ii{a)  the  lines  A"B"  and  A' B'  need  not  be  actually  drawn 
on  the  diagram.  It  is  sufficient  to  stretch  a  thread  from  A"  to  B".  So  also  in  Fig.  8s(*), 
None  of  the  construction  lines  need  to  be  actually  drawn.  We  thus  avoid  marking  up  the 
diagram. 

Method  of  Calculation  by  Equivalent  Uniform  Load. — For  spans  under  100 
feet  the  method  of  calculation  by  concentrated  wheel  loads  given  in  the  preceding  pages  is 
always  used.  For  spans  over  100  feet  the  method  of  calculation  by  equivalent  uniform 
load  is  preferred  by  many  engineers  as  less  tedious  and  sufficiently  accurate. 

An  "  equivalent  uniform  load  "  is  one  which  will  give  the  same  stress  in  any  member  as 
would  be  caused  by  the  concentrated  wheel  loads.  Evidently  no  single  uniform  load  will 
give  the  same  stresses  in  all  the  members  as  the  wheel  loads.  That  uniform  load  is  therefore 
taken  which  gives  at  the  quarter  point  of  the  span  the  same  moment  as  the  wheel  loads. 

If  then  /is  the  length  of  span,  and  u  the  equivalent  uniform  load  per  foot,  we  have,  if 
M^  is  the  moment  at  the  quarter  point  due  to  the  wheel  loads  as  found  by  calculation  or 
diagram  already  described, 

1  „/•  =  /.,. 

Hence  we  have  for  the  equivalent  uniform  load  per  foot  »  which,  when  it  covers  the 
whole  span,  will  give  the  same  moment  at  the  quarter  point  as  the  wheel  loads, 

"  3    ^"  ■ 
We  have  proved,  pageSi,  that  the  moment  at  any  point  ts  greatest  when  the  uniform  load 
covers  the  whole  span.     We  therefore  compute  the  chord  stresses  for  the  uniform  load  u 
per  foot  covering  the  entire  span. 

For  beams  we  have  proved,  page  82,  that  the  shear  is  greatest  at  any  point  of  a  beam 
when  the  uniform  load  fJ(teii(Js  from  the  right  end  to  that  point. 
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For  framed  girders,  the  point  to  which  the  uniform  load  must  extend  for  maximum 
shear  in  any  panel  has  been  found  on  pages  83  and  84,  Figs.  82  and  83.  It  is,  however, 
in  general  sufficiently  accurate  to  consider  the  uniform  load  as  extending  up  to  the  middle 
of  the  panel  for  which  the  shear  is  required. 

In  the  table  on  page  loi  we  give  a  comparison  of  the  stresses  found  by  this  method 
with  those  given  by  the  wheel  loads. 

Method  of  Calculation  by  One  Locmotive  Excess  and  Equivalent  Uniform 
Train  Load. — Many  engineers  use  this  method  instead  of  the  preceding,  or  the  method 
by  wheel  loads,  for  spans  over  100  feet. 

The  equivalent  train  load  is  placed  as  before,  for  maximum  moment  and  shear. 
For  a  beam,  for  maximum  moment  and  shear  at  any  point,  the  locomotive  excess  is 
placed  at  that  point. 

For  a  framed  girder  for  any  chord,  the  locomotive  excess  is  placed  at  the  point  of  mo- 
ments for  that  chord,  or  as  near  to  the  point  of  moments  as  possible  without  passing  to  the 
left  of  it.  Thus,  in  the  Figure  for  the  stress  in  fe,  we 
have  the  equivalent  train  over  the  whole  span  and 
the  locomotive  excess  at  e^  the  point  of  moments  for 
be.     For  de  the  point  of  moments  is  b,  but  for  through    ^  d  (sT 

truss  the  excess  cannot  be  placed  there.  We  therefore  put  it  at  ^,  which  is  as  near  b  as  it 
can  be  placed  without  passing  to  the  left.  In  the  same  way  for  ab  we  place  the  excess 
at  dy  and  for  Ad  2X  d.     The  equivalent  train  load  is  always  over  the  whole  span. 

For  maximum  shear  for  be  we  have  the  equivalent  train  load  as  shown  in  the  Figure, 

reaching  from  the  right  end  to  a  point  between  d  and 
e  as  given,  pages  83  and  84,  Figs.  82  and  83.  It  is, 
however,  in  general  sufficiently  accurate  to  take  it  ex- 
tending to  half-way  between  d  and  e.  The  locomotive 
excess  is  placed  at  e.  For  cf,  we  should  then  take  the 
equivalent  train  load  reaching  to  half-way  between  e  and/,  and  place  the  excess  at  /. 

It  remains  to  determine  the  locomotive  excess  and  the  equivalent  train  load. 
Let  w^  be  the  actual  train  load  per  foot,  W^the  weight  of  the  locomotives  and  tenders,  and  b 
the  wheel  base  of  the  locomotives  and  tenders.    Then  the  locomotive  excess  E  is  the  excess 
of  the  weight  of  the  locomotives  and  tenders  over  a  corresponding  length  of  train.     We 
have  then 

£=  W--wjb. 

Thus  in  the  system  of  wheel  loads  given  on  page  88,  the  weight  of  the  locomotives  and 
tenders  is  W^=  448000  lbs.  The  wheel  base  is  ^  =  104.3  ft,  and  the  train  load  is  «/«  = 
4000  lbs.  per  ft.     We  have  then  for  the  locomotive  excess  in  the  same  case 

E  —  448000  —  104.3  X  4000  =  30800  lbs. 

The  locomotive  excess  for  any  other  wheel  system  is  found  in  the  same  way. 

Let  w.  be  the  equivalent  train  load,  /  the  length  of  span,  and  M^  the  moment  at  the 
quarter  point  due  to  the  wheel  loads.     Then  we  have 

32    "^     '   16  ' 

Hence  we  have  for  the  equivalent  uniform  train  load 


32  M^      2E 


w,=  —  -==  - 
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In  the  table  on  page  loi  we  give  a  comparison  of  the  stresses  found  by  this  method 
with  those  given  by  the  wheel  loads. 

Method  of  Calculation  by  Two  Locomotive  Excesses  and  Actual  Uniform 

Train  Load. — By  this  method  for  spans  over  loo  feet,  the  actual  uniform  train  load  w%  per 
foot  is  used  instead  of  the  equivalent  uniform  train  load  w^  of  the  preceding  method,  and 
placed  the  same  as  before  for  maximum  moment  and  shear. 

The  actual  locomotive  excess  is  computed  for  each  locomotive.  The  forward  locomo- 
tive excess  is  placed  as  in  the  preceding  method  for  maximum  moment  and  sheai.  The 
next  locomotive  excess  follows  at  the  distance  between  the  two  locomotives.  If  there  is 
but  one  locomotive,  we  have  of  course  but  one  locomotive  excess.  In  such  case  the  plac- 
ing of  this  excess  would  be  precisely  the  same  as  in  the  preceding  method. 

For  the  system  of  wheel  loads  given  on  page  88  we  have  then  two  locomotive  excesses 
of  15400  lbs.  instead  of  one  of  30800  lbs.  as  found  on  page  99. 

Comparison  of  Results  of  Different  Methods  of  Calculation. — We  have  then 

the  method  by  wheel  loads ;  the  method  by  equivalent  uniform  load  u ;  the  method  by  one 
locomotive  excess  and  equivalent  uniform  train  load  ze/«;  the  method  by  two  locomotive 
excesses  and  actual  uniform  train  load  Wi. 

We  give  in  the  following  table  a  comparison  of  the  results  of  these  methods  for  a  num- 
ber of  trusses  from  100  to  300  ft.  span,  for  the  system  of  wheel  loads  given  on  page  88,  and 
also  for  the  system  known  as  "Cooper's  Class  A,  Extra  Heavy."  This  latter  has  a  lighter 
train  and  hence  the  locomotive  excess  is  larger.  Computed  as  on  page  99,  it  is  £  =  53500 
lbs.  for  single  excess  and  26750  lbs.  for  two  excesses. 

The  table  gives  the  wheel  load  stresses  in  each  case  for  the  various  members,  for  one 
truss,  in  thousands  of  pounds.  The  other  results  are  given  by  their  ratio  to  the  wheel  load 
stresses,  so  that  it  may  be  seen  at  once  how  they  compare  with  the  wheel  load  stresses  taken 
as  the  standard.     All  results  to  the  nearest  decimal. 

Thus  for  the  member  ab  for  the  first  span  given,  the  stress  due  to  the  wheel  loads  for 
the  system  given  on  page  88  is  71000  lbs.  By  the  method  of  equivalent  uniform  load  u 
the  stress  is  98.9  per  cent  of  the  wheel  load  stress,  and  by  the  method  of  one  excess  and 
equivalent  uniform  train  load,  ze/,,  the  same,  while  for  two  excesses  and  actual  uniform  train 
load  w,,  the  stress  is  99.7  per  cent  of  the  wheel  load  stress. 

It  appears  from  this  table  that  the  methods  by  equivalent  uniform  load,  and  by  one 
excess  and  equivalent  uniform  train  load,  give  results  fairly  close  to  the  more  tedious 
method  by  wheel  loads.  The  method  by  one  excess  and  equivalent  uniform  train  load 
gives  on  the  whole  the  closest  results.  The  method  by  two  excesses  and  actual  uniform 
train  load  gives  also  fairly  close  results,  but  these  results  are  all  more  or  less  in  excess. 

Why  the  Method  by  Two   Excesses  and  Actual  Uniform   Train  Load  is 

TO  BE  Preferred.— It  will  be  seen  from  the  following  table  that  the  method  by  one 
excess  and  equivalent  uniform  train  load  gives  results  on  the  whole  closer  to  the  method 
by  wheel  loads  than  the  other  methods.  We  should  prefer  this  method,  then,  if  we  regard 
the  method  by  wheel  loads  as  the  standard.  This  method  is  accordingly  preferred  by 
many  engineers. 

The  student  who  reads  the  following  chapters  of  this  work  will  of  course  be  able  to 
use  any  method  which  maybe  desired.  But  in  all  our  illustrations  and  numerical  examples 
to  follow  we  shall  uniformly  give  the  preference  to  the  last  method,  viz.,  by  two  excesses 
and  actual  uniform  train  load,  for  the  following  reasons. 

The  wheel  load  system  given  on  page  88,  or  any  other  which  may  be  specified,  does 
not  represent  any  actual  engines  and  train,  but  an  imaginary  or  **  typical "  system,  which 
is  expected  to  allow  for  the  greatest  stresses  which  may  actually  occur,  wi^h  a  surplus  to 
90vef:Ijil]jre  increase  in  the  weight  of  engines  and  rolling  stock. 
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COMPARISON  OF  RESULTS  OF  DIFFERENT  METHODS  OF  CALCULATION. 
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ad 

71.0 

98.9 

98  9 

99  7 

67.5 

99.1 

99.1 

106.0 

^=    25  " 

BC-bc 

103.0 

102.2 

102. 1 

101.5 

94  8 

105.8 

105.8 

102.2 

p=    20  •' 

CD 
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103.3 

103.3 

102.6 

97.0 
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103.4 
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aB 
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100. 0 

100. 0 
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90.3 
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Bb 
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Cc 
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11 1 . 1 
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119.0 
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ab 

118. 6 
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CD 
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aB 
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118. 4 

Dii 

26.5 

127.9 

140.9 

139.6 

31.2 

104.2 

125.9 

n8.8 

/  =  200  ft. 

a  > 

»35.b 

96.8 

96.7 

lOI.I 

122.7 

95.8 

95.8 

102.7 

d=    28  •• 

BC-bc 

236.9 

98.5 

98.5 

102.8 

211. 5 

98.9 

98.9 

J05.4 

p=     20'* 

CD-cd 

310.0 

98.8 

98.8 

102.9 

272.3 

100.9 

100.8 

106.8 

DE-  de 

-     356.2 

98.3 

98.3 

T02.  I 

312.7 

100.3 

100.3 

1       105.5 

EF 

368.1 

99.1 

98.9 

102.6 

322.6 

IOI.3 

101.3 

I       105.2 

aB 

234.3 

96.4 

96.4 

100.7 

209.9 

96.5 

96.4 

103.3 

Bb 

186.5 

96.8 

97-7 

IOI.7 

170.5 

95.0 

97.0 

103.9 

Cc 

144.0 

97.5 

99-4 

103.1 

133.8 

94.2 

99.3 

105.4 

Dd 

107.2 

98.3 

101.5 

104.7 

100.8 

93-7 

101.4 

107.8 

Ee 

75-3 

100. 0 

105.0 

107.3 

72.0 

93.7 

105.7 

III.O 

^/ 

48.6 

103.2 

III.O 

III. 8 

47.2 

95.3 

113. 5 

116. 4 

/  =  200  ft. 

ab 

150.6 

93-4 

93-4 

96.8 

129.7 

96.6 

96.4 

105.2 

d=    32  '• 

BC-bc 

241.2 

100  0 

100. 0 

103.4 

214.3 

100.2 

100. 0 

106.4 

P=    25  '* 

CD  "cd 

304.0 

99.1 

99.1 

102.3 

266.7 

100.7 

100.5 

105.9 

DE 

322.0 

99.8 

99.8 

102.6 

282.2 

101.5 

101.3 

105.3 

aB 

233.7 

97.8 

97.8 

101.3 

210.7 

96.5 

96.4 

103.2 

Bb 

173.6 

98.7 

99.7 

102.9 

159.2 

95.8 

98.0 

105. 1 

Cc 

121. 6 

100.6 

103. 1 

105.8 

114. 7 

95.1 

100.3 

107.4 

Dd 

79.6 

102.5 

107.8 

108.8 

76.3 

95.1 

104.7     1 

111.3 

Ee 

45  6 

107.36 
98.1 

115. 4 

115.0 

43-6 

100. 0 

T17  4 
95.9 

120.8 

I  =  250  ft. 

ah 

181. 7 

98.1 

102.0 

161 .3 

96.0 

102.4 

y=  32  *• 

BC-bc 

320.2 

99.0 

99.0 

102.9 

277  4 

99  2 

99.1 

105.6 

d-  25  •' 

CD  -cd 

422  5 

98.5 

98.4 

102.2 

361.3 

100. 0 

100. 0 

106.0 

DE-de  \ 

480.1 

99.0 

99.0 

102.6 

409.2 

100.9 

100.8 

106.3 

EF 

495-4 

100. 0 

100. 0 

103.4 

416.4 

103.3 

103.2 

108.0 

aB 

266.2 

108.8 

108. 1 

109.3 

261.4 

96.0 

96.1 

102.7 

Bb 

223.5 

103.6 

104.3 

104.4 

210.9 

95.2 

96.8 

103.8 

Cc 

183.3 

98.1 

99.8 

102. 1 

165.7 

94.3 

97.7 

104.8 

Dd 

128.4 

109. 1 

108.0 

106.4 

125. 1 

93.7 

99-4 

107.0 

Ee 

95.8 

100.7 

104.8 

102.2 

89.6 

93.4 

102.2 

1 

IIO.O 

Ff 

62.2 

103.5 

109.8 

105.4 

59.3 

94.1 

107.4     ' 

114. 6 

/  =  300  ft. 

ab 

219.2 

97.8 

97.8 

101.7 

189.2 

97.0 

97.1 

102.7 

d=    38" 

BC-bc 

385.1 

99.0 

99.0 

102.9 

326.6 

99.9 

99.9 

105.5 

P=    30" 

CD-cd 

508.8 

98.4 

98.4 

101.4 

426.0 

100.5 

100.6 

105.9 

DE-de 

578.1 

98  9 

98.9 

102.6 

476.8 

102.7 

102.7 

107.7 

EF 

600   2 

99.3 

99-3 

102.9 

488.4 

104.4 

104.5 

108.9 

aB 

354-8 

97.5 

97.5 

101.4 

305.2 

96.7 

97.2 

102.8 

Bb 

282.5 

98.0 

98.6 

102.4 

246.2 

95.9 

97.5 

103.7 

Cc 

217.9 

98.8 

100. 1 

103.8 

192.9 

95.2 

98.2 

105.0 

Dd 

161. 9 

99.7 

101.9 

105.4 

145.9 

94.4 

99.1 

106.7 

Ee 

II3-7 

IOI.5 

104.9 

108.0 

105.0 

93.7 

100.7 

108.9 

Ff 

74.1 

103.8 

109. 1 

III. 6 

69.7 

94.1 

104.3 

113. 2 

4 

102  PRACTICAL   APPLICATIOJ^S, 

The  train  is  always  taken  as  uniformly  distributed  in  all  the  methods. 

Now  the  method  by  wheel  loads  gives  the  static  stresses  for  the  system  adopted,  what- 
ever it  may  be,  and  the  methods  by  equivalent  uniform  load,  and  by  one  excess  and  equiv- 
alent uniform  train  load,  are  designed  to  reproduce,  as  near  as  may  be,  these  static  stresses. 

By  static  stresses  we  mean  those  due  to  the  system  when  at  rest. 

But  it  is  well  known,  and  easily  demonstrated  by  mechanics,  that  a  load  instantaneously 
imposed  without  impact  will  produce  an  effect  twice  as  great  as  the  same  load  at  rest. 
This  result  is  not  due  to  impact.  Let,  for  instance,  a  load  just  touch  the  span  and  hang  by 
a  cord.  If  that  cord  is  instantaneously  cut  there  is  no  impact,  but  the  deflection  will  be 
twice  as  great  as  that  due  to  the  same  load  at  rest  on  the  spat\. 

Now  the  loads  we  have  to  deal  with  are  moving  loads.  They  are  not  instantaneously 
imposed  at  any  point  of  the  span,  but  they  are  suddenly  applied.  Their  effect  therefore 
must  be  greater  than  for  the  same  loads  at  rest.  What  allowance  is  to  be  made  for  this 
action  we  are  not  yet  in  a  position  to  say.  Experiments  upon  this  point  are  very  desirable. 
We  do  know,  however,  that  the  static  stresses  given  by  the  wheel  load  system  should  all 
be  increased. 

Reference  to  the  preceding  table  will  show  that  the  stresses  obtained  by  the  method 
of  two  excesses  and  actual  uniform  train  load  are  somewhat  greater  than  those  due  to  the 
wheel  load  system. 

We  therefore  prefer  this  method  for  spans  over  lOO  feet — 

1st,  because  it  is  easily  and  quickly  adapted  to  any  given  wheel  load  system,  with  one 
or  two  or  more  engines  and  given  train  load. 

2d,  because  the  stresses  are  easily  and  quickly  found. 

3d,  because  we  believe  the  stresses  thus  found  are  superior  in  accuracy  to  those  found 
by  the  wheel  load  method. 

We  shall  use  this  method,  then,  in  all  our  illustrations  to  follow.  For  the  sake  of  illus- 
tration and  for  numerical  convenience  only,  we  shall  assume  two  excesses  of  66,000  lbs. 
or  33  tons  each,  50  feet  apart,  and  a  train  load  of  2000  lbs.  or  i  ton  per  foot. 

The  student  will  understand,  however,  that  for  any  prescribed  wheel  load  system  the 
corresponding  excesses  must  be  taken  for  that  system. 

Thus  for  the  system  of  page  88  we  have,  as  computed  on  page  99,  two  excesses  at 
50  feet  apart,  each  one  154,000  lbs.,  and  train  load  of  4000  lbs.  per  foot.  For  Cooper's 
**  Class  A,  Extra  Heavy,"  we  should  have  two  excesses  at  about  50  feet  apart,  of  26,750  lbs. 
OQch,  and  train  load  of  3000  lbs.  oer  foot. 
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CHAPTER    III. 

BRIDGE    GIRDERS  WITH    PARALLEL   CHORDS— TRIANGULAR   GIRDER. 

Different  Methods  of  Solution. — The  triangular  girder  is  the  simplest  form  of 
girder,  and  we  choose  it,  therefore,  as  our  first  example  of  the  application  of  preceding 
principles.  These  principles  have  given  rise  to  various  methods  of  solution  for  girders 
with  horizontal  chords,  some  of  which  are  advantageous  in  some  forms  of  girders,  and  some 
in  others.  We  shall  give  in  the  present  chapter  all  these  methods  as  applied  to  the  same 
example,  and  shall  then  in  future  chapters,  which  discuss  other  forms  of  girder,  choose  in 
each  case  that  method  alone  which  seems  best  adapted  to  the  case  in  hand. 

We  may  distinguish  four  different  methods,  based  upon  the  principles  of  the  four 
Chapters  of  Section  I.,  Part  I.,  viz.,  the  method  by  graphic  resolution  of  forces,  by  alge- 
braic resolution  of  forces,  by  algebraic  method  of  moments,  and  by  graphic  method  of 
moments.  The  special  form  which  the  last  two  take  in  the  case  of  parallel  chords  has 
been  noticed  in  the  preceding  Chapter.  The  application  of  the  first  two  will  be  apparent 
as  we  proceed. 

Example  for  Solution. — We  shall  choose,  for  convenience  merely,  a  short  girder, 
which  will  serve  to  illustrate  the  methods  quite  as  well  as  if  it  were  longer. 

Let  the  girder.  Fig.  88,  be  lo  feet  high  and  80  feet  long,  having  8  equal  panels  in  the 
lower  chord  and  7  in  the  upper.  The  live 
load  passes  over  the  lower  chord,  and  the 
bridge  is,  therefore,  a  "  through  bridge." 
The  bracing  consists  of  isosceles  triangles, 
and  hence  the  angle  made  by  each  brace  with 
the  vertical  is  26°  34'.  Let  the  dead  load  be  supposed  to  be  known  and  equal  to  one  half 
a  ton  per  running  foot,  and  let  the  live  load  be  taken  at  one  ton  per  foot.*  Our  data, 
then,  are  as  follows : 

/  =  80,         flf  =  10,         6^  =  26°  34',        /  =  0.5  ton,         m  =  i.o  ton  ; 

where  d  =  depth  of  girder,  /  is  dead  or  permanent  load,  and  m  moving  load  per  foot. . 

Since  the  length  of  each  panel  is  10  feet,  we  have  an  apex  load  of  5  tons  for  the  dead 
load  and  10  tons  for  the  live  load.  The  notation  for  the  various  pieces  is  as  represented  in 
Fig.  88. 

•  We  do  not,  therefore,  at  present  lake  account  of  the  action  of  locomotive  excesses.  We  shall  do  that  here- 
after, page  III.  The  above  loads,  it  will  be  noted,  are  for  the  entire  structure.  If  there  are  two  trusses,  the  stresses 
will  be  one-half  of  those  found.  In  this  and  all  following  examples  the  dead  load  and  dimensions  are  assumed  for 
convenience  of  calculation  and  illustration  only,  and  are  not  to  be  considered  as  examples  of  practical  cases.  We 
shall  see  how  to  estimate  dead  load  and  choose  best  dimensions  hereafter.  For  spans  less  than  loofeet  the  method 
of  this  chapter  should  not  be  used,  but  the  method  by  concentrated  wheel  loads.  For  spans  over  100  feet  the  method 
of  thischapter,  or  the  method  by  equivalent  uniform  load,  page  97,  or  by  one  excess  and  equivalent  uniform  train 
load,  page  99,  may  be  used. 
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FIRST   METHOD — BY   GRAPHIC   RESOLUTION  OF   FORCES. 

Maximum  Stresses  in  the  Chords.— According  to  the  principles  of  the  preceding 
Chapter  the  chord  stresses  will  be  greatest  when  the  girder  is  fully  loaded  with  both  dead 
and  live  loads.  When  this  is  the  case  we  have  at  each  lower  apex  a  load  of  5  -j-  lO  =  15 
tons.     The  reaction  at  each  end  is  then  52.5  tons. 

We  lay  off  the  weights  AB^BCy  CD^  etc.,  Fig.  89,  then  the  reactions  HL  and  LA^  and 

Fig.  89. 


BU 


then  form  the  stress  diagram  according  to  the  principles  of  Chapter  I.,  Section  I.  The 
stresses  in  the  chords  thus  obtained  are  the  greatest  which  can  ever  occur.  Making  the 
construction,  we  find 

Lb  Ld  Lf  Lh  A  a  Be  Ce  Dg 

stress      —525       —90      —  112.5      —120      +26.25      +71.25      +101.25      +116.25 


It  only  remains  to  notice  that  since  the  braces  are  very  short  they  will  not  give  direc- 
tion very  accurately  in  the  stress  diagrams. 
Hence  it  is  well  to  lay  off  carefully  the  direc- 
tions of  the  diagonals  to  a  much  larger  scale, 
as  shown  by  ihe  dotted  lines  in  Fig.  89,  and 
use  these  directions  in  forming  the  stress 
diagram. 

Maximum  Stresses  in  the  Braces. 

— In  order  to  find  the  stresses  in  the  braces  we  may  find  the  stresses 
caused  by  each  live  load  apex  weight  separately.  Tabulating  these 
stresses,  we  can  easily  find  the  dead  load  stresses  and  finally  the  maximum 
stresses  in  each  brace.  Thus,  Fig.  90,  suppose  only  the  first  apex  live 
load  of  10  tons  to  act.  The  reaction  at  the  left  end  is  then  f  10  =  8f, 
and  at  the  right  end  i  10  =  i^.  Lay  off  then  AB  equal  to  the  weight 
P-=i  10,  and  BL  and  LA  equal  to  the  reactions,  and  form  the  stress 
diagram.     Scaling  off  the  stresses  in  the  braces,  we  can  enter  them  in  a  table  as  follows: 
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TABLE  FOR  STRESSES  IN  THE  BRACES. 


La 

ab 

be 

cd 

de 

'/ 

fg 

gh 

Px 

—    9.8 

+    9.8 

+  1.4 

-     1.4 

4-   1.4 

-   1.4 

-f    1.4 

-    1.4 

Pt 

-    8.4 

+    8.4 

-  8.4 

4-  8.4 

4-   2.8 

-      2.8 

4-   2.8 

-   2.8 

Pt 

-    7.0 

4-   7.0 
4-   5.6 

-  7.0 

4-  7.0 

-    7.0 

4-  7.0 

4-  4.2 

-   4.2 

A 

-    5.6 

-  5.6 

4-   5.6 

-   5.6 

4-   5.6 

-   5.6 

+  5.6 

A 

-    4.2 

4-  4.2 

-    4-2 

+  4.2 

-    4-2 

4-  4.2 

-   4.2 

+  4.2 

P. 

-    2.8 

+  2.8 

-    2.8 

4-   2.8 

-      2.8 

4-   2.8 

-   2.8 

4-   2.8 

Pt 

-     1.4 

4-   1.4 

-     1.4 

+   1.4 

-   1.4 

+   1.4 

-    1.4 

4-   1.4 

Live  load 

Comp.  — 

-  39-2 

-  29.4 

-    1.4 

—  21.0 

-   4.2 

—  14.0 

-   8.4 

Tens,  -f- 

•  ••••• 

4-39.2    +   1.4 

+  29.4 

4-    4-2 

4-  21.0 

+   8.4 

+  14.0 

Dead  load. 

—  19.6 

+  19.6 

-  14.0 

4-  14.0 

-  8.4 

+   8.4 

-   2.8 

4-   2.8 

Max.  com.  — 

-  58.8 

-  43-4 

-  29.4 

-  16.8 

-    5.6 

Max.  le/is.  -|- 

. .  •  •  •  • 

4-58.8 

4-43.4 

4-  29.4 

4-  5.6 

+  16.8 

Thus  the  first  line  in  the  table  gives  the  stresses  in  all  the  braces  due  to  the  first  apex 
load  P,. 

In  a  similar  way  we  may  find  and  tabulate  the  stresses  due  to  each  of  the  other  apex 
loads  acting  separately.  This,  however,  need  not  involve  a  separate  diagram  for  each  apex 
load.  We  can  fill  up  the  table  directly.  Thus,  suppose  the  second  weight  P^  to  act.  It 
will  cause  at  the  right  end  a  reaction  twice  as  great  as  P^  caused  at  that  end.  The  stresses, 
then,  in  all  the  braces  to  the  right  of  P^  will  be  twice  as  great  as  they  were  for  P,.  As  to 
their  signs,  we  have  only  to  remember  that  the  two  members  which  meet  at  the  loaded  apex 
BC^  viz.  cd  and  de^  are  both  tension  (if  the  load  were  on  the  top  flange  both  compression), 
and  the  stresses  alternate  in  sign  both  ways.  Thus  de  would  be  tension  and  equal  to 
2  X  1.4  =  -|-  2.8,  </■  would  be  —  2,%,fg  =  +  2.8,  gh  —  2.8,  etc.  In  similar  manner  the  left 
hand  reaction  for  P^  would  be  f  10  =  7J,  instead  of  \  10  or  8J.  The  stresses  in  all  the 
braces  to  the  left  of  P,,  therefore,  are  \  of  the  stresses  caused  by  -P,  in  the  braces  to  the 
left  of  it.  As  to  the  signs,  the  same  rule  is  to  be  observed.  Thus  the  stre.ss  in  cd  due  to 
/\  is  tension  and  equal  to  ^  X  9.8  =  -|-  8.4 ;  for  be  we  have  then  —  8.4,  etc.  We  can,  there- 
fore, fill  out  the  table  for  P^, 

In  similar  manner  for  P^  we  have  y^  tension  and  equal  to  3  X  1.4  =  +4-2.  Also  ef 
tension  and  equal  to  |  X  98  =  +  7« 

For  P^  we  have  gh  tension  and  equal  to  ^ths  of  the  stress  caused  by  P^  in  the  left  hand 
braces,  or  ^  X  9.8  =  +  5-6.     We  can  therefore  fill  out  the  line  for  P^  in  the  table. 

For  P,  we  have  J^  X  9.8  =  4.2,  and  by  reference  to  Fig.  90  we  see  that,  starting  from 
the  weight  and  remembering  that  the  braces  are  alternately  tension  and  compression,  gh  is 
in  tension.     We  thus  fill  out  the  line  for  P^  in  the  table. 

In  similar  manner  we  fill  out  the  lines  for  P^  and  P^. 

Our  table  now  contains  the  stresses  in  the  braces  caused  by  each  apex  live  load,  acting 
separately. 
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The  next  two  lines  give  the  compression  and  tension  in  each  member  due  to  the  live 
load.  Thus  we  see  at  once  that  all  the  live  loads  cause  compression  in  La,  The  live  load 
compression  is  then  39.2  tons.  In  the  same  way  we  see  that  the  greatest  tension  on  f^ 
occurs  when  only  /*„  /*,,  and  P^  act,  and  the  greatest  compression  when  P^,  P^,  P\^  and  /^ 
act.  This  agrees  with  our  principle  in  the  preceding  Chapter,  that  the  stress  in  any 
brace  is  greatest  when  the  live  load  reaches  from  the  end  of  the  girder  to  half  a  bay  past 
the  brace. 

Having  now  filled  out  the  lines  for  live  load  compression  and  tension,  we  can  easily 
find  the  dead  load  stresses.  The  dead  load  acts  at  every  apex  simultaneously,  and  since  it 
is  in  the  present  case  half  the  live  load,  we  have  only  to  take  the  algebraic  sum  of  all  the 
live  load  stresses  and  divide  by  2  to  obtain  the  dead  load  stresses.*  We  thus  fill  out  the 
line  for  dead  load  stresses  at  once. 

Finally  we  can  find  the  maximum  stresses.  Thus  for  La  the  dead  load  causes  —  19.6 
and  the  live  load  —  39.2  tons.  The  maximum  is  therefore  —  58.8  tons.  In  same  way 
^j^  =  +  58.8.  For  be  the  greatest  compression  is  —  29.4  —  14  =  —  43.4.  The  live  load 
tends  to  cause  a  tension  of  -\-  1.4  in  be,  but  as  this  is  less  than  the  constant  dead  load  stress 
of  compression  it  produces  no  effect.  The  same  holds  good  for  cd,  de,  and /Jr.  \\\fgt\\t 
dead  load  causes  compression  of  2.8.  This,  together  with  the  live  load  compression  of  14, 
gives  —  16.8.  But  the  live  load  may  also  cause  a  tension  of  -J-  8.4.  As  this  is  greater 
than  —  2.8  due  to  dead  load,  we  must  counterbrace  fg  for  the  difference.  Hence  the 
effective  tension  iny^is  +  8.4  —  2.8  =  +  5.6  tons.  We  find  thus  that  ^  and  ^A  are  the 
only  members  which  need  to  be  counterbraced,  because  they  are  the  only  braces  in  which 
the  stress  due  to  dead  load  is  exceeded  by  the  stress  of  opposite  kind  due  to  live  load. 

We  have  thus  found  the  maximum  stresses  in  every  member  of  the  girder. 

SECOND   METHOD— BY   ALGEBRAIC   RESOLUTION   OF  FORCES. 

Maximum  Stresses  in  the  Chords. — The  loading  which  gives  the  maximum 
stresses  in  the  chords  is  when  both  dead  and  live  loads  cover  the  whole  span,  that  is,  when 

we  have  1 5  tons  at  each  apex. 
When  this  is  the  case  the 
weight  P^,  Fig.  91,  being  at  the 


centre,  we  know  that  it  causes  a 
reaction  of  i  P^  at  each  end. 
That  is,  the  shear,  or  portion 
which  goes  each  way  through 
the  braces,  is  0.5  P^.  This  shear  multiplied  by  the  secant  6  gives  the  stress  in  the  braces 
due  to  P^  alone,  tension  ior  gh  and  alternating  toward  the  left. 

If  P^  acts  alone  it  would  cause  at  the  left  end  a  reaction  of  |  /*,  and  at  the  right  end  a 
reaction  of  |  P^,  But  if  P^  acts  at  the  same  time,  it  will  cause  at  the  left  as  much  as  P, 
causes  at  the  right.  Hence  when  P^  and  P^  act  simultaneously,  we  can  consider  that  the 
whole  of  P,  goes  toward  the  left  end  through  the  braces,  and  the  whole  of  P^  toward  the 
right  end. 

While,  then,  the  stress  in  gh  and  ^  would  be  0.5  P ^  sec  ^,  the  stresses  in  de  and  ef 
would  be  given  by  1.5  P^  sec  6^.  In  the  same  way  for  be  and  cdv^^  have  2.5  /*,  sec  By  and 
for  La  and  ab,  3.5  P^  sec  ^. 

We  have  accordingly  placed  upon  each  brace,  in  Fig.  91,  the  coefficients  of  P,  which, 


This  is  on  the  supposition  that  the  dead  load  takes  efifect  only  at  the  loaded  apices. 
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ftluitiplied  by  /*  or  15,  gives  the  shear  for  full  load^    This  shear,  multiplied  by  the  sec  0, 
Fiir.9«  gives  the  stress  in  a  brace,  multiplied  by  the  tangent  6  it  gives  the  stress 

in  the  chord.  Thus,  Fig.  92,  we  have  the  stress  in  </ tension  and  equal 
to  1.5/^  sec  6.  The  horizontal  component  of  this  stress  causes  stress 
of  compression  in  the  chord  Z/  This  horizontal  component  is  1.5 /> 
sec  0Xs\n  e=  1.5/^  tan  6.  But  if  ef  \s  tension,  de  is  compression  and 
equal  to  </.     Hence,  de  causes  also  compression  in  Z/equal  to  i.$Ptzn  6, 

The  total  compression  in  Z/ then  is  1.5  P  tan  0 -^  i-S  /^  tan  0  =z  ^  P  tan  6. 

In  general,  if  we  add  together  the  coefficients  in  Fig.  91,  for  any  two  braces  which 

meet  at  an  apex,  we   shall  have  the    coefficients  which  multiplied  by  P  tan  6  will  give 

the  stress  which  these  braces  cause  in  the 

chord  to  the  right  of  them.     Thus,  Fig.  93,  fi^.ds 

we  obtain  at  the  upper  apices  the  coeffi- 
cients 1,3,5,7,  ^"d  at  the  lower  apices  2,  4, 

6  and  3.5. 

The  stress,  then,  in  Lb  is  7  P  tan  6  = 

7  X  15  X  0.5  =  —  52.5.     In    Ld,   we   have 
5  P  tan    ^  due  to   the   braces  be   and  cd,    ^ 
But  the  stress  in   Lb  also  acts  upon   Ld. 

The  total  stress  in  Ld  \s  then  y  P  tan  6^+  5/*  tan  6  =z  12/*  tan  6=  12X  15  X  0.5  =  —  90. 

If,  therefore,  commencing  at  the  end,  we  add  the  apex  coefficients^  and  place  the  results 
aver  each  chord  panels  the  coefficients  thus  determined  give  the  stresses  in  the  chord  panels. 

Thus 


Z/=  15  Ptan  e 
Lh=z  16  P  tan  6 
Aa  =  3.5/*tan^ 
Bc=  9.5  Pt3in  6 
Ce  =  13.5  Ptan  ff 
Z?^=  15.5 />  tan  e 


15  X  15  X0.5 

16  X  15  X  0.5 
3.5  X  15  X  0.5 
9.5  X  15  X  0.5 

13-5  X  15  X  0.5 
15-5  X  15  X  0.5 


—  112.5 

—  120. 
+    26.25 
+    71.25 
+  10T.25 
+  116.25 


These  are  precisely  the  same  results  as  those  obtained  by  the  preceding  method  of 
diagram.     The  method  in  the  present  case  is  very  simple,  and  involves  but  little  work. 

Maximum  Stresses  in  the  Braces. — In  order  to  find  the  maximum  stresses  in  the 
braces,  we  might  take  each  apex  live  load  separately  and  find  the  shear  which  it  sends 
toward  each  abutment.  These  shears  multiplied  by  sec  0  would  give  the  stresses  in  braces 
right  and  left  of  the  load.  We  could  thus  easily  form  a  Table  precisely  similar  to  the  one 
on  page  105,  two  simple  multiplications  only  being  necessary  in  order  to  fill  out  each  line. 

Thus  let  P^  act  alone.  Fig.  90.  The  portion  which  goes  toward  the  left  is  ^/*,  and 
toward  the  right  ^P^  We  have  then  tension  in  both  ab  and  be.  For  ab  we  have  +1/^1 
sec  0  =  -\-i  10X1.117  =  +9.8.  For  be  we  have  ^P,  sec  6^  =  ^  10X1117  =  +  1.4-  This  is 
enough  to  fill  out  the  first  line  in  our  Table,  page  105,  for  /*,.  Other  lines  can  be  filled  out 
in  similar  manner.  We  have  only  to  remember  that  the  braces  which  meet  at  the  weight 
have  both  the  same  sign,  plus  when  the  weight  is  below,  and  minus  when  it  is  at  the  upper 
apex,  and  that  the  signs  alternate  both  ways  from  the  loaded  apex. 

The  Table,  page  105,  was  rendered  necessary  in  order  to  avoid  making  a  separate  dia- 
gram for  each  weight. 

In  the  present  case,  however,  it  is  unnecessary  to  draw  up  a  Table  at  all.  We  can  find 
the  maximum  stresses  in  each  diagonal  directly. 
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a.  Dead  Load  Stresses. — Thus  *let  us  first  find  the  dead  load  stresses.     The  apcid 
load  is  5  tons.     We  have,  then,  from  our  coefficients,  Fig.  93, 

La  —  3.5  P  sec  ^  =  35  X  5  X  1.117  =  —  I9-54- 

We  have  La  compression  because  the  reaction  at  its  foot  is  upward.     For  ab  then  we 
have  4-I9-54-     As  the  signs  are  alternately  plus  and  minus, 

be  =^  —  2.5/^ sec  »=  —  2.5  X  5  X  1.117=  —  13.96, 

and  ^rf=  +  13.96. 
For  de,  we  have. 


de—  -  1.5 /'sec  »=  —  1.5X  5  X  1.117  =  —  8.38, 


and  </■  =  +  8.38. 
Foryjf, 


^=  —0.5 /'sec  (9=  —0.5  X  5  X  1.117=  —2.792, 


and  ^A  =  +  2.792. 

These  stresses  are  very  closely  what  we  have  found  for  the  dead  load  stresses  in  bur 

Table,  page  105. 

b.  Live    Load   Stresses.  —  The   apex 

A/\     /\     /\     /\      live  load  is  10  tons. 

The  greatest  positive  stress  for  the  brace 
gh  will  occur  when  P^,  P^,  /«,  and  /y  act,  the 
other  apices  being  unloaded.  Fig.  94.  The 
greatest  negative  shear  for  gk  will  occur  when  only /^j,  /j,  and  /j  act.  We  have,  then, 
for  the  positive   shear  for  ^A,  (1+ i +  1  +  D^o  =  +  12^,  and  for  the   negative   shear 

-(i  +  |  +  l)io=-7i- 
We  have,  then, 

—  gh  cos  6  +  I2i  =  0  or  ^A  =  +  12J  sec  ^  =  +  13.96, 

—  gk  cos  6^  —  7i  =0  or  ^A  =  —  7J  sec  6^  =  —  8.38. 

These  are  the  greatest  stresses  of  each  kind  the  live  load  can  cause  in  gh. 

For  ^  we  have  the  same  stresses  only  of  opposite  character,  hence  ^  =  —  13.96,  and 
+  8.38. 

For  the  brace  </'the  greatest  positive  shear  is  when  P^,  Pa,  P^,  /$  and  P^  act,  and  the 
greatest  negative  shear  when  /*,,  P2  act.     We  thus  find  the  shears  -}-  i8f  and  —  3f. 

Hence, 

—  ef  cos  d  +  18.75  =  0,     or    ^/  =  +  20.94, 

—  </'cos^—    3.75=0,     or    ^/=  —    4.19. 

For  de^  then,  we  have  de  •=.  —  20.94  or  +  4.19. 

For  the  brace  rrfthe  greatest  positive  shear  will  be  when  all  the  weights  except  Px  act. 
We  have  then  for  the  shears,  -}-  26J-  and  —  i  J. 

Hence, 

—  cd  cos  d  +  26J-  =  0,     or    ^rf  =  +  29.32. 

—  cd  cos  6  —    I J  =  o,     or    cd^=>  —    \^ 


BRIDGE  GIRDERS    WITH  PARALLEL   CHORDS. 


109 


For  be  we  have  be  =  —  29.32  and  +  i-4- 

For  the  brace  ab  the  greatest  shear  is  positive,  and  occurs  when  all  the  loads  act. 
There  is  no  negative  shear.     When  all  the  loads  act  the  shear  is  -}-  35* 
Hence, 

—  cib  cos  6^  +  35  =  o,  or  ad  =  +  39- !• 

We  have,  then,  Za  =  —  39.  i. 

Collecting  the  above  results  together,  we  have  the  following  Table : 


TABLE  OF  STRESSES  IN  THE  BRACES. 


La 

ab 

be 

cd 

de 

'/ 

fg 

gf^ 

Dead  load. 

-  19.54 

+  19- 54 

-  13.96 

+  1396 

-8.38 

+  8.38 

-2.8 

+  2.8 

• 

•0 

c« 

0 

Comp.  — 

-  39- 1 

•   •  •  • 

—  29.32 

-  1.4 

-  20.94 

-4.19 

-  13.96 

-8.38 

> 

Tens.  + 

• . .  • 

-f  39i 

+  M 

• 

4-2932 

+  4.19 

+  20.94 

+  8.38 

+  13.96 

Max.  comp. 

-58.64 

. . .  • 

-  43.28 

•    •    •    • 

—  29.32 

•  •  •  • 

-  16.76 

-5.58 

Max.  tens. 

•  •  •  • 

+  58.64 

•  •  •  t 

+  43.28 

•   •   •    • 

+  29.32 

+  5.58 

+  16.76 

The  values  in  this  Table  agree  well  with  the  Table  on  page  105.  The  first  three  lines 
give  the  dead  load  stresses  and  the  live  load  compression  and  tension.  From  these  three 
lines,  the  last  two,  which  give  the  maximum  stresses,  are  easily  found,  just  as  before. 


THIRD   METHOD — BY  ALGEBRAIC  METHOD  OF  MOMENTS. 

Maximum  Stresses  in  the  Chords. — The  point  of  moments  for  any  chord  is  at  the 
opposite  apex.  We  take,  as  before,  a  full  load,  or  15  tons  per  apex.  This  gives  52J  tons 
for  each  reaction.  Then,  since  the  depth  of  truss  is  10  feet,  and  the  length  of  panel  10 
feet,  we  can  write  down  the  following  equations  (see  Fig.  94) : 

For  the  upper  chord  panels, 

—  Lb  X  10  —  52.5  X  10  =  o,  or  Z*  X  10  =  —  52.5  X  10, 
hence  Lb  -=•  —  52.5. 
In  similar  manner, 


Ldx  10 
LfX  10 
Lh  X  10 


For  the  lower  chord  panels, 


52.5  X  20  +  1 5  X  ID  =  O,  or  Zrf  =  —  90, 
52.5  X  30+  15  X  20+  15  X  10  =  0,  or  Lf 
52.5  X  40+  15  X  30+  IS  X  20+  IS  X  10 


-  Ii2.5» 
o,  or  Lh 


=  —  120. 


AaX  iQ  -  52.5  X  5  =  o,  or  -^d  X  IQ  =  +  52.5  X  5,  hence  -44  =  +  26.25. 


no 
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In  similar  manner, 

Be   X  lo-  52.5  X  IS  +  15  X    5  =0,  or^^  =  +71.25,^ 

C^  X  10  -  52.5  X  25  +  IS  X  15  +  15  X     5  =  o,  or  6>  =  +  101.25, 

Dgy.  10-  52.5  X  35  +  15  X  25  +  IS  X  15  +  15  X  5  =  o»  orZ^^=+  116.25. 

These  values  agree  perfectly  with  those  already  found. 

Maximum  Stresses  in  the  Braces. — We  have  already  seen,  Fig.  73,  page  78,  that 
the  application  of  the  method  of  moments  to  the  braces,  gives  us  for  the  stress  in  any 
brace,  as  fo,  Fig.  73, 

be  =  Shear  X  sec  B, 

The  method  for  the  braces,  then,  is  identical  with  that  of  the  preceding  method,  when 
the  chords  are  horizontal. 


FOURTH    METHOD — GRAPHIC   METHOD  OF  MOMENTS. 

Maximum  Stresses  in  the  Chords. — The  principles  of  this  method  are  given  on 

pages  44  and  45. 

The  dead  load  per  unit  of  length  is/  =  0.5  and  the  live  load  m  =  I.     The  middle  or- 

/'  80* 

dinate  of  the  parabola,  Fig.  95,  is  therefore  (/ +  ^)q  =  '5-^  =  1200.     We  lay  off  then, 

o  8 

Fig-  95»  to  2U3y  convenient  scale  EF  =.  1200  and  draw  the  parabola  AFB.     Drop  verticals 

from  the  loaded  apiees^  and  where  they  inter- 
sect the  curve,  we  shall  have  the  apices  of 
the  moment  polygon.  Then  to  find  the 
moment  for  any  chord  panel,  as  Bey  drop  a 
i^ertical  from  tlu  point  of  moments  for  that 
ehord  panel.  Thus,  in  the  Figure  kniy  the 
ordinate  by  scale  from  AB  to  the  polygon 
{not  to  the  curve),  gives  the  moment  for  the 
chord  panel  Be,  In  like  manner  the  ordinate 
nO  gives  the  moment  for  Ld,  These  moments  divided  by  the  depth  of  truss  give  the 
stresses.  The  division  can  be  at  once  effected  by  properly  changing  the  scale  of  moments. 
Thus  if  we  lay  oflf  EF  =^  1200  to  a  scale  of  600  to  an  inch,  and  if  we  are  to  divide  all  the 
moments  by  10,  then  the  ordinates  measured  to  a  scale  of  60  tons  to  an  ineh  will  give  the 
stresses  directly. 

If  the  student  will  make  the  construction  carefully,  he  will  find   precisely  the  same 
values  for  the  chords  as  those  already  obtained  by  the  preceding  methods. 

Maximum  Stresses  in  the  Braces. — According  to  the  principles  of  the  preceding 
Chapter,  page  82,  we  draw  the  shear  dia- 
gram for  dead  load,  Fig.  96,  by  laying  off 

//       0.5  X  80  ^  u         J      r    ..u 

—  =  —^ =  20   at    each    end  of   the 

2  2 

span  and  drawing  the  straight  line  COD. 

For  the  maximum  live  load  shear,  we  lay 

off  AE  =  —  = =  40  and  draw  the 

22^ 

parabola    EB,     This   parabola   gives    the 

positive  shear  for  load  coming  on  from  the 

right.     For  load  coming  on  from  the  left 

we  have  the  dotted  parabola  AE\  which 

gives  the  negative  sh^ar  for  any  brace  in  the  left  half  of  truss. 


BRIDGE  GIRDERS    WITH  PARALLEL    CHORDS.  Ill 

We  have  now  only  to  remember  that  the  shear  for  any  brace  is  given  by  the  ordinate 
let  fall  from  the  middle  ol  the  panel  belonging  to  that  brace.  Thus,  for  ^A  the  greatest 
positive  shear  is  equal  by  scale  to  mo,  where  mn  is  the  shear  due  to  dead  load,  and  no  that 
due  to  live  load.     By  our  rule 

gh  cos  0  -}-  shear  =  £?  or^A  =  —  Shear  sec  0. 
¥  or  gh,  as  the  sec  0  is  negative  and  since  the  shear  is  positive,  —  mo  sec  0  will  give  ten- 
sion itigh.     The  sec  0  in  this  case  is  1.117.     If,  then,  we  divide  the  scale  to  which  —  and  — 

are  laid  off  by  1. 117,  mo  to  this  new  scale  will  give  at  once  the  stress  in^A. 

In-the  same  way  the  greatest  negative  shear  due  to  the  live  load  is  kn.  But  the  posi- 
tive shear  due  to  dead  load  is  mn.  The  difference,  or  km,  is  the  effective  shear  which 
causes  compression  in^A.  We  see,  therefore,  that  o\\\y  fg  dir\A  gh,  and  the  corresponding 
braces  on  the  other  side  of  the  centre,  require  counterbracing.  For  all  the  others  the 
dead  load  positive  shear  exceeds  the  maximum  negative  shear  due  to  live  load. 

Thus,  Fig.  96,  we  obtain  by  scale  /;/«  =  2.5  and  no  =.  12.65  or  mo  z=z  15.15.  This 
multiplied  by  sec  6  =  1,117  gives  16.9  tension  in  ^A,  which  agrees  with  the  value  already 
found  by  the  preceding  methods.  In  the  same  way  we  find  kn  =  7.65  and  mn  =  2.5, 
hence  km  =  5.15.  This  multiplied  by  sec  0  =.  1.117  gives  5.7  tons  for  compression  in  gh, 
which  agrees  well  with  the  values  already  found. 

Stresses  Due  to  Locomotive  Excess. — In  all  that  precedes  we  have  supposed  a 
uniformly  distributed  live  load  of  i  ton  per  foot.  But  as  we  have  seen,  page  97,  we  must 
for  spans  greater  than  100  feet,  also  take  into  account  the  stresses  due  to  the  locomotive 
excess.  Whatever  method,  therefore,  we  adopt,  of  those  just  given,  the  solution  is  not 
complete  until  we  have  found  and  properly  added  the  locomotive  excess  stresses  to  those 
already  found  for  uniform  live  load. 

These  stresses  we  now  proceed  to  find. 

Upper  Chord.* — For  chord  Lb,  Fig.  95,  we  should  have  a  concentrated  load  equal 
to  the  locomotive  excess  over  i  ton  per  foot,  or  33  tons  (page  102)  acting  at  the  ist  lower 
apex,  Fig.  95,  and  another  equal  load  acting  at  the  6th  lower  apex  or  50  feet  from  the  ist 
(page  100).  These  two  loads  being  conceived  to  act  at  these  places,  we  find  the  left  hand 
reaction  easily  from 

—  ;e  X  80  +  33  X  70  +  33  X  20  =  o,  orie  =  +  37.125. 
Hence  for  the  stress  in  Lb,  we  have 

—  LbX  10—  37.125  X  10  =  0,  or  Z*  =  —  37.125. 

In  the  same  way  we  have  for  Ld, 

—  /?  X  80  +  33  X  60  +  33  X  10  =  o,  or  /?  =  +  28.875, 
and                         —  Ldy,  10  —  28.875  X  20  =  o,  hence  Ld  =  --  5775. 

—  ^  X  80  +  33  X  50  =  o,  or  ^  =  +  20.625, 

and  —  LfX  10  —  20.625  X  30  =  o,  hence  Z/=  —  61.875  tons. 

—  Lh  X  10  —  16.5  X  40  =  o,  hence  Lh=  —66  tons. 

Lower  Chord. — For  chord  Aa,  Fig.  95,  we  have  33  tons  at  the  1st  apex  and  at  the 
6th.     Hence, 

-4a  X  10—  37-125  X  5  =0,  or^a  =  +  18.56. 


'The  method  by  equivalent  uniform  load,  page  97,    may  be  used  instead  of  the  method  of  this  chapter,  fpr 
spans  over  100  feet,  or  the  method  by  one  locomotive  excess  and  ec^uivalent  uatform  train  load,  page  99» 
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For  Be  we  have, 

Be  X  10  —  28.875  X  15  =o»  orBe  =  +43.312, 

Ox  10  —  20.625  X  25  =  o,  or  0  =  +  5 1 .56, 

D£-X  10  —  16.5  X  35  =  o,  or  Z5^  =  +  57.75. 

These  stresses  must  be  added  to  those  already  found  for  the  uniform  live  load  of  2000 
lbs.  per  foot.  We  see  at  once  how  much  the  chord  stresses  may  be  increased  owing  to  the 
very  heavy  concentrated  loads  of  the  locomotive. 

Braces. — For  the  braces  La  and  ab  we  have,  according  to  page  108,  the  stresses 


La—  —  37-125  Xsec^  =  —  37125  X  1.117=  —  4i-47» 


and 


and 


and 


and 


ab^  +41.47. 
In  similar  manner  we  have, 

bc^  —  28.875  X  i.l  17  =  —  32.25 

*^=  +4-125  X  I.I  17  =  +  4-6 
de=  —  20.625  X  I.I  17  =  —  23.04 

de=.  +  8.25  X  I.I  17  =  +9.21 
^=  —16.5  X  I.I  17  =  —  18.4 

fg^  +  12.375  X  1.117  =  +  1382 


^^=  +  32.25, 

cd-=-  —  4.6. 
</"  =  +  23.04, 

^/=  —9.21. 
^A  =  +  18.4, 

gh:=^  —  13.82. 


These  values  must  be  added  to  the  corresponding  values  found  for  uniform  live  load. 
The  actual  maximum  stresses  then  are  given  by  the  following  Table,  where  the  dead  load 
stresses  are  as  before,  page  108. 

TABLE  FOR  MAXIMUM  STRESSES  IN  THE   BRACES. 


La 

1 

ab 

be 

cd 

de 

^f 

fg 

gh 

Live  load. 

'Comp.  — 

39.1 
41.47 

>    *    •    • 

29.32 
32.25 

1.4 

4.6 

20.94 
23.04 

4.19 
9.21 

13.82 
18.4 

8.38 
13.82 

Tension  -|- 

•  •   •   • 

39  I 
41.47 

1.4 
4.6 

29.32 

32.25 

4.19 
9.21 

20.94 
23.04 

8.38 
13.82 

13.82 
18.4 

Dead  load. 

-  19  54 

+  19  54 

-  13.96 

-f- 13.96 

-8.38 

+  8.38 

-2.8 

+  2.8 

Max.  comp. 

100. 1 1 

•  •   •  • 

75.53 

•    •  •    • 

52.36 

5.02 

35.  02 

19.4 

Max.  tens. 

•  •  •   • 

100. 1 1 

•   •   •  • 

75.53 

5.02 

52.36 

19.4 

35.02 

Comparing  these  stresses  with  those  found  and  tabulated  on  page  109,  we  see  how 
great  an  influence  the  locomotive  excess  has.  We  see  that  rff  and  ^must  now  also  be 
counterbraced  as  well  asy^  and  gh.     All  the  stresses  are  very  much  increased. 

If  there  are  two  trusses  in  the  bridge,  the  stresses  in  each  will  be  one  half  of  those  just 
found.  In  general  we  find  the  stresses  in  a  truss  as  if  it  alone  supported  the  entire  load^ 
^nd  then  divide  th^s^  stresses  among  as  many  trusses  as  may  compose  the  bridge. 
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Tables  Unnecessary. — Reviewing  all  the  methods,  we  see  that  in  the  present  case 
the  method  of  calculation  by  moments  (page  109)  is  decidedly  the  simplest  and  best. 
The  Table,  page  105,  was  rendered  necessary  in  order  to  avoid  the  necessity  of  making  a 
separate  diagram  for  each  brace.  With  this  exception,  the  other  Tables  are  unnecessary, 
and  are  only  given  in  order  to  show  the  relative  influence  of  the  dead  and  train  loads 
and  locomotive  excess.  In  practice,  we  can  and  should  find  the  maximum  stress  of  either 
kind  upon  any  member  directly  by  a  single  equation  of  moments.  We  close  this  Chapter, 
therefore,  by  calculating  the  case  in  hand  in  the  manner  which  we  recommend  for  all  such 
cases. 

Thus,  referring  to  Fig.  94,  let  us  find  once  more  the  maximum  stresses.  Let  the  dead 
load  of  5  tons  at  each  apex  be  x,  the  train  load  10  tons  =  y^  and  the  locomotive  excess  33 
tons  =  z. 


{d)   STRESSES   IN  THE  .CHORDS. 

The  stresses  due  to  dead  load  alone  are  easily  found  if  they  are  required,  as  on  page 
109,  for  full  live  load. 

For  the  maximum  stresses,  we  proceed  as  follows  ^ 

At  every  apex  of  the  lower  chord.  Fig.  94,  let  the  dead  load  x  and  train  load  y  act. 
We  have,  then,  ;r-}->'=5  +  10=  15  tons  at  each  apex,  and  the  reaction  at  each  end  is 

'  ^   ^^^  =  52.5  tons. 

For  the  panel  Aay  Fig.  94,  we  have  in  addition  the  locomotive  excess  of  ^  =  33  tons  at 
P^  and  at  P^ ,  50  feet  from  P^.     These  loads  cause  a  reaction  at  the  left  end  ol  ^js-^  ^js  = 

7  ("^  "4"  y)     Q 

1rZ=  37.125  tons.     For  the  panel  ^ a,  then,  the  left  reaction  is  — ^^ —  ^q^  =  89.625 

'^  2  o 

t^ns,  and  hence,  by  moments, 

Aax  10-  \J  \^        +  I  '^J  ><  5  =  o,  or^a  =  +44.81. 

For  Be  we  have  s  tons  at  P,  and  at  P^.  The  left  reaction  is,  therefore, 
|'^7(^  +  J^)^|^j  =  81.37s  tons.     Hence 

Bex  10-  [^^^^-^^+1^]  X  is  +  {x+y)S=0  ^^  =  +114.56. 

In  similar  manner, 

CeX  10- [^^^^-^^+1^]  X25+(;r-fj)(i5  +  5)=o  C^  =  +  iS2.8i. 

/?g-Xio~[^^^  +  ^^  +  |^]x35+(^+jr)(2S+iS  +  S)=o  Z>^  =  +  i74. 

-  Z*  X  10  -  [-^-^^i^^+l^]  X  10  =  o  Z*  =  -  89.625. 

^UX  10- [^^"^^"^^^  +  1^]  X2o  +  (;r  +  >^)  10  =  0  Z^=-i47.75. 
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-Z/X  lo-  ^7(^+j)_^|^J  ^  3o  +  (^+^)(2o+io)=o  Z/=  -174-375. 

-ZAxio- [■^^^tZ)^|^Jx  40  + (^+>')  (30  +  20+  10)  =0    ZA=-i86. 
These  are  the  maximum  stresses  which  can  ever  occur  in  the  chords. 

{p)   STRESSES   IN  THE  BRACES. 

For  the  greatest  tension  in^A,  Fig  94,  we  have  at  every  lower  apex  5  tons  =  Xy  due  to 
the  dead  load ;  also  10  tons  =  ^  at  all  the  right  hand  apices  due  to  train  load,  and 
finally,  33  tons  =  -sr  at  P^  due  to  the   locomotive    excess.       The    left    reaction    is    then 

^  +  (i  +  l  +  8  +  l) -^  +  1  =  1^+ ^-^+¥='7.5  +  12.5 +  16.5  =  46.5  tons.  The 

shear   for  gh  is,  then,  the  reaction    minus   the   three   dead    loads   at  Z',,  /^„  and  P„  or 

-;r+    Q->'  +  r  — 3  •='^  =  46.5  —  15  = +  3^-5  tons.     Therefore, 

2  o  2 

2     +T-^"^  ^-3^j  sec  6^  =  +31.5  X  I.I  17  = +  35-18  tons. 

The  greatest  compression  in  gh  will  be  when,  in  addition  to  the  dead  load  at  every 
lower  apex,  we  have  10  tons  =^  at  /^,,  P^  and  P^  and  33  tons  =  z  and  P^,  The  reaction  at 
the  right  end  is  then 

l^  +  (i  +  i  +  l)j^  +  l^  =  i^  +  fjF+N=  17.5 +  7-5 +  12.375  =  37.375. 
The  negative  shear  for  gh  is  then  —  37.375  +  4;r  =  —  17.375,  and 

^A=-(J^  +  |>'+|^-4^)sec6^=  -  17.375  X  1.117=  -  194. 

For  the  greatest  tension  in  ef^  we  have,  in  addition  to  the  dead  load  of  5  tons  =  jt  at 
every  lower  apex,  10  tons  =^  at  every  right  hand  lower  apex  and  33  tons  =  £r  at  /*,.  The 
left  reaction  is,  therefore,  J  :r  +  ^y  -i-  |  ^  =  17.5  +  18.75  +  20.625  =  56.875.  The 
positive  shear  is,  therefore,  56.875  --  2  ;r  =  46.875. 

For  the  greatest  negative  shear  we  have  10  tons  =  ^  at  P,  and  P^  and  33  tons  =  ^  at 
P^.  Hence  the  right  hand  reaction  is|;r  +  f>'+|^=  29.50.  The  negative  shear  is 
therefore  —  29.50  +  5jr  ==  —  4.50 

We  have,  therefore, 

</"=  +46.875  X  I.I  17  =  +52.36  and  </■=  —  4.5  X  1.117  =  —  5.02 
de  ^  —  52.36  de  —  -{-  5.02. 

For  tension  in  cd  we  have,  in  addition  to  the  dead  load,  10  tons  at  every  right  hand 
apex  and  33  tons  =  ^  at  P,  and  at  P^  also.  The  left  hand  reaction  is  then  \  x  -\'  ^  -\- \  z 
=  72.625  tons,  and  the  positive  shear  is  72.625  —  ;r  =  67.625.     Hence 

cd—  --  67.625  X  I.I  17  =  +  75.53  and  fe  =  —  75.53. 

For  the  greatest  compression,  if  any,  in  cd,  we  have  10  tons  at  P^  and  also  33  tons  at 
P^,  The  reaction  at  right  is  then  l^  +  i>'  +  i^=  22.875.  The  negative  shear  is,  there- 
fore,  —  22.875  +  6^  =  +  7.125.  As  the  shear  in  this  case  comes  out  positive,  it  shows  that 
cd  is  in  tension  for  this  loading  also.  In  other  words  cd  does  not  need  to  be  counterbraced. 
The  same  holds  true  for  all  the  remaining  braces. 
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For  ab  we  have  finally  15  tons  at  every  lower  apex  and  33  tons  at  /*,  and  at  P,.  The 
reaction  at  left  end  is  then  52.5  -}-  37-125  =  89.625.     This  is  equal  to  the  shear.    Therefore, 

ad  =  -[-89.625  X  I.I  17  =  +  loaii  and  Z^  =  —  loo.ii. 

These  values  agree  well  with  those  given  in  the  Table,  page  112. 

We  see,  then,  that  the  maximum  stresses  may  be  found  directly  by  this  method  from  a 
single  equation  for  each  member,  and  no  Table  is  required.  Whether  a  brace  is  to  be  counter- 
braced  or  not  and  the  stress  in  the  counter,  are  easily  determined. 

The  above  comprises  the  application  of  our  four  methods  to  a  bridge  girder  sustaining 
a  live  load  as  well  as  a  dead  load.  In  the  following  Chapters  we  shall  make  use  of  one  or 
the  other  of  these  methods,  whichever  may  seem  best  adapted  to  the  case  in  hand. 

For  the  method  by  concentrated  wheel  loads  see  page  87. 
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Lattice  Girder — Example  for  Solution.— As  the  length  of  span  becomes  greater 
it  may  be  advantageous  to  have  more  than  one  system  of  bracing,  thus  reducing  the  panel ' 
length.  Such  systems,  owing  to  the  indeterminate  character  of  the  stresses,  are  usually 
avoided  in  practice.  Lattice  girders  may  be  regarded  to-day  as  antiquated.  No  more  are 
or  will  be  built. 

In  Fig.  97  we  have  represented  the  half  span  of  a  girder  with  four  systems  of  bracing, 
i.«.ui  load  on  lower  chord.     We  have  the  length  /  = 

*  .  I  *  J  .  *  11  !  ,.  rf  1J1  rf  1.  rf  1.  '^  ^^^*'  tl'vided  into  i6  panels  of  lo  feet  each, 
height  of  girder  =  20  feet,  and  the  braces  making 
an  angle  of  45°  with  the  vertical.  Therefore,  f  = 
45°,  tan  ff  =  I,  and  sec  **  =  1.414.  Let  the  dead 
,  load  /  =  as  ton  per  foot,  and  the  hve  load  m  =  i 
ton  per  foot.  Then  the  apex  dead  load  is  5  tons, 
and  the  apex  live  load  is  lo  tons.* 

(a)  Maximum  Stresses  in  the  Chords. — 
By  far  the  simplest  method  in  the  present  case  is  the  method  by  coefficients,  explained  in 
the  preceding  Chapter.  Thus,  Fig.  97,  we  write  down  the  coefficients  upon  the  diagonals, 
which  multiplied  by  P=  i;,  give  the  shear  for  full  load.  Adding  the  coefficients  of  the 
two  diagonals  which  meet  at  an  apex,  we  obtain  the  apex  coefficients  as  given  in  the  Fig< 
ure.  Then  beginning  at  the  end  and  proceeding  toward  the  centre,  we  find  by  successive- 
addition  the  chord  coefficients,  which,  multiplied  by  P  tan  tf,  give  the  chord  stresses.  Since 
tan  tf  =  I  and  P=  15,  /"tan  0=  1$. 

For  the  upper  chords,  all  of  which  are  in  compression,  we  have,  then,  at  onCe, 

a.*,  = -2  X  15  =  —  30,    A,*.  =  -6x  IS  =  — 90- 
*■*.  =  — 9  X  15  =  —  135.  *,f,  =  -  II  X  IS  =  -  16s,  <r,rf,  =  —  13  X  IS  =  -  '95. 
d,d^  =  —  x$  X  IS  =  —  22s,  (/,(/,  =  (/, ^,  =  —  16  X  IS  =  —240  tons. 
For  the  lower  chords,  all  of  which  are  in  tension,  we  have, 

a,a,=  i.$  X  IS  =  +  22.5,  a,*.  =  4.5  X  iS  =  +67-S.  *.<^.  =  7-S  X  iS  =  +  ii2.S. 

c,c,^  10.5  X  15  =  +  IS7-5.  '^,'^.=  12-S  X  15  = +  187-5. 

c.'^4=  »3-5  X  iS  =  +202.s,   <*■,=  14.S  X  IS  =  +  217.5,    ',<"■=  iS-5  X  15  =  + 232.S- 


For  the  end  post. 


<7,=  -2  X  iS  =  -30. 


;,  =  —  6  X  15  = 


-90. 


*  In  all  our  examples  dtttd  load  and  dimensions  are  assumed  for  convenience  a!  illustraiion  only,  and  are  nol  to 
be  considered  as  praciical  cases.  We  shall  see  how  to  estimate  dead  load  and  best  dimensions  herealter.  For 
fpMU  leas  than  100  feet  the  method  of  this  Chapter  should  nol  be  used.  For  method  by  concentrated  loads  see 
Appendix,  page  J42.  In  all  cases  the  method  by  equivalent  uniform  load,  page  g?,  may  be  used  for  spans  over  lOO 
feet,  instead  of  the  melhod  of  this  chapter,  or  the  method  by  one  locomotive  excess  and  equivalent  uniform  train 
load,  page  gg, 
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{b)  Maximum  Stresses  in  the  Braces. — The  apex  live  load  is  lo  tons. 

We  find  the  maximum  stresses  iriir^M 

in   the   braces   due   to   it   by  the   g^^  ^  ^   ^    ca    a^    dx    d,  j[^  J^  J^  /*  y^  y^^  ^^  ^ 
method  of  page  1 14.  ^^ 

Thus,   the    greatest    positive 
shear   for  rf,   e,.    Fig.   98,  will  be   ^A   ^"    *«     V,    V,    V,   i',    V,    ?,    i',   >;    ir,    i^    g, 
when  P,  and  />„  only  act,  because  ^'    '*'    *"'    ''^    '*»  **•   ^'    f*   ''•    ''«'  ^"    ''"  ''"   ''"  ''^ 

these  are  the  only  apex  weights  which  act  on  the  system  to  which  d^  e^  belongs,  on  the  right 
of  d^  e^. 

This  shear  is  (iV  +  A)  10  =  +  7.5.     Hence 

—  d^  e^  cos  6/4-  7.5  =  o,  or  d^  e^  =  +  7.5  x  1.414  =  +  10.6. 

We  therefore  have  d^c^  =  —  10.6. 

The  greatest  negative  shear  for  rf,  e^  will  be  when  P^  only  acts.  This  shear  is  ~  y^  10 
=  — 2.5.     It  causes,  therefore,  compression  in  </,  e^  equal  to  2.5  x  1414  =  —  3.53. 

In  d^  c^  =  we  have  then  +  3-53- 

For  the  stress  in  d^  e^,  we  have,  from  Fig.  98,  the  positive  shear  caused  by  P^  and  -P,„  or 
equal  to  (^  +  ^)  10  =  +  6.25. 

The  negative  shear  is  when  P^  and  P,  act.  It  is  equal  to  (^  +  ^)  10  =  —  3.75.  We 
have  then  d,c^=—  6.25  x  1.414  =  —  8.84,  and  d^c^=  +  3.75  x  1.4H  =  +  5-3,  and  d^  e^ 
=  +884,  and  —  5.3. 

For  e^  f^y  the  positive  shear  is  when  /*„  and  P,^  act,  and  the  negative  shear  when  P^  and 
P^  act.  These  shears  are  (^^  +  A)  10  =  +  5  and  (^^  +  3^)  10  =  —5.  The  stresses,  then, 
in  e^f^  are  5  x  1.414  =  —  7.07  and  +  7.07. 

For  d^  e^  we  have  the  positive  shear  when  /^„  /*„  and  /^„  act,  and  the  negative  shear  when 
P^  alone  acts.     These  shears  are  {-^  +  A  +  iV)  10  =  +  9-375  and  —  -^  10  =  —  1.875. 

We  have,  then, 

^.  ^  =  +  9-375  X  1.414  =  +  13-26, 
and 

</,  ^,  =  --  1.875  X  ^4H  =  —  2.65. 

The  stresses  in  rf,  ^„  then,  are  —  13.26  and  +  2.65. 

For  c^  d^  we  have  in  like  manner  /*„  /*„  and  P,^,  causing  positive  shear,  and  P^  causing 
negative  shear.  The  positive  shear  is  then  {\^  +  W  +  'A^)  10  =  +  11.25  and  the  negative 
is  —  3^  10  =  —  1.25.     Therefore, 

c,d,=z  -f  11.25  X  1.414=+  15.9^ 
c,d^=—    1.25x1.414=—    1.77. 

The  stresses  in  c^b^  are  —  15.91  and  +  ^'77* 

For  b^  c^  the  positive  shear  is  {W  +  xV  +  A)  10  =  +  13.125,  and  the  negative  shear  is 
—  y^  10=  —  0.625.     Therefore, 

*,  ^,  =  +  13-125  X  1.414  =  +  18.56, 

^,  ^,  =  —  0.625  X  1.414    =  —  0.88, 
and 

*,  ^1,  =  —  18.56,  and  +0.88. 
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For  b^  c^  the  positive  shear  is  caused  by  P^,  P.,  P,„  and  is  (f|-f  ^-f-y^)  io=  +  15. 
The  negative  shear  is  zero.     Hence, 

*i  ^,  =  +  IS  X  1.414  =  +  21.21,  and  *,  ^,  =  -  21.21. 

For  b^  c^  the  positive  shear  is  caused  by  P^,  P„  /^,„  and  P,„  and  is  (||  +  ^^  +  ji^  +  ^) 
10  =  +  I7-5.     The  negative  shear  is  zero.     Hence, 

*.  ^,  =  +  17.5  X  1.414  =  +  2474»  and  *,  ^ ,  =  -  24.74. 
For  a^  b^  the  positive  shear  is  (^  +  f^  + 1^  +  3^)  10  =  +20.     Hence, 

a^  ^^  =  +  20  X  1.414  =  +  28.28. 

For  a^  a,  the  positive  shear  is  when  the  loads  /\,  /*,,  /^„  /^,„  act     The  shear  then  is 
(H  +  H  +  A  +  i\)io  =  +  22.5.     Hence, 

a,  ^1,  =  +  22.5  X  I.414  =  +  31.81. 
We  can  now  collect  these  results  in  a  Table,  as  follows: 

TABLE  OF  STRESSES   IN  THE    BRACES.* 


'4^4 

ti^t 

«/,f. 

«/i^i 

J^Ci 

^«'« 

rf,f. 

<^4^4 

^4^4 

v» 

^»«» 

^,f, 

Vi 

v« 

*•«« 

• 

1. 

> 

Comp.  - 

-707 

-53 

-8.84-3.53 

1 

-10.6 

4-3-53 
-3.5 

—2.65 

—  13.26 

-1.77 

4-i5.9« 

-15.91 

-0.88 

-  18.56 

•    •    •    a 

—21.21 

■  •  •  ' 

-24.74 

.Tens.  + 

4-707 

4-8.84 

4-5.3    4-»o.6 

+13.26 

4-2.65 

-r-I.77 

+18.56 

+0.88 

+  21.21 

•    •   «    • 

4-34.74 

•  •  •  • 

Dead  load. 

0 
-7.07 

4-1.77 

-«.77|  4-3-5 

4-5-3 

-5-3 

4-7.07 

-707 

4-8.84 

-8.84 

+  10.6 

—  10.6 

+12.37 

-la.37 

Max.  comp.— 

-3.53 

—  T0.61 

1 

4-14.1 

-14. 1 

•  •  •  • 

-18.56 

4 
•  •  •   t 

-22.98 

•    •   •   • 

—  27.40 

a   •   »  « 

—31.81 

•  •  •  « 

-37." 

Max.  teas.  + 

4-7.07 

+10.61 

-f3-53 

1 

•  •  •  • 

+18.56 

•  •  •  • 

+22.98 

•   •    ■   • 

4-27.40 

.   •  ■   ■ 

4-3«.8x 

• 
«   •    •    • 

4-37.11 

•  ■  •  • 

The  live  load  stresses  just  found  give  us  the  first  two  lines.  Since  the  dead  load  is 
one  half  of  fhe  live,  the  algebraic  sum  of  the  first  two  lines  divided  by  2,  gives  the  dead 
load  stresses. 

The  line  for  dead  load  being  thus  filled  out,  we  can  find  the  maximum  stresses.  We 
see  from  the  table  that/,  ^„  e^  d^,  d^  e^  and  rf,  c^  are  the  only  diagonals  which  require  coun- 
terbracing  on  the  left  of  the  centre.  Of  course,  the  stresses  are  the  same  in  all  the  corre- 
sponding members  of  the  right  half  of  the  girder. 

In  a  precisely  similar  manner  we  may  manage  any  number  of  systems. 

A  double  or  triple  system  is  generally  used  when  the  length  of  panel  for  a  single  sys- 
tem, owing  to  the  increase  of  height  due  to  great  length,  renders  it  advisable  to  support 
the  chords  at  more  frequent  intervals. 

A  multiple  system,  then,  such  as  Fig.  98,  when  used  for  a  long  span,  maybe  calculated 
as  in  the  preceding  pages,  disregarding  locomotive  excess  and  considering  the  live  load  as 
uniformly  distributed.f  It  is  not,  therefore,  in  general  necessary  to  take  account  of  loco- 
motive excess.  When,  however,  it  is  necessary  so  to  do,  the  method  of  calculation  is 
explained  further  on,  when  treating  of  the  Pratt  truss,  double  system. 

*  Again  we  call  attention  to  the  fact  that  a  Table  is  unnecessary  (see  page  114). 

t  For  the  chords,  the  method  of  equivalent  uniform  load,  page  97,  may  be  used  for  long  spans  over  100  feet  ; 
for  shear,  the  method  adopted  for  the  Pratt  Truss,  page  120.  Or  the  method  by  one  locomotive  excess  and  equiva- 
lent uniform  train  load  (page  99)  may  be  used^ 
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Pratt  Truss* — Deck  Bridge. — Let  Fig,  99  represent  a  Pratt  truss  90  feet  long, 
load  on  the  upper  chord.  The  bridge  is,  there- 
fore, a  "  deck"  bridge.  Let  the  depth  of  truss 
be  10  feet,  and  let  there  be  9  panels  of  10  feet 
each  in  the  upper  chord,  and  7  in  the  lower 
chord. 

We  have  then  B  =  45°,  sec  Q  =  1.414.  Let 
the  train  load  be  i  ton  per  foot  preceded  by  two  standard  locomotives,  and  the  dead  load 
0.5  ton  per  foot.     Then  we  have  uP  =  10  tons  per  live  panel  load,  and  /*  =  5  tons  for  uni- 
form panel  dead  load.     Locomotive  excess  33  tons.     Trains  preceded  by  two  locomotives. 

In  this  style  of  truss,  the  verticals  are  to  take  compression  only  and  the  inclined  braces 
tension  only.  Whenever  the  live  load  would  tend  to  cause  compression  in  any  inclined 
brace,  that  piece  must  be  counterbraced  by  inserting  a  brace  uniting  the  other  comers  of 
the  panel.  Those  inclined  braces  which  are  extended  by  the  action  of  the  dead  load,  or 
by  a  full  load  live  and  dead  extending  over  the  whole  truss,  are  call  ties.  They  are  repre- 
sented in  Fig.  99  by  full  lines.  The  dotted  lines  denote  counterMes,  which  arc  only  called 
into  play  by  the  live  load. 

When  the  truss  is  fully  loaded,  the  centre  of  the  girder  is  deflected  most,  and  on  each 
side  of  the  centre  the  curve  is  the  same.  We  can  always,  therefore,  tell  which  are  the 
ties  in  any  case,  by  considering  the  deformed  panel  under  full  load,  and  remembering  that 
the  tie  is  the  longest  diagonal  of  the  deformed  panel.  In  Fig.  99,  since  we  have  an  odd 
number  of  panels,  the  centre  panel  is  not  deformed,  but  remains  a  rectangle.  Hence  the 
diagonals  in  it  are  both  counterbraces,  and  are  not  strained  by  full  load,  at  all,  but  only  by 
partial  or  live  loads  not  extending  over  the  whole  truss. 

{a)  Maximum  Stresses  in  the  Chords.— Suppose  at  every  upper  apex  the  dead 
load  of  JT  =  5  tons,  and  the  train  load  of  ^  =  10  tons  always  acting,  or  15  tons  =  jr+^'at 
each  upper  apex,  Fig.  99.  We  have,  then,  only  to  suppose,  in  addition  to  this,  the  loco- 
motive excess  to  act  at  the  proper  apices  for  each  chord,  page  100,  and  we  can  find  the 
maximum  stresses  at  once. 

Thus  for  Aa,  Fig.  99,  we  should  have  the  locomotive  excess  of  -r  =  33  tons  at  P^  and 

at  P^.     The  reaction  at  the  left  end  due  to  dead  and  live  loads  is,  then,  — ^       "^    =  60 


tons,  and  due  to  locomotive  excess  \z-\'\z'=^^Z'=-  40.33  tons,  or  altogether 
-(-  y  ^  =  100.33  tons.     We  have,  therefore. 


8(;r  +JK) 


—  ^aX  10—  [4(-=«^+.r)+V'3r]  X  10  =  o 

-Be  X  10-  [4(jr+j^)  +^^]  X  20+  (;r+;/)  X  lO  =  O 

% 

-Ce  X  io-[4(^+j^)  +  i^]  X  30  +  (^+>')(20+io)  =  o 
-Dgx  lO-[A{x+y)  +  \z']  X40  +  (;r+7)(30  +  20+io)  =  0 


or  Aa  =.  —  100.33 
Be  =^  —  171 
0  =  —  211.98 
Dg=  --  223.33 


—  £A  X  10-  [4(jr+>^)  +  ^^]  X  50  +  (^+>')(40  +  30  +  20+  lO)  =  o  J?A  =  —  223.33 

It  makes  no  difference  which  lower  apex  we  take  as  the  centre  of  moments  for  Eh 
the  one  on  the  right  or  the  one  on  the  left.     Thus 


--EhX  io^[4{x+y)  +  \z^  X  40  + (^+>')  (30  + 20+ 10)  =  O        or£*=  -  2^3.33 
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as  before.  For  the  lower  chords  we  have  for  Lb  the  locomotive  excess  at  P,  and  A 
Therefore 

Z*  X  lO  —  [4  (4:  +  ^)  +  JjL  ^]  X  lo  =  o  Z*  =  +  100.33 

Zrf  X  10  —  [4  (^  +;')  +  ^  -8^]  X  20  +  (;ir  +>')   X    10  =  o.  Zflf  =  +  171 

z/  X  10  -  [4  (^  +^)  +  i  -ff]  X  30  +  (^4-;')  (20  -f  10)  ==  o         z/=  +  211.98 

ZA  X  10  -  [4  (x  +;/)  +  f  ^]  X  40  +  (^  +  j)  (30  +  20  4-  10)  =  o  ZA  =  +  223.33 

These  are  the  maximum  stresses  which  can  ever  occur  in  the  chords. 

(p)  Maximum  Stresses  in  the  Braces. — We  suppose  each  upper  apex  loaded  with 
the  dead  load  ;r  =  5  tons.  We  take  the  train  load  ^  =  10  tons,  and  the  locomotive  excess 
if  =  33  tons,  at  the  proper  apices  to  give  the  maximum  stresses  for  each  brace  (page  99). 

Thus  for  the  counterbrace  hi.  Fig.  99,  we  suppose  ^^  =  10  tons  at  P^,  P^,  P^  and  /^„  and 

%x 
^=  33  tons  at  P^.     The  left  reaction  is  then  —  =  20  tons  for  dead  load,  (i  +  1  +  1  +  i) 

^  =  U.I  I  tons  for  train  load,  and  ^  2  =z  14.66  tons  for  locomotive  excess,  of  altogether 
4;r-}-'V^>'  +  i'3r  =  45.77  tons.  The  positive  shear  for  At  is  then  the  left  reaction  minus 
all  the  weights  between  the  left  end  and  PtiOr4x-{-^j^'\-^js-'4x  =  ^y'\-^2  =  ^$'77 

tons.     We  have,  therefore, 

At  cos  6Ai  +  25.77  =  o,  or  At  =  -|-  25.77  X  1.414  =  +  36.44  tons. 

If  there  were  no  other  diagonal  in  the  centre  panel,  the  greatest  compression  on  At 
would  be  found  by  supposing^  =  10  tons  at  P^y  /*„  /*„  and  uP„  and  -ar  =  33  tons  at  P^.  This 
would  cause  a  compression  of  36.44  tons,  the  same  as  the  tension  in  the  first  case.  As  At 
cannot  take  compression,  this  stress  comes  as  tension  in  the  other  diagonal.  The  two 
centre  counterbraces  are,  therefore,  subjected  to  an  equal  maximum  stress  of  +  36.44  tons 
for  each  ;  under  the  action  of  the  dead  load  alone  they  are  not  stressed  at  all.  This  is  in 
accordance  with  the  principle  that  for  uniform  load  over  the  entire  span,  the  shear  at  the 
centre  is  zero  (page  82). 

The  posts  are  always  in  compression.  The  greatest  compression  on  g'A  will  be  when 
the  train  Joad  extends  over  the  longer  segment,  or  when  we  have^  =  10  tons  at  P^,  P^,  P^, 
P^  and  /*„  and  ^  =  33  tons  at  P^,  as  well  as  jt  =  5  tons  at  every  upper  apex.  The  shear 
for  this  loading  will  be  the  greatest  compression  on  gA^  and  this  shear  multiplied  by  1.414 
will  be  the  greatest  tension  in  fg.  The  left  reaction  is  then  4x  -^  ^j^  '\-  \  2  =  55  tons. 
The  shear  is4;r  +  V"^  +  t'^""3-^=  40  ^^^s.     Hence 

gA=zx-{-^y-^\s=  —  40  tons. 
The  same  loading  gives  the  greatest  tension  in  /g.     Hence' 

y^  =  +  40  X  I.4U  =  +  56.56  tons. 

For  the  greatest  compression  on  /g,  if  any,  or  in  other  words  the  tension  in  the  coun- 
terbrace for/g,  if  any  counter  is  needed,  we  must  have  P,,  P^  and  P^  loaded  with  10  tons, 
and  33  tons  at  P^.  The  left  reaction  is  then  20  -f-  23.33  +  22  =  +65.33.  The  shear  then 
is  65.33  —  15  —  15—48  =  —  12.66  tons.  As  the  shear  comes  out  minus  it  will  cause 
compression  in  /g  or  tension  in  the  counter.     Hence 

/g  =  —  12.66  X  1. 414  =  —  17.90  tons. 
If  the  shear  in  the  second  case  had  also  come  out  plus,  it  would  have  denoted  that 
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no  counter  was  necessary.     In  such  case  both  loadings  would  cause  tension  in  fg,  and  the 
greatest  would  be  as  above,  -j-  56.56  tons. 

In  the  same  way  for  efy  we  have  for  left  reaction  20  +  23.33  +  25.66  =  -[-69.  The 
maximum  positive  shear  then  is  -f-  69  —  10  =  59.     Hence 

^/  =  —  59  tons. 
The  greatest  tension  in  de  is,  therefore, 

^<f  =  +  59  X  1. 414  =  +  83.43  tons. 

For  the  load  coming  on  from  the  left  we  have  left  reaction  =  20+  16.66 -f-  25.66  = 
+  62.33.  The  shear  is  then  62.33  ""^5  —48=  —0.67.  As  the  shear  thus  comes  out 
negative  in  this  case,  de  requires  to  be  counterbraced,  and  we  have  ^/^  =  —  0.67  X  1.414 
=  —  0.95  tons. 

For  ^^  we  have  in  similar  manner,  left  reaction  =  20+  31. 11  +  33  =  +  84.11.  The 
greatest  positive  shear  is,  therefore,  84.11  —  5  =  +  79.11.     Hence 

^rf=  —  79-1  !• 

The  greatest  tension  in  be  is,  therefore, 

be  =  +79.11  X  1.414  =  +  1 1 1.86  tons. 

For  the  load  coming  on  from  the  left  the  shear  is  positive,  and  there  is  no  counterbrace 
needed  for  be. 

For  ab  we  have  15  tons  at  every  upper  apex  and  33  tons  at  P^  and  P,.  Hence  the 
reaction  at  left  is  60  +  40.33  =  +  100.33.  As  there  are  no  weights  between  the  left  end 
and  -P,,  this  is  also  the  shear.     Therefore, 


Finally,  the  end  tie  La  is 


ab  =  -^  100.33  tons. 


La  =z  -{-  100.33  X  1.414  =  +  141.86  tons. 


FiK.100(5) 


These  are  the  maximum  stresses  in  the  braces. 

If  the  girder  in  Fig.  99  is  turned  over,  as  shown  in  Fig.  loo(^),  the  load  being  still  on 
the  top  chord,  the  last  vertical  ed  is  a  simple  rod  to  support  only  the  Tig.ioo{a) 

centre  of  the  last  end  panel,  which  otherwise  would  have  to  be  of  double 
length.  It  takes  no  compression.  The  continuation  of  the  roadway, 
shown  by  ^^,  is  not  a  part  of  the  truss,  neither  is  the  end  pillar  ba^  which, 
if  needed  at  all,  takes  only  a  compression  of  y^  +  33  =  40.5  tons. 

If  the  load  is  on  the  bottom  chord,  Fig.  ioo{b),  the  last  vertical  ed 
takes  tension  only,  if  there  is  a  cross  girder  at  d,  to  the  amount  of  5  + 
10  +  33  =  48  tons.  If  there  is  no  cross  girder  at  dy  it  merely  supports, 
as  in  the  first  case,  the  centre  of  the  long  double  panel.  If  the  girder 
is  as  in  Fig.  99,  but  with  the  load  on  the  lower  chord,  as  shown  in  Fig. 
ioo(^),  the  continuation  of  the  roadway  a^/ is  not  a  part  of  the  truss. 
The  end  pillar,  ba,  supports  half  the  total  weight  of  truss  and  train 
and  locomotive  at  d.     The  support  may  be  either  directly  under  b  or  at  a. 

In  any  of  these  cases  there  can  be  no  difficulty  experienced  in  calculating  the  stresses. 

General  Method  for  Vertical  and  Diagonal  Bracing.— In   general,  then, 

whatever  method  of  solution  we  adopt,  we  consider  at  first  but  one  system  of  braces,  viz., 
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that  strained  by  the  dead  load  alone.     Then  if  we  find  for  any  diagonal  a  stress  of  opposite 
kind  to  that  which  it  is  intended  to  resist,  a  counter  must  be  inserted  to  take  that  stress. 

When  a  member  is  thus  intended  to  take  hut  one  kind  of  stress,  it  must  be  so  arranged 
that  it  cannot  take  any  other.  This  is  easily  attained  in  practice.  Thus,  if  the  posts 
merely  abut  on  the  chords  and  are  not  directly  united  with  them,  they  cannot  take  tension 
under  any  circumstances.  Or  even  if  the  posts  are  rigidly  connected  with  the  chords,  if 
the  ties  are  rods  which  run  through  the  chords  and  are  held  by  nuts  on  the  outer  side, 
they  can  never  take  compression.  Or  c^ain,  if  posts  and  ties  are  connected  with  the 
chords  and  each  other,  still  if  the  ties  are  long  members  of  small  sectional  area,  they  will  not  in 
practice  take  any  great  amount  of  compression,  but  will  bend  or  buckle  and  thus  bring 
stress  on  the  counters. 

Pratt  Truss — Double  System.* — Let  Fig.  loi  represent  the  half  span.    Let  the 

height  of  truss  be  20  feet,  and 
p^  panel  length  10  feet  Length  of 
span  180  feet,  divided  into  18 
panels.  Then  6^  =  45**  and  tan  d 
=  I  for  all  the  diagonals  except 
the  ends,  where  B  =  26''  34'  and 
tan  B  =  0.5. 

Let  the  train  load  be  i  ton  per 

foot,  or  10  tons  at  each  upper  apex, 

and  dead  load  be  0.5  ton  per  foot. 

or  5  tons  at  each  upper  apex.    The  locomotive  excess  is  33  tons  (page  102).  Train  preceded 

by  two  locomotives. 

(a)  Maximum  Stresses  in  the  Chords.  —  We  form  a  diagram  of  coefficients  as 
shown  in  Fig.  loi,  precisely  as  directed  on  page  107,  Fig.  93.  The  only  difference  in  this 
case  is,  that  as  the  posts  are  vertical,  the  component  of  their  stresses  in  the  direction  of  the 
flanges  will  be  zero.  Hence  the  coefficient  for  every  post  is  omitted.  In  other  respects 
the  method  is  similar. 

Thus  the  stress  in  A  is  compression  and  equal  to 

4.5  -P  tan  6^  +  4  Ptan  6\  where  P  =  1$  tons  and  tan  6^  =  i,  tan  *  =  0.5. 
Hence 

^  =  -  4.5  X  7.5  -  4  X  15  =  -  9375. 
For  B  we  have 

B=  -  93.75  ~  3.5  X  15  =  -  146.25. 

c=  —  146.25  —  3  X  15  =  -  191-25, 

D  ==  -  191.25  -  2.5  X  15  =  -  228.75, 
and  so  on. 

The  stresses  due  to  locomotive  excess  must  now  be  found  separately  and  added.  In 
doing  this  we  must  take  each  system  by  itself.  Thus,  for  A  we  have  33  tons  at  P,  and  at 
P^.     But  P,  acts  on  one  system  and  P^  on  the  other. 

The  left  reaction  for  33  tons  at  P^  is  |-|.  x  33  =  31.16,  and  the  centre  of  moments  is  at 
a.  For  P^  the  reaction  is  |f  X  33  =  22,  and  the  centre  of  moments  is  at  6.  If  the  second 
33  tons  were  at  P^  instead  of  P,  it  would  cause  less  stress  at  A,  because  the  reaction  would 
be  less  and  its  lever  arm  less.     Hence 

^  X  20  =  —  31.16  X  10  —  22  X  20  or  -4  =  —  37.58. 

*  All  double  systems,  owing  to  indeterminate  stresses,  are  avoided  by  the  best  practice.  This  system  may  be 
regarded  as  practically  antiquated.  No  more  will  probably  be  built  in  America.  When  it  is  desirable  to  reduce  the 
panel  length  the  "sub-Prait"  is  preferable.     For  method  by  concentrated  loads,  see  page  252. 


In  like  manner 
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In  the  same  way  for  B,  we  have  33  tons  at  P^  and  at  P^,  The  reaction  of  P,  is  |f  33 
=  29.33,  and  of  P^,  \\  33  =  20.16.  The  centre  of  moments  in  the  first  case  is  at  b^  and  in 
the  second  at  c.     Hence 

^  X  20  =  —  29.33  X  20  —  20.16  X  30»  or  5  =  —  59.57. 

In  the  same  way  we  can  find  the  stresses  in  the  other  panels  due  to  locomotive  excess. 
These  must  be  added  to  those  already  formed  for  dead  and  train  loads,  in  order  to  obtain 
the  maximum  stresses. 

{b)  Maximum  Stresses  in  the  Braces. — We  proceed  for  each  system  precisely  as 
illustrated  in  the  preceding  case,  Fig.  99,  and  in  the  case  of  Fig.  98,  page  117. 

In  finding  the  locomotive  excess  stresses,  we  must  take  both  the  loads  on  the  same 
system.  Thus  for  the  post  at  -P,,  Fig.  loi,  we  have  a  load  of  33  tons  at  P^  and  another  at 
/*„  and  not  at  -P,,  because  P^  belongs  to  the  other  system.  The  student  need  find  no  diffi- 
culty in  solving  the  case  for  himself. 

Post  Girder. — Let  Fig.  102  represent  a  Post  truss,  the  span  being  120  feet,  divided 
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into  12  panels  in   the  upper   chord.      Depth   of 

truss,  then,  will  be  15  feet.     The  angle  of  the  ties    gggg||fll|gg3 
with  the  vertical  is  45^  an<J  of  the  inclined  posts   -  -»-»3!3-,^«^ 

18°  26'. 

We  have,  then,  tan  6^  =  i  for  the  ties  and  tan 
B  =  0.333  ^or  the  posts,  sec  B  =  1.414  for  the 
ties  and  sec  6^  =  1.054  for  the  posts.  Let  the 
load  be  on  the  top  flange  and  equal  i  ton  per  foot 
for  live  load,  and  0.5  ton  per  foot  for  dead  load. 
The  apex  live  load  is  then  10  tons  and  the  apex  dead  load  5  tons.  Locomotive  excess,  as 
always,  33  tons  (page  102).    Train  preceded  by  two  locomotives. 

\a)  Maximum  Stresses  in  the  Chords.— Suppose  15  tons  at  each  upper  apex. 
Then  write  down  the  coefficients  for  each  brace  as  always.  But  we  cannot  now  add  these 
coefficients  in  order  to  find  the  apex  coefficients,  because  the  post  and  tie  do  not  make 
equal  angles  with  the  vertical. 

Thus,  Fig.  102,  the  horizontal  component  of  ak  \s  %  P  tan  ^  =  3  X  15  X  0.333,  and 
that  of  al  is  2.5  P  tan  ^'  =  2.5  X  15  X  i.  If,  then,  since  tan  B  for  the  ties  is  i,  we  denote 
by  0  the  angle  18°  25'  of  the  posts,  we  have  at  the  apex  a  the  coefficient  2.5  +  3  tan  ^,  at  b, 
2  +  3  tan  B,  etc.,  where  each  of  these  coefficients  is  to  be  multiplied  by  15. 

The  stress,  then,  in  ab  is  —(2.5  +  3  tan  6/)  15  =  —  (2.5  +  3  X  0.33)  15  =  —  52.5.  In 
similar  manner  we  have 


fe  =  -  (4.5  +    6     X  0.33)  15  =  -    97-5»        cd=  -{6   +  8.5  X  0.33)  15  =  -  132.5, 
de=-{7     +  10.5  X  0.33)  15  =  -  157.5,         ^/=  -(7.5+  12  X  0.33)  15  =  -  172.5, 

/g=-  (7.5  + 13    X  0.33)  15  =  -  177.5- 

In  the  same  way  we  can  find  the  stresses  on  the  lower  panels,  thus : 


^/=  + (6x0.33)  15  =  +  30, 


Im  =  +  (2.5  +  8.5    X  0.33)  1 5  =  +  80, 


iwf  =  +  (4.5  +  10.5  X  0.33)  15  =  +  120,  «^  =  +(6     +12     X  0.33)  15  =  +  150, 


^=+(7     +13     X0.33)  15  =+  170.  ;>r  =  4.(7.5+  13.5  X  0.33)  15  =  +  i8a 
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To  these  must  be  added  the  stresses  due  to  locomotive  excess,  found  precisely  as  in  the 
preceding  case. 

(*)  Maximum  Stresses  in  the  Braces.— In  order  to  find  the  maximum  stresses  in 

the  braces,  we  proceed  precisely  as  in  the  preceding  case,  page  123,  only  remembering  to 
multiply  the  shear  by  1.414  for  the  ties,  and  by  1.054  for  the  struts.  The  student  can 
easily  solve  the  example  for  himself.  This  type  is  usually  used  only  as  a  '*  through"  girder. 
In  either  case  its  calculation  is  simple. 

Baltimore  Bridge  Company's  Truss.* — Fig.  103  represents  this  truss.    Let  the 

load  be  on  the  upper  chord.     The  length  of  each 

panel  is  10  feet  and  there  are  16  panels  in  the  upper 

^^r^TT^TOT^  flange.     The  depth  is  20  feet.     All   the  verticals 

*\|  ''*\l  "\j.^^^^\j/^    Y — j^_ — V  are  posts,  and  all  inclined  members  ties.    The  train 

load  is  10  tons  for  each  upper  apex  and  dead  load 
5  tons.  Locomotive  excess  33  tons.  Train  preceded  by  two  locomotives.  The  angle  for 
the  ties  is  45°. 

{a)  Maximum  Stresses  in  the  Chords. — Supposing  15  tons  to  act  at  every  upper 
apex,  and  taking  the  locomotive  excess  at  the  proper  apices  as  required  for  each  chord,  we 
can  easily  find  the  maximum  stresses.  Thus  for  AB^  Fig.  103,  we  have  33  tons  at  c  and  at 
h.     The  centre  of  moments  is  at  c.     Hence, 

AB  X  20—  159.94  X  20+  15  X  10  =  0  AB^'\-  152.44. 

In  similar  manner, 

BCy.  20  —  151.69  X  40+  15  (30+  204- 10)  =0  5C  =  +  258.38, 

CD  X  20—  143.44  X  60+  15  (50  +  40  +  30+20+  10)  =  0    (rZ>=  +  317.82. 

The  stresses  in  ab  and  be,  cd  and  de,  ef  diX\d  gh,  etc.,  must  always  be  the  same,  because 
the  posts  bky  dniyfn^  etc.,  being  perpendicular  to  the  chords  can  cause  no  stress  in  them. 

For  the  upper  chords  ab  or  be,  then,  the  centre  of  moments  is  at  k.  We  have,  there- 
fore, 33  tons  at  b  and  g.     Hence, 

abX  10  =  —  164.06  X  10  ab^bc^i  —  164.06  tons. 

For  ed  and  de^  33  tons  at  d  and  i  will  evidently  give  the  greatest  stresses.  Taking, 
then,  the  centre  of  moments  at  5,  the  intersection  of  em  and  AB^  we  have 

^</X  20=  —  155.81  X  40+  15  (30+20)  cd:=-de=i^2j^i2. 

For  ef  nxxd  fg,  we  have  the  locomotive  excess  at /and  /. 
Taking  the  centre  of  moments  at  C,  we  have 

—  e/X  20-  147-56  X  60+  15  (50  +  40+ 30  +  20)  =0  efz=zfg=^  337-68. 

F^or  gh  and  /«,  we  have  33  tons  at  k  and  at  /,  50  feet  to  the  right  of  h.  Taking  the 
centre  of  moments  at  Z>,  we  have 

"gh  X  20—  139.31  X  80+  15(70  +  60+  5o  +  40  +  30  +  2o)  =  o. 
I  lence,  gh  =  hi  =  —  354.74  tons. 

These  are  the  greatest  stresses  which  can  ever  occur  in  the  chords. 


*  This  truss,  or  some  modification  of  it,  is  now  usually  adopted  when  it  is  desired  to  reduce  panel  lengthy  instead 
of  the  double  system  Pratt  Truss,  Post,  or  lattice.  It  is  sometimes  called  the  Pettit  Truss,  from  the  name  of  its 
inventor,  Robert  Pettit.     It  is  more  usually  designated  now  by  the  name  of  the  *'  sub-Pratt,"  or  *'half  hitch." 
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{b)  Maximum  Stresses  in  the  Braces. — It  is  evident  at  once  from  Fig.  103,  that 
the  greatest  compression  in  the  intermediate  posts,  bkydm./n,  etc.,  is  equal  to  a  full  panel 

load,  or  5  +  10  +  33  =  48  tons. 

Since  akc,  erne,  engy  etc.,  are  secondary  trusses,  one  half  the  load  on  bk,  dm,  etc.,  is 
carried  to  c,  e,  g,  etc.  Thus,  of  any  load  at  rf,  for  instance,  one  half  goes  to  the  right 
through  me^  and  one  half  to  the  left  through  mc.  Of  the  first  portion,  at  e,  fj  of  ^j  or  ^  of 
the  load  at  </,  causes  pressure  on  the  left  abutment.  Of  the  second  portion,  at  c,  \^  of  ^, 
or  j\  of  the  load  at  d,  causes  pressure  at  the  left  abutment  also.  The  total  pressure 
at  the  left  abutment  due  to  a  load  at  d  is,  then,  iV  +  tV  =  il  ^^  that  load,  just  as 
should  be  the  case  by  the  principle  of  the  lever.  The  same  holds  good  for  any  load  at 
b,  fy  A,  etc. 

The  maximum  tension  then,  in  all  the  secondary  ties,  kc,  me,  ng,  etc.,  is 


c  -L  10+  33 

^—^ —  sec  6^  =  24  X  1. 414  =  +  34  tons. 


It  remains  to  find  the  maximum  stresses  in  the  remaining  web  members. 
For  ak  we  have  48  tons  at  b  and  also  at  g,  50  feet  back  of  b,  and  15  tons  at  all  the 
other  upper  apices. 

The  reaction  at  left  end  for  this  loading  is  easily  found  to  be  -|-  164.06  tons.     Hence 

ak  cos  d  +  164.06  =  0,   or  ^>fe  =  +  164.06  X  I«4I4  =  +  232  tons. 

For  kA  we  have  5  tons  at  b,  48  tons  at  c  and  A,  and  15  tons  at  all  the  other  upper 
apices. 

The  left  reaction  for  this  loading  is  +  150.56  tons. 

The  shear  just  to  the  right  of  k  is  then  +  150.56  —  5  =  -|-  145-56  tons.  But  a  section 
to  the  right  of  k  cuts  kc  aUo,  as  well  as  kA,  and  since,  as  we  have  seen,  one  half  of 
any  load  at  b  is  transmitted  through  kc,  the  upward  shear  in  this  case  due  to  the  stress  in  kc 
is  2.5  tons. 

The  resultant  shear  which  acts  in  kA,  then,  is  145.56  -(-  2.5  =  +  148.06  tons.  We  have, 
therefore,  taking  a  section  through  be,  kc  and  kA, 

kA  cos  Q  -\-kc  cos  B  -\-  145.56  =  o, 

or,  since  kc  is  already  known  to  be  in  tension,  and  therefore  plus,  and  kc  cos  ^  =  2.5, 

kA  cos  6z=  —  148.06,   or  kA  =  -\-  148.06  X  1.414  =  +  209.36  tons. 

For  cA  we  havt  mc  same  loading  as  for  kA,  and  the  greatest  compression  in  cA  is 
equal  to  the  shear  just  found  for  kAy  viz.: 

cA  =  —  148.06  tons. 

For  cm,  in  like  manner,  we  have  5  tons  at  b  and  c,  48  tons  at  d  and  1,  and  1 5  tons  at 
the  other  apices.  The  left  reaction  is  -j-  137.69  tons.  The  shear  to  the  right  of  c  is 
137.69  —  10  =  127.69,  and  the  greatest  tension  in  cm  is 

cm  =  -^  127.69  sec  ^  =  +  127.69  X  1414  =  +  180.55  tons. 

For  mB,  we  have  5  tons,  at  b,  c  and  d,  48  tons  at  e  and  j,  and  15  tons  at  the  other 
apices.  The  left  reaction  is  then  125.44.  The  shear  for  mB  is  125.44—  5  — -  5—  5  +  2.5  = 
-f-  112.94.     The  greatest  tension  in  mB  is  then 

+  1 12.94  sec  ^  =  +  1 59*7  tons. 
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Fig.  104 


The  greatest  compression  in  eB  is  —  112.94  tons.  In  the  same  way  we  can  find  the 
stresses  in  the  other  braces. 

In  order  to  find  whether  any  diagonal,  as^Z?,  should  be  counterbraced,  we  suppose  48 
tons  at  ^  and  ^,15  tons  at  c,  d,  e  and/,  and  5  tons  at  the  other  apices.  The  left  reaction 
is  then  +  136.  The  shear  to  the  right  of  (?  is  +  136  —  48  —  15  —  15  —  15  —  15—48  —  5 
-|-  2.5  =  —  22.5  tons. 

Since  the  resultant  shear  for  oD  thus  comes  out  negative,  it  shows  that  a  counter  oC  is 
needed.     The  tension  in  this  counter  is  (7C=  +  22.5  X  1414  =  +  31.8  tons. 

If  the  resultant  shear  had  come  out  positive,  no  counter  would  be  required.  The 
same  method  is  to  be  observed  for  counter  Bn.  Working  out  the  numerical  results,  it  will 
be  found  that  no  counter  for  Bn  is  required. 

This  type  of  truss  is  also  usually  built  as  a  through  girder,  as  shown  in  Fig.  104,  and 

the  ends  may  be  either  square  or  inch'ned.     In  either  case 
the  calculation  offers  no  special  difficulties  in  view  of  what  has 
)^JX]XIXIXIX1^^   preceded. 

^  ^  Thk  Kellogg  Truss.— We  have  represented  this  truss 

in  Fig.  105.     The  verticals,  except  Ac^  are  posts,  and  all  inclined  pieces  are  ties,  except  the 
two  ends,  which  are  struts.     The  truss  is  160  feet  long,  lower  chord  divided  into  16  equal 

bays  of  10  feet  each.  Height  of  truss  20  feet, 
and  the  angle  for  the  main  ties  Ci,  Bg  and  Ae  is, 
therefore,  45^.  The  angle  for  the  secondary  ties 
Aby  Ad,  Bf  and  Ch,  is  26°  34'.  Hence  sec  45** 
—  1.414  and  sec  26°  34'  =  1.118.  Let  the  load  be  on  the  bottom  chord,  i  ton  per  foot 
train  load  and  0.5  ton  per  foot  dead  load.  Locomotive  excess  33  tons.  Hence  the  apex 
weights  are  10  tons  for  train  and  5  tons  for  dead  load.  The  train  is  preceded  by  two  loco- 
motives. 

(a)  Maximum  Stresses  in  the  Chords.— Let  all  the  lower  apices  be  loaded  with 
15  tons.     Then  for  ABy  Fig.  105,  we  have  locomotive  excess  at  e  and  at/.     Hence, 


^ 


B 


Fi9.105 
C  D 


—  AB  X  20  —  151.69  X  40+  15  (30  +  20+  10)  =  o 

—  BC  X  20  -  144-44  X  60  +  1 5  (50  +  40  +  30  +  20  +  10)  =  o 


AB  —  —  258.38, 

V 

BC  ^  —  317.82, 


—  CZ>X  20—  135-18  X  80+15  (70+60  +  50  +  40+30  +  20+ 10)  =  0   CD:=i  —  330.72. 

For  the  lower  chord  ab,  be,  rrfand  de,  the  centre  of  moments  is  at  A.  For  ef  dj\d  fg 
at  />\  for  gh  and  hi  at  C.  For  ///,  then,  we  have  a  locomotive  excess  at  g^  and  another  50 
feet  to  the  right  of  g.     Hence, 

hi  X  20—143.44  X  60  +  15  (50  +  40  +  30  +  20)  =  o,  or  hi  =  +  325.32. 

Observe  here  particularly,  that  the  moment  of  the  weight  at /balances  that  at  A,  and 
the  moment  of  the  weight  at  g  is  zero. 
For  gh  we  have, 

gh  X  20—  143-44  X  60+  15  (50  +  40  +  30  +  20+  10)  =0  gh  =  +  317.82 

In  similar  manner. 


fg  X  20  —  151.69  X  40+  15  (30+  20)  =0 


/g  =  + 265.88, 


e/X  20-  151.69  X  40+  15(30  +  20+  10)  =0 


^/=  + 258.38, 


BRIDGE   GIRDERS    WITH  PARALLEL    CHORDS—CONTINUED. 


127 


rf^  X  20  —  1 59.93  X  20  =  O 


^^  =  +  1 59.93, 


cdy.  20—  159.93  X  20+  15  X  10  =  0    bc  =  cd  =  +  I52.43> 


*^  X  20  —  159.93  X  20  +  15  X  10  =  o 
^*  X  20  —  1 59.93  X  20  =  o 


a*  =  ^^  =  -|-  1 59.93. 


These  are  the  maximum  stresses  which  can  ever  occur  in  the  chords  under  the  action 
of  the  assumed  loads. 

(b)  Maximum  Stresses  in  the  Braces.— The  secondary  ties.  Ck,  Bf,  Ad  and  Ab, 
Fig.  105,  have  simply  to  support  a  full  panel  load,  or  15  +33  =4^  tons.  They  are  all  in 
tension  then,  and  the  greatest  stress  which  can  ever  occur  in  each  of  them  is 

+  48sec  ^  =  +48  X  I.I  18  =  +  53.66  tons. 

^^is  also  a  tie,  and  the  greatest  stress  is  a  full  panel  load,  or  -[-48  tons. 

For  a  we  have  the  shears  +47.67  and  —  33.56,  the  first  when  the  train  is  on  the  right 
hand  half  and  the  locomotive  excess  is  at  i  and  50  feet  to  the  right  of  i,  the  dead  load 
acting  at  every  lower  apex.  The  second  when  the  load  reaches  from  the  left  up  to  and 
including  A,  the  locomotive  excess  being  at  h  and  c.     Hence, 

Ci  =  +47-67  X  1.414  =  +67.4,  and  Ci  =  —  33.56  X  1.414=  -  4745- 

Ci  must,  therefore,  be  counterbraced,  and  the  stress  in  the  counter  ^Z>  is  +  47.45. 
This  gives  the  compression  in  Di  =  —  33.56. 

For  C^  the  greatest  compression  is  when  the  train  advances  to  A.     We  have,  therefore, 

C]f  =  —  62.43  tons. 

In  similar  manner  for  Bg  we  have  the  shears  +  77.81  and  —  7.18.     Hence, 

5^= +  77.81  X  1.414=  +  110.02  5^= —7.18  X  1.414  =  — 10.15. 

Therefore,  Bg^  must  be  counterbraced,  and  the  stress  in  the  counter  Ce  is  +  10.15.  For 
B^y  the  greatest  compression  is  when  the  train  advances  to/.     Hence, 

Be  =:  —  93.81. 

For  Ae  we  have  the  shear  +  110.44  I  there  is  no  negative  shear.     Hence, 

i4^  =  +  110.44  X  1.414=  +  156.16. 

For  Ac  the  stress  as  already  remarked  is  +  48  tons. 
For  Aa  we  have  the  shear  +  164.06.    Hence, 

Aa  =:  ^  164.06  X  1.414=  —  232  tons. 

Fink  Truss. — We  have  represented  this  truss  in  Fig.  106.  The  span  is  80  feet,  di- 
vided into  8  equal  panels  of  10  feet  each.     The  vertical  pieces,  eij  dh,  ^^and  bf,  are  all  posts, 

and  will  take  only  compression.  All  the  inclined  pieces  are 
ties.  We  take  ei  =1  eg -=■  20  feet.  Then  the  angle  B  which  a^ 
and  eg  make  with  the  vertical  is  45°,  and  the  angle  which  ai 
makes  with  the  vertical  is  63°  26'.  Hence  sec  45°  =  1.414*  cos 
45°  =  0.7071 1,  sec  63**  26'  =  2.236,  cos  63**  26'  =  0.44724,  sin 
63°  26'  =  0.89441.     The  lengths  of  dh  and  bf  2X^  each  10  feet. 


Fig.  106 
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We  take  i  ton  per  foot  train  load  and  0.5  ton  per  foot  dead  load,  or  10  and  5  tons  per 
apex  respectively.     Locomotive  excess  33  tons. 

We  see  at  once  from  the  Figure  that  the  greatest  stress  which  can  come  on  the  short 
posts,  ^/and  dh,  is  a  full  panel  load.     Hence  bf-=^dh^  ^5  +  33  =  —  48  tons. 

We  see  also  that  every  apex  load  causes  stress  in  ei  and  ai.  The  greatest  stresses  in 
these  pieces  will  then  be  for  1 5  tons  at  each  upper  apex,  and  33  tons  locomotive  excess  at 
e.  We  can  easily  find  the  stress  in  ai  for  this  loading  by  moments.  Thus,  for  a  section 
cutting  de,  he  and  ai,  the  centre  of  moments  for  ai  is  at  e.     The  lever  arm  for^i  is 

ei  X  sin  63°  26'  =  20  X  0.89441  =  17.8882. 

For  train  and  dead  load,  then,  since  the  reaction  is  52.5  at  the  left  end,  we  have, 

ai  X  17.8882  —  52.5  X  40  +  15  (30  +  20  +  10)  =  o,  or 

1200 
'''  =  +  1^887  =  +  ^7.07  tons. 

For  the  locomotive  excess  at  e,  we  have 

ai  X  17.8882  —  16.5  X  40  =  O,  or  ai  =  +  36.9  tons. 
For  the  stress  in  ei,  we  have  for  train  and  dead  loads, 

ei=i  —  2  ai  cos  63°  26'  =  —  2  X  67.07  X  0.44724  =  ~  60. 

Therefore,  the  load  upon  ei  is  equal  to  four  apex  loads.  This  is  also  evident  from  Fig. 
106.  For  since  the  point  e  is  supported  by  means  of  ei  and  ai,  we  can  consider  the  sec- 
ondary truss  age  as  an  independent  truss  supported  at  a  and  e.  Therefore  a  load  at  b  of 
15  tons  causes  at  ^  a  pressure  of  {^th  of  15,  at  rj,  and  at  d\\\\s  of  15  tons.  Hence  we  have 
fit  ^(i  +  ^  +  J)  15.  The  secondary  truss  on  the  right  causes  an  equal  pressure.  Finally, 
we  have  15  tons  at  e.  Therefore,  2  (|  +  i  +  f)  15  +  15  =  3  X  15  +  ^5  =  4  X  IS  =  60, 
is  the  pressure  upon  ei. 

The  locomotive  excess  at  e  causes  in  ei  a  compression  of  33  tons. 

If  ai  is  known  we  can  easily  find  the  stress  in  af.  Thus  for  train  and  dead  load  the 
reaction  at  left  end  is  52.5  tons.  But  of  this  the  tie  ai  furnishes  ai  cos  63°  26'  =  30  tons, 
leaving  only  52.5  —  30  =  22.5  to  be  supplied  by  af.     We  have,  then, 

af  Qos  45^  =  +22.5,  or  af=i  +  22.5  X  1.414=  +  31.815  tons. 

For  locomotive  excess  the  stress  in   af-wWX  be  greatest  for  33  tons  at  b.     We  have,  then, 

^/=  +  f33  X  1.414= +  35  tons. 

The  stress  in  ab  is  equal  to  the  sum  of  the  horizontal  components  of  ^t  and  af.  Hence 
for  train  and  dead  loads 

ab=  —  67.07  sin  63°  26'  —  31.815  sin  45°  =  —  82.5. 

The  stress  in  be  is  evidently  the  same  as  in  ab. 

For  locomotive  excess,  the  stress  in  ab  will  be  greatest  for  33  tons  at  e.     Hence, 

be  =^  ab  =  ^  36.9  sin  63°  26'  =  —  33  tons. 

We  easily  find/<;  by  resolving  b/into  ^jr/and  fc.     Thus  for  train  and  dead  loads, 

/:  =  +  15  cos  45°  =  +  15  X  0.7071 1  =+  10.60. 
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For  locomotive  excess, 

/^  =  +  33  cos  45**  =  +  23.33. 

The  shear  at  /  which  causes  stress  in  fg  is  the  algebraic  sum  of  the  vertical  compo- 
nents of  the  stresses  in  afyfc,  ai:d  the  stress  in  bf.  We  have  this  shear  for  train  and  dead 
loads  equal  to 

—  15  +  afcos  d^,  -^-fc  cos  d^f. 

Substituting  numerical  values, 

—  15  —  31.815  X  —  0.7071 1  —  1060  X  —0.7071 1  —  -  15  +  22.5  4.  7.5  =  -f  15. 
The  stress  in  fg  then  is, 

y^"=  +  15  X  1.414  =  +  21.21. 
For  locomotive  excess  at  c^  we  have  33  tons  in  eg.      Hence, 

fg=^-\- 16.5  X  1.414  =  +  23.33- 

For  eg  we  have  for  train  and  live  loads, 

^y=  —  2y5f  COS45**  =  —  2  X  21.21  X  0.7071 1  =  —  30» 

or  eg  sustains  2  apex  weights.     For  locomotive  excess  ^^  =  —  33  tons.     By  reason  of  the 
symmetry  of  the  Figure  we  have  gh  =■  fg,  eh  =  ef^  and  he  =  af. 

For  de  we  can  take  moments  about  i.  The  stress  in  he  is  -f  3i-8i  for  live  and  dead 
loads,  and  its  lever  arm  is  14.1422.     Hence, 

—  </^  X  20—  52.5  X  40+  15  (30+20+  10)  —  31  81  X  14-1422  =  0, 

or 

ele=  —  82.5. 

This  is  precisely  the  same  as  the  stress  already  found  for  ab. 

In  this  form  of  truss,  then,  the  stress  in  the  upper  ehordis  uniform  from  end  to  end,  and 
thi  stresses  in  all  the  braces  are  greatest  for  train  load  over  the  entire  span. 
To  recapitulate,  we  have, 

bf=i  ^A  =  —  15  —  33  =  —  48  tons,  <^^  =  —  30  —  33  =  —  63  tons. 

^1  =  —  60  —  33  =  —  93  tons,  ai  =  +  67.07  +  36.9  =  +  103.97  tons, 

4;^=A^  =  +  3i.8i5  +  35  =  +66.815  tons,      fc  =^  ch  =  +  10.6+  23.33  =  +  33-93» 
fg  =  gh  =  +  21.21  +23.33  =  +  44-54»    ab  =  bc  =  cd^de=  —  82.5  —  33  =  —  115.5  tons. 

Concluding  Remarks. — Our  principles,  if  comprehended,  will  render  easy  the  solu- 
tion of  any  other  form  which  ingenuity  may  suggest.  The  stresses  found  in  all  our  exam- 
ples are  in  excess  of  general  practice.  This  is  due  to  the  assumption  of  an  engine  weigh- 
ing  90,000  lbs.  on  a  12-foot  base.  The  methods  and  principles  remain  the  same,  whatever 
assumption  be  made  in  this  respect.  The  bill  reported  by  the  Joint  Committee  of  the  Ohio 
Legislature,  appointed  to  investigate  the  Ashtabula  accident,  recommends  the  adoption  of 


130  PRACTICAL   APPLICATIOUS. 

a  Standard  locomotive  weighing  91,200  lbs.  on  a  i2i-foot  wheel  base.  As  locomotives 
exceeding  this  in  weight  are  in  use  on  some  roads,  and  the  tendency  is  to  greater  loads,  we 
do  not  consider  our  assumed  load  as  excessive.  Taking,  as  we  do,  the  length  of  loco- 
motive and  tender  at  50  feet,  and  2,000  lbs.  per  foot  over  the  38  feet  not  covered  by  the 
drivers,  we  have  for  weight  of  locomotive  and  tender  90,000  +  3^  X  2,000  =  166,000 
lbs.     This  is  not  an  excessive  estimate  of  our  large  engines  of  to-day. 

As  all  members  expand  or  contract  under  the  influence  of  heat  and  cold  in  direct  pro- 
portion to  their  length,  it  is  not  customary  to  consider  temperature  as  having  any  influ- 
ence upon  the  stresses.  It  will  be  sufficient  to  rest  one  end  of  the  truss  upon  friction  roll- 
ers, so  as  to  allow  of  change  of  length.  As  no  deformation  is  caused,  no  stresses  are 
caused.  If  it  be  required  to  find  the  stresses  for  a  moving  system  of  concentrated  loads, 
our  methods  remain  the  same,  regard  being  had  to  the  principles  of  pages  89  and  91. 

We  have  chosen  in  each  case  that  method  which  seems  best  adapted  to  give  the  re- 
quired results.  But  the  student  is  by  no  means  limited  to  the  methods  of  procedure  laid 
down.  Thus  it  is  unnecessary  to  form  Tables  as  on  pages  105, 109, 1 18,  etc.,  giving  the  dead 
and  live  load  stresses  and  locomotive  excess  stresses  separately.  The  maximum  stresses 
in  any  member  may  be  found  by  the  method  of  moments  by  a  single  equation  for  each  mem- 
ber, the  dead  load,  live  load  and  locomotive  excess  being  taken  as  all  acting  together  at  the 
proper  apices  to  give  the  maximum  stress.  We  have,  as  we  have  seen.  Chapter  III.,  page 
103,  four  methods,  either  of  which  may  be  employed. 

We  attempt  no  comparison  of  the  different  types  of  trusses.  Practical  details  of  con- 
struction and  extra  material  required  for  stiffening  long  struts  affect  the  cost  and  quantity 
of  materials  to  such  an  extent,  that  a  comparison  based  upon  stresses  alone  is  often  mis- 
leading. The  bill  of  materials  is  the  best  means  of  comparison,  and  this  the  student  is  not 
yet  prepared  to  draw  up.  Even  then  a  comparison  for  a  given  length  only  would  be 
imperfect,  as  a  girder  which  compares  unfavorably  for  one  length  may  often  give  a  better 
result  for  another.  Comparison  of  well-executed  designs  and  the  results  of  practice  are 
the  only  reliable  tests.  Estimated  by  this  standard,  the  single  intersection  Pratt  Truss  is, 
in  all  respects,  the  best  and  most  common.  For  spans  up  to  about  65  feet  the  best  prac- 
tice gives  the  preference  to  the  plate  girder.  This  length  requires  two  ordinary  flat  cars  33 
feet  long  for  transport.  The  span  is  sometimes  increased  to  a  maximum  of  90,  which 
requires  three  cars.  Riveted  Warren  Girders,  when  used  at  all  now,  are  also  limited  to 
short  spans,  intermediate  between  the  longest  plate  girders  and  the  shortest  pin-connected 
spans,  say  between  60  and  120  feet.  They  possess  the  advantage  of  superior  rigidity  for 
short  spans  over  pin-connected  trusses,  but  less  security  and  rigidity  than  plate  girders,  as 
faulty  rivets  make  a  greater  reduction  of  strength.  Plate  girders  are  also  cheaper  up  to 
65  feet,  cost  less  for  maintenance,  and  possess  fewer  corners  and  recesses  for  the  accumula- 
tion of  dirt  and  moisture,  and  are  therefore  cleaner  and  less  exposed  to  oxidation.  As  to 
pin-connected  trusses,  the  old  forms  of  Bollman,  Fink,  Kellogg,  and  Post  have  become 
wholly  absolete.  The  double  intersection  Pratt  or  Whipple  is  disappearing  also.  The 
best  practice  avoids,  as  much  as  possible,  all  double  systems  of  bracing,  owing  to  the  inde- 
terminate  character  of  the  stresses.  As  already  stated,  the  single  intersection  Pratt,  or,  for 
long  spans,  some  modification  of  the  Baltimore  Truss  or  "sub-Pratt**  are  the  standard 
forms. 

For  the  proper  computation  of  the  cases  of  this  Chapter,  for  concentrated  load  system^ 
see  Appendix,  page  243.  The  student  who  wishes  the  most  recent  practice  should  not  pro^ 
ceed  further X\\\  he  has  checked  the  results  there  given.  The  method  by  locomotive  excess^ 
here  given,  is  seldom  used  for  spans  less  than  100  feet. 
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Bowstring  Girder. — In  Fig.  107  we  have  represented  a  bowstring  girder  with 
isosceles  bracing.  The  span  is  120  feet,  divided  into  8  equal  panels  of  15  feet  each.  The 
bow  is  a  polygon  whose  apices  Abcdef  lie  upon  a  circle  whose  depth  at  the  centre  is  20 
feet.  As  the  upper  panels  are  of  course  straight,  the  centre  depth  of  the  inscribed  polygon 
is  19.74  feet  instead  of  20  feet.  We  take  the  train  load  at  I  ton 
per  foot,  or  15  tons  per  lower  apex,  and  the  dead  load  at  0.5  ton 
per  foot,  or  7.5  tons  per  lower  apex.  The  train  is  preceded  by 
two  locomotives.  Since  the  bracing  is  isosceles,  the  apices  e,  dy  Cj 
etc.,  are  vertically  over  the  centre  of  each  lower  panel,  and  the 
horizontal  projection  of  each  upper  panel  is  constant  and  equal  to  15  feet,  except  the  two 
end  upper  panels,  whose  horizontal  projection  is  7.5  feet.* 

• 

{a)   The  Chords. 

Method  of  Calculation. — The  maximum  stresses  in  the  chords  occur  for'a  full 
load  or  22.5  tons  at  each  lower  apex,  together  with  the  locomotive  excess  at  the  proper 
apices  for  each  panel.  Perhaps  the  simplest  and  readiest  method  of  solution  for  all  such 
cases  of  curved  chords,  is  to  diagram  the  stresses  according  to  the  method  of  Section  L, 
Chapter  I.,  page  8,  as  illustrated  by  Fig.  61,  page  61.  The  readiest  method  of  calculation 
is  by  moments,  according  to  the  principles  of  Section  I.,  Chapter  III. 

{b)   The  Braces. 

For  the  braces  we  can  diagram  the  stresses  caused  by  a  single  live  load  weight  at  B, 
and  then  form  a  Table  as  explained  on  page  105.  The  best  method  of  calculation  is  by  the 
principles  of  page  113. 

We  shall  calculate  the  stresses  in  the  members  and  leave  the  checking  of  them  by  dia- 
gram to  the  student. 

Lever  Arms  and  Angles  of  Inclination. — Before  proceeding  to  calculate,  it  is 
necessary  to  know  the  lever  arms  for  the  panels  and  the  angles  of  inclination  of  the  various 
members  with  the  vertical.  This,  the  dimensions  being  given,  is  a  simple  trigonometrical 
operation.  Much  time  may  often  be  saved,  however,  by  carefully  drawing  the  frame  in 
Fig.  107  to  scale.  The  lever  arms  can  then  be  measured  directly  from  the  drawing  with 
all  requisite  accuracy  and  without  the  possibility  of  error. 

We  shall,  however,  calculate  all  the  necessary  data  in  the  present  case,  as  an  example 
for  all. 

*In  all  our  examples  dead  load  and  dimensions  are  assumed  for  convenience  of  illustration  only,  and  are  not  to 
be  regarded  as  practical  cases.  We  shall  see  how  to  estimate  dead  load  and  choose  best  dimensions  hereafter.  For 
spans  less  than  lOO  feet  the  method  of  this  Chapter  should  not  be  used.  For  method  by  concentrated  loads  see 
Appendix,  page  243.  In  all  cases  the  method  by  equivalent  uniform  load,  page  97,  may  be  used  for  spans  over  100 
feet,  instead  of  the  method  of  (ll>s  chapter,  or  the  method  by  one  locqmotive  excess  an()  equivalent  uniform  train 
load  (page  99). 
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If  the  curve  of  the  bow  is  a  circle,  as  shown  in  Fig,  io8,  where  5  =  the  length  of  span 
Fig.ios  and  h  =  the  height  of  arc  at  centre  of  span,  we  can  easily  determine 

the  radius  r  cf  the  arc  from  the  proportion 

2r  —  n\  -  : :  —  :  h, 
2       2 


or 


'=-2^U 


(0 


Taking  the  crown  ^  as  an  origin,  we  have,  from  the  well  known  equation  of  the  circle, 

jt*  =  2ry  —  }^y  

y  =  r  -  ^f^  ^  jfl (2) 

If  the  curve,  Fig.  io8,  is  a  parabola,  we  have,  from   the  well  known   equation  of  the 
parabola,  ^  =  2py,  hence 


y  = 


2/ 


(3) 


where  we  have 


/  = 


8/St 


(4) 


From  these  equations  we  can  always  find  y  for  any  point  on  the  curve,  that  is  for  any 
apex  in  Fig.  107.  Subtracting  then  y  thus  found  from  //,  we  shall  have  the  lever  arms  for 
the  lower  flanges. 

We  find  thus  in  the  present  case,  Fig.  109,  since  5  =  120,  A  =  20,  the  radius  of  the 
circle  Fig.ioo 

.   .^     '     -^ 

,    14,400  .    ^ 

r  =  10  +     ^7^     =  100  feet. 

Making  then  x  =  7.5,  22.5,  37.5,  52.5  in  equation  (2)  above,  and  subtracting  the  values 
of  ^  thus  found  from  //,  we  have  the  verticals  let  fall  from  e^  dy  c  and  b^  for  the  lever  arms 
for  the  lower  panels.     Thus 

lever  arm  for  DE  =  19.74  feet, 
lever  arm  for  CD  =  17.43  ^cc^» 
lever  arm  for  BC  =  12.7  feet, 
lever  arm  ior  AB  =:    5.1 1  feet. 

For  the  upper  panels,  take,  for  instance,  the  panel  &,  Fig.  1 10.  We  have  just  found  do=$,M 
w«.iio     ^^     and  cp  =  12.7.     We  have,  then,  mB  =  ^''^"*"  '^'^  =  8.905.     The  lever 

arm  nB^  then,  is  equal  to  mB  cos  mBn  =  8.905  cos  mBn.     But  the  angle 
-— j*    bmBn  is  equal  to  the  angle  Cbk. 

_  Ck  _  12.7  —  5. 1 1  __  7.59  _ 


But    tan     Cbk  =  —  =  - 

ok 


15 


'5 


=  0.506.      Hence    the 
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angle  Cbk  =  mBn  ~-  26"  50 .    We  have,  therefore,  the  lever  arm  of  ^  =  8.905  x  0.89232 
=s  7.95  feet. 

In  similar  manner  we  find 

lever  arm  ol  Ab  ^    8.43  feet, 

lever  arm  of  cd  =  14.36  feet, 

lever  arm  of  de  =  18.37  feet, 

lever  arm  of  </"  =  19.74  feet. 

Denoting  by  0  the  angle  made  by  any  member  wt^A  the  vertical^  we  find  easily 

Om  =  81^  15',  e^  =  72^  27',  e^  =  63^  10',  Bj^  =  55^  4/, 

*j»  =  55"  46',  <?ite  =  »cb  =  30°  34',  <?ai  =  <?!«  =  23«  17,  ^^  =  *^  =  20«  48*. 

Collecting  these  results,  we  have  for  the  data  necessary  for  calculation,  length  of  span 
ss  120  feet ;  panel  length  =  15  feet ;  apex  live  load  =  15  tons;  apex  dead  load  =  7.5  tons 
For  the  lever  arms  of  the  chords  we  have 

DE  CD  BC        AB         Ah  be  cd  de  ef 

lever  arm  =  19.74  ft.         17.43         12.7        5.1 1         8.43        7.95         14.36        18.37         19-74 

For  the  angle  H  of  pieces  with  the  vertical 

de  cd  be         Ab  —  Bb     Bc  —  Cc     Cd^Dd    De  —  Ee 

e=r%l-    15'         72<>    2/         63^    ID'  55^    4/         30<>    34'         23^    1/         20^  48' 

COS  6^  =  0.15212      0.30154      0.45140      a56232      0.86104      0.91856      0.93483 
We  are  now  ready  for  the  calculation. 

Calculation  of  Stresses  in  the  Members. 

{a)  Maximum  Stresses  in  the  Chords. — For  the  chords  consider  a  full  load  ol  y  '\'X 
=  15  -[-  7.5  =  22.5  tons  at  each  lower  apex.  Then  we  have,  since  the  reaction  at  each  end 
is  78.75  tons,  the  following  equations. 

For  the  lower  chord,  Fig.  109,  we  have  for  the  panel  AB^  in  addition  to  the  above 
load,  the  locomotive  excess  ^  =  33  tons  at  the  apex  B  and  50  feet  to  the  right  of  B.  Fifty 
feet  to  the  right  of  B  gives  a  point  between  E  and  F,  We  take  the  second  locomotive 
excess  therefore  at  /%  the  first  apex  beyond.     We  have  then 

AB  Y^^.w    -  [      2        "^'^^J  ^  7-5  =0,  i45  =  + 176.12  tons, 

BC  X  12.7    -  \y'^     +  g-s^J  X  22.5  +  {x^y)  X  7-5  =0,  ^C  =  +  184.7  tons, 

CD  X  17.43  -  [^^^7^  +1^]  X  37.5  +  (^  +7X22.5  +  7.5)  =  0,       a?  =  +  183.95  tons, 
/?£X  19-74- [^^^^  +  1^]  X52.5-K^+j>')(37.5+22.5  + 7-5)  =  o,/^i?  =  + 176.38  tons. 
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In  similar  manner  for  the  upper  chord  we  have 

^Aby.    8.43  -  [^^"^^-^^  +  y^J  X  15  =  o  ^^=-213.52 

'^  2       +  g-^J  X  »5  =0  be  =-226.41 


-^rf   X  14-36-  [^^^7^^+   f-^]  X30  +  (x+>')X  15  =  0 


cd  =1  -^  210 


-  ^e'    X  18.37  -  [p^^^  +   g-^J  X  45  +  (^  +7)(30  +  15)  =  o  ^  =  -  198.42 

-./   Xi974-[^^^j^^+|^^  </^  =-186.9 

We  see  that  the  maximum  stresses  in  the  chords,  especially  in  the  upper  chord,  are 
very  nearly  uniform. 

(b)  Maximum  Stresses  tn  the  Braces. 

We  find  the  stresses  in  the  braces  according  to  the  method  of  page  16.  Thus  the 
greatest  tension  in  Ee,  Fig.  109,  will  be  when  all  the  lower  apices  on  the  right  are  loaded 
with  X  -\-y  =  22.5  tons,  those  on  the  left  with  x  =  7.5  tons,  and  the  locomotive  excess 
^  =  33  tons  is  at  B.  When  we  have  this  loading,  since  e/  and  DE  are  horizontal,  the  verti- 
cal  components  of  their  stresses  are  zero,  and  the  stress  in  Ee  will  be  the  shear,  or  the  left 
reaction  minus  ^x,  multiplied  by  the  sec  6^^^.     The  left  reaction  is 

The  shear  is,  therefore,  61.5  —  34^  =  +  39  tons.     Hence 

£^  =  +  39  sec  6Ee  =  +  39  X  1.0697  =  +  41.72  tons. 

The  greatest  compression  on  Ee  will  be  when  the  left  apices  are  loaded  with  ^f^-^  = 
22.5  tons,  the  right  with  x  =  7.5  and  the  locomotive  excess  -s"  =  33  tons  is  at  D,  For  this 
loading  the  left  reaction  is  i^  +  (| +.|  +  |-)>' +  l-sr  =  80.625.  The  shear  is  80.625  —  3 
(x-^-j^)  —  s=  —  19.875.     Hence 

Ee  =  —  19.875  X  1.0697  =  —  21.26. 

In  order  to  find  De,  consider  a  section  cutting  de,  De,  and  DE,  Then,  according  to 
the  principles  of  page  16,  the  algebraic  sum  of  the  vertical  components  of  the  stresses  in 
the  cut  pieces  must  be  in  equilibrium  with  the  shear.  The  plus  shear  for  De  is  the  same  as 
for  Ee  just  found,  viz.,  +  39  tons,  and  the  minus  she^ar  is  —  19.875  tons.  We  have,  then, 
since  DE  is  horizontal  and  the  vertical  component  of  its  stress  zero. 
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De  COS  dr,^  4"  ^^  COS  6^^  +  39  =  o.      i     ....    ^     ...     {a) 
De  cos  Hd*  +  de  cos  6^^  —  19.875  =0     ..;.....(*) 

These  equations  give  the  stress  in  De  when  the  train  extends  from  the  right  to  £,  or 
from  the  left  to  /?,  provided  we  know  the  stresses  in  the  chord  de  for  these  loadings 
These  we  can  easily  find  by  moments.     Thus  in  the  first  case, 

de  X  18.37  =  —  61.5  X  45  +  7-5(30  +15),  or    ^aSf  =  —  132.28, 

and  in  the  second  case, 

de  X  18.37  =  —  80.625  X  45  +  22.5(30  +  15),     or    de  ^  —  142.38. 

These  values  inserted  in  equations  {a)  and  {p)  will  enable  us  to  find  the  stresses  in  De. 
We  must  remember  to  measure  6/  according  to  our  rule,  page  16.  We  have,  then,  from  (a) 
and  (b), 

DeX  -\-  0.93483  —  132.28  X  +  0.15242  +  39  =  o,  or    De  =  ^  20.15, 

DeX+  0.93483  —  142.38  X  +  0.15242  —  19.875  =0,     or    De  := -{-  44.47. 

For  Ddthc  reactions  at  the  left  end  for  the  two  methods  of  loading  which  give  maxi- 
mum stresses  are,  when  the  train  reaches  from  right  end  to  Z>,  ^x  -\-  ^y  4-  f-sr  =  79.125,  and 
when  the  train  reaches  from  left  end  to  C,  ^x  -\-  ^y  -|-  f ^  =  75-375  tons.  The  shear,  then, 
for  Dd  and  Cd  is  79.125  —  2x  =  +  64.125  in  the  first  case,  and  75.375  —  2{x  -\-y)  —  33  = 
—  2.625. 

The  corresponding  values  of  de  are  given  by 

de  X  18.37  =  -  79-125  X  45  +  7-5(30+  I5)»  or    dSr  =  -  I7S-I5» 

rf-fX  18.37  = -75.375  X  45 +22.5(30+ 15) +  33 +15,    or    de  :=  -  102.S7. 

Observe  that  in  the  second  of  these  equations  we  must  introduce  the  moment  of  the 
locomotive  excess  at  C,  Fig..  109.     Hence, 

Z?</X —0.91856  —  175.15  X  0.15242 +  64.125  =0,     or    Z>rf=  +  42.9, 
Z>^/X  —  0.91856  —  102.57  X  0.15242  —  2.625    =0,     or    Z>rf=  — 19.8. 

For  Cd  we  have  the  same  reactions  and  shears  as  for  Dd.  We  find  first  cd  for  each 
case  of  loading.     Thus, 

^r^X  1436  = -79-125  X  30 +  7-5  X  15,      or    rrf=  -  15746, 
^^X  14.36=  -  75-375  X  30  +  22.5  X  15,    or    ^^=  —  141-8. 

Observe  that  since  the  point  of  moments  is  now  at  C  Fig.  109,  the  moment  of  the 
locomotive  excess  does  not  enter  the  second  equation.     Hence, 

CdX  +0.91856  -  157.46  X  +0.30154 +  64.125  =0,         Cd^  —  18.12, 

CV/X +0.91856— 141.8    X+ 0.30154—    2.625=0,         CV/=+494- 

For  Cc  we  have  the  left  hand  reaction  ix-\-^y-\-^z  =  98.625,  and  J^r+fj^+f-sr  =  68.25, 
and  the  shears  98.625  —  jr  =  +  91.125,  and  68.25  —  (;r  +7)  —  -ar  =  +  12.75. 
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Wc  first  find  cd.    Thus, 

cd  X  14-36  =  —  98.625  X  30  +    7-5  X  iS» 

ri/x  14-36= -68.25  X  30  + 55-5x15, 


Hence, 


CcX  —0.86104—  198.2    X  0.30154 +  91125 
CcX--  0.86104  —    84.61  X  0.30154  +  12.75 


cd  =  —  198.2    lorts. 
cd^  —    84.61     " 

o,         CV  =  +  36.4    tons. 
o,        CV  =  —  14.&2    •• 


For  Be  we  have  the  same  reactions  and  shears  as  for  Cc.     Therefore, 


be  X  7  95  =  —  98.625  X  15,     or     be  :=  —  186.08, 
be  X  7  91    -  -68.25    X  15,     or     be  = - 
Be  X  +0.86104  —  186.08  X  +  0.45140  +  91.125  =  o, 
Bex+  0.86104  —  128.77  X  +  045140  +  12.75    =  o. 


1 28.77. 
Be  =  ^    8.28  tons. 


Be  =  +  52.70    " 


For  Bb  we  have  the  left  reaction  =  1 19.75, 


be  X  7.95  =  —  1 19.75  X  15,     or    be  =1  —  226  tons, 
BbX  —  0.56256  -  226  X  0.45 140  +  1 19.75  =  o,     or     ^*  =  +  32.05. 

Bowstring  Suited  for  Long  Spans. — If  we  were  to  find  the  stresses  due  to  dead 
load  alone,  we  should  find  that  all  the  braces  are  in  tension.  As  the  span  increases,  there- 
fore, the  dead  load  stresses  will  increase  while  the  live  load  remains  always  the  same.  It 
is  evident  that  for  a  very  long  span  the  dead  load  tension  may  be  greater  than  the  com- 
pression in  any  brace  due  to  live  load.  In  such  case  the  braces  will  always  be  in  tension. 
Triangular  bracing,  such  as  is  shown  in  Fig.  109,  is  then  the  best,  as  we  thus  have  no  long 
struts  and  can  save  the  extra  material  required  for  stiffening.  For  a  short  span,  such  as 
the  present,  vertical  posts  and  inclined  ties  are  preferable,  as  then  each  member  has  to 
resist  only  one  kind  of  stress. 

Truncated  Bowstring. — In  Fig.  in  we  have  represented  a  form  of  truss  which,  for 
lack  of  a  better  name,  we  shall  call  the  **  truncated  bowstring,"  because  it  resembles  a  bow- 
string with  the  ends  cut  off. 

Let  the  span  be  120  feet,  divided  into  8  panels  of  15 
feet  each,  and  the  bracing  be  vertical  and  diagonal,  as 
shown  in  the  Figure.  The  vertical  braces  take  compression 
only,  and  the  inclined  braces  tension.  The  load  is  on  the 
lower  chord,  and  equal  to  I  ton  per  foot  for  live  load  and  0.5  ton  per  foot  for  dead  load,  or 
15  tons  per  apex  for  live  load,  and  7.5  tons  per  apex  for  dead  load.  The  locomotive  excess 
is  33  tons.     The  train  is  preceded  by  two  locomotives. 

The  upper  chord  has  its  apices  in  a  parabola,  the  height  of  truss  at  centre  being  20 
feet,  and  at  ends  10  feet.  The  rise  of  the  parabola  at  centre,  therefore,  is  10  feet,  and  the 
equation  of  the  curve,  page  132,  is 

where  s  is  the  span,  h  the  rise  at  centre,  and  x  the  distance  of  any  point  right  or  left  of  the 
highest  point/".     In  the  present  case  this  becomes 


.ci.— 


y  = 


360' 
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Lever  Arms  and  Angles  of  Inclination.— If  we  make  a  section  cutting  ef,  eE 

and  ED,  Fig.  ill,  the  centre  of  moments  lor  ED  is  at  e,  the  intersection  of  the  other  two 
strained  members  cut.  This  section  may  really  cut  four  pieces,  viz.,  the  counter  Df,  as  well 
as  the  others  named.  We  consider,  however,  only  that  system  of  bracing  which  would  be 
called  into  play  by  the  action  of  the  dead  load  only,  shown  in  the  Figure  by  the  full  lines. 
If,  then,  we  find  any  diagonal  of  this  system  in  compression,  the  amount  of  compression  is 
the  tension  in  its  counterbrace.  If  any  post  is  found  to  be  in  tension,  that  is  the  compres- 
sion upon  it  caused  by  the  counter. 

The  point  of  moments,  therefore,  for  CD  is  at  d,  for  BC  at  c,  etc. 

We  obtain,  then,  the  lever  arms  for  the  lower  panels  by  substituting  ^r  =  15,  30,  45, 
and  60,  in  the  equation 


We  thus  find  for  the  lever  arms  of  the  lower  panels, 

Lower  panels,  AB,  BC, 

14.375 


Lever  arm  = 


ID 


CD, 

17.5 


DE, 
19.375  feet. 


The  point  of  moments  for  the  upper  panel  be  is  at  B,  for  cd  at  C,  etc.     The  lever  arm 

nB,  then,  for  any  upper  panel,  as  be.  Fig.  112,  is  eB  cos  eBn,     But 

eB  is  already  found.     The   angle  eBn   is   equal  to  the  angle  ebk. 

ek 
The  tan  of  this  angle  is  77.     The  difference  between  eB  and  bA 

gives  ek,  and  bk  is  known  to  be  15  feet.     We  thus  find  for  be,  ek  = 
4.375,  ebk  =  eBn  =  16°   14',    hence   nB  =  14.37S  X  cos    16°    14'  = 
14-375  X  0.96013  =  13.8  feet. 
In  like  manner  we  find 

■ 

lever  arm  of  cd  =  17.5  x  cos  11°  46'  ==  17.5  x  0.979  =  17.13, 

lever  arm  of  de  =  19.375  cos  7°  8'  =  19.375  x  0.9923  =  19.22, 

lever  arm  of  e/  =  20  cos  2°  23'  =  20  x  0.99913  =  19.98. 

The  centre  of  moments  for  the  vertical  bA,  Fig.  1 12,  will  be  at  o,  where  be  meets  A3 
produced.     The  distance  oA  =  x  may  be  easily  found  from  the  proportion, 


Hence, 


X  :  Ab  ::  X  +  1$  :  Be,     or  ;r  :  10  : :  ;r  +  15  :  14.375. 


X  =      ^      =  34.285. 
4.375 


We  have,  then,  from  Fig.  1 11,  for  the  lever  arm  for  eB,  34.285  4-  15  =  49.28$^ 
In  the  same  way  we  have  for  the  lever  arm  of  dC, 


Lever  arm  of  eD, 


Lever  arm  of/E, 


X  :   17.5  :  :  X  —   15  :  14.375,  or  4:  =  84  feet. 


^  •  19-375  : :  ^  —  15  :  i7-5,  or  ;r  =  155  feet 


X  :  2o::x  --   15  :  19.375,   or .r  =  480  feet. 


138  BOWSTRING  GIRDER. 

In  order  to  find  the  lever  arms  for  the  inclined  braces,  we  see  from  Fig.  112  that  tke 
lever  arm  for  bB  =^  {x  -{•  15)  sin  bBA.  The  angle  bBA  is  easily  found  to  be  33°  41',  hence 
for  lever  arm  of  bB^ 

(34.285  +  15)  sin  33**  41'  =  49.285  X  0.5546  =  27.33  feet. 
Lever  arm  of  cC^ 

84  sin  43°  59'  =  84  X  a69445  =  58.33  feet. 
Lever  arm  of  dD^ 

155  sin  49°  24'  =  155  X  0.75927  =  117.69  feet. 
Lever  arm  of  eE^ 

480  sin  52**  15'  =  480  X  0.79069  =  379.53  feet. 
We  have,  then,  the  following  lever  arms.  Fig.  iii  : 

Lower  chords,     AB  BC  CD  DE 

Lever  arms,  10  14-375         I7-S  19-375. 


Upper  chords,      be 

cd 

de 

'f 

Lever  arms,         \%.% 

17.13 

19.22 

19.98. 

Vertical  braces,     bA 

cB 

dC 

eD 

fE 

Lever  arms,        34>285 

49.285 

84 

»55 

48a 

Inclined  braces,  bB  cC  dD  eE 

Lever  arms,        27.33         58-33       117-69        379.53- 

We  are  now  ready  for  the  calculation. 

Calculation  of  Stresses. 

{a)  Maximum  Stresses  in  the  Chords. — Suppose  at  each  lower  apex,  Fig.  ill,  jr+^ 
=  22.5  tons,  and  take  the  locomotive  excess  at  the  proper  apices  for  each  flange.  Thus  for 
the  flange  BC^  wc  have  -ar  =  33  tons  at  B  and  at  F,  Fig.  11 1.    Therefore, 

^^X.o-[Z^>+^^]xo=o,  AB^o. 

BC X  14.375  -  [J^'^t     +  T^J  X  15  =  o,  BC=  +  125.2. 

CD  Xi7'S-[}^^^^  +  l'e']x30  +  {x+j')XiSXO,  CZ?  =  + 172.3. 

DE  X  19.375  -  \j^^  +1^]  X  45  +  (^  +:rX30  +  IS)  =  Ok  DE=-{-  i88.l. 

-fcx  i3.8-L^^-j^'+ g-^J  X  15  =  0,  6c=- 130.43. 


BRIDGE  GIRDERS   WITH  INCLINED   CHORDS.  1^$ 

^cdy.  17-13 -[^^^+|-g]  X  iO  +  ix+y)  X  15  =  0,  ^rf=  -  176. 

-  ^  X  19.2    -  [^^^7^+f  -^J  X  45  +  (^  +JK)(30  +  15)  =  o,  de^^  189.6. 

-</'Xi9.9    -[— T^^  +  f-^]  X6o  +  (;r+jK)(45+30+i5=o,  <;^=  -  185. 

(*)  Maximum  Stresses  in  the  Braces. — We  shall  find  the  stresses  in  the  braces 
by  moments  also  in  this  case.  Thus,  Fig.  iii,  the  centre  of  moments  lot  Bb  is  at  the  inter- 
section of  be  and  ABy  of  cB  at  the  same  point,  of  cC  at  the  intersection  of  cd  and  BC,  and 
so  on.  Remembering,  then,  the  rule  (page  26)  for  positive  and  negative  rotation,  we  can 
write  -down  an  equation  of  moments  which  shall  give  directly  the  stress  in  any  brace  for 
that  loading  which  causes  the  maximum  stress.  Thus  for  bA  we  have  x  -{-y  =  22.5  tons 
at  every  lower  apex,  and  -sr  =  33  tons  at  B  and  F.  The  reaction  at  left  end  is,  therefore 
120  tons.     Hence 

bA  X  34.285  +  120  X  34.285  =0,  M  =  —  120. 

—  bBx  27.33    +  120  X  34-285  =0,  *^  =  +  150.5. 

For  cB  and  cC  we  have  the  reaction  at  the  left  when  the  train  reaches  from  the  right 
end  up  to  C,  26.25  ^^ns  for  dead  load,  39.375  tons  for  train  load,  and  33  tons  due  to  loco- 
motive excess,  or  98.625  tons.     Hence, 

cB  X  49.285+98.625  X  34.285  —  7.5  X  49.285  =0,  ^jff=  —61.13. 

-  ^C  X  58.33  +  98.625  X  54  -  7-5  X  69  =  o,  ^rC  =  +  82.46. 

In  the  same  way, 

^/CT  X  84  +  79.125  X  54  -  7-S (69  +  84)  =  0,  ^(7=  —  37.20. 

—  ^/Z?  X  117.69+ 79.125  X  no  — 7.5  (125  +  140)  =  0,  dD^  +  57.06. 

We  have  also  for  the  train  coming  on  from  the  other  end 

^dDx  117.69  +  74-125  X  no  — 22.5  X  125  —  55.5  X  140  =  0,       dDz=,^  19.47. 

So  also  for  cC  we  have 

-cC  X  58.33  +  68.5  X  54  -  55-5  X  69  =  o,  cC  ^  —  2.23. 

Again,  for  eD  and  Ee,  we  have 

eDy^  155+61.50  X  no -7.5  (125 +  140+  155)  =  0,  ^Z?  =  — 23.32. 

—  eEy.  379-53  +  61.50  X  420  -  7.5  (43S  +450  +  465)  =0^  ^£  =  +  41.3- 
For  train  coming  on  from  left, 

—  eEx  379-53  +80.625  X  420  -  22.5  (435  +45o)  -  55-5  X  465  =  o»       eE^-  31.2. 
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Finally,  lor  fE  the  greatest  compression  will  be  when  the  train  comes  on  either  from 
right  or  left  as  far  as  -F  or  jD.     In  either  case, 

/£  X  480  +  49-875  X  420  -  7.5  (435  +  450  +  465  +  480)  =  o,         fE  =  -  15. 

These  are  the  maximum  stresses  which  can  ever  come  upon  the  braces.  We  see  that 
cC,  dD  and  eE  must  be  counterbraced,  or  the  diagonals  dB^  eC  diVidfD,  Fig.  11 1,  must  be 
inserted,  the  stresses  in  these  counters  being  the  compression  which  would  otherwise  occur 
in  the  ties. 

For  any  case  of  vertical  and  diagonal  bracing,  we  simply  find,  as  above,  the  stresses  in 
the  system  strained  by  the  dead  load  alone,  and  then  if  any  tie  of  this  system  is  found  to 
have  compression  in  it  due  to  live  load,  this  compression  is  the  stress  in  the  counter.  The 
posts  will  then  always  be  in  compression,  and  the  greatest  compression  will  be  when  the 
train  covers  the  longest  segment  of  the  span. 

Bowstring  Suspension. — We  have  represented  in  Fig.  113  this  form  of  truss,  some- 
Fiff.iis  times  called  the  double  bow,  or  lenticular  girder. 

We  choose  the  same  span  as  in  the  preceding  cases, 

viz.  120  feet,  divided    into  8  panels  of   15  feet   each. 

Vertical  and  diagonal  bracing.    Train  load  i  ton  per 

foot,  or  15  tons  per  panel,  dead  load  0.5  ton  per  foot,  or 

7.5  tons   per  panel.     Locomotive  excess  33  tons.     Train  preceded  by  two  locomotives. 

Each  bow  is  a  polygon  inscribed  in  a  parabola,  the  centre  rise  of  which  is  10  feet. 

The  equation  (page  132) 

-.1 
A  —  ^  =  20  — 


180 


gives,  therefore,  the  length  of   the  verticals  eE,  dD,  etc.,  for  corresponding  values  of  jt, 
measured  horizontally  from  the  crown  e. 

The  load  is  supposed  to  pass  along  the  centre  line.     The  verticals  take  compression 
only,  and  the  diagonals  tension  only. 

Lever  Arms  and  Angles  of  Inclination.— We  find  easily,  by  inserting ;r  =  0,  15, 
30,  45  in  the  equation 


the  length  of  the  verticals,  viz.. 


eE 
20 


dD 
18.75 


cC 
15 


bB 
8.75 


The  centre  of  moments  for  each  panel  is  at  the  opposite  upper  or  lower  apex. 


Fiir.114 


O---' 


For  the  panel  de.  Fig.  1 14,  the  lever  arm  Em  =  Ee  cos  eEm.     The 
angle  eEm  =  edn,  and  this  latter  angle  can  be  easily  found,  since  its  tan 


en      eE  —  Dd      1.25  ^^^      rx  r^  «      . 

""  —  ""    ^  w  .^    =  ~:::r  =  0.041606.     Hence,  Em  =  20  cos  2*  23' 

2  X  15         30  ^  ^ 


gent  =  ^  = 


=  20  X  0.99913  =  19.98.     We  have,  similarly,  the  lever  arm  of  DE  or  do 
=  Z?^/ cos  2°  23' =  18.75  X  0.99913=  18.73. 
In  like  manner  we  find  for 


cd 
lever  arm  =  18.6 


CD 
14.88 


be 
14.68 


BC 
8.57 


Ab 
84 


AB 
84 


J 
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The  distance  of  the  point  of  intersection  of  de  and  DE  from  the  vertical  Ee  is  easily 
found  from  the  proportion 

X  \  lOi:  X  —  15  :  18.75,    or  ;r  =  240  feet. 

In  the  same  way  we  find  the  intersection  of  cd  and  CD  distant  from  dD^  75  feet;  of 
be  and  BC^  from  cC,  36  feet;  and  of  Ab  and  AB  from  bB^  15  feet 

The  angle  which  dE  makes  with  the  vertical  is  easily  found.     Thus,  Fig.  1 14,  tan  0^  aa 

--^  =  — ^ —  =  0.77420,  hence  6^  =  37°  45'.     In  the  same  way  wefind 
nE       19.375  11-^  '  oj,       uf    Tj 

^'cD  =  41'  38',  'OtC=   51^38'. 

We  can  now  find  the  lever  arms  of  the  diagonals.  Thus,  for  dE  we  have  232.258 
cos  37°  45'  =  232.258  X  0.79068  =  183.64  feet.  In  the  same  way  we  find  for  eD,  66.66  X 
cos  41^38'  =  49.83,  and  for  bC,  26.526  cos  51°  38'  =  16.46. 

The  point  of  moments  for  the  vertical  bB  is  at  the  intersection  of  Ab  and  BC,  because 
these  are  the  two  flanges  cut  by  a  section  through  A  by  bB  and  BC.  The  lever  arm  for  bB, 
therefore,  is  17.5  feet. 

The  point  of  moments  for  eC  is  at  the  intersection  of  be  and  CD*  Hence  the  lever 
arm  for  eC  is  45  feet. 

The  point  of  moments  for  dD  is  at  the  intersection  of  ed  and  DE,  Hence  the  lever 
arm  tor  dD  is  112.5  feet. 

The  point  of  moments  for  eE  is  at  the  intersection  of  de  and  EF.  Since  these  are 
parallel,  the  lever  arm  for  eE  is  infinitely  great. 

To  recapitulate,  then,  we  have  the  following  lever  arms : 


df            DE 

cd 

CD 

be 

BC 

Ab 

AB 

lever  arms  19.98         18.73 

18.6 

14.88 

14.68 

8.57 

84 

84 

6B       bC  =  Be 

cC 

cD=  Cd 

dD 

dE  =  De 

eE 

lever  arms,  17.5           16.46 

45 

49-83 

1 12.5 

183.64 

00 

Intersection  of  de  and  DE  i8o  feet  to  the  left  of  A. 

"  cddiVid  CD     30     **     **     "     "     "    « 
•'  "  be  and  BC      6    "     "     "     "     "    ** 

We  are  now  ready  for  the  calculation. 

Calculation  of  Stresses  in  the  Members. 

{d)  Stresses  in  the  Chords. — The  student  should  draw  a  Figure  similar  to  Fig.  113  and 
mark  upon  it  plainly  the  above  lever  arms  and  intersections.  With  this  before  him,  he  can 
check  easily  the  following  equations. 

For  the  chords  we  suppose  22.5  tons  at  each  cross-girder,  i,  2,  3,  and  4,  etc.,  and  let 
the  locomotive  excess  act  at  the  proper  points  for  each  flange.  Thus  for  de  we  have  33 
tons  at  4,  Fig.  113.     Hence, 

—  rf^  X  19.98  —  95.25  X  60  +  22.5  (45  +  30  +  15)  =  o,        de  =1  —  184.6  tons. 

—  a/  X  18.6  —  103.5  X  45  +  22.5  (30  +  15)  =  o.  cd^  —  194.7    " 
--  be  X  14-68  -  II  1.75  X  30  +  22.5  X  15  =  o,  be  ^  —  205.3     " 

*  The  distance  x  of  the  point  of  intersection  of  any  two  panels,  as  be  and  CD,  on  opposite  sides  of  the  vertical 

cCf  is  given  by  x  =  .^=^ — =,where  /  is  the  panel  length. 

/>3  —  ^x 


« 


it 


t€ 


it 


i( 
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—  /I*  X  8.4  —  120  X  15  =  o,  i4*  =  —  214.3  tons. 

DE  X  18.73  -  103.5  X  45  +  22.5  (30  +  15)  =0,  /?£=:+  194.6 

CD  X  14.88  —  1 1 1.75  X  30  +  22.5  X  IS  =  o,  CZ>  =  4-  202.6 

BC  X  8.57  —  120  X  15  =  o,  ^C  =  +  210 

AB  X  8.4  —  120  X  15=0,  AB  =  +  214.3     " 

{d)  Stresses  in  the  Braces. — The  inclined  braces  are  also  easily  found  by  moments. 
Thus, 

^  dE  X  183.64  +  61.50  X  180  —  7.5  (195  +  210  +225)  =  0,  dE  =  +  34.55  tons. 

--  dE  X  183.64  +  80.625  X  180  -  22.5 (195  +  210)  -  55.5  X  225  :=zo,dE  =z  —  39.13 

-  cDx  49.83  +  79' 125  X  30  -  7-5  (45  +  60)  =  o,  cD  =^  +  31.83 

-  cD  X  4983  +  75-375  X  30  -  22.5  X  45  -  55-5  X  60  =  o,  cD  =  ^  41.78 

-  bC  X  16.46  +  98.625  X  6  -  7.5  X2I  =  o,  *C  =  +  26.38    " 
^  bC  X  16.46  +  68.5  X  6  —  55.5  X  21  =  o,                                         bC  =  —  45.84    " 

If  the  load  occupies  the  axis  as  shown  in  Fig.  113,  each  vertical  is  divided  into  two 
parts,  the  stresses  in  each  of  which  will  be  different. 

For  the  maximum  compression  in  the  upper  portions,  we  have,  since  the  braces  ^/£^, 
cD,  bC  act  for  the  respective  loadings, 

/4X  00  +  49.875  X  00   —  4  X  7.5  X  00   =  o,  ^4  =  —  19-875  tons. 

^3X  1 12.5 +61.50  X  67.5  -7.5  (82.5+97.5  +  1 12.5)  =0,^/3  =  -  17.4 
(:2  X  45  +  79-125  X  15  ~  7-5  (30  +  45)  =  0,  ^2  =  -  13.87 

b\  X  17.5  +  98.625  X  2.5  —  7.5  X  175  =0,  *i  =  —  6.58 

For  the  lower  half  E^,  we  first  find  for  the  proper  loading /£  by  moments  as  follows : 
-\-fE  X  183.64+61.50  X  300-7-5  (285  +  27o+255+24o)-48  X  240  =  o,/e=+5.i404tons 

Since  then/C  acts,  and  it  is  cut  by  a  section  through  de,  £4,  and  EF,  we  must  take 
its  moment  into  account,  and  thus  have, 

£4  X  00  +61.50  Xoo— 3x7.5X00+5  1404  X  00   =  o,  iE4  =  —  43.64  tons. 

The  tension  in  e\  for  this  loading  is  55.5  —  43,64,  or  ^4  =  +  11.86     " 

For  the  lower  half  Z>3  we  first  find  for  the  proper  loading  by  moments, 
De  X  183.64  +  79.125  X  180  —  7.5(195  +210+225)  —48  X  225  —  o,  or  />^  =  + 6.984 tons. 
Since  then  De  acts,  we  must  take  its  moment  into  account  and  have 
Di  X  112.5  + 79.125  X  67.5 -7.5  (82.5 +  97.5) +  6.984  X  94-73  =0,  Z?3  =  - 41-35  tons. 

The  tension  in  d^  for  this  loading  is  55.5  —  41.35,  or  ^/3  =  +  I4,I5     ** 

In  similar  manner  we  find, 

C2  X  45  +  98-625  X  15  -  7-5  X  30  +  549.287  =  o,  {  ^^l  =  ~  40^^  ^?r^' 

Bi  X  17.5  +  no  X  2.5  +  433.68  =0,  {  f/  =  +  t?J?$    '' 

Method  by  Diagram. — It  will  be  seen  from  the  preceding  that  the  calculation  of 
girders  with  QMryed  (;hords,  though  sufficiently  simple  in  principle,  is  tedious  in  comput2^* 
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tion.      There  is  also  considerable  liability  to  error  through  carelessness  in  writing  down  the 
equations.      The  student  would  do  well  to  make  it  a 
rule  always  to  check  the  computation  by  diagram. 

The  diagram  is  best  applied  by  taking  a  single 
apex  weight  and  finding  the  stresses  it  causes. 

Thus,  let  Fig.  115  represent  a  bowstring  girder ; 
span  80  feet,  divided  into  8  equal  panels.  Bow  circu-  /^\ 
lar,  the  versine  being  10  feet,  hence  the  central 
depth  of  inscribed  polygon  is  9.85  feet.  The  load 
is  supposed  to  traverse  the  lower  chord  and  to  be 
equal  to  I  ton  per  foot.     Dead  load  0.5  ton  per  foot. 

First  suppose  only  the  train   load  Z',  of  10  tons 
to  act,  and  diagram  its  stresses  as  in  Fig.  115  {a). 

Then  suppose  the  load  P^  =  10  tons  to  act,  and  diagram  its  stresses.    We  can  now 
easily  form  a  Table  giving  the  stresses  in  every  brace  due  to  each  separate  apex  live  weight. 


TABLE  OF  STRESSES   IN  THE   BRACES. 


AfCfttbtTS, 

ab 

be 

cd 

de 

^f 

fg 

gh 

Px 

+  2.7 

+  11.4 

-4.8 

+  4.3 

-  2.4 

+  2.3 

-     1.4 

p% 

-f  2.3 

-  1.4 

+  8.4 

+  8.6 

-  4.7 

+  4.6 

-  2.8 

Pt 

-}-  2.0 

—  II 

+  2.8 

-2.6 

4  4.5 

+6.9 

-4.2 

Pa 

-f  1.6 

-0.9 

+  2.2 

--  2.0 

+  3-6 

-3-5 
j  -  2.6 

+  5.6 

A 

+  1.2 

-  0.7 

+  1.7 

—  1-5 

+  27 

+  4.2 

p% 

-f  0.8 

-  0.5 

-  0.23 

+  I.I 

—  i.o 

+  1.8 

-  ..8 

+  2.8 

Pt 

+  0.39 

+  0.56 

—  0.51 

+  0.90 
-  7.1 

—  0.88 

+ 1.4 

1 
Compresstc 

Live  load 
>n 

-4.8 

-4.8 

-7.6 

-  8.8 

—  8.4 

Locomotive  excess. 

-|-  11  0 

-15.84 

-  15.51 

Tension 

Live  load 

+  114 

,    +  11.8 

+  12.9 

+  1:  5 

+  13-8 

+  140 

Locomo'ive  excess. 

4 

-h  11.55 

-f  13.07 

1 

+ 14.85 

Dead  Load 

+  5.5 

+  3.3 

+  3.5 

+  2.6 

+  3.2 

+  2.5 

+  2.8 

Max.  compression. 

17.14 

20 

1 

Max.  tension. 

• 

28.05 

28.37 

31 

1 
1 

Thus  we  set  down  in  the  Table  the  stresses  in  all  the  braces,  caused  by  P^ ,  as  found 
from  diagram  (b\  Th«n  the  stresses  due  to  P^  will  be  twice  those  caused  by  P^,  Those 
due  to  P^  and  P^ ,  three  and  four  times  those  caused  by  P^ ,  respectively.  This  is  evident 
from  Fig.  115,  where  P^  is  twice  as  far  froip  the  right  end  a3  Py.      Its  left  reaction  is,  ther^- 
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fore,  twice  as  great,  and  causes  in  all  the  braces  to  the  left  a  double  stress.  We  can  thus 
fill  the  lines  for  /',,/',,  P^  and  P^.  For  P^  we  see  at  once  that  cd  and  de  will  both  be  ten- 
sion. The  signs  alternate  both  ways.  The  stresses  in  these  two  members  for  P^  are  in 
different  type  in  the  Table.  For  all  braces  on  the  right  of  P^  the  stresses  will  be  twice  what 
they  were  for  P^ ,  and  for  all  on  the  left  six  times  what  they  were  for  P^, 

In  the  same  way  for  P^  the  stresses  on  ^/and  fg  (given  in  Table  in  black  type)  are  both 
minus,  and  signs  alternate  right  and  left  from  these.  For  all  braces  on  the  right  the  stresses 
are  three  times  what  they  were  for  P^ ,  and  for  all  on  the  left  five  times  what  they  were  for 
P^.  Generally,  then,  the  stresses  are  all  multiples  of  either  P^  or  P^ ,  and  we  can  easily  fill 
up  the  Table. 

We  can  now  fill  out  the  lines  for  live  load  compression  and  tension.  Then  adding 
these  algebraically  and  dividing  by  the  ratio  of  live  to  dead  load,  we  find  the  dead  load 
stresses. 

It  remains  to  take  account  of  the  locomotive  excess.  This  is  easily  done.  Thus  for 
^/the  greatest  tension  occurs  when  we  have  33  tons  at  the  third  apex.  This  weight  will 
cause  in  </*,  therefore,  W  =  3.3  times  as  much  tension  as  P^  caused,  or  3.3  X  4-5  =  14.85. 
The  total  tension  in  ef^  then,  taking  account  of  locomotive  excess,  is  -|-  13.5  +  14.85  +  2.7 
=  -[-  31  tons. 

In  the  same  way  the  compression  on  ^/ given  by  the  Table,  or  4.4,  is  to  be  increased 
by  the  compression  in  this  member  due  to  locomotive  excess.  This  compression  is  3.3  times 
the  compression  in  ^  due  to  P, ,  or  4.7  X  3  3  =  15.51.  Therefore,  the  greatest  compression 
on  </"  is  —  7.1  —  15.51  +  2.7  =  —  20  tons. 

In  similar  manner  we  can  find  and  add  the  locomotive  excess  stresses  for  the  other 
members,  and  thus  find  the  maximum  stresses.  The  student  is  left  to  fill  up  these  lines  in 
the  Table  for  himself. 

The  chords  are  found  by  a  similar  Table,  the  locomotive  excess  stresses  being  deter- 
mined in  an  analogous  manner. 

General  Remarks. — The  foregoing  is  sufficient  to  show  the  application  of  our  prin- 
ciples to  any  bridge  girder  with  curved  or  inclined  chords. 

In  finding  the  lever  arms  the  student  should  check  the  computation  of  each  one  by 
measuring  it  to  scale  from  a  properly  drawn  frame.     In  this  way  errors  may  be  avoided. 

Instead  of  finding  the  dead  load  stresses  from  the  computed  live  load  stresses,  as  is 
done  in  our  Table,  the  dead  load  stresses  may  be  easily  diagrammed  or  computed  sep- 
arately, if  it  is  thought  desirable.  No  comparison  of  the  girders  in  this  Chapter  has 
been  attempted,  but  the  double  bow  is  easily  found,  so  far  as  stresses  are  concerned,  to 
be  the  best.  This  might  be  expected,  as,  both  chords  being  cui-ved,  each  acts  to  sus- 
tain the  load,  while  in  the  bowstring,  Fig.  115,  the  lower  chord  simply  resists  the  spread  of 
the  upper  chord.     The  bowstring  ranks  next,  and  the  "  truncated  bowstring  "  last  of  all. 

The  best  bracing  in  all  cases  for  long  span  is  the  triangular,  as  in  such  case  all  the 
braces  may  always  be  in  tension,  and  the  material  required  for  stiffening  long  struts  is 
avoided. 

The  Pauli  truss  (page  58)  resembles  the  double  bow,  but  the  chords  are  so  curved 
that  the  stress  in  them  is  constant.  Such  a  truss  with  triangular  bracing  is,  therefore, 
somewhat  superior  to  the  double  bow  for  long  spans. 

The  student  who  has  checked  the  examples  in  the  Appendix,  page  243,  will  have 
no  difficulty  in  solving  the  examples  of  this  Chapter  for  concentrated  loads. 

Advantage  of  Inclined  Chords.— The  use  of  inclined  chords  for  long  spans  is  a 
common  practice.  One  advantage  has  already  been  noticed  (page  136)  in  connection  with 
the  bowstring  truss,  viz.,  that  for  long  spans  the  braces  may  be  always  in  tension.    Another 
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advantage  has  been  noticed  in  connection  with  the  Schvvedler  truss  (page  56),  viz.,  the 
elimination  of  counters. 

Another  advantage  is  that  the  chords  may  be  so  inclined  as  to  take  all  the  shear  for 
full  loading,  thus  reducing  the  bracing  and  avoiding  reversal  of  stress  in  the  braces. 

Formula  for  Inclination  of  Chords.— The   following  method   for  finding  the 

inclination  of  chords  is  given  by  Prof.  Benj.  F.  La  Rue  {Engineering News,MdiTc\i  19,  1896): 
Let  Fig.  I  represent  a  truss  with  inclined  upper  chord  and  isosceles  bracing.     Let  W 

be  the  full  panel  load,  dead  and  live,  acting  at  the  lower  fi».  1. 

chord  apices,  let  A^be  the  number  of  lower  chord  panels  C\»^ 

and  n  the  number  of  panels  on  the  left  of  any  apex  C     r 

of  the  lower  chord,  so  that  the  distance  AC=  np  and 

the  length  of  span  is  Np^  where/  is  the  panel  length.        A|< — np—^-\-^ iN-fOP •♦JB 

Then  we  have  for  the  left  reaction 

R^m^ (,) 

The  shear  for  the  brace  Cd  is  then 

S=zR-.nW=  —  {N^\-2n) (2) 

The  moment  at  the  point  C  is 

M=-Rnp+W{n-i)'^  =  -^{N-n) (3) 

Let  Hht  the  horizontal  component  of  the  stress  in  the  upper  chord  r^/and  Vht  its  ver- 
tical component.     Then  taking  moments  about  C,  we  have,  if  A  is  the  height  at  rf, 

Hh-^  =  M. (4) 

But  if  V  is  the  vertical  projection  ec  of  the  chord  cd,  we  have 

p  V 

Substituting  this  value  of  H  in  (4),  and  the  value  of  M  from  (3),  and  solving  for  V,  we  have 

j^_       W7m(N-n) 

If  now.  the  chord  cd  is  inclined  at  such  an  angle  that  it  takes  all  the  shear  for  full  loading 
we  have 

V+  5=0,    or   f ^  =  — (N—  I  —  2«.) 

2A  —  1/  2  ^  ' 

Hence  we  obtain  for  the  value  of  v,  for  isosceles  bracing, 

—           A(iV—  I  —  2n)  .,. 

^-«(Ar-«)  +  ^A^-i_2«) ^^^ 

For  an  even  number  of  panels,  we  have  at  the  centre  N  =  2n  and  (6)  gives  v  negative. 
The  formula  therefore  does  not  apply  to  the  centre  panel.     For  an  even  number  of  panels, 
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then,  the  top  chord  is  horizontal  at  centre,  as  shown  in  Fig.  i,  and  (6)  applies  only  to 
chords  on  the  left. 

Fi«.  9.  For  an  odd  number  of  panels,  Fig.  2,  we  have  for  the 

^^.^    A    A^">s.  '^^^^  ^^"^'  V^\ri\.  on  left  of  centre  iV=  2«  +  i,  and  from  (6) 

y<j\/ \l  y  \/\^    ^  =  0,     For  an  odd  number  of  panels,  then,  the  top  chord  is 

horizontal  for  two  panels,  as  shown  in  Fig.  2,  and  (6)  applies 
only  to  chords  on  the  left  of  these. 

For  Pratt  bracing  we  have,  instead  of  equation  (4),  the  equation 

HA  =  M  Fi«.  8. 

Hence  we  have,  instead  of  (5), 

_  WvnjN  -  n) 

""  2^  '  AJ4. 

and  therefore  we  have  for  the  value  of  v  for  Pratt  bracing 


"^-V <»^09 


_A{N-  I  -2«) 


(7) 


Here,  again,  for  an  even  number  of  panels  (7)  does  not  apply  at  the  centre.  For  an 
even  number  of  panels,  then,  the  top  chord  is  horizontal  in  the  two  centre  panels  as  shown  in 
Fig.  3,  and  (7)  applies  only  to  chords  on  left  of  these. 

For  an  odd  number  of  panels,  v  in  (7)  is  zero  for  the  panel  point  on  left  of  centre. 
For  an  odd  number  of  panels,  then,  the  top  chord  is  horizontal  in  the  three  centre  panels^ 
and  (7)  applies  only  to  chords  on  left  of  these. 

Fig.  4.  For  the  sub-Pratt  system,  shown  in  the  left  half  of  Fig. 

4,  we  have,  instead  of  equation  (2), 

W      W 
5=/?-«fF-  — =  — (A^-2-2«), 


V 


and  therefore,  in  place  of  (7),  since  H  —  =  F,  we  have 

__  2h(N  —  2  —  2») 
^-        n{N-n)       ' 


(8) 


where  n  has  the  values  2,  4,  6,  etc. 

For  even  number  of  panels  we  have,  as  in  Fig.  4,  the  two  double  centre  panels  at  top 
horizontal,  and  for  an  odd  number  of  panels  we  have  the  three  double  centre  panels  at  top 
horizontal,  and  (8)  applies  to  chords  on  left  of  these. 

For  the  **  half-hitch  "  system  shown  on  the  right  of  Fig.  4,  we  have,  instead  of  equa- 
tion (2), 


S  =  R-nW-\- 


We  also  have,  in  the  place  of  equation  (3), 


M=:-Rnp-\-W{n-  i)  ^  -  Wp  =  -^^{N-n)-Wp. 


We  also  have 


V 


Hh=zM    and     H  -  =  V, 

2/> 
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Hence  we  obtain 

2h{N-  2«) 
""  =    n{N-n)  ' •    •    •     fe) 

where  n  has  the  values  2,  4,  6,  etc. 

For  an  even  number  of  panels  we  have  the  two  double  centre  panels  at  top  horizontal, 
and  for  an  odd  number  of  panels  we  have  three  double  centre  panels  at  top  horizontal,  and 
(9)  applies  to  chords  on  left  of  these. 

Example. — Let  the  height  of  truss  in  Fig.  4  be  24  feet,  and  J\r  =  16,  system  sub-Pratt.  Then 
by  applying  (8),  we  have  for  the  rise  v  of  the  chord  dc,  n  =  6,  and 

_  2X24(16-2-12)  _     ,  ., 
"" 6(16-6) -'•^^^• 

We  have  then  for  the  height  C^  =  24  —  1.6  =  22.4.     Applying  (8)  again,  we  have  for  the  rise  v  oi 
the  chord  ad^  «  =  4,  and 

_  2  X  22  4(16  -  2  -  8)  _  .  ,  .. 

V  — f— r $.0  ft. 

4(16-4) 

The  height  Ba  is  then  Ba  =  22.4  —  5.6  =  16.8  ft. 


CHAPTER    VI. 

PRINCIPLE    OF    LEAST    WORK— REDUNDANT    MEMBERS— DEFLECTION    OF 

A   FRAMED  GIRDER. 

Elastic  Limit.— Let  a  straight  member  of  length  /  and  constant  area  of  cross-section 
A  be  acted  upon  by  a  stress  5  in  its  axis,  and  let  the  elongation  ^ 

or  compression  as  the  case  may  be,  or  in  general  the  strain^  be    8^ — I  I — ^e 

denoted  by  A.     We  know  from  experiment  that  within  a  certain  ^ 

limit,  twice,  three  times  or  four  times,  etc.,  the  stress  5  will  cause  a  strain  of  2A,  3A,  4A,  etc. 
The  limit  up  to  which  this  law  of  proportionality  of  stress  to  strain  holds  true,  for  any 
material,  is  called  the  elastic  limit  for  that  material  for  the  kind  of  stress  under  con- 
sideration. 

Thus  if  we  lay  off  the  stresses  to  any  convenient  scale  horizontally,  and  lay  off  the 

corresponding  strains  \  to  any  convenient  scale  vertically,  we  obtain 
within  the  elastic  limit  a  straight  line  AB.  The  co-ordinates  AD 
and  DP  of  any  point  P  of  this  line  give  the  stress  and  corresponding 
strain  for  that  point. 

The  point  B  at  which  the  straight  line  AB  begins  to  curve  gives 
the  stress  AL^  and  this  is  the  elastic  limit  stress. 

Coefficient  of  Elasticity. — Froin  the  preceding  article,  we  see  that  if  5  is  the 

5 
stress  and  X  the  corresponding  strain,  we  have,  within  the  elastic  limit,  the  ratio  j  constant. 

5 
Now  if  A  is  the  area  of  cross-section  of  the  test  piece,  then  —  is  the  unit  stress,  or  stress  per 

X 
square  inch  of  area.     Also  if  /  is  the  original  length,  then  j  is  the  unit  strain,  or  strain  per 

unit  of  length.     If  then  the  experiment  were  made  on  a  test-piece  of  one  unit  area  and  one 

S       X        SI 
unit  length,  we  should  have,  within  the  elastic  limit,  the  ratio  ^  -^  7,  or  ;jy  constant.    This 

constant  for  any  material  is  called  the  coefficient  of  elasticity  for  that  material  for  the  kind 
of  stress  under  consideration.     We  denote  it  hy  E.     We  have  then,  within  the  elastic  limit, 

^=i' <■> 

and  can  define  the  coefficient  of  elasticity  in  any  case,  as  the  unit  stress  divided  by  the  unit 

strain.     From  (I)  we  can  find  E  by  experiment,  5,  A,  and  /  being  known,  and  A.  measured. 

Values  of  E  for  different  materials  and  different   kinds   of   stress  will  be  found  in  the 

Appendix  to  Part  I,  page  293. 

If  we  assume  the  law  of  proportionality  of  stress  to  strain  to  hold  good  without  limits 

S 
then  we  can  say,  that  since  a  unit  stress  -r  causes  a  strain  A,  it  will  take  as  many  times  this 
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unit  Stress  to  cause  a  strain  /  as  A  is  contained  in  /.  That  is,  the  coefficient  of  elasticity  is 
tfiat  theoretic  unit  stress  which  would  cause  a  strain  equal  to  the  original  length,  if  the  law  of 
proportiotiality  of  stress  to  strain  held  good  witliout  limit.  It  is  therefore  given  in  pounds 
per  square  inch. 

The  definition  first  given  is,  however,  the  best,  and  most  easily  borne  in  mind.  That 
is,  within  the  elastic  limit,  E  is  constant  for  the  same  material  and  same  kind  of  stress,  and 
is  always  given  by  unit  stress  divided  by  unit  strain. 

If  then  we  know  E,  we  have  from  (I)  for  the  strain 

*  =  :& (") 

From  (II)  we  can  find  in  any  case  the  strain  \  when  5,  A,  /,  and  E  are  known. 

Examples. — (i)  A  wrought-iron  tie-rod  30  feet  long  and  4  square  Inches  in  area  of  cross- 
section  is  subjected  to  a  tensile  stress  of  40000  lbs.  The  elongation  is  found  to  be  o.oi  ft.  What 
is^? 

Ans,  The  unit  stress  is  -  = =  loooo  lbs.  per  square  inch  of  area.     The  unit  strain  is 

A  4 

-  =  ft.  per  foot  of  length.     We  have  then  from  equation  (I) 

SI 
E  =  — ^  =  1 0000  X  3000  =  30,000,000  pounds  per  square  inch. 

(2)  A  rectangular  timber  strut  is  12  inches  deep  and  40  feet  long.  If  ^  =  1,200,000  lbs.  per 
square  inch,  find  the  width,  so  that  its  compression  under  a  stress  of  27000  lbs.  may  not  exceed 
1.2  inches,  all  lateral  bending  being  prevente  ' 

Ans,  From  equation  (I)  we  have 

.        SI       27000  X  40  X  12  .     , 

i4  =  -prr  =  — -T3 =  9  sq.  mches. 

EK         1200000  X  1.2  ^ 

A 
Hence  the  width  is  —  =  7.5  inches. 

1.2 

(3)  A  wrought-iron  bar,  2  square  inches  sectional  area,  has  its  ends  fixed  to  two  immovable 
points,  when  the  temperature  is  60°  Fahr.  Taking  the  coefficient  of  expansion  at  0.000006944  per 
unit  of  length  for  one  degree,  and  supposing  all  lateral  bending  to  be  prevented,  what  stress  must  be 
resisted  by  the  fixed  points  when  the  temperature  is  raised  or  lowered  40  degrees  ? 

Ans,  We  have  A  =  0.000006944/  X  40.     Therefore  from  equation  (I) 

-,      EA\       2  X  0.000006044/  X  40  « 

5  =  —J-  =  j^^^ ^  =  0.00055552-^. 

U  E=  30,000,000  pounds  per  square  inch,  5=  16665.6  lbs.  This  is  compression  or  tension 
according  as  the  temperature  is  raised  or  lowered. 

Work  in  Straining  a  Member. — If  the  stress  5  is  gradually  applied  increasing  from 
o  to  5,  then  -  is  the  average  stress,  and  the  work  done  is 


I- 


ISO 
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Substituting  the  value  of  A  from  (II),  we  obtain 

Work  =  —  =  —Tt^ 

2  2AE 


(III) 


The  work  then  is,  if  the  stress  is  gradually  applied,  one  half  the  product  of  stress  by  strain. 

Principle  of  Least  Work. — When  a  spring  is  compressed  or  extended  within  the 
elastic  limit,  if  released  it  can  give  back  the  work  expended  in  straining  it  The  work 
which  a  body  can  thus  do  by  reason  of  its  position  or  condition  is  called  potential  energy. 

It  is  a  principle  of  mechanics  that  if  a  body  is  in  equilibrium,  its  potential  energy  is 
either  a  maximum  or  a  minimum,  and  if  it  is  in  stable  equilibrium,  its  potential  energy  is  a 
minimum. 

Thus  let  the  body  whose  centre  of  mass  is  C  be  supported  by  the  fixed  point  P.     It  is 

evidently  in  equilibrium  when  C  is  vertically  above  or  below  P.     If  C  is  vertically  above  P^ 

Fig.  1.  Fig.  s.         as  in   Fig.  2,  it  is  in  unstable  equilibrium.     A  slight 

motion  to  either  side  destroys  the  equilibrium.  In  this 
case,  since  the  centre  of  mass  has  the  highest  possible 
position,  the  potential  energy  is  a  maximum. 

But  if  the  centre  of  mass  C  is  vertically  below  Py 
it  is  in  stable  equilibrium.  If  moved  to  either  side,  it 
returns  again.  In  this  case,  since  the  centre  of  mass  has  the  lowest  possible  position,  the 
potential  energy  is  a  minimum. 

We  have  then  the  general  principle,  that  if  a  body  is  in  stable  equilibrium,  its 
potential  energy  is  a  minimum.  If  part  of  that  potential  energy  consists  then  of  work  ex- 
pended in  straining  the  body,  this  work  is  the  least  possible  consistent  with  equilibrium. 

FiVE-LEGGED  TABLE. — As  an  illustration  of  the  application  of  this  principle  of  least 
work,   suppose    a   rectangular   table   of   length   /  and 
breadth  ^,  to  have  five  legs  all  of  equal  length  i,  and 
the  same  constant  area  of  cross-section  A^  at  the  centre 
and  at  each  corner. 

Let  a  load  P  rest  on  the  table,  and  let  x  and  y  be 
the  co-ordinates  of  its  point  of  application. 

Let  P,,  /;,  P.,  P^,  P,  be  the  loads  carried  by 
each  leg.  We  have  for  the  conditions  of  equilibrium, 
then, 

PJ+PJ+P,l  =  Px, 


PJ> + PJ> + p\  =  />. 


From  these  equations,  we  obtain 

p^f-p^-^p.^p^. 
p,  =  p''^+p.-p^, 

P,  =:  P^^  -  P,  -  }P,. 


(I) 


From  equations  (i)  we  see  that  /*,,  /*,,  and  P^  are  given  in  terms  of  P^  and/*,.     If  then  P^ 
and  P^  are  known  we  can  find  /*»,  P,,  and  P^,     But  P^  and  P^  are  not  known.     We  have  five 
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unknown  quantities,  and  the  conditions  of  equilibrium  give  us  only  three  equations  of  con- 
dition between  them.  We  need  then  two  more  equations.  These  two  equations  are 
furnished  by  the  principle  of  least  work. 

Thus  from  equation  (III)  we  have  for  the  work  done  in  compressing  the  legs,  assuming 
the  floor  and  table-top  to  be  rigid. 

If  in  this  we  substitute  the  values  of  P,,  P„  and  P,  as  given  by  (i),  we  have 

work  =  j^[/' +  4^.' + 1 />.• +^/»+ ^/»  - 2W. -/>/>.- ^ 

+  ^PJ-.  +  %PP.  ^PP,-^jf.  *fpp,  _  ^^/.J. 

We  thus  have  the  work  given  in  terms  of  P^  and  P^  and  known  quantities.  Now P^  and 
P^  must  have  such  values  that  the  work  shall  be  a  minimum.  We  therefore  put  the  differential 
of  the  work  with  reference  to  P^  and  P^  equal  to  zero.     We  thus  obtain 


Also 


dr^  0  I  O  I 

'^Jy^  =  o=3P,-P+2P,+jP-^P         or    2P,-\-3P,  =  P-^^P+^^P.     .     (3) 

We  thus  have  two  more  equations  of  condition.     From  (2)  and  (3)  we  obtain 

P,  =  \P, 

That  is,  tAe  load  carried  by  the  centre  leg  is  always  \P  no  matter  where  the  load  P  is  placed. 
Now  substituting  these  values  of  P^  and  P^  in  (i),  we  have 

P  =  p\L  _  Z  _  £1 

•  Lio       2b       2/J' 

P,  =  p\l  4.  Z  _  £1 

LS  ^  2^         2/J' 

^*^  ^\jb'^  '2l~  lbs 

1  h 

If  P  is  at  the  centre,  we  have  jr  =  — ,  y  =  -,  and 

2  2 

P,  =  P,  =  P,  =  P^=.P^  =  |P. 

If  P  is  at  the  middle  of  the  side  /,  ;r  =  -,  y  =  o,     and 

2  -^ 

P.  =  ^P.     P.  =  -^P.     P^=-i,P.     P.  =  ^P^     P.  =  iP 

In  this  case,  legs  2  and  3  must  be  fastened  to  the  floor,  and  are  then  in  tension.  If  not 
fastened  they  are  lifted  and  the  table  is  supported  on  three  legs  only. 

Remarks  on  the  Preceding  Problem. — The  preceding  problem  of  the  five-legged 
table  illustrates  the  principle  of  least  work.  It  also  illustrates  much  more.  It  furnishes  a 
good  example  of  the  misapplication  of  theory.     The   theory  is  sound  and  the  results  are 


.1- 
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therefore  correct,  provided  the  assumptions  are  realized.  But  these  assumptions  cannot  be 
realized  by  any  actual  table.  For  instance,  it  is  assumed  that  the  floor  is  absolutely  rigid 
and  level,  and  the  table-top  the  same ;  also,  every  leg  is  of  exactly  the  same  length  and 
the  same  constant  area  of  cross-section.  Such  a  table  is  an  ideal  and  cannot  really  exist. 
The  theory  is  then  misapplied,  since  its  assumptions  are  not  in  accord  with  fact.  The 
strain  of  a  leg  is  very  small,  and  a  small  discrepancy  in  length  of  legs,  such  as  must  be  ex- 
pected in  practice,  would  entirely  change  the  results. 

Evidently,  then,  the  results  are  practically  worthless.  The  legs  should  be  designed  for 
three  only.  Then  if  any  others  are  desired,  they  can  be  added  of  the  same  size.  This 
practical  solution  is  not  only  simpler,  but  it  is  actually  more  accurate  and  more  scientific. 

The  results  of  the  first  case  are  the  results  of  sound  principles  logically  applied  to  a 
1 1  fiction.     The  results  of  the  second  case  are  the  results  of  sound  principles  logically  applied 

to  an  actual  table. 

The  student  then  must  regard  the  example  as  an  illustration  simply  of  the  principle  of 

least  work.     He  should  also  note  that  sound  principles  need  care  in  their  application.     In 

i  order  to  apply  them  to  a  practical   case  certain  assumptions   must  be  made,   and   these 

assumptions  should  accord  with  the  facts  of  that  case.  Otherwise  the  results  are  worthless, 
even  though  the  principles  be  sound. 

Redundant  Members. — The  same  principle  of  least  work  is  illustrated  by  the  calcu- 
lation of  redundant  members  in  a  truss.  The  method  of  procedure  is  the  same  as  for  the 
case  of  the  five-legged  table. 

Thus,  take  the  simple  truss  shown  in  the  accompanying  figure,  consisting  of  two  rafters 
aby  bc^  a  tie-rod  ac,  and  a  strut  bd. 

If  a  load  P  is  supported  at  b,  the  strut  bd  is  superfluous. 

Let  the  angle  of  the  rafters  with  the  vertical  be  6^,  and  the 
length,  stress,  and  area  of  cross-section  of  ab  be  /,,  5,,  tf, ;  of  be 
be  /„  5„  a^\  of  ad  be  /,,  5„  a^\  of  dc  be  /^,  5^,  a^\  of  bd  be 
/,  5,  a. 

We  first  find  5,,  5„  5„  5,  in  terms  of  5.  Thus,  for  equal  length  of  rafters  we  have 
at  apex  b 

—  5,  cos  ^  —  5,  cos  ^  —  /*+  5  =  o. 


or,  since  5,  =  5„ 


At  apex  a  we  have 


5.  =  S,  =  K^  -  ^)  sec  ^. (I) 


5,  =  5,  =  5.  sin  ^  =  i<5  -  /*)  tan  6». (2) 

From  equation  (III)  we  have 

wo,k=irs:^+&:4+s:i+£:^-+^']. 

Since  we  have 

/,  =  /,  =  /  sec  i),         /,  =  /^  =  /tan  B, 
a,  =  ^,,  ctx  =  ^4» 

the  expression  for  the  work  becomes,  when  we  substitute  these  values  and  the  values  of  5,, 
5,,  5„  S^  in  terms  of  5, 

^^r     1  '    f  S* -2SP  +  P'        .    ^,    S'-2SP+P\      .  .    ,     ^^  "l 

Work  =  — =.    ■ sec*   OA tan*  ^  +  -;     • 

Now  the  stress  in  5  must  make  the  work  a  minimum.     Hence 

d(wor\c)  S  P  S  P  25 

^  ,e       =  o  =K  -  sec*  6  -  -sec*  6  +  -  tan*  6  --  tan*  ^  +  — 
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or 


5  = 


Paa^  (sec*  i)  +  tan*  B) 


2a^a^  -{-aa^  sec*  B  -j-  ^^1  ^^^^  ^ 

We  thus  know  5  and  can  find  from  (i)  and  (2)  the  values  of  5, ,  5, ,  5,,  5^. 

It  will  be  noted  that  the  cross-sections  must  be  known  for  each  member  in  advance. 
If  the  cross-sections  are  all  equal  we  have 

P(sec'^  +  tan*^ 


(3) 


5  = 


2  +  sec'6'+tan*^* 


Remarks  on  the  Preceding  Problem. — The  principle  of  least  work  has  been  ex- 

tensively  employed  for  the  calculation  of  redundant  members.     It  will  be  seen  that  though 
the  method  is  simple,  its  application  to  a  truss  with  many  members  becomes  tedious. 

It  will  also  be  seen  that  the  same  remarks  apply  here  as  in  the  case  of  the  five-legged 
table.  Every  member  must  be  of  absolutely  true  length  and  of  the  exact  cross-section 
assigned.     Any  variation  from  these  ideal  conditions  invalidates  the  result. 

Such  applications  of  the  principle  of  least  work  we  regard  therefore  as  of  no  practical 
value,  and  they  will  not  be  elaborated  here.  Applications  of  real  value  will  be  made  in  sub- 
sequent Chapters. 

Deflection  of  a  Framed  Girder. — By  the  application  of  equations  (II)  and  (III) 
the  deflection  at  any  point  of  a  framed  girder  may  be  calculated. 

Thus  let  5  be  the  stress  in  any  member  due  to  the  actual  loading oi  the  truss,  and  /and 
a  the  length  and  area  of  cross-section.  Then  from  (II)  the  strain  of  the  member  due  to 
the  actual  loading  is 

SI 


X  = 


aE 


Now  let  s  be  the  stress  in  the  same  member  due  to  any  arbitrary  assumed  load^ 
supposed  to  rest  at  the  panel  point  for  which  the  deflection  is  desired.  This  load  we  may 
assume  of  any  convenient  amount.     Then  the  work  due  to  this  load  in  the  member  is 

,s\  _  Ssl 
2        2aE 
The  total  work  in  all  the  members  due  to 
this  load  is  then 

Ssl^ 
2aE' 


But  if   A   is   the   deflection   at   the  panel  point 
where  /  is  supposed  to  act,  then  the  work  done 

<—^  and  hence  we  have 

2 


by/  is 


vaumz 


or 


PA 
2 


pE 


Ssl 
2aE 


Ssl 


a 


(IV) 


Example. — Suppose  a  girder  (see  Figure)  consisting  of  two  inclined  rafters  of  length  60 
inches,  two  vertical  ties  of  length  48  inches,  an  upper  chord  of  length  60  inches,  and  a  lower  tie 
of  length  132  inches,  the  two  end  panels  36  inches  and  the  centre  60  inches.  Let  there  be  a  diag- 
onal strut  c/y  whose  length  is  76.84  inches.     Suppose  a  load  of  5  tons  at/  and  10  tons  at  £. 

Required  the  deflection  at  e,  the  areas  r)f  (Toss-section  being  supposed  to  be  known. 
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Let  iS'be  12500  tons  per  square  inch,  and  the  areas  of  cross-section  as  given  in  the  following 
table  : 


Length  / 
Member*     ia  inches. 


ab 60 

be 60 

€d 60 

de 36 

ef 60 

af 36 

bf 48 

€e 48 

fc 76.84 


B 

in  tons 
per  tq.  in. 

12500 
12500 
12500 
12500 
12500 
12500 
12500 
12500 
12500 


S 
in  tons. 


-  7.9545 

-  4.7727 

-  10.7954 
+    64772 

4-  6.4772 

+  4.7727 
-}-  6.3636 
-}- 10.0000 
—  2  1829 


s 
in  tons. 


-  34091 

—  2.0454 

—  9.0909 

+  5.4545 

+  5.4545 

-f-  2.0454 

+  2.7272 

+  10.0000 

-  4.36579 


Cross-section 

a 
in  sq.  in. 

1.85 
I.OO 
1.85 

1.5 
1.5 
1.5 
2.0 

2.0 
0.75 


J 
6350 

3 
6250 

3 
6250 

9 
31250 

3 

6350 

9 

31250 

6_ 

15265 
6_ 

15265 
76.84 
125000 


St 


in  inch« 


+  14.6582 

-h    9.7621  S  0.0372 

+  530486  ] 

+  23.5532 

+  «3.5532  >•  0.0199 

-H   6.5080 

-f    8.67771 

+  50.0000  I  0.0308 

+  12. 7067  j 


Deflection  at  right  hand  weight  =  0.0879 

We  take  for  the  value  of  /  the  load  of  10  tons  at  e,  and  find  the  stresses  s  in  every  member 
due  to  this  single  load.  We  also  find  the  stresses  *S*  in  every  member  due  to  the  actual  loading.  In 
the  product  Ss  these  stresses  must  be  taken  with  their  proper  signs.  Thus  if  s  is  compression  or 
minus  and  S  is  also  compression  or  minus,  the  product  Ss  is  positive.  If  one  is  tension  and  the 
other  compression,  the  product  Ss  is  negative.  If  the  signs  of  S  and  s  are  carefully  observed,  the 
sign  of  the  products  Ss  will  thus  take  care  of  itself. 

If  we  take  E  in  pounds  or  tons  per  square  inch,  5,  s  and/  must  be  taken  in  pounds  or  tons 
and  /  in  inches,  and  a  in  square  inches. 

Note  that  we  have  taken  p  2X  e  equal  to  10  tons,  the  load  actually  acting  there.  If,  however, 
there  were  no  load  acting  there,  we  could  assume  a  load  of  /  =  i  ton,  or  any  convenient  amount, 
and  proceed  as  before. 

The  stresses  S  due  to  actual  loading  are,  strictly  speaking,  affected  by  the  change  of  shape. 
This  can,  however,  be  disregarded  without  perceptible  error,  as  the  deflection  in  all  practical  cases 
is  very  small. 

Remarks  on  the  Preceding  Example. — In  our  example  we  assume  E  as  constant 
for  all  members.  Every  member  has  its  accurate  length  and  area  of  section.  All  pins  at 
the  apices  are  presumed  to  fit  tight,  and  all  adjustable  members,  if  any,  to  be  accurately 
adjusjted. 

A  girder  after  erection  may  then  be  tested  by  calculating  the  deflection  at  the  centre 
for  a  given  load  and  comparing  with  the  actual  observed  deflection  for  this  load. 

A  good  agreement  is  then  a  test  of  the  close  fit  of  all  pins,  of  the  proper  adjustment 
of  all  adjustable  members,  of  the  agreement  of  the  lengths  and  sections  of  the  members 
with  those  called  for  by  the  design,  of  the  constant  value  of  E  and  its  proper  assumption 
as  to  magnitude,  and  finally  of  the  fact  that  the  elastic  limit  is  not  exceeded. 

It  is  evident  that  when  so  many  conditions  must  concur,  a  discrepancy  between  the 
observed  and  calculated  deflection  has  little  practical  significance.  The  last-mentioned 
fact,  that  the  elastic  limit  is  not  exceeded,  is  the  most  important,  and  this  is  proved,  not  by 
any  close  agreement  between  actual  and  calculated  deflections,  but  by  observing  whether  the 
deflection  is  constant  under  repeated  applications  of  the  same  loading,  after  the  structure 
has  attained  its  permanent  set  from  the  first  application. 

Calculations  of  deflection  are  then  of  little  value  as  a  means  of  testing  framed  struc- 
tures, and  the  calculated  result  cannot  be  expected  to  agree  very  closely  with  the  actual 
deflection. 


CHAPTER   VII. 

SWING    BRIDGES. 

Pivot  or  Swing  Spans. — The  pivot  or  swing  span  is  a  girder  continuous  or  par- 
tially continuous  over  three  or  four  supports. 

If  over  three  supports,  it  is  a  "  pivot  span/'  If  over  four  supports,  the  length  of  the 
small  intermediate  span  is  the  width  of  the  turn-table.  Loads  in  the  centre  span  act 
directly  upon  the  turn-table,  and  hence  cause  no  stresses  in  the  members. 

The  reaction  at  any  support  is  the  sum  of  the  shears  on  each  side  of  that  support. 
For  an  end  support,  the  reaction  and  shear  are  the  same. 

Our  formulas  give  the  shears  at  a  support,  and  these  must  not  be  confounded  with  the 
reactions. 

In  the  case  of  the  pivot  span,  it  is  evident  that  if  the  end  shear,  due  to  a  load  placed 
anywhere,  is  known,  then,  since  at  the  end  there  is  no  moment,  we  have  all  we  need  in 
order  to  find  the  stresses.  The  centre  span,  if  there  is  a  turn-table,  is  not  affected  by  loads 
placed  in  it,  since  these  loads  act  directly  on  the  turn-table. 

Raising  of  Centre  Support. — The  centre  supports  should  be  above  the  level  of 
the  ends  by  the  amount  of  deflection  of  the  open  span,  or  else  when  the  span  is  open  it 
would  deflect  and  it  would  be  difficult  to  shut  it  again. 

If  the  end  supports  are  not  raised  after  the  draw  is  shut,  then  the  dead  load  stresses 
for  the  draw  open  exist  just  the  same  when  the  draw  is  shut.  The  apex  live  loads  can  then 
be  considered,  each  by  itself,  for  draw  shut,  and  the  fact  that  the  supports  are  out  of  level 
does  not  affect  our  formulas.  They  hold  good  just  as  if  the  supports  were  on  level.  More- 
over, it  is  not  necessary  to  enter  into  elaborate  computations  as  to  the  precise  amount  by 
which  the  centre  supports  must  be  raised.  It  is  only  necessary  in  practice  to  raise  the  ends 
till  they  just  bear  when  the  bridge  is  empty.  Thus  even  when  shut  there  is  no  pressure 
on  the  end  supports  except  when  the  live  load  comes  on. 

It  may  seem  strange  at  first  sight  that  under  these  circumstances  the  live  load 
pressures  are  just  what  they  would  be  for  level  supports.  If  the  girder,  originally  straight, 
were  held  down  at  the  ends,  then  the  end  reactions  would  have  to  be  computed  for  sup- 
ports out  of  level.  These  reactions  would  be  negative  (downward),  and  a  live  load  coming 
on  would  diminish  them,  or,  if  great  enough,  reverse  them.  But  such  is  not  the  state  of 
things.  The  end  reactions  are  zero  in  the  beginning,  and  any  live  load  gives  therefore  at 
the  end  the  same  reactions  as  for  level  supports. 

An  analytical  discussion  would  be  out  of  place  here,  but  assuming  the  expression  to 
which  such  a  discussion  would  lead  us,  we  may  show  that  such  is  the  case. 

Thus  for  a  beam  over  three  supports,  A,  B,  and  C,  not  on  a  level,  //,  being  the  distance 
oiA  below  B,  and  //,  the  distance  of  C  below  B^  the  coefficient  of  elasticity  being  E  and  the 
moment  of  inertia  /,  we  have  for  the  moment  M^  at  the  centre  support  due  to  any  number 
of  loads  in  both  spans  ^ 

4JI/,/=  [^^4^]  6£/+y  ^^P^(/-^)(/4-4r)  +  y^/'^(/-;r)(2/-^) 
z  being  the  load  distance  from  the  left  end  of  the  loaded  span. 

*  Sec  Appendix  lo  Part  I,  page  340. 
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Now  in  this  expression  the  last  two  terms  are  precisely  the  same  as  for  supports  on 
level.  The  influence  of  the  different  levels  is  contained  in  the  first  term  on  the  right  only. 
But  in  our  case  the  differences  of  level  //,  and  //,  are  due  entirely  to  the  dead  load,  and  the 
value  of  this  term  is  then  independent  of  the  live  load. 

Raising  of  Ends. — In  the  case  of  the  pivot  span,  if  the  ends  just  bear  when  draw 
is  closed,  any  live  load  in  one  span  lifts  the  other  end.  The  ends  must  then  be  latched 
down,  and  there  is  considerable  vibration.  To  avoid  this,  it  is  the  practice  to  raise  the 
ends  after  the  draw  is  closed,  so  that  the  supports  are  all  on  level.  The  dead  load  thus 
causes  positive  end  reactions,  and  unless  the  live  load  over  one  span  preponderates,  the 
ends  need  not  be  latched  down.  Our  formulas  are  not  affected  in  their  application  by  this 
practice. 

Method  of  Calculation. — We  have  then  to  make  two  calculations,  one  for  draw 
open  and  stresses  due  to  dead  load,  the  other  for  draw  shut  and  stresses  due  to  live  load, 
and,  for  raised  ends,  dead  load  also.  The  union  of  the  two  will  give  the  maximum  Ftresses. 
For  the  draw  open,  the  stresses  are  very  easily  found.  For  the  draw  shut,  we  have  simply 
to  find  the  shears  at  the  supports  for  each  apex  load.  It  therefore  only  remains  to  give  the 
formulas  which  give  these  shears  and  an  example  illustrative  of  their  use. 

These  formulas  are  new  and  we  believe  an  advance  upon  those  heretofore  in  use,  as 
will  be  shown  later  by  comparison.  The  deduction  of  the  formulas  is  given  at  the  end  of 
this  Chapter. 


THE  CENTRE-BEARING   PIVOT  SPAN— THREE   SUPPORTS. 

Formulas. — Let  the  length  of  span  AB  =  BC  =  /,  Fig.  127.     Let  the  apex  load  be  P 

and  its  distance  from  the  left  end  A  be  z.  Let  M^  be 
the  moment  at  centre  support.  When  this  is  positive 
it  indicates  counter  clock-wise  rotation  as  in  the  figure, 
and  causes  tension  in  upper  and  compression  in  lower 
chord.  The  pressure  at  A  is  denoted  by  5,.  At  B  we 
have  5/  on  left  and  5,  on  right.  At  C  we  have  5,'. 
The  reactions  are  then  5,  and  5/  at  the  ends  and  R^  = 
5/  +  5,  at  the  centre  support.  A  positive  value  for 
any  5  indicates  that  it  acts  upwards,  a  negative  value 


downwards. 

We  have  then 


5.  =  _^^.+^(,_.), 


5,'  =  />-5,= 


M.     Pz 


I  • 


(0 


From  equations  (i)  we  see  that  we  can  find  5,  and  5/  for  any  position  of  P,  just  as  soon 
as  we  know  M^.  It  is  also  evident  that  if  we  know  5,  and  5/  we  can  compute  the  stresses 
for  any  position  of  P. 

It  therefore  remains  to  give  the  value  of  M^. 

Let  s  be  the  length  of  any  chord  member,  upper  or  lower.  Thus  in  the  figure  the 
length  of  cd  or  2-3  is  s.  Draw  the  system  of  braces  for  dead  load,  draw  open,  as  shown 
in  the  figure,  and  let  x  be  the  distance  from  left  end  A  or  B  to  the  centre  of  moments  for 
any  chord  member,  upper  or  lower.     Thus  for  cd  centre  of  momenst  is  at  2  and  x  is  the 
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distance  A2^  for  2-3  centre  of  moments  is  at  d  and  x  is  the  distance  A^,  Let  v  be  the 
lever  arm  for  any  chord  member  upper  or  lower.  Thus  for  de  the  lever  arm  v  is  ^3,  and 
for  2-3  the  lever  arm  v  is  d^.  Let  a  be  the  area  of  cross-section  of  any  chord  member, 
upper  or  lower.     Then  we  have  for  M^ 


'  sx^ 


0  ^^' 


2 

7 


+  ' 


'  sxl 


s 


—  2 


££ 

0^^' 


(2) 


This  equation  is  general,  provided  that  the  two  spans  are  equal  and  symmetrical  on 
each  side  of  the  centre.  A  positive  value  for  M^  indicates  counter  clock-wise  rotation,  or 
tension  in  upper  chord. 

If  a  is  constant  it  cancels  out.     So  also  if  v  is  constant  it  cancels  out. 

It  will  be  noted  that  equation  (2)  requires  that  the  area  of  cross-section  a  for  each 
chord  member  shall  be  known,  while  it  is  the  object  of  our  investigation  to  determine  these 
areas  by  first  finding  the  stress  and  then  dividing  this  stress  by  the  allowable  unit  stress. 
If  then  we  first  assume  a  as  constant  it  will  cancel  out,  and  we  can  use  (2)  to  determine  the 
provisional  stresses  and  areas.  We  can  then  use  these  areas  in  (2).  It  will,  however,  be 
found  unnecessary  to  make  a  second  computation. 

Example. — A  short  example  will  thoroughly  illustrate  our  method  and  the  use  of  the 
formulas. 

In  the  preceding  Fig.  127  let  the  length  of  span  be  /=  80  ft.,  divided  into  four  panels 
of  20  ft.  each.  Let  the  centre  height  be  Be  =  10  ft.  and  the  height  at  end  be  ^i  =  7  ft. 
For  these  dimensions  the  lever  arm  v  for  any  upper  chord  niember  as  de  will  not  differ 
appreciably  from  the  height  ^3,  and  the  length  s  for  any  chord  member  as  cd  will  not  differ 
appreciably  from  the  panel  lengths.     We  can  therefore  readily  form  the  following  table: 


(x) 

(a) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

s 

V 

»« 

s 

X 

sx 

>-- 

^sx^ 

Al 

20 

7 

49 

0.40815 

20 

8.163 

163.26 

8.163 

163.26 

be 

20 

7 

49 

0.40815 

20 

8.163 

163.26 

16.326 

326.52 

1-2 

20 

8 

64 

0.31250 

40 

12.500 

500.00 

28.826 

826.52 

cd 

20 

8 

64 

0.31250 

40 

12. coo 

500.00 

41.326 

1326.52 

2-3 

20 

9 

81 

0.24690 

60 

14.815 

888. go 

56.141 

2215.42 

d€ 

20 

9 

81 

0.24690 

60 

14-815 

888.90 

70.956 

3104.32 

^B 

20 

10 

100 

0.20000 

80 

16.000 

1280.00 

86.956 

4384.32 

2.I35I  86.956       4384.32 

In  the  first  column  we  place  the  designation  of  each  chord  member.  In  column  (2) 
the  value  of  j,  in  column  (3)  the  value  of  v,  and  in  column  (4)  the  value  of  v^  for  each  chord 

member.     Then  we  compute  1  for  each  chord  member  and  put  the  results  in  column  (5). 

In  column  (6)  we  place  the  value  of  x  for  each  chord  member.     We  can  now  compute  the 

sx  sx* 

values  of  -^  and  — r  and  put  the  results  in  columns  (7)  and  (8).     In  (9)  and  (10)  we  place 

the  summation  of  the  values  in  (7)  and  (8).  The  last  values  in  (9)  and  (10)  then  should 
check  with  the  sum  of  the  values  in  (7)  and  (8). 

We  can  now  easily  apply  equation  (2)  if  we  take  the  area  of  cross-section  a  of  the 
chord  members  constant,  so  that  a  cancels  out. 

Thus  for  the  first  apex  load  P  ^t  i  (see  preceding  figure)  we  have  z  ■=  20  and 

7^326.52  -  1096.08  +  1412.60)  _  643.04  p  _    .   ^  p 

^«  "~    109.608  -h  170.808  -  173.912  ~  106.504     "~  "^  ^•0377^- 
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For  the  second  apex  load  /*  at  2  we  have  z  =  40,  and 

/^(i326.52  —  2192.16  +  1825.20) 


M^  = 


106.504 


4-9.0096/^. 


For  the  third  apex  load  /'at  3  we  have  ^  =  60,  and 

/X3104.32  —  3288.24  +  960.00) 


M, 


106.504 


=r  +  7.287/*. 


For  the  next  apex  load  P  in  the  next  span  the  reaction  S^  at  A  is  of  course  the  same 
a.^  the  reaction  SJ  at  C  for  /*,,  and  so  on. 


We  have  then,  from  equations  (i), 

For  P  at  z  =  20 
**    P  ''  z  ^  40 


<( 


« 


it 


(i 


P  ''  z  =  6o 
P  **  ir  =  100 
P  ''  z=  120 
P  ''  z=  140 


5,  =  + 0.6745  3/> 
5.  =  +  0.38738/^, 
5,  =  +0.1589/; 
5,  =  —  0.0911/, 
5,  =  —  o.  1 1 262/^, 
5.  =  -  0.07  547P. 


Negative  values  denote  that  5,  acts  downwards. 

We  can  thus  in  any  case  find  the  reaction  5,  at  the  end  A  for  every  apex  load. 
Comparison  with  Formulas  Heretofore  in  Use. — If  in  equation  (2)  we  assume 

the  area  a  of  cross-section  of  chord  members  as  constant,  and  also  assume  the  height  as  con- 
stant, then  av^  will  cancel  out.  If,  further,  we  assume  the  panel  length  small  in  comparison 
to  length  of  span,  we  can  put  dx  in  place  of  s.  In  accordance  with  these  assumptions  we  can 
then  write 


/  ;rV;r  —  jf   x^dx  -\-  z  j  x  dx 
-  /  x^dx  -{- 1 1  dx  —  2  I  xdx 


If  we  perform  these  integrations,  and  put  k  for  the  ratio  -,  we  obtain 

PI 
4 

This  is  the  formula  heretofore  in  use  for  the  Pivot  span. 

It  is  a  special  case  of  our  equation  (2)  under  the  assumption  not  only  of  constant  chord 
section  a,  but  also  of  constant  height  v,  that  is,  parallel  chords,  and  also  of  small  panel 
length  compared  to  span.     //  is  therefore  not  applicable  to  most  practical  cases. 

In  the  present  case  we  give  a  comparison  of  the  results  of  this  formula  with  those  of 
equation  (2). 


Equation  (2). 

Ordinary  Formula. 

Error  of 

Ordinary  Formula, 

per  cent. 

^  —  20 
z       40 
ir  —  60 

6.0377/^ 

g,oo(^P 
7.287/* 

4.688/' 

7-lP 
6. 562/' 

22.4 
16.8 
lO.O 

We  see  then  that,  even  on  the  assumption  of  constant  chord  section,  the  error  due  to 
disregarding  change  of  depth  is  very  considerable. 
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Method  by  Diagram. — The  solution  of  equation  (2)  by  means  of  a  table  as  illus- 
trated is  sufficiently  simple. 

If,  however,  it  is  considered  tedious,  the  following  method  by  diagram  may  be  em- 
ployed for  making  the  different  summations  : 

s 
Let  the  quantity  — ^  for  each  chord  member  be  considered  as  a  fictitious  load  acting 

at  the  centre  of  moments  for  that  member.  If  a  is  constant  it  is,  of  course,  disregarded, — 
and  it  must  be  disregarded  in  determining  the  provisional  areas,  as  pointed  out  on  page  157. 
Lay  off  (Fig.  128)  these  fictitious  loads  to  any  convenient  scale  along  the  line  Aa, 
(See  next  Figure.)  These  loads  are  A\,  1-2,  2-3,  3a.  Take  a  pole  at  B  so  that  the  pole 
distance  AB  =  /,  draw  the  rays  BA^  B\,  B2,  etc.,  and  construct  the  equilibrium  polygon 
a-i-2-y     Produce  the  sides  of  this  polygon  to  their  intersections  1',  2',  3',  a\ 


Then  in  the  horizontal  through  a  take  the  pole  distance  aB^  =  /,  draw  the  rays  B'a, 
B'i\  B'2\  etc.,  and  construct  the  second  equilibrium  polygon  ^'-1-2-3,  etc.  Produce  the 
sides  of  this  polygon  to  their  intersections,  i",  2",  3",  V. 

Then  we  have 


Aa  = 


av 


0  a^' 


Also,  for  an  apex  load  P  at  any  apex,  as,  for  instance,  at  2,  we  have 


/  X  2W  = 


'  — .     and     /•  X  2'W  = 
,  av 


oav'' 


We  can  then  write  in  the  place  of  equation  (2),  for  P  at  2 


^  _  P[/  X  2'W  -  ^  X  aW'+  z  X  2  V] 
'  2  X  a' a"  +  Aa  —  2X  aa' 


For  Pat  any  other  apex,  as  3,  we  put  3'  and  3"  in  place  of  2'  and  2". 
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There  is  very  little,  if  any,  advantage  in  this  method  by  diagram  over  the  tabulation 
of  page  157,  and  the  latter  is  more  accurate. 

Calculation  of  Stresses  for  Pivot  Span.— Let  us  now  calculate  the  stresses  in 
the  example  of  page  157.  Length  of  span  /=  80  ft.,  divided  into  four  panels  of  20  ft.  each  ; 
centre  height  Be  =  10  ft.,  and  height  at  end  bi—  7  ft.     Let  the  train  load  be,  say,  i  ton  per 

foot ;  dead  load,  J  ton  per  foot.  Locomotive  ex- 
cess, as  on  page  102,  say  30  tons.  Then  P  =■  20 
tons. 

The  upper  chord,  if  prolonged,  intersects  the 

iffl ^ — \^ V. V. I lower  at  a  point  120  ft.  from  Aj  Fig.  129. 

We  have  then  the  following  lever  arms : 


FIc.  129. 


Ai 

lever-arm  =  7 


1-2     2-3     iB     be    cd 
8        9        10      7      8 


de        Ab        b\       c\        c2        d2        di        el 
9       39.64      140     52      160     65.66      180     80.5 


isi.  Draw  Open, — For  draw  open,  we  have  5  tons  at  A  and  10  tons  at  i,  2,  and  3. 
The  stresses  can  be  easily  diagrammed  by  the  method  of  Chapter  I,  page  8,  or  calculated 
as  follows  : 

^  I  X  7  +  5  X  20  =  o, 
1-2  X  8  +  5  X  40  +  10  X  20  =  o, 
2-3  X  9  +  5  X  60  +  10(40  +  20)  =  o, 
35  X  10  +  5  X  80  +  10(60  +  40  +  20)  =  o, 

—  *^  X  7  +  5  X  20  =  o, 

—  erf  X  8  +  5  X  40  +  10  X  20  =  o, 

—  rf^  X  9  +  5  X  60  -|-  10(40  +  20)  =  o, 

Ab  X  3964  —  5  X  120  =  o, 
ei  X  52  —  5  X  120  —  10  X  140  =  o, 
dz  X  65.66  —  5  X  120  —  10(140  +  160)  =  o, 
ei  X  80.5  —  5  X  120—  10(140+  160+  180) 

—  *i  X  140  —  5  X  120  =  o, 

—  ^2  X  160  —  5  X  120  —  10  X  140  =  o, 

—  ^3  X  180  —  5  X  120  —  10(140  +  160)  =  o, 

eB  =•  —  yo  tons. 

A  negative  sign  denotes  compression,  a  positive  sign  tension. 

2d.  Draw  Shut. — We  have  found  by  the  application  of  equation  (2)  (page  157), 

For  P  =  20  tons  at  i,        5,  =  +  1349  tons. 


=  0, 


Ai-  - 

14.286  tons. 

1-2  =  — 

50 

2-3  =  - 

100 

3^=- 

160 

bc--\- 

14.286 

cd=-\- 

50 

de  =  + 

100 

Ab  =  -{- 

15.13 

Cl=  + 

38.46 

d2  =  + 

54.82 

^2  =  + 

67.08 

bi  =  ~ 

4.286 

C2  =  — 

12.5 

di-- 

20.0 

And  on  the  other  span. 


"      P=20     "        "   2, 

5,-+   775    " 

"     P=20     "       "   3, 

S,      +    3-«8    " 

For  P—20  tons  at  4, 

S,  =  —  1.822  tons. 

"     P—20    "      "  5, 

5,  =  -  2.25      " 

"     P=20    "       "  6, 

5.  =  -1.51      " 

<< 


« 


(« 
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We  have  then,  for  /*at  i, 

A\y,    7  —  13.49  X  20  =  o,                           ^ I  =  +  38.54  tons,        bc^  --  38.54  tons. 

1-2  X    8  —  13.49  X  40  +  20  X  20  =  o,        1-2  =  +  17.45  "            cd=  —  17.45     *' 

2-3  X    9  —  1349  X  60  +  20  X  40  =  o»        2-3  =  +    1.04  "           de—  —    1.04    " 

3^  X  10  —  13.49  X  80  +  20  X  60  =  o,        iB  =  —  12.08  " 

Ab  X  3964+  13.49  X  120  =  o,  Ab  =  —  40.83  tons, 

^i  X  52  +  13.49  X  120  —  20  X  140  =  0,  ci  =  4-22.71     " 

d2  X  65.66  +  13.49  X  120  —  20  X  140  =  0,  ^2  =  +  17-98 

O  X  80.5  +  13.49  X  120  —  20  X  140  =  0,  O  =  +  H'^7 

'  bi  X  140+  13.49  X  120  =0,  *i  =  4-  11.56 

—  ^2  X  160  +  13.49  X  120  —  20  X  140  =0,  r2  =  —  7.38       " 

—  ^3  X  180+  13.49  X  120  —  20  X  140  =  0,  ^3  =  —6.56       " 

^^5  =  -  (5/  +  5,)  =  -  (^  +  ^)  =  -  8.02  tons. 

A  negative  sign  denotes  compression,  a  positive  sign  tension. 

In  similar  manner  we  find  the  stresses  for  P  at  2,  3,  and  on  the  other  span  at  4,  5,  6. 

We  can  then  draw  up  the  following  table.     This  table  gives  the  stress  in   each  member 

for  each  apex  live  load.     The  locomotive  excess   stresses  can  then  be  entered  for  each 

member.      Thus  for  1-2  we  see  that  a  load  at  2  gives  the  greatest  tension,  and  a  load  at  5 

gives  the  greatest  compression.     If  the  locomotive  excess  is  taken  at  30  tons,  then,  since 

P=  20  tons,  we  have  for  the  locomotive  excess  at  2  the  stress  in  1-2  equal  to  -f-  38-75  X  f 

=  X  58.12  tons,  and  for  locomotive  excess  at  5   the  stress  in  1-2  is  equal  to  —  11.25  X  f 

=  —  16.87  tons. 

Since  the  dead  load  is  a  certain  proportion  of  the  live,  in  this  case  ^,  we  can  find  the  dead 

load  stresses  by  taking  one  half  the  algebraic  sum  of  the  live  load  stresses.   Thus  for  1-2  we 

,      ,  t      1                      ,        +  72.10  —  27.91 
have  dead  load  stress  equal  to —^^—  =  -f-  22.09  tons. 

Taking  the  dead  load  stresses  in  combination  with  the  live  load  stresses,  we  find  the 
maximum  stresses  for  draw  shut.  Thus  for  1-2  we  have  for  maximum  tension  +  72.10 
for  train,  +  58.12  for  locomotive  excess,  and  +  22.09  ^^^  dead  load.  Total  +  152.31  tons. 
For  maximum  compression  we  have  —  27.91  for  train  and  —  16.87  for  locomotive  excess. 
But  since  the  dead  load  acts  also,  the  resultant  is  —  27.91  —  16.87  +  22.09  =  —  22.69  tons. 

If  now  we  insert  the  stresses  for  draw  open,  we  can  pick  out  for  any  member  the  maxi- 
mum stresses  that  can  ever  occur.  Thus  for  i~2  we  have  the  greatest  tension  -j-  152.31 
tons,  and  the  greatest  compression  is  for  draw  open,  viz.,  —  50  tons. 

If  the  ends  are  not  raised  to  level  with  centre  when  the  draw  is  shut,  we  have  only  to 
omit  from  the  table  the  line  for  dead  load  stresses. 

We  see  from  the  table  just  what  loads  and  where  placed  give  the  greatest  stress  in  any 
member. 

We  see  also  from  the  table  that  the  stress  in  Ab  is  compression  only.  If,  however,  the 
dead  load  had  been  smaller  we  might  have  had  tension  in  ^^  also,  for  P^,  /\,  and  -P,,  and 
locomotive  excess  at  P^  acting.      In  such  case  the  ends  would  have  to  be  latched  down. 

General  Method  for  any  Swing  Span.— In  the  preceding  we  have  given  in  de- 
tail the  method  of  calculation  for  the  centre-bearing  pivot  span.  The  same  method  is  to  be 
used  for  any  case  of  swing  span.  Only  the  formulas  will  vary.  It  will  therefore  be  suffi- 
cient if  we  give  for  other  cases  simply  the  formulas  which  apply  to  the  case. 
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RiM-BEARiNG  TuRN-TABLE — THREE  SUPPORTS. — Instead  of  turning  on  a  pivot,  a 
turn-table  is  often  used,  Fig.  130.  Thus  in  the  Figure 
the  frame  BEC  rests  on  the  turn-table.  The  short 
link  FE  carries  the  load  to  the  frame  at  E.  The  cal- 
culation is  then  precisely  the  same  as  for  pivot  span, 
the  length  of  each  span  being  the  horizontal  distance 
from  A\.o  E  ox  D  \,o  E. 

Rim-bearing  Turn-table— Four  Supports. — When  a  turn-table  is  used  instead  of 

a  pivot,  we  have  three  spans  continuous  or  partially  continuous  over  four  supports.     The 

two  long  end  spans  are  of  equal  length,  the  small  centre  span  is  the  width  of  the  turn-table. 

If  the  bracing  is  carried  through  the  centre  span,  as  shown  in  the  accompanying  Fig. 

131,  it  is  evident  that  a  load  over  one  end  span  as 
AB  tends  to  lift  the  span  from  the  support  C.  It 
will  be  found  in  general  to  be  impracticable  to  hold 
the  span  down  at  C, 

For  this  reason  the  bracing  in  the  centre  span  is 
jD  omitted.     The  continuity  in  such  case  is  only  par- 
tial, but  the   span   can    then  be  held   down  at  C, 
b  and  the  calculation  of  the  stresses  is  then  readily 
made. 

For  this  case  with  the  centre  span  without  bracing  we  have  the  following  formulas: 
Let  the  length  of  span  AB,  Fig.  132,  or  CD  ^^ 

be  /,  the  centre  span  BC  be  «/,  the  apex  load  P,       3,  s' 

and  its  distance  from  the  end  A  be  z.     Let  AT.  be 


Fltf.   181. 


the  moment  at  B  (counter  clockwise  rotation,  posi-   ^ 
tive).     The  moment  at  C  is  the  same  as  at  B,    We    ^"" 


^— ■♦ 


i 


18S. 

*s; 


B 


0 


VD 


ys; 


have  then 


•^1  =  -  -r  +  7  ('^  -  ■^)- 


5.  =  +  ^  =  -5;. 


(I) 


From  equations  (i)  we  can  find  the  pressures  at  the  supports  for  any  position  of  P\l 
M^  is  known 

Let  Sj  a,  V,  and  x,  have  the  same  signification  as  before  (page  157).    Then  we  have 


M,= 


2 
1 


r^'  ^^* — f  ^'  — -I-  '•^'  —"I 


+/ 


0  av"  '     ^0  ^^ 


^av" 


(2) 


It  will  be  seen  that  equation  (2)  is  the  same  as  for  the  pivot  span,  except  for  the 
second  term  in  the  denominator.     That  is,  for  «/=  o  we  have  the  pivot  span. 

Comparison  with  Formulas  Heretofore  in  Use. — If  in  equation  (2)  we  assume 

the  area  a  of  cross-section  of  chord  members  as  constant,  also  assume  parallel  chords  and 
panel  length  small  in  comparison  to  length  of  span  /,  then  ai^  cancels  out,  we  can  put  dx 
for  5,  and  obtain 


M.= 


.P 
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If  we  perform  the  integrations  and  put  k  for  the  ratio  -,  we  obtain 

2(2  +  in) 

This  is  the  ordinary  formula.  It  is  based,  as  we  see,  upon  assumptions  not  in  accord 
with  fact. 

Double  Pivot  Span. — The  Fig.  133  represents  a  double  pivot  span,  or  it  may  be  a 
roiling  span.  The  span  is  opened  either  by  swinging  or  rolling  back  the  trusses.  When 
closed  it  is  rendered  partially  con-  Fic.  188. 

tinuous  by  a  pin  at  E. 

We  have  evidently  two  cases, 
load  P  in  span  AB  and  in  span  BE, 
Let  the  spans  AB,  BE,  EC,  CB  be    ^ 
equal  and  denoted  by  /. 

Case  I. — Load  P  in  span  AB,     We  have  for  this  case  for  the  end  shears 


.81 


01  8«8f 


and  for  M. 


M       P 


W 

8.8, 


ko 


M 

* 7  ^* —        ^» — ^  ,» 


M,  =  -. 


2    2 


oav* 


(2) 


It  will  be  seen  by  comparing  \vith  the  single  pivot  span,  page  157,  that  this  value  of  J/,  is 
one  half  of  the  value  of  M^  there  given. 

If  then  we  assume  a  as  constant,  parallel  chords,  and  panel  length  small  compared  to 

length  of  span  /,  we  obtain  as  before  if  we  put  «■=-:, 


Case  II. — Load  P  in  span  BC.     We  have  for  this  case 


A^ 


I 


and  for  M^ 


sis, 

\ft^^ — z ♦ 


Ss  83 


0 


M 
^.  -  -  -^  -  -  ^  „ 

o  _M,      P{l-z) 


HO 


M..P2 


'    S',=-'-l-'+€f=s,=-S'„ 


M.  =  -^. 


V j^SX       ^sx"       iz^  sx"  ^  sx         —J  sx    ,    ,  _-'    5-     ,    , 

L  ^-oav*     ^-oav^       I  ^-^av"      ^  ^-Qav*       ^^ai^  '      ^nav'~ 


oav' 


2^^'SX^ 


oav 


:.  +  '2.4.-22_^ 


0 


av* 


•(2) 
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If  we  take  a  as  constant,  assume  parallel  chords  and  panel  lengths  small  compared  to 


/,  we  obtain,  if  we  put  >&  =  ^, 


Double  Rim-bearing  Turntable. — The  following  Figure  represents  a  double  swing 
span  with  rim-bearing  turn-tables.  When  shut  it  is  rendered  partially  continuous  by  a  pin 
at  G.  There  is  no  bracing 
in  the  turn-table  spans. 

We  have  evidently  two 
cases — load  P  in   span  AB    a  bo  «  d         e  f 

and  in  span  CG,     Let  the  spans  AB,  CG^  GBy  EFhe  equal  and   denoted  by  /;  the  turn 
table  spans  BC  and  DE  be  nl. 

Case  I. — Load  Pin  span  AB. 

We  have  for  this  case  for  the  end  shears, 

♦81  ?t  ^i  sL 


H 


nl 


B 


C 


■e- 


nl 


D 
S. 


E 
*85 


2^ 

F 


I 


M 
S—  —  —  —  ^'  —  —  S  —  S'- 


(l> 


and  for  M^, 


M,= 


sx" 


av 


%-\-^ 


2  -2 
/ 


'j;r' 


+  / 


5jr 
If  we  take  a  as  constant,  assume  parallel  chords  and  panel  length  small  compared  to  /, 


and  put  k  =  y ,  we  obtain 


j/,= 


Case  II. — Load  Pin  span  CG. 


Pl(k  -  i*) 
4  (2  -h  3«)' 


I 


'       (  L    "^    j r^ e '- 

M:    B  Ck— e-J  Q 


D 


r 


81  'P  -Si 

We  have  in  this  case  for  the  end  shears 

C_         ^-  C'        o         M,         P{l-2)         o,__^,^_c_ 


5.';    .(I) 


and  for  M, 


*> 


[■ 


•  sx 

Qav" 
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sx 

av 


,«  -  l^ 


sx 


—  -8' 


^.  =  f 


0  av* 


sx 


uav 


^av 


f+'-f 
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tfZ/* 


—  2 


oav* 


1 66  DEDUCTION  OF   THE  FORMULAS. 

If  we  take  a  as  constant,  assume  parallel  chords  and  panel  lengths  small  compared  to  / 

we  obtain,  if  we  put  ^  =  y , 

/>/[/6(6  +  6«)  -  zk'  +  k'  ] 
^'  -  4(2  +  3«) 

Deduction  of  the  Formulas. 

We  shall  now  give  the  demonstration  of  the  formulas  used  in  this  Chapter. 

Rim-bearing  Turntable — Four  Supports — No  Shear  in  Centre  Span. 

Let  the  length  of  span  AB  or  CD  be  /,  of  the  centre  span  BC  be  «/,  the  apex  load  P  and  its 
distance  from  the  end  -^  be  5.  8  s'  8 

Let  M^  be  the  moment  at  B  (counter  clockwise  rota-     J  ^      /^t.    nz     t  i 

tion  positive).    Since  there  is  no  shear  in  the  centre  span,  the    ^^_^^  I      J^^  b        ti  P^ 

moment  at  C  is  also  -Af,,  the  same  as  at  B.  *P  84 

Let  the  pressure  or  shear  at  support  A  due  to  -Pbe  S^  and  at  B  on  left  6"/,  at  Con  right  5„ 
at  D  on  left  S'  ;  positive  values  denote  upward  direction  and  negative  downward. 

Taking  moments  about  B  we  have 

Taking  moments  about  D  we  have 

-  5,/  +  il/,  =  o. 

From  the  first  of  these  equations  we  obtain 


5.'  =  ^-5.  =  ^.  +  ^^ 


(0 


and  from  the  second, 

c   -  ^«  —       C 

These  are  equations  (i),  page  163. 

Let  V  be  the  lever  arm  for  any  chord  member  and  M  the  moment  at  the  centre  of  moments  for 

M 
that  member.     Then  the  stress  in  that  member  is  — .     Let  a  be  the  area  of  cross-section  of  the 

V 

member,  and  s  its  length. 

Then  from  (IIL)  of  the  preceding  Chapter  the  work  done  in  straining  the  member  is 

APs 
work  = 


The  total  work  of  straining  all  the  chord  members  is  then 

work=^^;^r^, (I) 

and  this  work,  as  we  have  seen  from  :^e  preceding  Chapter,  according  to  the  principle  of  least  work, 
must  be  a  minimum. 

Now  for  any  point  distant  x  from  A^  between  A  and  P^  we  have 

%jr  c  ^^^        P{1—  z)x 

Jf  =  —S^x  ^-  —J ^ — - — - — . 

For  any  point  between  P  and  B  we  have 


M 


=  ''S,x+P{x-z^^  ^-^(/-^). 


For  any  point  between  B  and  C  we  have 


M  ^  M^. 
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For  any  point  distant  x  from  C,  between  C  and  D,  we  have 


We  have  then,  for  the  work  in  straining  all  the  chord  members  from  (I.), 


Work 


^  rM^x-Fz{l-x)-V     s^ 


^—'  rM,x-P(/-z)xJ     s      ^  ^'  rM,x^J^z(/-x)-^     ^.^  _^ 


^  M,'s 


'\-MJ^l-^x)y     s 
0 


+ 


[^^=^1 


2£av 


Since  the  work  is  here  given  in  terms  of  M^  and  known  quantities,  and  the  work  must  be  a  mini- 
mum, we  differentiate  with  reference  to  A/^  and  put  the  differential  coefficient  equal  to  zero. 
We  thus  obtain 


tf(work) ^'  irAf^^-P{i-'z)x* 


=  o  = 


dMt 

Hence 


rM^^-P{l-'Z)x^  "[  _J___^^i  rM^^-'Pz(i-x)xl^ 


Eav* 


+ 


0  Ear^  ~^  ^—0     I^Eai^ 


M,= 


0  ^Z'* 


"'  A       _'  (/  -  xYs  ' 

0     «Z^'         ^0  ^Z'* 


or,  by  reduction. 


ytf,  =  — — 


2 
7 


'  f  j:' 


O^Z' 


—  2 


0  av^ 


(2) 


This  is  equation  (2),  page  163. 

Centre-bearing   Pivot   Span— Three  Supports.  —  This  is  s's 

I       /  I   I 


or  «  =  o. 

We  have  then  from  equations  (i)  already  deduced 

^1  =  -  -7-  +  y  (/  -  z), 
^,__M       Pz 

s  -— •-  -^'. 


•      •      •      •      •      •      •      •  •       v/ 


and  making  «  =  o  in  (2)  preceding,  we  obtain 


^.= 


2 
7 


'j^' 


(2) 


This  is  equation  (2),  page  157. 

Double  Rim-bearing  Turntable.— The  method  is  the  same  for  this  case  also.     We  have 
evidently  two  cases,  load  P  in  span  AB  and  in  span  CG, 


.81 


Lt^ 


B 


0 


-e- 


ni 


D 


X 


8. 
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Case  I. — Load  P  in  Span  AB, — Since  there  is  no  shear  in  the  span  BC  or  DE^  the  moment 
J/,  at  B  and  C  is  the  same.     We  have  also  S^'  and  SJ  equal  and  opposite  to  S^.' 
Taking  moments  then  about  B  and  about  G,  we  have 

-  Sj+F(l-z)  =  J/,.        M^  -  5,/=  o. 
Hence 


MP  M 

These  are  equations  (i),  page  165. 

For  any  point  distant  x  from  A^  between  A  and  -P,  we  have 

For  any  point  between  P  and  B  we  have 

For  any  point  between  B  and  C  we  have 
For  any  point  between  C  and  6^  we  have 

For  any  point  between  G  and  2?  we  have 

For  any  point  between  D  and  ^  we  have 
For  any  point  between  E  and  /*  we  have 


.  .  .  .  (i) 


M^-^M^ZA, 


Hence  we  obtain 


Work  -  ^^|_ -^ ^J  ^-gr^  +  ^^L 7 J  Te^^ 

Differentiating  with  reference  to  3/,  and  placing  the  differential  coefficient  equal  to  zero 
we  obtain 

r_'  (/  -  z)x\      ^  z{l  -  x)xs-\ 


'  X;C*  5— -'x^'     .       — -'    XJP 


0  av^       I  ^0  g?^         ^,  at? 


•     •     • 
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This  is  the  same  as  equation  (2),  page  165. 

Case  II. — Load  P  in  Span  CG. — In  this  case  we  have,  taking  moments  about  B  and  G, 


A^ 


f 


f  -  I 


83 


'a        a' 


B 


— C-— • 


*8, 


F 


Hence 


-5,/  =  J/,,         il/,  -  5,/  +  /»(/  -  «)  =  o. 


These  are  equatipns  (i),  page  165. 

For  any  point  between  A  and  B  we  have 


iff  =  —  »y,A:  =  — ^. 


For  any  point  between  B  and  C  we  have 


M=M^. 


For  any  point  between  C  and  /*  we  have 


M 


For  any  point  between  P  and  G  we  have 


M=M,-S,x  +  P{x-z)  =  -^^^^-f^^X 


For  any  point  between  G  and  Z?  we  have 


M=^S/x=  - 


'        t       • 


(I) 


For  any  point  between  D  and  £  we  have 


M=  -  Af^  +  Pz. 


For  any  point  between  E  and  /^  we  have 


M 


=  -  M^  +  Pz-  S^x= *-^ — -^  H ^— '-. 


Hence  we  obtain 


Work  = 


'  Af.'x's 


T  + 


nl 


+ 


+ 


0  iPEav*      ^0   2Eai^ 
iFM^jl-x)--  PzH'-  x)y      s 


M^s     .   ,^«  fM^ii  -x)-  P(l  -  z)x'y     s 


T_f_  +  3T^^fLz 


G' 


J  2Eav* 


0        2Eav^ 


+ 


'ri/,(/  -  ^)  -  /'^C/  -  :c)"|'     J 


I 


T-'-. 

J  2Eav^ 
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Differentiating  with  reference  to  M^  and  placing  the  first  differential  coefficient  equal  to  zero, 
we  obtain,  after  reduction, 

•  sx       ^'  so^   ,   3«^'^^'  ^'  sx 

Q  av  0  ^^        •        0  ^f^  0  tf  z' 

'  sx    ,    ,  ^T"'    J     .    .  ^r*'  s    .    .^r'    s 


^.=  -  . 


^  ^^,  av  g  aii  Q  av  q  av 


•""2*  2^-'jJi:V    .^-"^    X     .    ,— -'    X  .^'  J^  ^^^ 


/  ^0  az^'  0   tfz^        ^0  <»2;*         ^o  oz'* 


This  is  the  same  as  equation  (2),  page  165. 

Double  Pivot  Span. — This  is  only  a  special  case  of  the  preceding  when  the  turn-table  spans 
are  zero,  or  /i  =  o.     Making  this  change,  we  obtain  at  once  equations  (i)  and  (2),  page  164. 

Work  in  the  Braces. — It  will  be  noted  that  the  work  of  straining  the  braces  is 
neglected.  This  could  also  be  inserted.  But  the  resulting  formulas,  while  much  longer, 
would  give  practically  the  same  result. 


CHAPTER   VIII. 


THE   CONTINUOUS   GIRDER. 


Definition  of  Shear — Reaction. — A  continuous  girder  is  one  which  rests  upon  more  than 
two  supports.     When  a  girder  rests   upon  two  supports  only,  a  _..   ^^^ 

weight  placed  anywhere  upon  it  causes  pressures  or  reactions  at 
the  two  supports,  which  may  be  at  once  determined  from  the  law 
of  the  lever.     Thus  in  Fig.  ii6,  a  weight  -P,  placed  at  a  distance, 

«,  from   the  left   end,  causes   the  reactions  -A?j  =  — ^— ^ — -  and 

-^,  =  -y-.     These  reactions  being  thus  known,  the  stresses  in  every  member  can  be  readily  calcu- 
lated by  moments,  or  otherwise. 

But  suppose  one  end  of  this  girder  to  overhang  the  support,  as  in  Fig.  117,  and  to  have  a 
weight  P'  at  the  end,  as  well  as  the  weight  -P,  as  before.  The  reaction  Ji^  at  the  right  end  will 
then  be  found  by  moments,  as  follows  : 

+  Ii,X/-Pz  +  P'd  =  o,    or    -A',  =  ^-^. 


JPtg.117 


The  reaction  -^,  is,  therefore,  no  longer  the  same  as  before,  but  is  diminished  by  —z-. 

The  reaction  at  A  is   also  no  longer  the  same  as  before,  but 

-     is  composed  of  two  parts,  viz.:  the  shear  S  SLt  A  due  to  -P,  and  the 

shear  S'  zx  A  due  to  F'.     The  shear  due  to  P,  or  the  portion  of 

"i.    P  which   goes   toward  the  left,  is   equal  to  S  =  P  —  H^,  or  S  = 

^^LZJ)  4.  r^.     The  shear  at  A  due  to  P'  is  S'  =  P'.    Hence  the 


-     .  «.  #w     .        ^  v>#     .      P\^  ^)      •     P  ^ 

entire  reaction  slI  A  is  J^^=  S^  +  S  =  P'  -\ ^ — -  +  -y. 


The 


same  resnlt  can  also  be  found  by  moments.     Thus, 

PU  —  z)      P'b 
-Rj+P(l-z)  +  P^(b  +  D=o,    or    J?.  =  i"  +  ^^-^i^— ^+— . 

We  see,  then,  and  the  above  is  simply  intended  to  illustrate  this  point,  that  the  reaction  at  a 
support,  when  the  girder  extends  past  this  support,  is  composed  of  two  parts,  viz.,  the  shear  due  to 
loads  on  the  right,  and  the  shear  due  to  loads  on  the  left.  Shear  and  reaction,  then,  must  now  be 
distinguished  from  each  other,  and  never  be  confounded.  In  the  case  of  the  simple  girder  upon 
two  supports  only,  the  shears  and  reactions  at  the  supports  are  the  same,  but  in  a  continuous  girder 
they  are  not 
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Now  in  Fig.  117,  the  weight  P'  and  the  shear  Sf  =  P\  form  a  couple,  the  moment  of  which  is, 


Fisr.ll8(<a) 


t^ 


Fiflr.iift 


41* 


\ 


therefore,  constant  and  equal  to  P'b  for  all  points  of  the  truss  to  the  right  of  A  (see  page  25).     If, 

then,  Fig.  118,  we  suppose  acting  at  A  the  shear  S  due  to  P^  viz.,  — -  -\ — -— ,  and  in  addition 

the  moment  ■\-  M  =■ -\-  P'b^  we  can  find  the  stresses  in  every  member  just  as  for  the  simple  girder, 
the  only  difference  being  that  we  have  the  moment  -\-  M  2X  the  support,  whereas  in  the  simple 
girder  we  have  the  shear  or  reaction  at  the  support  only. 

Thus  let  ab^  Fig.  118,  be  any  panel,  the  point  of  moments  for  which  is  distant  x  from  A^  and 
let  d  be  the  depth  of  girder. 

Sx 

Then  for  the  simple  girder  the  stress  in  ab  would  be  tf^  X  ^  =  —  Sx^  or  ab  = 3^,  where  5 

a 


would  be,  as  in  Fig.  116,  equal  to  P^  = 


_  ^(/  - ») 


But  for  the  overhanging  girder,  we  should  have  ab  X  d  :=  —  Sx  -j^  M^  or  ab  = r  H"  T» 

d        d 

where  now    S  =  —^--7 — ■  +  -^  and  M  =  P'b,     If,  therefore,  S  and  M  can  be  found  for  any 

loading,  the  calculation  of  the  stresses  offers  no  difficulty. 

Continuous  Girder — Exterior  and  Interior  Loading. — Now  Fig.  118  (a)  represents  pre- 
cisely the  state  of  a  span  of  a  continuous  girder.  A  load  placed  anywhere  upon  the  span  causes  at 
each  end  positive  shears  and  positive  moments.  One  portion  of  the  problem,  therefore,  which  we 
must  solve,  is  to  find  for  any  position  of  the  load  what  these  shears  and  moments  are.  Any  system 
of  loading  in  the  span  itself  we  call  interior  loading. 

But  in  the  case  of  the  continuous  girder,  not  only  do  loads  in  the  span  itself  cause  stresses  in 
all  the  members  of  that  span,  but  also  loads  in  other  spans.  We  have,  therefore,  to  find  the  mo- 
ment and  shear  at  the  ends  of  any  span  caused  by  loads  in  any  of  the  others. 

In  Fig.  119  let  there  be  a  weight  in  the  span  AB.  As  we  have  seen,  this  causes  positive  shears 
Fisfci'i9  at  A  and  B,     But  as  the  other  spans  are  unloaded  the  curve  of 

the  girder  must  be  as  shown  in  the  figure.     That  is,  the  shears 


a 


F  ^  at  both  supports  of  any  loaded  span  are  positive^  and  are  alter' 
P  nately  minus  and  plus  either  way  from  that  span. 

In  the  same  way  we  see  that  the  moments  at  the  ends  of  a  loaded  span  are  both  positive^  that  is, 
cause  tension  in  the  upper  chords  and  are  alternately  minus  and  plus  either  way  from  that  span. 

For  any  span,  then,  as  DEy  Fig.  120,  the  greatest  positive  shear  and  moment  at  the  end  D^ 

due  to  exterior  loading,  will  be  caused  when  the  spans  AB, 
CD,  FG,  etc.,  are  fully  loaded  and  the  others  are  empty.  The 
greatest  negative  shear  and  moment  at  D  will  be  when  BC, 
EFy  GH,  etc.,  are  loaded. 

The  second  part  of  our  problem  is,  then,  to  determine  for 
^--"-'^    any   span  the   shear  and   moment   at   the   end  of   that   span 
caused  by  a  full  load  over  any  other  span.     We  can  thus  find 
the  stresses  due  to  "  exterior  *'  loading. 

The  calculation,  then,  of  the  stresses  in  any  span  of  a  continuous  girder  offers  no  especial  diffi- 


Fiff.iao 

GirA-zW--i:-inini--^ 

B         C       0        E        F         Q 


H 


A 


'^^ 


c 


^ 
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culty,  provided  we  can  find,  ist,  the  shear  and  moment  at  the  end  of  that  span  due  to  a  concentrated 

load  placed  anywhere  within  it,  and  2d,  the  shear  and  moment  Fiff.121             .^ 

at  the  same  end  for  a  full  load  over  any  other  span.                      .  ^  ^^  h*  h*  h                lL'"\ — ZS~ 

General  Formulas.* — We  give  here,  therefore,  the  for-      1  a      »      *                ''     >lp    ^+1 

mulas  which  will  enable  us  to  determine  the  shears  and  moments.  ^      ^^^   ^^ 

The  development  of  these  formulas  is  given  in  the  Appendix  ""^     ^     J     J^j 

to  Part  I.  page  340.                                                                                  j  ,/     ^           ^.  ^^ 

Notation. — The  notation  we  adopt  is  as  follows,  Fig.      '  **" 


Im 


m-^l 


121-  ~^  ~^  ZT" 

Whole  number  of  spans  is  indicated  by  s. 

Hence,  whole  number  of  supports  is  j  +  i,  numbered  from  left  to  right.  Number  of  any  sup- 
port in  general,  always  from  left,  is  /«. 

The  supports  adjacent  to  the  loaded  span^  left  and  right,  are  indicated  by  r  and  r  +  i. 

The  length  of  span  is  denoted  by  /.  The  subscript  denotes  which  span  is  referred  to.  Thus 
/,  is  the  second  span,  /,  the  third  from  left,  and  so  on.  /,.  is  the  length  of  the  loaded  span,  Ir  any 
span  in  general.     The  subscript  is  thus  always  the  number  of  the  left  hand  support. 

A  concentrated  load  is  denoted  by  P, 

Its  distance  from  the  left  hand  support  is  z, 

z 
The  ratio  of  z  to  length  of  loaded  span  /r  is  >&  =— . 

The  moment  at  any  support  in  general  is  J/«,  where  m  may  be  i,  2,  z^  r^r  '\- 1,  j,  etc.,  indicat- 
ing in  every  case  the  moment  at  corresponding  support  from  left. 

In  same  way  the  shear  just  to  the  right  of  any  support  is  denoted  by  Svt-  Thus  Sr  is  the  shear 
just  to  the  right  of  the  left  end  of  the  loaded  span.  The  shear  just  to  the  left  of  any  support  is 
denoted  by  *S'«,. 

The  uniform  live  load  is  w  per  unit  of  length. 

These  comprise  all  the  symbols  we  shall  have  occasion  to  use.  By  reference  to  Fig.  121,  the 
reader  can  familiarize  himself  with  their  signification,  and  will  then  find  no  difficulty  in  under- 
standing and  using  the  following  formulas. 

Formulas  for  Moments  and  Shears. — All  Supports  on  Level. — For  the  moment  at  any 
support  to  the  left  of  the  loaded  span,  or  ist  when  >«  <  r  +  i. 

For  the  moments  on  left  at  any  support  on  the  right  of  the  loaded  span,  or  2d  when  w  >  r, 

I^m  —  d,^^+ij ■/,_., vT ill.) 

/«-i^«-i-r  ^V'-r  t,-i)C, 
For  the  shear  at  the  left  support  of  loaded  span, 


5.=^^^^+^ (jjj^j 


at  the  right  support  of  loaded  span. 


S'r+^=^^^±if^  +  / (IIU) 


For  jy^loaded  spans, 


'm 


_  M„  —  Mm+\      J,,    _  M„  —  M, 


f      M^  —  I»fm-\ 

f        ^   m  —  ~f  .••...,.        (IV.) 

tm-\ 


•These  formulas  were  first  given  by  Prof.  Merriman,  London  Phil,  Magaane,  Sept   1875. 
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In  these  formulas  we  have  for  concentrated  loading, 

A" 

For  uniform  load  entirely  covering  one  span,  we  have  ^  =  ^'  =  J  'UfJr  and  -^  =  ^  =  J^  w/J, 
The  numbers  c  and  d  have  the  following  values : 

2  (/,  +  A)  h  +  /,  /,  - 

1%  h  »t 


/a  +  A  /a  h  +  /»  A 

^i    =     —    2^4    ^ — -  ^8  7»  ^6    —    —    2^5 7 —  ^4  — , 


and  so  on. 


//,  =  O,  Os  =  I,  ^a  =  —  2  T ,  //4  =    —   2//a ^ ^,  - — , 

t                      ,/,  —  s   +  Z,  _3            ,«t-9                t                      -A  —  aH"/.  —  4  J  ^*-^ 

tf 5  =   —  2^4 T tfa  ^ ,  ^,  =    —  2//»  7^ oLkJ-' 

••-3  ••-8  »#  — 4  fl— 4 

and  so  on.     The  numbers  can  be  written  out  by  simple  inspection  to  any  extent  desired. 

These  formulas  hold  good  for  any  number  of  spans  of  different  lengths,  provided  all  the  su/h 
ports  are  on  the  same  levels  or  at  a  constant  elevation.  They  are  also  based  upon  the  supposition  of  a 
constant  coefficient  of  elasticity  and  constant  moment  of  inertia  of  cross-section. 

Fiff.iKS  •<  A  few  examples  will  make  the  use  and  application  of  the  preceding 

^ j^nmi 7- formulas  clear. 

J        a^       s        T       6  Example  I.  ^  continuous  girder  of  four  equal  spans  has  the  second 

span  from  the  left  covered  with  the  live  load.      What  are  the  moments  and  shears  at  the  supports  f 

We  have  in  this  case,  Fig.  122, 

J  =  4,         r  =  2,         ^-1  =  0,         ^-«  =  I,         ^8  =  —  4>         ^4  =  +  15,  and  d^  =  o, 

^  =  I,        ^a  =  —  4,         ^4  =  +  15. 

For  supports  i  and  2,  we  have  w  <  r-f  1,  hence  from  equation  (I.),  p.  173, 


Ml  =  o,     Mt  =  d  . .    ,      , ,  =    ^   ^.,        =  + 


''  wr. 


Id^  +  4^^4  56/  '224 

For  supports  3,  4,  and  5,  we  have  m>  r^  hence  from  equation  (II. )>  page  173, 


'        '/^3  +  4^^4  '*-4/  +  6o7"""*"224 


Mi  =  dfi  - — j — 7—  = j7 —  = Tvr,     Mf,  =  o. 

/^8  +  4A-4  56/  224  '  ** 

For  the  shear  (or  reaction)  at  the  first  support,  we  have  from  equation  (IV.), 

Ml  —  M^  _        II 

Si  =    ; = WL 

I  224 

For  the  second  support,  the  shear  on  the  left  is, 

M^  —  Ml  II 

5',  =   =— ; =   H wL 

I  224 
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The  shear  on  the  right  of  the  second  support  is  from  equation  (Ill.tf), 

•  /  224         '    ^  2^4 

The  shear  on  the  left  of  the  third  support  is  from  equation  (III.^), 

I  224  224 

The  shear  on  the  right  of  the  third  support  is  from  equation  (IV.), 

•  /  224 

In  the  same  way, 

*      /        224 

I  224   . 

/  224 

A  positive  shear  acts  upward,  a  negative  shear  downward. 

A  positive  moment  causes  tension  in  the  upper  chord,  a  negative  moment  compression  in  the 
upper  chord  above  the  support. 

Example  2.  In  the  preceding  case^  what  is  the  moment  and  shear  at  the  second  sw^port  for  a  con- 
centrated load  P^  placed  anywhere  on  the  span  1 

Answer 

Example  3.  A  continuous  girder  of  five  spans ^  the  centre  and  adjacent  spans  being  100  feet  and 
the  end  spans  each  75  feet  long^  has  a  uniform  load  extending  over  the  second  span.  What  are  the  mo* 
menis  at  the  supports  9     What  is  the  shear  on  the  right  of  the  4M  support  ? 

In  this  case.  Fig.  123,  we  have  fik.i»3 

-f  =  S»        A  =  ^»  =  75  =  J  A,        A  =  A  =  A  =  ioo»        ''  =  2,       q — ^""A     \^ — H — 7^- 
also  '* 

^1  =  o>        ^.  =  i»         ^,  =  —  f        ^4  =  +  13.        ^»  =  —  48.5,         and  d^  =  o, 
Since  then  A  =:•  B  ^  \  wl^  for  uniform  load,  we  have  from  equation  (I.), 

and  from  equation  {II.)» 

1254  *  2508     *  •  1254      *'  • 
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For  the  shear  on  the  right  of  the  4th  support,  we  have  from  equation  (IV.), 


^  ^M,^M, 


45 
2508 


a//,. 


Example  4.  A  continuous  girder  of  four  spans^  /»  =  80,  /,  =  100,  /,  =  50,  and  l^  =  40  fee/^ 
has  a  load  of  10  tons  in  the  second  span,  at  a  distance  of  40  feet  from  the  second  support.      What  are 
the  moments  at  the  supports  f     What  is  the  shear  just  on  the  right  of  the  second  support? 
Fis.124  In  this  case,  Fig.  124,  we  have 

^        ^^       ^"^^  ,      z        40 


3r« 


IS — zn^ 

s       4      ft 


4P 


4, 


r  =  2, 


«  =  40, 


/,       100 


^1  =  o» 


^,  =  -  3-6,         ^4  =  +  196,         ^,  =  -  83.7,         d,  =  0,         ^,  =  I, 
^,=  —3.6,         ^=  +  10.3,         <=-4*-85. 


We  have  then  from  equations  (1.)  and  (II.)» 
for  w  <  3 


3348 


for  w  >  2 


J/«  = 


3348 


(//^,  +  Be,). 


Hence, 


iff,  =  0,        il/.  =       '^   ^^^^ =  ^(i7^-30-9'^'+i3-9'^) 


=  +  82.01, 


•~^  3348       "^    3348    ^'•6'*+3>t 


-4-6 -4')  = +  88.77, 


^,  =  :1— ^=-^(i.6>i  +  3>i'-4-6^")=  -24.65,         iJ/.  =  o. 


For  the  shear  5,,  we  have  from  equation  (Ill.a) 


9324  tons. 


Continuous  Girder  with  Fixed  Ends. — It  is  worthy  of  remark  that  if  we  make  /,  or  /,  =  o 
our  formulas  still  hold  good  for  a  girder  with  either  or  both  ends  fastened  or  walled  in  horizontally. 
We  must,  however,  remember  that  when  we  thus  make  /,  or  /,  or  both  equal  to  zero,  the  value  of  s 
must  still  remain  unchanged,  and  the  supports  must  be  numbered  as  they  were  before  the  end  spans  wer9 
taken  away. 

Example  i.  A  beam  of  one  span  is  fixed  horizontally  at  the  ends.      What  are  the  end  moments  and 

shears  for  a  concentrated  load  distant  z  =  kl  from  left  end? 

In  this  case.  Fig.  125,  the  two  outer  spans  /,  and  /,  are  zero.     But 
' -6^*    A  we  have  still  J  =  3  and  r  =  2,  just  the  same  as  if  the  outer  spans  still 


A     Fig:.i«5 


AJ 


P 


r,  =0, 


Ct  =  I 


g  existed. 

We  have  then, 

r,  =  —  2,        ^,  =  o,         <  =  I,        ^,  =  —  2- 


Hence  for  w  =  2  we  have 


^'      ^'  /</.  +  2/^, ' 
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and  for  w  =  3  we  have 

Inserting  the  values  of  c  and  d,  we  have 

J/,  =  + -P/ (/i  -  2 -6*  +  ii')    and    Af ,  =  +  P/ (*' -  *'). 
For  the  shear  at  the  left  end,  we  have 

5.  =  ^— '  +  ^(1-*),    or   ^.  =  ^(i-3*'  +  2*'). 

For  a  load  anywhere,  we  have  simply  to  give  proper  values  to  ky  and  we  have  at  once  the  mo- 
ment and  shear  (which  in  this  case  is  the  same  as  the  reaction)  at  the  end. 
Thus  for  a  load  in  the  centre,  k^='\  and 

if,  =  il/,  =  +  i-P/,        ^,  =  ^,  =  i -P,    as  should  be. 

Example  2.  For  a  uniform  load  over  the  same  beam,  what  are  the  end  moments  and  shears  f 
We  have  simply  to  introduce  the  proper  values  of  A  and  B  for  this  case,  and  we  have  at  once 

M^  =  +  ^ly  a//*  =  Af^    and    .S,  =  5,  =  ^  wL 

Example  3.  A  girder  of  three  equal  spans  is  "  walled  in  "  at  the  ends,  and  has  a  concentrated  load 
in  the  first  span.     What  are  the  moments  and  shears  at  the  ends  and  intermediate  supports  f 
In  this  case  we  have  j  =  5,  r  =  2,  and  hence 

M,  =  +  ^A^s  *  -  78  *'  +  33  **),        ^.  =  +  7^  ^'(*'  -  *•). 
45  45 

M,=  -  '-^^isk'  -sn  Jlf,  =  +  ^'(3**  -  3*'). 

45  45 

For  the  shears  we  have,  S^  =  —  (45  >t  —  99  >t'  +  54  h*)^ 

45 

s/  =  ~  (99 e - 54 k\    s:  =  -^ (27 ** - 27 *'), 
45  45 

45  45 

s:  =  ^-  (9  *'  -  9  *•). 

45 

The  reactions  are  equal  to  the  sum  of  the  shears  at  each  support-     Thus  the  reaction  at  the 
second  support  is 

p  =  5/  +  5,  =  ^  (126  e  -  81  k'). 

45 

Observe  that  the  moments  are  positive  at  each  end  of  the  loaded  span,  and  alternate  in  sign 
each  way.     A  positive  moment  always  denotes  tension  in  the  upper  chord. 

The  shears  are  positive  ^  the  ends  of  the  loaded  span,  and|  ^iltemate  in  sign  each  way.    A 


{ 


% 
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positive  shear  acts  upward,  and  requires  the  support  to  be  below  the  girder.  Disregarding,  then, 
the  weight  of  the  girder  itself,  it  would  have  to  be  held  down  at  the  first  pier  from  the  right  end. 

Since  the  sum  of  all  the  reactions  should  equal  the  weight,  this  fact  affords  a  ready  check  upon 
the  accuracy  of  our  results. 

Example  4.  A  beam  of  one  span  is  fixed  horizontally  at  the  right  endy  what  are  the  shears  and 
moments  for  concentrated  load  ? 

We  have  here, 

J  =  2,     r  =  I,     /,  =  o,     ^-,  =  o,     ^,  =  I,     d^  =  0,     </,  =  !,     <  =  —  2. 
Hence, 

5.  =  -  ^» +/»(!  - -t)  =  f  (2  -  3>i  +  n 

•s;  =  f  (3  >t  -  k\ 

If  the  beam  is  uniformly  loaded,  we  have 

J/,  =  0,         i^.  =  +  i«//,,         ^.  =  f«V,         ^/ =  !«//. 

Example  5.  A  beam  of  three  spans  of  2^^  50,  and  /^o  feet  respectively ^  is  fixed  horizontally  at  the 
right  end  and  has  a  concentrated  load  of  10  tons  at  1 2  feet  from  the  third  support  from  the  left.  What 
are  the  moments  at  the  supports  ? 

Here, 

/,  =  25,     /,  =  5o»     A  =40,     /4  =  o,     P=io,     ^/,  =  12,     ^  =  0.3,     J  =  4,     and    r  =  3. 
Also, 
r,  =0,     <r,  =  I,     ^  =  —  3»     ^4=12.25,     <  =  o,     //,=  !,     ^,=  —  2,     ^,  =  6.4,     ^,=  —34.4. 

When,  then,  m  <  4, 

Inserting  k  =  0.3,  and  the  values  of  Cj  we  have, 

for  ///  =  I,     il/,  =  o  ;     w  =  2,     il/,  =  —  8. 20  ;     w  =  3,     i'/,  =  +  24.62. 
When  /«  =  4, 

^.  =  ^  (-  3  ^  +  12.25  ^)  =  H-  ^l  (6.25  ^  +  9  >^  -  15-25  >^*). 

Or 

M^  =  +  42.29  foot-tons. 

Find  the  shears.     Also  moments  and  shears  for  uniform  load  over  the  third  span. 

Uniform  Load  Over  Entire  Length  of  Girder. — Our  formulas,  page  173,  enable  us  to  find 
the  moment  and  shear  at  any  support,  for  a  uniform  load  over  any  single  span.  If,  then,  we  sup- 
pose each  span  in  turn  uniformly  loaded,  the  algebraic  sum  of  the  moments  and  shears  thus  obtained 
at  each  support  will  give  the  moments  and  shears  for  any  uniform  load  over  th^  entire  length  of  girdefv 
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This  is,  however.  Hnnecessarily  tedious.     We  can  find  the  moment  at  any  support  in  this  case 
directly  by  the  following  lormulas:* 

M  =^-\b      ^4(^- .+  ^'■)-^.  +  (A-  +  /v.)-/.  +  ..-.(/.'  +  /.VJI 

"       4  L  "■  «",-,/.  +  td.(,l^  +  /,)  J' 

where  u  is  the  uniform  load  per  unit  of  length,  and  the  numbers  c  and  d  are  the  same  as  in  the  geii' 
era!  formulas,  page  174.     The  numbers  b  are  as  follows: 


K  =      7-^  +  ^K^~j~^  +  -*.  f,  etc. 

Here  again  we  may  fix  one  or  both  ends  horizontally  by  making  /,  or  /,  or  both  equal  to  zero, 
and  proceeding  as  directed  on  page  176. 

[f  iiie^pans  are  all  equal,  ihc  preceding  formula  becomes  much  simpler.     "Wm^  for  equal  spans: 


where  ^  =  — ,  and  the  numbers  indicated  by  c  are 

f,  =  0,     c,  =  I,     f ,  =i  —  4,     ^,  =  +  15,     c,  —  —  561     '.  =  +  '*>9.  etc., 

alternating  in  sign,  and  each  one  beiiTg  numerically  equal  to  four  times  the  preceding,  minus  the 
next  preceding. 

The  shears  at  any  support  are  given  in  any  case,  whether  the  spans  are  equal  or  not,  by  the 
general  formulas  (III.i)  and  (III.^)  of  page  173. 

In  the  case  of  equal  spans,  the  moment  at  any  support  can  be  easily  found  without  formulas 
or  calculation.     Thus,  the  following  Table  gives  the  coefficients  of  +  »/*  for  any  number  of  spans. 

The  Roman  numerals  at  the  sides  indicate  the  number  of  spans,  and  the  horizontal  line  to 
which  they  belong  gives  the  moments.  , 
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■  These  [urmulu  sad  the  loltowin^  for  equal  spans  are  here  given  for  the 
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The  Table  may  be  easily  continued  to  any  number  of  spans  desired.  Thas  for  any  even  num- 
ber of  spans,  as  VIII.  for  example,  the  coefficients  are  obtained  by  multiplying  the  fraction  preceding 
in  the  same  diagonal  row,  both  numerator  and  denominator,  by  2,  and  adding  the  numerator  and 
denominator  of  the  fraction  preceding  that.     Thus 

II    X  1  +    8  30 

14a  X  a  +  104       388 


15  X  2  +  II  _  41 
142  X  2  +  104       388' 

In  like  manner. 

12  X  a  +     9    _   33 

142  X  2  4-    104       388 

or 


II   X  2  4-     "    _   33 
142  X  2  +    104       388 


in  the  other  diagonal  row. 

For  any  odd  number  of  spans,  as  IX.  for  instance,  we  have  simply  to  add,  numerator  to  numer 
ator  and  denominator  to  denominator,  the  two  preceding  fractions  in  the  same  diagonal  row. 

Tfct,.  IL  +    'i_-  J^  33    +    \2    Q.  J?    +    15_  ^  _45. 

^^^^  388  +  142       530'        38S  +  142        388  4-  142       530 

and  so  on.     We  can  thus,  independently  of  the  formula,  produce  the  table  to  any  required  number 

of  spans. 

For  seven  equal  spans,  then,  we  have  at  once  from  the  table, 

*  •  *  «  7  j^2  142  *  '  142 

The  moments  are  all  positive,  showing  that  the  upj)er  chord  is  in  tension  over  every  support. 

Similar  tables*  may  easily  be  drawn  up  for  shears  and  reactions.  It  is  unnecessary  to  give 
them  here. 

The  moments  being  known,  the  shears  can  easily  be  found  by  the  formulas  of  page  173. 

General  Method  of  Calculation  Indicated. — Thus  we  see  that  the  simple  formulas  of 
page  173  are  all  that  we  need  for  the  complete  solution  of  any  case  of  level  supports — whether  the 
spans  be  all  equal,  or  the  end  ones  only  different,  or  all  different;  whether  the  girder  merely  rests  on 
the  end  supports  or  is  fastened  horizontally  at  one  or  both  ends.  We  have  only  to  remember  that  a 
positive  moment  causes  tension,  and  a  negative  moment  compression,  in  the  upper  chord.  Also, 
that  a  positive  shear  acts  upward  and  a  negative  shear  downward.  Also,  that  the  moment  and 
shear  are  positive  at  the  supports  of  the  loaded  span,  and  alternate  in  sign  both  ways.  This  is  all 
we  need  in  order  to  form  properly  the  equation  of  moments  for  any  apex,  and  determine  the  char- 
acter of  the  stresses  in  chords  and  diagonals.  We  can  thus  solve  any  practical  case  of  framed 
continuous  girder  with  the  same  ease  as  the  simple  girder. 

Thus,  for  any  span,  as  DE^  Fig.  120,  we  have  only  to  find  by  the  formulas  of  page  173  the 
moments  at  D  and  E  due  to  every  position  of  the  apex  load  P  in  the  span  DE^  and  the  corre- 
sponding shears  at  D.  These  once  known,  we  can  find  and  tabulate  the  stresses  in  every  member 
due  to  each  apex  weight.  An  addition  of  these  stresses  gives  then  the  maxima  of  each  kind  due 
^o  interior  loading. 

We  have  then  to  find,  in  like  manner,  the  stresses  due  to  the  two  cases  of  exterior  loading^  as 

*  Many  such  tables  will  be  found  in  *'  Elements  of  Graphical  Statics"  Du  Bot5:  Wiley  $  Sopf,  1870. 
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represented  in  Fig.  120.  An  addition  of  these  stresses  gives  the  maxima  of  each  kind  due  to  ex- 
terior loading.  We  can  then  deduce  the  dead  load  stresses,  and  finally  the  total  maximum  stresses 
of  each  kind  for  every  member. 

Example. — Let  us  take  as  an  illustration  of  the  preceding,  a  continuous  girder  of  seven  equal 
spans,  and  seek  the  maximum  stresses  which  can  ever  occur  in  the  mid- 
dle span.  Let  Fig.  126  represent  the  centre  span  DE.  Length  80  feet, 
divided  into  4  panels,  and  let  the  live  load  per  panel  be,  for  instance^ 
40  tons  or  «'  =  2  tons,  the  uniform  or  dead  load  being  y^^//" as  much,  or 
20  tons  per  panel.     Height  of  truss  10  feet.     Load  on  top  chord. 

We  have  then,  by  the  application  of  our  formulas,  page  1 73. 


For  ist  span  loaded  (Fig.  120) moment  at  Z>  =  +  61.56  ft.  tons 

shear  at  Z?  =  +  0.97  tons. 

For  2d  span  loaded moment  at  Z>  =  —  184.68  ft.  tons 

shear  at  Z?  =  —  2.93  tons 

For  3d  span  loaded moment  at  Z>  =  + 677.15  ft.  tons 

shear  at  Z?  =  +  10. 73  tons. 

For  5th  span  loaded moment  at  Z?  =  —  181.38  ft.  tons 

shear  at  Z>  =  —  to. 73  tons. 

For  6th  span  loaded moment  at  2?  =  +  49.47  ft.  tons 

shear  at  Z>  =  +  2.93  tons. 

For  7th  span  loaded moment  at  /^  =  —  16.49  ^*'  ^^^^ 

shear  at  Z>  =  —  0.97  tons. 

Also  for  the  loads  in  the  span  DE  itself. 


For  the  ist  load  P^   . 


moment  at  Z>  =  +  158.97  ft.  tons 
shear  at  Z>  =  +  36.2  tons. 


For  the  2d  load  Z', moment  at  Z>  =+ 271.97  ft.  tons 

shear  at  Z>  =  +  25.86  tons. 

For  the  3d  load  P^ moment  at  /^  =  +  203.2  ft.  tons 

shear  at  Z>  =  +  14.14  tons. 

For  the  4th  load  P^ moment  at  /?  =  +  62.89  ft.  tons 

shear  at  Z>  =  +  3.8  tons. 

These  quantities  are  easily  found  from  the  formulas  of  page  173.  The  student,  if  he  has  fol- 
lowed our  explanation  of  the  use  of  the  formulas,  will  have,  no  difficulty  in  checking  the  above 
results.     Once  known,  the  complete  calculation  of  the  continuous  girder  ofiFers  no  special  difficulty. 

Thus  for  live  load  over  the  ist,  3d,  and  6th  spans,  the  others  being  unloaded,  we  have  the 
moment  at  X>  =  +  788.18  and  the  shear  +  14.63.  We  have,  therefore,  for  the  stresses  in  the 
upper  chord  of  the  4th  span,  due  to  this  loading. 
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Aa  X  lo  ^  +  788.18  or,  Aa  —  +  78.82  tons, 

Ac  X  10  =^  -\'  788.18  —  14.63  X  20  or,  Ac  =  -\'  49.56  tons, 

Ae  X  10  =  -\'  788.18  —  14.63  X  40  or,  -<4^  =  +  20.30  tons, 

Ag  X  10  =  +  788.18  —  14.63  X  60  or,  Ag  =  ^    8.96  tons, 

Ak  X  10  =  4-  788.18  —  14.63  X  80  or,  Ak=  —  38.22  tons. 

In  similar  manner,  for  the  lower  chord, 

^^  X  10  =  —  788.18  +  14.63  X  10  or,  Bb  ^  —  64.19  tons, 

BdX  10—  —  788.18  +  14.63  X  30  or,  Bd—  —  34.93  tons, 

Bf  X  10  =  —  788.18  +  14.63  X  50  or,  BJ  ^  —    5.67  tons, 

BhX  10  =  —  788.18  +  14.63  X  70  or,  ^^  =  +  23.59  tons. 

For  the  diagonals,  since  the  angle  made  by  these  with  the  vertical  is  6^  =  45®,  we  havfe  sec 
6^  =  I  414,  and  hence,  ab  =  14.63  X   1.414  =  +  20.68,  be  '=-  —  20.68,  etc. 

In  this  way  we  can  fill  up  the  column  for  Z„  in  the  table  which  follows.  This  column  gives  the 
stresses  in  every  member  in  the  span,  due  to  the  first,  third,  and  sixth  spans  loaded.  In  the  same 
way  we  can  easily  calculate  the  stresses  in  every  member  of  the  span  DE^  due  to  the  live  load 
extending  over  the  second,  fifth,  and  seventh  spans.  We  thus  find  the  columns  Z,  and  Z,  of  the 
table. 

We  can  now  find  the  stresses  in  every  member  due  to  each  apex  load  in  the  span  DE.  Thus, 
for  P^  we  have  moment  at  Z?  =  +  158.92,  and  shear  at  Z?  =  +  36.17.     We  have,  then, 

• 
Aa  X  10  =  +  15897  or,  Aa  =  +  15.9  tons, 

^^  X  10  =  +  158.97  —  36.2  X   20  +  40  X  10  or,  Ac  =  —  16.5  tons, 

-^^   X  10  =  +  158.97  —  36.2  X  40  +  40  X  30  or,  Ac  ^  ^    8.9  tons, 

and  so  on. 

So  also  for  the  lower  chord, 

^^  X  10  =  —  158  97  +  36.2  X  10  Bb  =  +  20.3, 

^^  X  10  =  —  158.97  +  36.2  X  30  +  40  X  20  Bd  =i  +  12.7, 

and  so  on. 

Also,  for  the  diagonals,  we  have 

ab=  —  36.2  X  1.414  =  —  51.19,         bc=  —  (40  —  36.2)  1.414  =  —  5.37,        cd=  +  5.37,  etc. 

We  can  thus  fill  out  the  column  for  -P,,  and  in  similar  manner  the  columns  for  -P,,  -P,,  etc. 

The  shear  at  any  point  is  equal  to  the  shear  just  to  the  right  of  the  left  support,  minus  all  the 
weights  between  the  support  and  the  point.  Thus,  for  P^  we  have  for  diagonal  be,  the  shear 
36.2  —  40,  or  a  downward  force  of  3.8,  since  the  weight  40  tons  acts  down.  This  downward  shear 
causes  compression  in  be,  since  it  acts  at  the  upper  end.  For  ab  we  have  36.2  acting  up  at  the  foot 
of  ab,  and,  therefore,  also  causing  compression.  The  diagonals  which  meet  at  the  weight  are  always 
either  both  tension  or  both  compression,  according  as  the  weight  acts  at  the  bottom  or  top.  Right 
and  left  from  the  weight  the  diagonals  alternate  in  sign. 

We  have  thus  the  following  Table  for  the  stresses  in  the  various  members  of  the  span  DE, 
Fig.  126.  The  stresses  due  to  a  locomotive  excess  at  any  panel  points  can  be  easily  inserted. 
Thus,  for  an  excess  of  33  tons  at  P,,  all  the  stresses  in  the  column  for  P,  will  be  increased  by  J^ths 
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TABLE  OF  STRESSES  IN  THE  MEMBERS. 


MBMBBR8. 


LIVE   LOADS   IN  FOURTH  SPAN. 


Aa 

+  >5-90 

Ac 

—  16.50 

At 

-    8.90 

Ag 

—    X.30 

Ah 

+    6.30 

Bb 

4-ao.30 

Sd 

4-  ".70 

B/ 

+    5'»o 

Bh 

—    a.  50 

ab 

-  5x«9 

he 

-    5-37 

cd 

+    5.37 

dt 

-    5-37 

'/ 

4-    5-37 

fg 

-     5'37 

ih 

4-  5.37 

hk 

—    5-37 

+  27.20 

-  24 -Sa 

-  36.24 

-  796 
4-  20.32 

-  J-34 
4-50.38 

-f-  22  .  lO 

-  6.18 

-  36-57 

4-  36.57 

~   36.57 

-  20.00 

+  20.00 

-  20.00 

4"  20.00 
—  20.00 


4-  20.32 

-  7.96 

-  36.24 

-  24.52 
4-27.20 

-  6.18 
4-22.10 
4-50  38 

-  1.34 

-  20.00 
4-  20.00 

-  20.00 
4-  20.00 

-  20  00 

-  36.57 
-^  36.57 

-  36  57 


4-  6.30 

-  1.30 

-  8.90 

-  16.50 

4-  «5.9o 

-  2.50 

4-    5.»o 

4-  J2.70 

4-  20.30 
-  5.37 
4-   5.37 

-  5-37 

4-   5.37 

-  5-37 

4-    5-37 

-  5.37 

-  5»-«9 


BXTSKIOR  LOADING. 


Lx 


UVE  LOAD  STirSSSBS. 


COMF.    - 


4-78.82 
-f  49-56 

4-  20  30 

-  8.96 

-  38.22 

-  64.19 

-  34.93 

-  5.67 
4-  23-59 

-  20.68 
4-20.68 

-  2068 
4-  20.68 

-  2068 
4-20.68 

-  20.68 
4-20.68 


-  38.22 

-  8.96 
4-  20.30 
4-  49.56 
4-  78.82 
4-  23.59 

-  5-67 

-  34-93 

-  64.19 
4-2068 

-  20.68 
4-20.68 

-  20.  f  8 

4-  20.68 

-  20.68 
4-20.68 

-  2068 


38.22 

59.24 
90.28 

59-24 
38.22 
74.21 
40.60 
40.60 
74.21 
133.81 
26.05 
82.62 
46.05 
46.05 
82.62 
26.05 
133.81 


TBNS.  4- 


'4854 
49-56 
40.60 

4956 
148.54 
43.89 
90.28 
90.28 
43.89 

ao.68 
82.62 
•6.05 
46.05 
46.05 
26.05 
89.62 
20.68 


DEAD 
LOAD 

\  Live. 


4-  55. »6 

-  4-84 

-  24.84 

-  4.84 

4-  55- «6 

-  15.16 

4-24.84 
4-24-84 

-  15.16 

-  56.56 
4-  28.28 

-  28.28 
o 

o 

-  28.28 
4-  28.28 

-  56.56 


TOTAL  MAXIMUM 
STRESSES. 


COMP.  — 


64.08 

115.12 

64.08 

•  •  •  •        • 

89.37 
15.76 
If.  76 

89.37 
190-37 

110.90 
46.05 
46.05 

X  10.90 

190.37 


TBNS.  4- 


903.70 

44.7« 
15.76 

44.72 
»03.70 

28.73 
X15.19 

115.12 
28.73 

110.90 

46.05 
46.05 

XX0.90 


For  the  dead  load  stresses  we  simply  have  to  add  algebraically  all  the  other  columns  horizon- 
tii!  V,  and  divide  by  2  in  this  case,  or  by  the  proper  number  in  any  case,  whatever  that  is.  The 
Table  then  gives  at  once  the  maximum  stresses  in  every  member,  as  well  as  the  position  of  the  loads 
which  cause  these  maximum  stresses.  We  can  also  tell  at  once  whether  any  member  needs  to  be  coun- 
terbraced,  or  is  subject  to  stresses  of  two  kinds.  Thus  the  dead  load  acts  always  and  causes  in  Aa^ 
for  instance,  a  tension  of  55.16  tons.  All  the  interior  loads,  /*,,  /*,,  /*,,  etc.,  also  cause  tension  in 
Aa^  as  do  also  the  live  loads  of  the  ist,  3d,  and  6th  spans.  The  maximum  tension,  since  all  these 
loads  may  act  together,  is,  therefore,  the  sum,  or  203.70  tons  tension.  On  the  other  hand,  the  only 
loads  which  can  cause  compression  in  Aa  are  those  in  the  2d,  5th,  and  7th  spans.  If  these  three 
spans  are  all  loaded  simultaneously,  the  united  compression  in  Aa  is  less  than  the  tension  due  to  the 
dead  load.  This  member,  then,  does  not  need  to  be  counterbraced.  It  is  always  in  tension,  and  the 
greatest  tension  upon  it  is  203.79  tons. 

Again,  for  Ac  we  have  a  dead  load  compression  of  4.84  tons,  which  may  be  increased  by  all  the 
interior  loads,  and  by  the  live  load  in  the  2d,  3d,  and  7th  spans  1064.08  tons.  The  live  load  in  ist, 
3d,  and  6th  spans  causes  tension  in  Ac  of  49.56  tons.  The  sum  of  all  these  tensions  is  given  in  Z,, 
and  subtracting  the  dead  load  compression,  we  have  44.72  tons  tension  remaining.  The  member -//r, 
then,  is  subjected  to  44.72  tons  tension  and  64.08  tons  compression,  and  must  be  made  to  resist  both. 
So  for  each  and  every  member,  the  two  columns  for  total  maximum  stresses  are  easily  made  out. 
We  also  see  at  once  from  the  Table  what  weights,  and  where  placed,  give  these  two  stresses. 

Continuous  Girder — Supports  not  on  a  Level. — We  have,  then,  on  page  173,  all  the  for- 
mulas required  for  the  solution  of  the  continuous  girder  for  supports  on  a  level,  or  all  on  line, 
when  the  deviation  from  level  is  small,  whatever  may  be  the  number  or  relative  length  of  the  spans. 
If  for  a  continuous  girder  of  constant  cross-section  the  supports  are  properly  lowered,  a  considerable 
saving,  of  20  per  cent,  or  more  over  the  same  girder  with  supports  on  a  level,  may  be  obtained. 
If,  however,  the  cross-section  varies  according  to  the  stress — in  other  words,  if  the  girder  is  of 
constant  strength — no  advantage  is  thus  gained  from  lowering  intermediate  supports.  Such  dis- 
position of  the  supports  may  even  act  injuriously. 

The  formulas  for  shear  and  moments,  which  we  have  given,  are,  indeed,  based  upon  the  hypoth- 
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esis  of  constant  cross-section  ;  but  if  the  stresses  in  every  member  are  found  for  the  shears  and 
moments  thus  obtained,  and  each  member  is  proportioned  to  its  stress,  the  actual  girder  erected  is 
not  of  constant  cross-section,  but  more  nearly  one  of  uniform  strength.  Formulas  for  the  case  of 
supports  out  of  levels  as  well  as  determinations  of  the  best  differences  of  levels  are^  herue^  of  little  practi- 
cal importance.  If,  however,  it  is  desired  to  find  the  effect  due  to  a  change  of  level  of  any  one 
pier,  we  may  make  use  of  the  following  formulas  : 

Let  the  »th  support  be  out  of  level  by  the  distance  ^».  Then  the  moments  at  all  the  supports 
are  changed.  The  moments  at  »,  and  at  each  alternate  support  from  »,  are  diminished,  and  at  the 
others  increased. 

For  the  sake  of  convenience,  let 

ff- — p—, 

where  E  is  the  coefficient  of  elasticity,  and  /  the  moment  of  inertia  of  the  cross-secsion.     When 
the  support  is  lowered  hn  is  minus  ;  when  raised,  hn  is  plus.     For  the  moment  due  to  the  lowering 
of  the  supports  alone,  we  have,  then,  when  all  the  spans  are  equals 
ior  m  <  n 


(oT  m  =  n 


'or  m>  n 


6  ^,+1 


where  n  is  the  number  of  the  lowered  support  from  the  left,  and 

^1  =  0,    r,  =  +  i,    ^8=— 4»     ^4  =  +  xS»    ^ft=  — 5^>    <:,  =  +  209,  etc., 

the  numbers  alternating  in  sign,  and  each  one  being  equal  to  four  times  the  preceding,  minus  the 
one  preceding  that. 

From  the  moments  at  the  supports  the  shears  can  be  determined  by  the  formulas  III.  and  IV. 
of  page  173. 

2d,    When  the  spans  are  unequal 
for  m  <n^ 


Cm 
Mm  ^ 


M-«H-i  -  ^t-i.^  _^  ^ziH±-Il^:i!!±«^6  h^  EI 

\  In  A«-l  / 


dg^l  l\ 

for  m  =  ff, 


for  m>  n, 


Thn    ,    6EICnhn  F^/i- w+l  —  ^i-«-ft    ,    ^«-«-H8  ~  ^i-w-nH 


where 

Ci 


^,-.  J'^^^^-  +  "i^±p^)  6  h^  EI 
=  0,    ^j=i,    '»=  —  »— 7 — ,    <■«  =  — 2's— 7 tfj,    ei  —  —  iCi — ^ ftj-,  etc, 
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#,  —  O,      «,  —  I,      ^  —  — 2  —z ,      #^  —  —  t  ^ J *!  7^ 

The  reader  who  has  learned  the  use  of  the  formulas  of  page  173  will  have  no  difficulty  in  ap- 
plying the  above  to  any  particular  case.  In  the  same  way  as  explained  on  page  1 76,  by  making  /^ 
or  4  or  both  zero,  we  may  fix  the  girder  horizontally  at  one  or  both  ends.  The  formulas  for  shear 
at  any  support  are  the  same  as  on  page  1 73. 

ExAMPLB  I.— Let  a  beam  of  two  equal  spams  be  uniformly  loaded  throughout  its  whole  Itugth^  and 

If/* 
let  the  centre  support  be  lowered  by  an  amount  ^,  =  —    g  ^y.     What  are  the  moments^  shetfrs  andreae^ 

tionst 

wt 
The  moments  due  to  the  full  load  alone,  before  the  siipi>ort  is  lowered,  are  J/,  =  o,  iV,  =  +  -■  -, 

M^  =  o.     For  the  moment  due  to  the  lowering  of  the  support  alone,  we  have  from  the  formulas 

^wF  

just  given,  since  Jf  = ,  j  =  2,  «  —  «  —  2, 

4 

Af^  -  o,     3/,  = ,     iV,  =  o 

Hence  the  total  moment  is 

,-         .  7vP       wP         ,  wP 

or  only  one  half  as  much  as  before  the  support  was  lowered.     For  the  shears  we  have, 

*  /  2  16  '  16 


Hence, 


5.=  ^^../.  •^.'  =  i^«"- 


^,  =     -I     «//,  Rt-—r  Wl,  Rt-     \    Wl. 

*  16  '16  16 


Example  2. — How  much  must  we  lower  the  second  support  in  the  preceding  example  ^in  order  that 
the  reaction  at  the  centre  support  may  be  just  zero  1 
In  this  case  we  have, 

,,  H    ,  wP        zh^EI   ,  wP 

^.  =  -  -  +  -g-  =  —pr-  +  -g" 

_       2^,   ,      ,        ,    w/    .  zh^EI  .wl       5      ,  .  ih^EI 


If  this  is  to  be  zero,  we  have, 


«;  wP 
'^'  24  Er 


and  hence 

J/,  =  -  i  wP,     and    R,  =  wl,    R^  =  0,     ^.  =  wl, 

or  precisely  as  for  a  beam  of  single  span  and  length  2/. 
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Example  3. — A  beam  of  four  equal  spans  is   unloadedyand  the  third  support  is  lowered  ky  ah 

dfnouni  h.  = ■=rT.      What  are  the  reactions  f 

*  24-0/ 

Answer  : 

R.^"  -^wly    ^,  =  +  ^  wl,    -^,  =  -  -^-  wl,    R,  =  R^,    R,  =R,. 

Example  4. — A  beam  of  five  equal  spans  rests  as  a  continuous  girder  over  six  supports.  Having 
given  the  dimensions  of  the  beam^  length  of  span^  and  coefficient  of  elasticity  y  to  determine  the  reactions  due 
to  a  sinking  of  the  third  support  one  eighth  oj  an  inch. 

Let  the  beam  be  of  wood,  i  foot  wide  and  1.5  deep. 

/  =  20  feet,     J  =  5,      «  =  3.      -^  —  288,000,000  lbs.  per  sq.  foot,     ^,  =  i  in.  =  0.010417  feet, 

^,  =  0,     r,  =  1,      r,  =  — 4,      ^4  =  i5»      ^.  =  —56^      ^.  =  209. 

540^.        ^  906  Elh        j^^^ll^^        ^^=:.I44^.^ 

•        ^       209/*     '  •  209/*    '  *       ^       209/"    *  '  209/*     ' 

M^  =  M.  =  o. 

Or  inserting  the  constants  above,  and  I  =:  ^bd*  =  ■       '^  , 

M',  =  M^  =  o,     Af,  =  +  SA4^>     i»/,  =  -9,142,     i»^,=  +5»8i2,     iff,  = -1,453  ft.  lbs. 

when  the  spans  are  unloaded.      For  the  reactions  necessary  to  bend  the  beam  down  and  keep  it  to 
its  supports, 
^,=  -272  lbs,     i?,  =  + 1,002,     /?,  =  -  i,477»     R^  =  +  iaiT,     ^,=  -436,     ^,=  +73- 

If  unloaded,  then,  the  beam  must  be  fastened  down  at  the  first,  third,  and  fifth  supports. 

If  the  beam  weighs  75  pounds  per  foot ^  what  deflection  of  the  third  support  will  raise  the  left  end  off 
the  abutment  f 

Ans. 

^  =  i5  wl  =  ^^ — 5-^     or  h^  =  0.0287  feet  =  0.3712  inches. 
*       30  209"  • 

It  will  be  observed  that  a  small  difference  of  level  in  the  supports  has  a  very  considerable 
effect. 

Example  5. —  Two  equal  spans  are  uniformly  loaded.  How  high  must  the  centre  be  raised  in  order 
that  the  ends  may  just  touch  the  supports  ? 

This  is  the  case  of  the  pivot  span  when  the  centre  support  is  properly  raised. 

The  reactions  at  the  end  are  zero.  At  the  centre  R^  =  2  wly  hence  J/,  =  +  i  w/*.  But  the 
moment  when  the  supports  are  on  level  is  J/,  =  +  i  wP,  hence  +  f  wF  must  be  due  to  the  eleva- 
tion of  the  support.     From  our  formulas 


+  |«,/'=3_^       or>i.=  + 


7vr 


This  is  precisely  the  same  as  the  deflection  of  a  horizontal  beam,  fastened  at  one  end  and  free 
at  the  other.     (See  page  298.) 

Economy  of  the  Continuous  Girder. — Although  a  comparison  of  stresses  alone  is  not 
sufficient  to  demonstrate  economy  in  all  cases,  owing  to  increased  cost  of  construction,  etc.,  yet 
when  the  stress  sheet  shows  a  great  saving,  it  may  point  the  way  to  improvement. 
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Upon  page  183  we  have  given  the  stresses  for  a  continuous  girder,  the  centre  span  of  seven. 
For  the  girder  discontinuous,  we  find  for  the  same  load, 


Aa  Ac  Ae  Ag  Ak  Bb 

—  64.08  —  1 15. 12  —  64.08  —  89.37 

+  203.7      +  44.72  -f-    15.76  -h  44.72  -f  203.7  -  28.73 

Simple  o         —  180  —  180  o  +90  +  210 


Continuous 


I 


Bd              Bf 

Bh 

-    15.76      -    15.76 

-  89.37 

H- 115. 12    +115.12 

+  28.73 

+  210        -f  210 

+  90 

fg                 gh 

hk 

1 10.9       H-  1 10.9 

-  190-37 

56.5       + 127.3 

-  127.3 

ONB  SPAN. 

TWO  SPANS. 

Bracing, 

1,398.6 

1,428.2 

Lower  Chord, 

2,400. 

1,793-2 

Upper  Chord, 

2,550. 

1,981.6 

Total 

6,348.6 

5,203. 

Per  cent,  saving 

18  per  cent. 

ab  be  cd  de  ef 

Continuous  —  190.37         -|-  110.9        —  110.9         ±  46.05         ±  46.05 

Simple  —  127.3  +  127.3        —    56.5        —  56.5  -f  56.5 

It  will  be  seen  at  once  that  there  is  a  saving  in  the  flanges — about  1 1  per  cent  in  all — but  the 
bracing  is  heavier,  giving  little  or  no  saving.  The  span  is  too  short  to  bring  out  the  relative  economy 
of  the  continuous  girder. 

For  a  girder  of  200  feet,  height  20  feet,  10  panels,  double  system  of  triangulation.  live  load  20 
tons  per  panel,  dead  load  10  tons,  we  have  the  following  results  : 

PIVB  SPANS  CSNTRB. 
1,596.2 

1,395.7 
1,622.6 

4,614.5 

27  per  cent. 

We  see,  then,  that  the  saving  increases  rapidly  with  length  of  span.  Although  undoubtedly  the 
full  theoretical  saving  cannot  be  obtained  in  practice,  the  above  is  sufficient  to  point  out  that  for 
very  long  girders  the  system  may  have  its  legitimate  place  amongst  bridge  constructions. 

Disadvantages  of  the  Continuous  Girder. — In  order,  then,  that  we  may  properly  estimate 
this  system  and  be  able  to  make  use  of  it  in  such  circumstances  as  render  its  use  desirable,  it  will  be 
well  to  consider  the  objections  to  it  as  contrasted  with  the  simple  girder. 

ist  The  chords  at  certain  points  undergo  stresses  of  opposite  character.  Stresses  of  alternating 
kind  have  a  more  injurious  effect  than  stresses  of  one  kind  only,  and  require  a  greater  area  of  cross 
section  for  the  same  safety.  This  tends  to  reduce  our  theoretical  saving.  It  must,  however,  be 
borne  in  mind,  that  these  alternating  stresses  in  the  chords  occur  at  those  points  where  the  stress  is 
least,  and  where  the  cross  section  in  the  simple  girder  is  generally  considerably  larger  than  the  stress 
sheet  demands.     This  tends  to  balance  the  above  objection. 

2d.  Extra  work  and  cost  of  chords  and  chord  connections  necessary  to  secure  chords  against 
both  compressive  and  tensile  stress.     For  long  spans  this  objection  decreases  in  force. 

3d.  The  changes  of  stresses,  unforeseen  and  often  considerable,  which  a  small  settling  of  the 
piers  or  change  of  level  of  supports  may  occasion. 

This  is  a  strong  objection.  As  we  have  seen  a  very  slight  change  of  level  causes  great  changes 
in  the  stresses.  It  is,  therefore,  indispensable  that  the  supports  of  the  continuous  girder  should  be 
invariable.  All  cases  where  the  piers  are  iron  columns  are,  then,  unsuitable  for  the  employment  of 
this  system,  as  a  slight  change  of  temperature  would  affect  the  system.  Even  for  masonry  supports 
the  girder  cannot  be  erected  until  after  the  first  season,  when  the  piers  have  settled.  Any  subse- 
quent change  due  to  insecure  foundations  would  be  disastrous.  We  recognize,  therefore,  another 
of  the  necessary  conditions  which  must  be  complied  with  in  all  cases  where  the  continuous  girder  is 
used.     The  span  must  not  only  be  long,  but  the  supports  must  be  practically  immovable, 

4th.  Changes  of  temperature.  The  greater  the  number  and  length  of  spans  the  greater  is 
the  elongation  due  to  rise  of  temperature.  It  would  seem  advisable,  therefore,  to  limit  the  use  of  the 
continuous  girder  to  three  or  four  long  spans. 

5th.  Difficulty  of  calculation.  The  method  given  in  the  preceding  pages  involves  no  special 
difficulty.  Its  application  to  any  special  case  involves  considerable  labor,  but  in  a  construction  cost- 
ing many  thousands  of  dollars,  the  labor  involved  in  calculation  is  not  a  legitimate  question.     Th« 
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Only  points  of  interest  are  whether  the  method  of  calculation  is  clear^  simple,  easily  systematized 
and  reliable  in  its  results  and  not  liable  to  errors  of  computation.  The  method  here  given  is  believed 
to  answer  satisfactorily  all  these  requirements. 

6th.  Accuracy  of  formulas.  Our  formulas  are  based  upon  the  assumption  of  constant  moment 
df  inertia  of  cross-section  and  constant  coefiicient  of  elasticity  of  the  material.  Neither  of  these  as- 
sumptions are  strictly  correct.  The  theory  of  flexure  as  applied  to  girders  of  variable  cross-section 
shows  that  the  results  obtained  by  assuming  a  constant  cross-section  err  upon  the  safe  side,  in  giving 
somewhat  greater  stresses  than  the  actual  ones.  The  slight  gain  in  accuracy  is  more  than  counter- 
balanced by  the  increased  complexity  of  the  resulting  formulas.  As  to  the  second  objection,  while 
it  is  true  that  the  coefiicient  of  elasticity  varies  in  the  case  of  iron  between  tolerably  wide  limits, 
these  limits  become  consideraby  less  in  iron  manufactured  for  a  special  purpose,  as  nearly  as  possi- 
ble of  uniform  quality,  by  the  same  establishment,  from  the  same  ore.  An  assumption  of  a  constant 
mean  value  is  allowable  in  such  case,  and  leads  to  no  errors  of  practical  importance. 

Advantages  of  the  Continuous  Girder. — The  principal  advantages  of  the  continuous 
girder  are  : 

I  St.  Saving  in  width  of  piers  as  compared  with  width  required  for  separate  successive  spans.  The 
girder  may,  indeed,  theoretically  be  set  upon  knife  edges  at  the  piers.  In  fact  such  a  construction 
would  be  preferable,  as  better  insuring  the  calculated  stresses.     Width  of  piers  is  undesirable. 

2d.  Ease  of  erection,  where  false  works  are  difficult  or  expensive.  The  girder  may  be  put  to- 
gether on  shore  and  pushed  out  over  the  piers. 

3d.  Saving  of  material,  which  for  long  spans  would  appear  to  be  considerable. 

Summary. — It  will  be  seen,  then,  that  of  the  objections  or  disadvantages  enumerated,  3  and  4 
have  considerable  weight.  The  use  of  the  continuous  girder  must,  therefore,  be  confined  to  the 
comparatively  rare  cases  of  a  number  of  successive  very  long  spans.  Even  in  such  cases  the  ques- 
tion of  economy  is  of  less  importance  than  that  of  ease  of  erection.  The  remaining  objections  have 
less  weight.  The  proper  employment  of  the  continuous  girder  may  then  be  stated  as  confined  to  a 
few  occasional  situations.  When  the  situation  justifies  its  use,  it  offers  special  advantages  well  worth 
consideration. 

Best  Ratio  of  Spans. — The  length  of  the  various  spans  has  some  influence  upon  the  economy 
of  construction.  The  best  ratio  of  spans  for  minimum  material  is  given  by  Winkler  *  in  the  follow- 
ing Table : 


LENGTH  OF  SPAN. 

F(»L   3   SPANS. 

FOR  4  SPANS. 

150  feet 

X  :  x.iii  :  I 

I  :  X.X29  :  1. 129  :  i 

500  feet. 

X  :  1.125  :  I 

I  :  X.136  :  1.136  :  x 

450  feet. 

I  :  1. 148  :  I 

I  :  1.168  :  i.x68  :  x 

Or  about 

7:8:7 

7:8:8:7 

Deviations  from  the  above  ratios  have,  however,  but  slight  effect  Thus,  if  for  3  spans  we  choose 
the  ratios  1:1:1,  1:1.1:1,  i  :  1.2  :  i,  i :  1.3  :  i,  we  have  for  150  feet  span,  respectively  1.6,  o.i, 
0.9,  1.6  per  cent>  for  300  feet  span,  1.6,  o.i,  0.5,  i.i  per  cent.,  and  for  450  feet  span,  1.4,  o.i,  0.2, 
0.7  per  cent,  more  material  than  for  the  ratios  given  above.  These  ratios,  can,  therefore,  be  deviated 
from,  when  circumstances  render  it  advisable,  without  much  loss. 

Hinged  Continuous  Girders. — The  hinged  continuous  girder  of  Gerber,  page  57,  is  free 
from  all  the  objections  which  apply  to  the  continuous  girder  proper,  and  has  its  principal  advantage. 
That  is,  it  may  be  built  on  shore  and  pushed  out  over  the  piers,  and  the  chords  afterward  cut  or 
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hinged.  A  calculation  of  the  stresses  in  such  a  girder  siiow  s  considerable  saving  when  the  spans  are 
long,  over  the  simple  girder,  and  the  system  is  worth  more  attention  than  it  has  yet  received.  The 
roost  remarkable  girder  of  this  kind  in  this  country  is  the  Kentucky  River  Bridge,  designed  by  C 
Shaler  Smith,  consisting  of  three  spans  of  375  feel  each.  It  was  erected  without  scaffolding,  the 
girder  being  pushed  out  from  each  end  and  united  at  the  centre.  The  chords  were  afterwards  cut 
at  a  distance  of  75  feet  on  the  land  side  of  each  of  the  central  piers,  thus  making  the  middle  portion 
a  continuous  girder  525  feet  long,  with  two  discontinuous  spans,  each  300  feet  in  length,  at  the  ends 
of  the  projecting  cantilevers,  extending  75  feet  from  each  pier. 

Literature  upo.n  the  Continuous  Girder. 

We  give  for  the  benefit  of  students  and  those  interested  a  short  list  of  the  more  important  works  which  treat  the 
continuous  girder.  The  literature  is  very  extendtrd,  and  no  attempt  is  made  at  compi^eness  :  only  a  frw  of  the  more 
important  works  are  cited.     For  a  much  fuller  list  we  refer  to  the  author's  **  Elements  of  Graphical  Statics." 

Clapeyron. — **  Calcul  tTufie  pautre  /lastique  reposant  librfmnU  sur  des  appuis  in^galement  espac^sJ'*  Comptes 
Rendus,  1857.     [Giving  the  well-known  Clapeyroiiian  method  and  "  Theorem  of  three  moments.'*] 

MoiiR. — '*  Beitrag zur  Theorie  der  Holz-  und  Eisenconstruclionen,^*  Zeitschr.  dcs  Hann($v.  Arch  u.  Eng.  Vrr., 
i860.  [Theory  of  continuous  girder  with  reference  to  relative  height  of  supports.  Application  to  girders  of  two  or 
three  spans.  Best  sinking  of  supports  for  constant  cross-section.  Disadvantage  of  accidental  changes  of  height  of 
supports.     Influence  of  breadth  of  piers.] 

Winkler. — **  Beitrage  zur  Tkeorie  dfr  continuirlichen  Bruckentrdger."*  Civil  Ing6iiieur,  1862.  [General 
Theory.     Determination  of  methods  of  loading,  causing  maximum  stresses.] 

Winkler — ^* Die  Lehre  von  der  Elasticitaet  und  Festigkeit**  1867.  [Complete  treatment  of  continuous  girder 
for  all  spans  equal  and  unequal,  uniform  and  concentrated  loading.] 

Winkler. — "  Vortrage  iiber  BrUckenbau^*  1875.  [Complete  graphic  and  analytic  treatment.  Also  disciissions 
of  girder  of  varying  cross-section.] 

CULMANN. — *'  Die  graphische  Staiik"  1866.  [Graphical  treatment  of  simple  and  continuous  girder  of  constant 
and  variable  cross-section.] 

Wevrauch. — *'  Allgemeine  Theorie  und  Berechnung  der  coniinuirlichen  und  einfachen  Trdger,**  iSj^-  [Gives 
the  general  theory  for  constant  and  variable  cross-section  for  any  number  of  spans  and  all  kinds  of  loading.  Differ- 
ence of  level  of  supports  :  most  unfavorable  position  of  load  ;  examples  illustrating  use  of  formulas  ] 

Greene,  Chas.  E. — "  Graphical  method  for  the  analysis  of  Bridge  Trusses"'  Van  Nostrand,  1875.  [Applica- 
tion of  equilibrium  polygon  by  balanciiy;  of  moment  areas.] 

Du  Bois. — *'  Elements  of  Graphical  Statics."     Wiley.  1877.     [Graphic  and  analytic  treatment.] 

Merriman. — "  On  the  Theory  and  Calculation  of  Continuous  Bridges.'*     Van  Nostrand,  1876.     [Analytic  treat 
ment.  with  illustrations  of  method  of  using  formulas.] 


CHAPTER   IX. 

THE    BRACED    ARCH. 

Three  Kinds  of  Braced  Arch. — We  may  distinguish  three  kinds  of  braced  arch, 
viz. :  1st,  hinged  at  crown  and  at  ends;  2d,  hinged  at  ends  only ;  3d,  without  hinges. 

The  stresses  in  the  various  members  can  be  found,  either  by  diagram  or  calculation,  for 
any  loading,  if  all  the  external  forces  acting  upon  the  arch  for  that  loading  are  known ;  that 
is,  so  soon  as  in  addition  to  the  load  we  know  the  horizontal  thrust  and  vertical  reactions  at 
the  ends,  and  the  moments,  if  any,  which  exist  at  the  ends. 

ARCH  HINGED  AT  CROWN  AND  ENDS. 

This  form  of  construction.  Fig.  134,  owing  to  the  hinges  at  crown  and  ends,  is  an  arch 

only  in  form,  but  in  principle  is  simply  two  braced  rafters, 
the  thrust  of  which  is  taken  by  the  abutments  instead  of 
by  a  tie  rod. 

The  determination  of  the  stresses  presents,  then,  no 
special  difficulty.  They  may  be  found  by  diagram  or 
calculation,  provided  not  more  than  two  members,  the 
stresses  in  which  are  unknown,  meet  at  any  apex. 
Horizontal  Thrust  and  Reactions. — The  resultant  at  the  crown  for  the  unloaded 
half.  Fig.  134,  must  pass  through  the  hinges  at  C  and  B.  Its  direction  is,  therefore,  constant 
for  every  weight  P  upon  the  other  half.  The  resultant  for  the  loaded  half  must,  then,  pass 
through  the  hinge  at  A  and  the  point  of  intersection  a  of  the  load  P  with  the  line  through 
C  and  B. 

We  have,  then,  simply  to  draw  the  line  CB  and  prolong  it  to  intersection  a  with  P, 
and  then  draw  aA.  Aa  and  Ba  are  the  directions  of  the  resultant  pressures  at  A  and  B. 
By  resolving  P  along  these  lines  we  can  find  the  magnitude  of  these  pressures,  viz.,  ac  and 
Pc.  Resolving  these  pressures  vertically  and  horizontally,  we  obtain  the  vertical  reactions 
V^  =  ab,  F,  =  Pb,  and  the  horizontal  thrust  H  =  cb,  for  a  load  P  at  any  apex.  We  can 
thus  find  H  and  F,  by  graphic  construction,  without  calculation. 

We  can  also  readily  compute  V^  and  H.  Thus  let  the  span  AB,  or  chord  of  the  arc, 
be  denoted  by  c,  and  let  the  rise,  measured  always  from  the  chord  AB  to  the  hinge  C  at  the 
crown,  be  denoted  by  r,  and  the  distance  of  any  weight  P  ivova  the  left  end  be  denoted  by 
x^.  Then,  taking  moments  about  the  right-end  hinge  -ff,  we  have  for  the  reaction  F,  at  the 
left  end  (or,  in  general,  the  end  nearest  the  load  P), 

^  F/  +  /^^-;r,)  =  o,     or     V,  =  P-^'P;     .-.   F,  = -"P.    .     .     .     .     (i) 

^  c 

X90 


THE  BRACED   ARCH,  '9' 


Also,  taking  moments  about  the  hinge  C  at  the  crown, 

.-Vt^Hr^F{t-x\=o,    or    H^-^-kZ^=?^.     .    .     (2( 
These  values  of  F^ ,  F,,  and  H  are  independent  of  the  shape  of  the  arch. 

Determination  of  Stresses. — By  Diagram. — Having  thus  found  F, ,  F,,  and//", 

either  by  graphic  construction  or  by  computation,  we  can  find  the  stresses  in  the  members. 

By  far  the  easiest  method  is  to  diagram  the  stresses  in  the  members  for  each  apex  train 
load  separately^  by  the  method  of  diagram  of  Chapter  I,  Section  I,  page  8.  A  tabulation 
of  the  stresses  for  each  load  will  then  give  the  stresses  for  dead  load  and  locomotive  excess 
as  well  as  for  train  load,  as  illustrated  by  the  table  on  page  105. 

In  making  the  tabulation  labor  can  often  be  saved  by  noting  that  if  the  stresses  in  the 
left-hand  half  are  found  for  the  first  apex  train  load  from  the  right  on  the  right-hand  half, 
the  stresses  in  this  left-hand  half  for  the  next  equal  train  load  from  right  will  be  twice  as 
much,  if  the  horizontal  apex  distances  are  equal \  for  the  next,  three  times,  etc.  Because 
for  each  of  these  loads  the  reaction  at  A  has  always  the  same  direction  AC^  and  hence  for 
all  loads  on  the  right-hand  half,  the  reaction  R^  for  the  left-hand  half  follows  the  law  of  the 
lever,  and  hence  for  equal  loads  is  twice  as  great  for  a  load  twice  as  far  from  B,  etc.  For 
the  stresses  in  the  members  of  the  left-hand  half  for  apex  loads  on  the  left  half,  we  must, 
however,  make  a  separate  diagram  for  each  load,  as  the  reactions  Aa  for  these  loads  vary 
in  direction,  and  therefore  do  not  follow  the  law  of  the  lever. 

We  can  then  fill  out  our  Table  as  illustrated  fully  on  page  105,  find  the  stresses  for 
dead  load,  put  in  the  locomotive  excess  stresses,  and  thus  determine  the  maximum  stress 
in  every  member.  This  method  is  simple  and  free  from  tedious  computations.  It  is  rec- 
ommended in  the  case  of  all  arches,  whether  hinged  or  not. 

Loading  Giving  Maximum  Stresses.— We  might  in  the  same  way  compute  the 

stresses  for  each  apex  train  load  separately  and  then  tabulate  as  before.  The  labor  of 
computation  may,  however,  be  lessened  by  first  determining  for  each  member  that  loading 
which  causes  the  greatest  stress,  and  thus  find  the  maximum  stress  for  each  member  by 
one  computation  for  that  member.  The  method  by  diagram  and  tabulation  just  described 
will,  however,  be  found  preferable. 

Chords. — For  any  chord  panel,  as  ab^  Fig.  135,  we  find  the  loading  which  gives  the 
maximum  stress  as  follows : 

The  centre  of  moments  is  at  o,  the  intersection  of  the  other  members  cut  by  a  section 
through  the  arch  at  ab. 

Now  it  is  evident  that  if  we  draw  a  line  through  A  and  o,  and 
produce  it  to  intersection  d  with  BCy  that  a  weight  at  d  causes  no  ^*^'  ^^^'  vtaxk-ii) 


stress  in  ab,  because  the  resultant  for  that  weight  passes  through  the  ""^'''"^x^       ! 

point  of  moments  o  lor  ab.    Any  weight  to  the  right  of  P,  in  Fig.  135,     ^   -"S^  V      ' '-g, 
has  a  resultant  which  lies  to  the  right  of  v4rfand  causes  then  di  positive 
moment  (counter  clockwise  rotation),  that  is,  tension  in  an  upper  or  compression  in  a  lower 
chord.     The  maximum  positive  moment  for  ^^  will  occur,  then,  when  all  the  loads  from  the 
right  end  up  to  rfact  at  once.     When  all  the  loads  from  the  left  end  up  to  rfact,  we  have 
the  greatest  compression  in  ab. 

So  for  any  chord  panel,  whether  upper  or  lower,  we  have  simply  to  draw  a  line  through 
A  and  the  point  of  moments  for  that  panel  and  produce  to  intersection  with  BC.  When 
the  load  reaches  from  the  right  up  to  this  point  we  have  the  greatest  positive  momeni 
(coMntcr  clockwise  rotation),  and  when  it  reagh^s  from  the  left  up  to  this  point  we  hav^ 


^ 
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the  greatest  negative  moment  (clockwise  rotation).  If  d  falls  on  the  right  of  the  hinge  C  at 
the  crown,  then,  since  the  resultant  through  A  for  every  load  will  lie  above  Ad^  every  load 
causes  a  negative  moment.  A  negative  moment  (clockwise  rotation)  causes  compression,  a 
positive  moment  (counter  clockwise  rotation)  tension,  in  the  upper  chord.  The  moment 
divided  by  the  lever  arm  gives  then  at  once  the  maximum  stress. 

Braces. — We  find  the  position  of  the  loading  which  gives  the  maximum  shear  for 
any  brace  as  follows : 

Let  bcy  Fig.  136,  be  any  brace,  and  ab  and  cd  the  two  chords  cut  by  a  transverse  section 
through  the  arch  and  brace. 

j^   ^3^  If  ab  and  cd  are  parallel  their  intersection  is  at  an  infinite  distance. 

«_- 22*tSL     ^^  ^^^^  ^^  draw  through  the  hinge  A  the  line  Ae  parallel  to  ab  and 
\  a^^^^"'f>H^        i    <^dy  this  line  will  pass  through  the  point  of  moments  or  point  of  inter- 

^  !    section  for  ab  and  cd.     If  ab  and  cd  a.re  not  parallel,  produce  them  to 
^      their  point  of  intersection,  and  through  this  point  draw  the  line  Ae, 
In  either  case  let  e  be  the  intersection  of  Ae  with  BC,  the  line  through  the  other  two  hinges. 

Then  a  load  P  2X  e  has  a  resultant  -^^  which,  as  it  passes  through  the  point  of  moments 
for  ab  and  cd,  is  wholly  sustained  by  ab  and  cd,  and  therefore  causes  no  shear  at  c. 

For  all  loads  right  of  e  the  shear  at  c  is  downward  or  negative.  For  all  loads  left  of  c, 
since  the  reaction  F,  must  be  less  than  the  loads  which  cause  it,  the  shear  at  c  is  also  evi- 
dently downward  or  negative.  For  all  loads  between  e  and  d  the  shear  is  upward  or 
positive. 

When  the  load  extends  then  from  the  right  end  to  e,  and  also  from  A  to  c,  we  have 
he  greatest  negative  or  downward  shear.  If  ^  falls  on  the  right  of  the  hinge  at  crown, 
then,  since  the  resultant  through  A  for  every  weight  will  lie  above  Ae,  every  weight  will 
cause  a  positive  or  upward  shear. 

Determination  of  Stresses— By  Computation. — We  can  now  find  the  maximum 
stress  in  any  member  by  computation  as  follows : 

\st.  Chords, — For  any  chord  panel,  as  ab^  Fig.  135,  find  the  loading  which  gives  the 
greatest  positive  and  negative  moment.  If  ab  is  an  upper  chord  panel,  a  positive  moment 
(counter  clockwise  rotation)  causes  tension  and  a  negative  moment  (clockwise  rotation) 
compression.  If  ab  is  a  lower  chord  panel,  a  positive  moment  causes  compression  and  a 
negative  moment  tension.  Then  find,  by  the  successive  application  of  the  formulas  of  page 
191,  F,  and  H  for  the  entire  loading  giving  the  maximum  positive  and  negative  moment  for 
ab.  Let  x,y  be  the  co-ordinates  from  the  left  end  A  of  the  point  of  moments  o  for  ab^ 
Fig-  135-     Then  for  the  maximum  positive  moment  at  0  we  have 

max.  {J^M)-^Hy-  V,x, 

where  F,  and  H  are  the  values  for  the  loading  giving  maximum  positive  moment  at  o.    We 
have  also,  for  the  maximum  negative  moment  at  ^, 

max.  (-J/)  =  +/0^-  V,x  +  2P{x^x.), 

A 

where  V^  and  H  are  the  values  for  the  loading  giving  maximum  negative  moment  at  o^  x^  is 

0 
the  distance  of  any  load  P  from  the  left  end  A,  and  ^P{x  —  x^  is  the  sum  of  the  moments 

A 

about  0  of  all  loads  from  0  to  A. 

Divide  the  maximum  moment  by  the  lever  arm  for  ab,  and  we  obtain  the  maximum 
stress,  compression  or  tension,  according  to  the  rule  just  stated. 

We  may  avoid  computation  by  making  a  diagram  for  each  loading  for  each  member, 
^(^cording  to  the  method  of  Chapter  I,  section  i,  page  8, 
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2d,  Braces. — For  any  brace,  as  be.  Fig.  136,  find  the  loading  which  gives  the  greatest 
positive  and  negative  shear.  Then  find,  by  successive  application  of  the  forniulas  of  page 
191,  F,  and  H  for  these  loadings.  Let  i  be  the  angle  of  inclination  which  cd,  the  chord 
through  the  left  eiid  c  of  the  brace  be  in  question,  makes  with  the  horizontal.  Then  we 
have  for  the  maximum  positive  shear  at  c 

max.  (-{-  5)  =  V^  —  H  tan  i, 

where  F,  and  H  are  the  values  for  the  loading  giving  maximum  positive  shear.     Also  for 
the  maximum  negative  shear  at  c 

max.  {-S)=:V,-H  tan  i  -  ip, 
where  V^  and  H  are  the  values  for  the  loading  giving  maximum  negative  shear,  and  !kP 

A 

denotes  the  sum  of  all  loads  from  the  point  c  to  A. 

If  now  we  find  by  moments  the  stresses  in  ab  and  cd  for  the  two  loadings,  and  if  6^^, 
^bc%  ^cd  are  the  angles  with  the  vertical  through  c  of  the  respective  members,  we  have  the 
stress  in  be  given  by 


ab  cos  6^  +  ^^  cos  6^^  +  ^^  cos  d^^-^  S  -=  o. 


In  writing  this  algebraic  sum  of  the  vertical  components  of  the  stresses  in  the  mem- 
bers, we  must  measure  the  angles  from  the  vertical  through  the  left  ends  and  follow  the 
rule  for  signs  of  page  16.  That  is,  the  maximum  shear  5  must  have  its  proper  sign  as 
determined,  the  cosines  have  their  proper  signs  according  to  the  quadrant  in  which  the 
members  lie,  compression  in  ab  or  ed  is  negative,  tension  positive. 

We  may  also  determine  the  stress  in  the  brace  by  the  method  of  moments  by  taking 
moments  about  the  point  of  intersection  of  ab  and  ed.  Or  we  may  avoid  computation  by 
making  a  diagram  for  each  loading  for  each  member,  according  to  the  method  of  Chapter  I, 
Section  i,  page  8.  It  is  unnecessary  to  give  a  numerical  example.  The  student  familiar 
with  our  methods  should  find  no  difficulty  in  applying  them  in  the  present  case. 

As  already  remarked,  the  method  by  diagram  and  tabulation  described  on  page  105  will 
be  found  much  the  easier  of  application,  involving  no  tedious  calculations. 

Unnecessary  Members. — There  should  be  only  two  members  meeting  at  the  abut- 
ments. Thus  the  members  in  Fig.  134,  represented  by  broken  lines,  belong  to  the  super- 
structure, and  serve  only  to  transmit  load  to  the  arch.  They  should  not  be  members  of  the 
arch  proper. 

In  the  same  way  at  the  crown  the  upper  chords  are 
not  connected. 

The  hinges  may  be  in  either  chord  at  the  crown  and  at 
the  abutments,  provided  we  have  regard  to  the  preceding. 
The  shape  and  depth  of  the  arch  may  vary  at  will.  This 
will  affect  the  lever  arms  of  the  members,  but  F,  and  H 
remain  unchanged.  Thus  in  Figs.  137,  whatever  the  shape 
of  arch  and  character  of  the  bracing,  F,  and  H  can  always 
be  found  from  our  formulas  page  191,  and  these  two  forces  being  known  for  any  apex  load, 
the  resulting  stresses  can  be  found  in  any  case. 

Best  Form  and  Best  Depth  of  Arch. — If  the  arch  is  hinged  in  the  lower  chord, 
as  shown  in  Fig.  134,  the  resultant  for  loads  on  the  right  half  passes  through  A  and  C. 
Loads  on  the  right  half  will  then  cause  tension  in  the  upper  chord.     It  is  therefore  well  to 


194 


ARCH  HINGED   AT  CROWN  AND    ENDS. 


hinge  the  arch  at  the  upper  chord,  or  at  the  centre  line,  as  shown  in  Fig.  137  {a).  In  such 
case,  if  the  depth  is  niade  large  enough  at  the  quarters,  we  may  have  both  chords  always 
in  compression. 

As  to  this  proper  depth  for  this,  let  ACB,  Fig.  138,  be  the  centre  line.     If  we  draw 
the  line  AC,  and  find  the  greatest  vertical  ordinate  mn,  the  depth  at 
this  point  should  be  greater  than  mn.  For  a  circular  arch  this  ordinate 
mn  is 


ntn 


=  Tv/i+'-- 


For  a  parabola  we  have 


I 
mn  =  -  r. 

4 


The  vertical  depth  of  the  arch  at  the  quarters  should  not  be  less  than  this  if  hinged 
in  the  upper  chord,  nor  less  than  twice  this  if  hinged  at  the  centre,  for  constant  depth.  If 
the  depth  is  variable,  it  should  at  any  point  be  greater  than  the  ordinate  to  AC  3Lt  that 
point.     In  other  words,  the  resultant  -^C  should  always  lie  inside  of  the  chords. 

Such  a  construction  as  Fig.  137  {ff)  would  therefore  seem  well  adapted  to  long  spans. 

Temperature  Stresses. — Changes  of  temperature  occasion  no  stresses  in  the  arch 
hinged  at  crown  and  ends.  Each  half  is  free  to  turn  about  the  hinges  and  accommodate 
itself  to  any  change  of  shape  due  to  temperature. 
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If  we  suppose  the  hinge  at  the  crown  removed,  those  at  the  ends  being  retained,  then 
for  any  position  of  a  weight  P,  Fig.  139,  the  resultant  pressures  must,  for  equilibrium,  pass, 
as  in  the  preceding  case,  through  the  end  hinges.  This  case 
differs,  then,  from  the  preceding  case  of  three  hinges  only  in 
that  now  the  intersection  d  of  the  load  P  and  resultant  reac- 
tions has  a  different  locus.  Thus,  in  the  case  of  three  hinges, 
the  intersection  dy  Fig.  139,  of  Ad  and  P  was  always  in  the 
line  BC  for  P  on  the  left  half  and  in  the  line  AC  for  P  on  the 
right  half.     Now  it  is  no  longer  in  these  lines,  but  is  situated  in  a  curve  or  locus,  cdek. 

If  we  can  find  this  locus  or  curve  in  which  the  point  d  must  lie,  we  can  easily  find,  as 
before,  the  reactions  by  simply  prolonging  the  line  of  direction  of  the  load  P  till  it  meets 
this  locus,  drawing  from  the  point  of  intersection  rf,  lines  to  A  and  B^  and  resolving  P  in 
these  directions.     We  thus  find  V^ ,  F„  and  H  as  before. 

The  method  by  diagram  and  tabulation  described  on  page  105  can  then  be  applied. 

Loading  giving  Maximum  Stresses. — Also,  as  soon  as  this  locus,  cdek  Fig.  139,  is 

known,  we  can  find  the  loading  giving  the  maximum  stress  for  any  member,  just  as  in 
F^gs.  13s  and   136,  and  can  then  apply  the  method  of  calculation  de-  Ftg,x4o 

scribed  on  page  192. 

Chords. — Thus   for   any  chord  panel   as  ah^  Fig.  140,  we  find  the 
loading  which  gives  the  maximum  stress  as  follows : 

The  centre  of  moments  is  at  0,  the  intersection  of  the  other  members  ao  and  co^  cut  by 
a  section  through  the  end  at  ab.  Through  0  draw  Ao  and  Bo  and  produce  to  intersections 
e  and  d  with  the  locus.  We  see  at  once  that  all  loads  between  d  and  e  cause  a  negative 
moment  (clock-wise  rotation)  at  ^,  or  compression  in  an  upper  chord  and  tension  in  a  lower. 
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All  loads  right  of  e  and  left  of  d  cause  a  positive  moment  (counter  clockwise  rotation) 
at  0,  or  tension  in  an  upper  chord  and  compression  in  a  lower.  We  can  find  \\  and  H  for 
these  loadings,  by  the  construction  of  Fig.  139,  for  each  apex  load,  and  can  then  find  by 
computation  or  diagram,  as  directed  on  page  105,  the  maximum  stress  for  any  chord  panel 
Thus,  if  X  and  y  are  the  co-ordinates  from  the  left  end  A  of  the  point  of  moments  Oy 
we  have  for  the  maximum  positive  moment  at  0 

max.(  +  J/)  =  +/0'-  F.Ar+i5P(jr-;ro), 


where  V^  and  H  are  the  values  for  the  loading  giving  maximum  positive  moment  at  0,  x^  is 

0 
the  distance  of  any  load  P  from  the  left  end  A,  and  ^F\x  —  x^  is  the  sum  of  the  moments 

about  0  of  all  loads  from  o  to  d. 
We  have  also 

max.  {^M)  =  +iry-  V,x  +  2J\x  -  x,), 

where  F,  and  If  are  the  values  for  the  loading  giving  maximum  negative  moment  at  ^,  and 

d 

2P(x  —  ;ro)  is  the  sum  of  the  moments  about  o  of  all  loads  from  dto  A. 

Divide  the  maximum  moment  by  the  lever  arm  for  ad  and  we  obtain  the  maximum 
stress,  compression  or  tension  according  to  the  rule  just  stated. 

We  may  avoid  computation  by  making  a  diagram  for  each  loading  for  each  member 
according  to  the  method  of  Chapter  I,  Section  I,  page  8. 

Braces. — Let  ac  be  any  brace,  Fig.  141,  and  ab,  cd  the  two  chords  cut  by  a  transverse 
section  through  the  arch  and  brace,     li  ad  and  cd  are  parallel,  their      .«  .t 

intersection  is  at  an   infinite  distance.     If  then  we  draw  through  the  "liiL^    f  ^  ^  *  ^-^ 
hinge  A  the  line  Ae  parallel  to  ad  and  cd,  this  line  will  pass  through  the    \~c^^,^^^-' — ^^       j 
point  of  moments  for  ad  and  cd.     If  ad  and  cd  are  not  parallel,  pro- 
duce them  to  their  point  of  intersection,  and  through  this  point  draw 
the  line  Ae.     In  either  case,  let  f  be  the  intersection  of  Ae  with  the  locus. 

Then  a  load  Pat  e  has  a  resultant  Ae,  which,  as  it  passes  through  the  point  of  moments 
for  ad  and  cd,  causes  no  shear  at  a.  For  all  loads  right  Qf  e  the  shear  at  a  is  downward  or 
negative.  For  all  loads  left  of  a,  since  the  reaction  F,  must  be  less  than  the  loads  which 
cause  it,  the  shear  at  a  is  also  downward  or  negative.  For  all  loads  between  e  and  a  the 
shear  is  upward  or  positive. 

As  before,  then  (page  193),  we  have  for  the  maximum  positive  shear  at  a 

max.  (-}-  5)  =  V^  —  H  tan  i, 

where  i  is  the  angle  of  inclination  made  by  ad  with  the  horizontal,  and  V^  and  H  are  the 
values  for  the  loading,  giving  maximum  positive  shear. 
For  the  maximum  negative  shear  at  a  we  have 

max.  (_  5)  =  F,  -  //^  tan  i  -  iP, 

where  F,  and  H  ^xe  the  values  for  the  loading  giving  maximum  negative  shear,  and   'ZP 
the  sum  of  all  loads  between  a  and  A,    We  now  proceed  precisely  as  on  page  193.     Or  wc 
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may  avoid  computation  by  making  a  diagram  for  each  loading  for  each  member,  according 
to  the  method  of  Chapter  I,  page  8. 

The  method  by  diagram  and  tabulation  described  on  page  105  will  be  found  much  the 
easier  of  application,  involving  no  tedious  calculation. 

Determination  of  V,  and  H. — We  see  then  that  we  can  readily  find  the  stresses, 
provided  we  can  find  the  values  of  V^  and  /f,  or  can  determine  the  locus  cdek^  Fig.  139, 
page  194. 

The  vertical  reaction  F,  can  be  easily  found,  just  as  for  the  case  of  three  hinges,  by 
taking  moments  about  the  right  end  B.  Thus,  if  c  is  the  span  or  chord  of  the  arc,  and  x^ 
is  the  distance  of  any  load  P  from  the  left  end  A,  we  have  for  the  vertical  reaction  V^  at 
the  left  end 


-  V,c  +  I\c  -  X,)  =  o 


or     K=P-  -'P. 

c 


0) 


The  value  of  F,  then  is  easily  found,  and  is  independent  of  the  shape  of  the  arch. 

General  Formulas  for  H  and  the  Locus. — The  value  of  H  depends  on  the  shape  of  the 
arch,  and  its  determination  requires  the  application  of  the  principle  of  least  work,  already 
explained  in  Chapter  VI.  This  is  given  at  the  end  of  this  chapter.  We  give  here  the 
result  of  the  discussion  in  the  form  of  a  general  method,  which  holds  good  for  any  form 
of  arch. 


In  the  Figure  let  the  length  in  feet  of  any  chord  panel  as  cd  ox  ab  be  denoted  by  j, 
and  let  its  lever  arm  in  feet  as  be  or  ac  be  denoted  by  v,  and  let  the  co-ordinates  from  the 
left  end  A  of  the  point  of  moments  b  ox  c  for  cd  or  ab  be  x  and  y  in  feet,  and  the  area  of 
cross-section  in  square  inches  of  any  chord  panel  be  a.  Let  the  co-ordinates  of  the  point  E 
in  the  load  P  from  the  left  end  A  be  x^  and  y.  in  feet.  Let  the  length  of  span  AB^  or 
chord  of  the  arc,  be  c  in  feet. 
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Now  find  for  every  cliord panel  aby  cd^  etc.,  both  upper  and  lower,  the  quantities 

ys  ys         xys 

— i>         — i>         — i^» \pi) 

av  av  av  ^  ' 

where  a  is  in  square  inches  and  y,  Sy  and  v  in  feet. 

Then  the  horizontal  thrust  H  at  A^  due  to  a  load  P  at  the  distance  x.  from  the  left 
end  Af  is  given  by  the  equation 

where  ^>  "^  is  the  sum  of  all  the  quantities  ^  for  every  chord  panel,  upper  and  lower ; 

'  xys  1  .  xys 

-^    is   the  sum  of  all  the  quantities  -^-  for  every  chord  panel,  upper  and  lower; 

■*•  xvs  xvs 

-^  is  the  sum  of  all  the   quantities    ^  for  every  chord  panel,  upper  and  lower, 

0    av  av  ^  tr  rr 

between  the  load  P  and  the  left  end  A  ;  ]^      —  is  the  sum  of  all  the  quantities  --  for 


X,  av  av 


every  chord  panel,  upper  and  lower,  between  the  right  end  B  and  the  load  P. 

Equation  (2)  is  general.  If  the  arch  has  a  constant  depth,  v  is  constant  and  cancels 
out.  It  need  not  then  be  considered  in  finding  the  quantities  {a)  and  their  summations. 
If  the  chords  have  a  constant  area  of  cross-section,  a  in  like  manner  cancels  out. 

If  the  arch  is  carefully  drawn  to  scale,  we  can  measure  off  directly  i,  ^,  and  v^  for  each 
chord  panel,  and  thus  find  the  quantities  (a)  for  each  chord  panel.  The  summations 
indicated  can  then  be  easily  made. 

For  the  distance  j^  of  the  point  E  of  the  locus  C£C  (Figure,  page  196)  above  the  hori- 
zontal line  AB  through  the  hinges  we  have  then 

V 
J«  =  ^o;^» ^^^ 

where  F,  is  given  by  (i)  and  //by  (2).  We  can  thus  find  as  many  points  It  in  the  locus 
C£C  as  may  be  desired,  and  can  then  draw  it.  The  value  of  H  for  any  position  of  P  can 
then  be  at  once  found  by  construction,  as  in  Fig.  139,  page  194. 

It  will  be  noted  that  equation  {2)  requires  that  the  area  of  cross-section  a  for  each 
chord  panel  shall  be  known  in  advance,  while  it  is  the  object  of  our  investigation  to  deter- 
mine these  areas  by  first  finding  the  stress  and  then  dividing  this  stress  by  the  allowable 
unit  stress.  It  will  in  general  then  be  necessary  to  first  find  provisional  values  for  //and 
y^  by  assuming  a  to  be  constant  in  (2).  It  then  cancels  out.  We  thus  determine  the  locus 
and  the  provisional  stresses  for  constant  area  of  chord  cross-section.  From  these  stresses  we 
determine  provisional  areas  a.  These  areas  we  can  then  use  in  (2),  and  thus  find  the  actual 
stresses  and  areas. 

General  Construction  for  H  and  the  Locus.* — If  the  summations  indicated 

by  (2)  are  considered  tedious,  much  of  the  summation  may  be  performed  graphically,  as 
follows : 


This  construction  is  given  by  Prof.  W.  Ritter  in  Lmgers  Ltxikon  der geiamten  Techniky  Stuttgart. 
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Perform  the  summations  denoted  by  ^^  — ;  and  ^^^  -— ,  and  determine  the  distance 
y  in  feet  given  by 


y  - 


% 

X 

ys' 

At  this  distance  j^  above  AB  draw  a  line  A'B'  parallel  to  AS.    (Figure  on  page  196.) 

ys 
Consider  the  quantity  ^-\  for  each  chord  panel,  as  a  weight  acting  at  the  centre  of 

moments  for  that  chord.     Lay  off  these  fictitious  weights  on  a  vertical  AD  through  A  to 
any  convenient  scale.     Take  the  pole  distance  h  through  the  centre  of  the  load  line  and 

equal  to  AD  or  2  ^,  and  construct  the   equilibrium  polygon  having  AB  for  its  closing 


•0  av 

line. 

For  a  load  P  placed  at  any  apex  let  z  be  the  corresponding  ordinate  of  this  equilibrium 

polygon.     Then  we  have  (proof  to  follow) 

Hy^Pz. 
We  have  also  from  (i) 

'  C 

Hence  we  have  the  proportion 

cz       __ 


H:V,^ 


c  —  x^  '-y* 


If  now  we  draw  the  line  Be  through  the  foot  of  the  ordinate  z^  we  have  the  distance 


Ae  = .     Hence 

c  —  X. 


0 


ti_Ae 

If  then  we  lay  off  the  distance  Ae  horizontally  from  Ay  and  draw  the  vertical  eF,  the 
intersection  /^  with  A'B'  is  a  point  on  the  line  AEy  and  AF  prolonged  to  intersection  with 
P  gives  the  point  E, 

As  soon,  therefore,  as  we  have  found  y  and  thus  located  A'B\  and  constructed  the 
equilibrium  polygon,  we  can  easily  find  the  point  E  for  any  position  of  P.  Any  number 
of  points  on  the  locus  CEC  can  thus  be  found  and  the  locus  drawn. 

[Proof  of  Hy  =  Pz. — Equation  (2)  can  be  written  in  the  form 

^~'Q  air  ^^0  av  c  ^^0  av  0         av 

Let  ^>   — i  be  denoted  by  w.     Then  since  wy  =  "5    ^  and  ^>    ~^  =  ze/-,  we  have 
^  av  -^  -^       ^^  av^  ^"o  ^^^  2 


H^=p\^--^l(^^-\ 
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Now  in  the  equilibrium  polygon  hz  is  equal  to  the  quantity  in  the  parenthesis,  for  -  is  the 

ys 
reaction  of  all  the  fictitious  weights  =^.     But  we  have  taken  h'=-w.     Hence 

Hhy-Phz    or    Hy  ^  Pz. 

Arch — Constant  Depth— Constant  Chord-section. — There  are  certain  cases  in 

which  for  constant  depth  simple  formnlas  can  be  derived  and  the  preceding  general  methods 
thus  greatly  abridged. 

From  equation  (2)  we  have  for  constant  depth  and  constant  chord-section  the  general 
expression 

H  ^fs  =  Px,  -^ys  -  I^-z\^xys  -  j   2%^1. 

This  general  expression  we  must  solve  by  the  general  method  already  given.  But  if 
the  number  of  chord  panels  is  very  large  we  can  put  practically  ds  for  s.  Also,  if  the  depth 
of  arch  is  small  compared  to  the  rise,  we  can  put  for  y  and  x  the  co-ordinates  of  any  point 
of  the  centre  line  or  axis. 

In  such  case,  then,  we  have  the  approximate  expression 

HJ^y^ds  =  Px,£yds-P'-^\Xxyds-^£'xydP^ (4) 

This  expression  holds  good,  then,  practically  for  framed  arches  of  small  constant  depth 
compared  to  rise,  where  the  length  of  each  chord  does  not  differ  practically  from  the  length 
of  the  circumscribed  curve.  These  conditions  are  generally  complied  with  in  most  practi- 
cal cases,  since  the  number  of  chord  panels  is  great  for  long  span. 

Semicircle — Constant  Depth  and  Chord  Cross-section. — Let  R  be  the  radius  of  the  axis 

or  centre  line,  and  x  and  y  the  co-ordinates  of  any  point  of  the  axis.     Then  we  have  by 

similar  triangles 

ds      R  ^        Rdx 

-r  =  —     or     ds  == 

dx      y  y 

Inserting  this  value  of  ds  in  (4),  we  obtain 

HJ^ydx  =  Px,fdx  -  I^-f\£xdx  -  j/'Wx]. 

ydx  is  the  area  A  = of  the  semicircle.     Performing  the  other  integrations 

we  obtain,  since  c  =  2^, 


c E  c 


HA  =  ^"•^^^.  -  "♦>.     or    H  =  ^"'^^^^r  "♦>.     .     (5) 


2A 

From  (i)  we  have 

I\2R  -  X,) 


K  = 


2R 


and  from  (3) 


V,       A      nR               ^„ 
y.  =  x,-^  =  ^  =  ~=\.%lc»,R. (6) 
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We  also  have  y^R  =  A,  But  y^R  is  the  area  of  the  triangle  AEB,  Hence  the  area 
AEB  is  equal  to  the  area  of  the  semicircle. 

We  see  also  that  the  locus  CEC  is  a  straight  line  parallel  to  -^^  at  a  distance  1.5708/? 
above  ABy  or  at  a  distance  0.5708^  above  the  crown. 

Flat  Arch — Constant  Depth. — If  the  arch  is  flat,  we  can  assume  the  cross-section 
to  increase  from  the  crown  to  the  ends  in  the  same  ratio  as  sec  f,  where  i  is  the  inclination 
of  any  chord  panel  to  the  horizontal.     If  then  a^  is  the  chord-section  at  the  crown,  we  have 

a  •=.  a^  sec  i. 

r 
Since  in  practice  the  ratio  -  of  the  rise  to  span  is  rarely  ^,  this  supposition  is  in  such 

cases  admissible.  Also,  if  the  number  of  chord  panels  is  large,  we  can  put  ds  for  Sy  and  if 
the  depth  of  arch  is  small  compared  to  rise,  we  can  put  for  y  and  x  the  co-ordinates  of  any 
point  of  the  centre  line  or  axis. 

We  have,  then,  from  equation  (2)  for  constant  depth  ^,  putting  ds  for  Sy  and  a^  sec  /  for 

ds 

a,  since  v  and  a.  cancel  out  and =  dx. 

'  "  sec  t  ' 

Now  if  A  is  the  area  between  the  chord  AB  and  the  centre  line,  we  have 

Also,  if  ^  is  the  distance  of  the  centre  of  mass  of  this  area  above  AB,  we  have 

jTy^^  =  ^Ay- 

Hence  in  general,  for  flat  arches  of  constant  depth,  small  as  compared  to  rise,  and 
numerous  panels, 

2HA-y^^-p£\x,-x)ydx (7) 

Flat  Parabola — Constant  Depth, — For  a  flat  parabola,  if  r  is  the  rise  and  c  the  span  of 

2—2 

the  centre  line,  A  =  -cr,  y  =  -r,  and  the  equation  of  the  parabola  referred  to  the  origin 
A  is 


We  have  then 


y  =  tL^{c-  X). 


/*  rx' 

{x,  -  x)ydx  =  -M2C  -  jr.). 

6^ 


Inserting  these  values  in  (7),  we  have 

H=^,x,{c-x,)\j{c-{-x:)-xf^ ^^^ 

We  have  then  from  (i)  and  (3) 


THE  BRACED   ARCH, 


10\ 


In  the  following  table  we  give  the  values  of  —  for  various  values  of  — . 


TABLE  OF  VALUES  "^  FOR  VARIOUS  VALUES  OF  '^. 


C 

o.o 

0.1 

0.2 

0.3 

0.4 

0.5 

^0 

r 

1.600 

1.468 

1-379 

1.322 

1.290 

1.280 

From  this  table  we  can  determine  the  centre  point  of  the  locus  CEC  in  the  figure,  page 
196,  and  five  points  on  the  left.  Since  the  locus  is  symmetrical  with  repect  to  the  centre, 
the  other  half  is  similar. 

Flat  Circle — Constant  Depth, — We  see  from  (7)  ihat  if  the  area  A  is  unchanged,  only 
the  last  term  varies  with  the  form  of  the  arch.  For  a  flat  circular  arch,  then,  we  may  with- 
out practical  error  use  the  same  formulas  (8)  and  (9)  as  for  a  parabola  of  same  span  and  same 
area  between  the  curve  and  chord  AB. 

Solid  Arch. — If  the  arch  is  solid  instead  of  framed,  we  have  in  (2)  ds  in  place  of  j, 
and  in  place  of  ai^  the  moment  of  inertia  /  of  the  cross-section  (Appendix,  page  270). 
Equation  (2)  then  becomes 


(10) 


where  x  and  y  are  the  co-ordinates  of  any  point  of  the  neutral  axis. 

Here  /  is  supposed  to  be  known,  whereas  it  is  our  object  to  determine  /  at  every  point. 
We  therefore  first  suppose  /  or  the  cross-section  constant.     For  this  case  we  have 

fffyds  =  PxXjds-.P'-'[fxj>ds-^X^y^s'j (II) 


We  determine  //  from  (ii)  and  thus  find  provisional  values  for  /.  We  can  then  use 
(10)  by  dividing  the  arch  into  a  sufficient  number  of  segments,  letting  the  length  of  each 
segment  be  ds  and  the  moment  of  inertia  of  its  centre  section  /,  and  then  proceed  as  for 
equation  (2),  page  197,  or  the  construction  page  198. 

We  see  that  (ii)  is  precisely  the  same  as  (4).  Hence  for  solid  arch  t/ie  same  formulas 
(S)»  (6)»  (7)>  (8)»  ^^d  (9)  ^^^^d  ^^  f^^  framed  arch  under  the  same  conditions. 

Temperature  Stresses. — While  in  the  arch  with  three  hinges  there  are  no  temperature 
stresses,  in  the  arch  with  only  two  hinges  at  the  ends  the  stresses 
due  to  temperature  may  be  considerable.  The  effect  of  a  change 
of  temperature  is  to  cause  a  horizontal  force  at  the  ends.  For  a 
rise  of  temperature  we  have  a  positive  thrust  H^  as  in  Fig.  142, 
causing  a  positive  moment  at  any  point  or  tension  in  the  upper 
and  compression  in  the  lower  chords.  If  there  is  a  fall  of  temperature,  the  arch  contracts 
and  Ht  acts  in  the  opposite  direction,  causing  a  negative  moment  at  every  point,  or  com- 
pression in  the  upper  and  tension  in  the  lower  chords.  If  Ht  is  known,  the  resulting  stresses 
are  easily  found  for  every  member  directly,  by  a  single  diagram,  according  to  the  method 
of  Chapter  I,  page  8. 


Fiff.ua 
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The  temperature  stresses  thus  found  for  greatest  rise  and  fall  of  temperature,  above 
and  below  the  mean,  must  be  taken  in  connection  with  the  maximum  stresses  already  found 
for  the  live  and  dead  loads  in  order  to  find  the  total  maximum  stresses. 

The  thrust  //<  is  easily  shown  (page  215)  to  be  given  by 

0 


r^^         i  =  cetj (12) 

where  the  summation  ^    ^  >s  made  as  directed,  page  197 ;  /  is  the  rise  or  fall  of  tem- 
perature above  or  below  the  mean  temperature  of  erection,  for  which  there  is  no  stress ;  e  is 
the  coefficient  of  expansion,  or  the  change  of  length  per  unit  of  length  for  one  degree ;  and 
E  is  the  coefficient  of  elasticity  (page  148). 
We  have  for  one  degree  Fahrenheit, 

For  cast  iron  €  =  0.00000617; 

wrought  iron  e  =  0.00000686 ; 

steel  (untempered)  e  =  0.00000599. 

Values  for  E  are  given  in  the  Appendix,  page  270. 

Equation  (12)  requires  that  the  areas  of  chord  sections  should  be  known  in  advance, 
whereas  these  are  what  we  desire  to  find.  We  must  in  general  then  find  provisional  values 
of  a  by  first  assuming  a  constant  value  for  a  in  (12)  equal  to  the  chord  section  at  the  crown, 
and  thus  determining  provisional  areas.  These  areas  we  then  use  in  (12),  and  thus  find  the 
actual  areas. 

Denote  this  assumed  constant  area  of  chord  section  at  the  crown  by  «,.  We  then 
have  for  our  first  calculation,  for  constant  chord  section, 

H,  — '  fs 
f.       0 


Ea.^-i^='" ('3) 


or  for  constant  depth  v  and  constant  chord  section, 


Eav"^   y^'^'^* ('4) 


0 


0 


Temperature  Thrust — Solid  Arch. — For  a  solid  arch  we  have  instead  of  (12)  the 
general  formula 

Ht  n^'  y'ds 

-eS/—-'^' •    •    •     •     <'5) 

where  /  is  the  moment  of  inertia  at  any  point,  and  x  and  y  are  co-ordinates  of  any  point 
of  the  neutral  axis. 

For  our  first  approximation  this  becomes,  for  constant  cross-section, 


-Eily^'^^''* (^^ 


where  /^  is  the  moment  of  inertia  at  the  crown,  and  ;r,  y  co-ordinates  for  any  point  of  the 
neutral  axis. 
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Temperature    Thrust — Constant    Depth— Constant    Cross-section. — There 

are  certain  cases  in  which  for  constant  depth  we  can  perform  the  integrations  denoted  in 
(14)  and  (16)  and  get  simple  expressions  for  Z/^.  If  the  number  of  chord  panels  is  large, 
we  can  put  ds  for  s  in  (14),  and  if  the  depth  of  arch  is  small  compared  to  the  rise,  we  can 
put  for  J  and  ;r,  in  (14),  the  co-ordinates  of  any  point  of  the  centre  line. 

We  have  then  for  framed  arches  of  constant  cross-section  and  constant  depth  under 
these  conditions  which  are  usually  complied  with  in  practice 

.Jii^r'fds  =  cet.      .' (17) 

0       0 

For  solid  arches,  as  we  see  from  (16),  we  simply  have  to  replace  a^v^  by  /,. 
Semicircle — Constant  Depth — Constant  Cross-section — Temperature   Thrust, — Let  R  be 
the  radius  of  the  centre  line,  or  neutral  axis.     Then  we  have 

ds       R  ^        Rdx 

-1- =  — ,     or     ds  =• . 

dx        y  y 

Substituting  in  (17),  we  have 

H,R 


-J  ydx  =  cet. 


E-a,.      , 


/^                                       nR* 
ydx  is  the  area  A  =  of  the  semicircle.     Hence 


__  4  ■  £aoi'et 
^'  -       nR^ ^'^^ 

For  solid  arch  replace  ay  by  /^. 

Flat  Arch — Constant  Depth — Temperature  Thrust. — If  the  arch  is  flat  we 
can  (as  on  page  200)  put  dx  in  place  of  ds  in  {17).     We  have  then 


-^ — ;  /  y  dx  =  cet. 
Ea^^^ 


If  A  is  the  area  between  the  chord  AB  and  the  centre  line  or  neutral  axis,  and^  is  the 
distance  of  the  centre  of  mass  of  this  area  above  AB,  we  have 


/  y'dx  =  2Ay, 


Hence,  in  general  for  flat  arches  of  constant  depth  under  the  conditions  specified,  of 
small  depth  compared  to  rise,  and  numerous  panels, 

H,  =  ^S (,9) 

2Ay 

For  a  solid  arch  replace  a^  by  I^. 

Flat  parabola, — For  a  flat  parabola,  if  r  is  the  rise  and  c  the  span  of  centre  line, 

.2          -      2                 ,          --       i^Ea^et 
A  =  -cr,    y  =  -r,         and         Ht  =    ^    ^\ , 

For  a  sou^  arch  replace  a^  by  /„. 
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Flat  Circle. — For  a  flat  circle  of  radius  R^  rise  r,  and  span  r,  if  the  half  angle  subtended 
at  the  centre  by  the  span  is  a',  we  have 


a 


A  =  — ^-^-^',         and        y  = 


360 


Hence  we  have 


//.= 


For  a  solid  arch  replace  a^  by  /,. 


\2A 


-{R-  r). 


6Ea^v^cet 


a' 


c'  ^  —  nR\R--r) 
30        ^  ^ 


Arch  with  Fixed  Ends. 

In  this  case,  as  in  the  preceding,  the  intersection  of  the  load  /*  with  the  reactions  lies 
in  a  curve  or  locus.     But  the  present  case  differs  from  the  preceding  in  that  the  reactions 

no  longer  pass  through  the  ends  of  the  arch  A  and  ^,  Fig.  143, 
but  pass  through  points  above  or  below  the  ends.  This  is  the 
same  thing  as  saying  that  we  have  at  each  end  not  only  a  hori- 
zontal thrust  and  vertical  reaction,  but  also  a  moment  which 
varies  with  the  position  of  the  load,  and  is  always  of  such 
magnitude  as  to  keep  the  tangents  at  the  ends  of  the  arch  con- 
stant in  direction. 

If  then  we  can  find  the  locus  and  the  directions  of  the  re- 
actions, we  can  resolve /*  in  these  directions  and  find  V^  and //^  We  also  have  the  point 
above  or  below  the  end  through  which  the  reactions  pass.  The  end  moment  at  the  left 
end  M^  is  equal  to  Hy^  where  y^  is  the  vertical  distance  of  this  point  from  the  end.  As  we 
shall  see  hereafter,  this  locus,  for  instance,  for  constant  depth  and  constant  chord  section  and 
flat  parabolic  arch,  is  a  straight  line  ef,  at  \  the  rise  of  the  arch  above  the  crown  of  the 
centre  line,  as  shown  in  Fig.  143. 

If  we  draw  the  reactions  for  various  positions  of  P,  we  shall  find  that  they  envelop  or 
are  tangent  to  a  curve.  In  the  case,  for  instance,  of  2i  flat  parabolic  arch,  of  constant  depth 
and  constant  cross-section,  this  curve,  shown  dotted  in  Fig.  143,  is  a  hyperbola  given  by  the 
equation 

5^'  —  io^«  +  8«' 


w  = 


I  ^c(c  —  2U) 


. —  ^ 


Fig.144 


where  u  is  the  abscissa  on  either  side  of  the  vertical  through  the  crown  of  the  centre  line,  and 
w  is  the  ordinate  measured  from  the  horizontal  through  the  crown  of  the  centre  Hne. 

This  curve  we  call  the  guide  curve.  We  can  always  find  it  in  any  case,  as  soon  as  we 
know  the  locus  ^/and  the  directions  of  the  reactions,  by  drawing  the  reactions  for  a  num- 
ber of  positions  of  P. 

Thus  in  Fig.  144,  the  locus  ik  and  guide  curve  being  known,  for  any  position  of  P 
intersecting  the  locus  at  ;//  we  can  draw  the  reaction  ma  tangent  to 
the  guide  curve.  We  thus  have  at  once  its  direction  and  the  point 
#r  at  which  it  intersects  the  vertical  through  A.  We  can  also  draw  "^ 
the  other  reaction  through  m,  tangent  to  the  guide  curve  on  the 
other  side.  Then  resolving  Pin  these  two  directions,  we  obtain  at 
once  F,  and  H  at  A.  The  moment  M^  at  A  is  equal  to  H  multiplied 
by  the  cistance^or.  It  is  positive  or  causes  counter  clockwise 
rotation  when  the  point  a,  as  shown  in  Fig.  144,  falls  below  A  ; 
negative,  or  causes  clockwise  rotation,  when  a  falls  above  A. 


THE  BRACED   ARCH, 


205 


Fig.  145 


In  other  words,  the  horizontal  and  vertical  reactions  H  and  V^  must  be  considered  as 
acting  not  at  the  point  A  of  the  centre  line  of  the  arch, 
but  at  the  point  of  intersection  a  of  the  reactions  ivith  the 
vertical  through  the  end  A. 

The  reactions  F,  and  H  being  thus  known  for  any 
position  of  P  and  taken  as  acting  at  a,  we  can  find  the 
stresses  by  the  method  of  diagram  and  tabulation  already 
described  (page  105). 

The  reader  may  be  in  some  doubt  as  to  how  to  start 
the  diagram.     In  any  case  proceed  as  follows: 

Join  the  point  a,  Fig.  {a\  where  H  and  V^  act  by 
fictitious  members  to  A'  and  A'^  the  ends  of  the  upper  and 
lower  chords.  Then  starting  at  a,  diagram  the  stresses  as 
for  any  frame. 

Thus  in  Fig.  {b)  we  lay  ofl  H  and  F,  and  obtain  i?,. 
Then  R^  is  in  equilibrium  with  La  and  Ua^  the  stresses  in 

the  fictitious  members.     We  can  now  go  to  apex  A^'  and  find  ab  and  Lb  ;  then  to  apex  A' 
and  find  be  and  Uc,  and  so  on. 

Loading  giving  Maximum  Stresses. — As  soon  as  the  locus  for  P  and  the  guide 

curve  are  known,  we  can,  as  before,  find  the  loading  which  gives  the  maximum  stress  for 

any  member,  and  can  then  apply  the  method  of  calculation 
described  on  page  195,  only  remembering  that  H  and  V^  are 
applied  at  a  and  not  at  the  end  A. 

Cfwrds, — Thus  for  any  chord  panel,  if  o,  Fig.  145,  is  the 
point  of  moments  for  that  panel,  we  proceed  just  as  in  Fig. 
140,  page  194,  for  two  hinges.  Thus  we  draw  through  o  the 
resultants  oa,  and  oa^^  which  meet  the  locus  ab  at  the  points 
c  and  d.  Then  every  load  to  the  right  of  d  or  left  of  c  causes 
a   positive    moment    about    o    (counter   clockwise   rotation). 

Loads  at  d  and  c  cause  no  moment  about  o.     Loads  between  c  and  d  cause  a  negative 

moment  about  o  (clockwise  rotation). 

Braces, — For  the  greatest  shear  at  any  point  ;/,  draw  a^dy 
Fig.  146,  through  the  point  of  intersection  of  the  two  chords 
cut  by  a  section  through  n,  or  if  these  chords  are  parallel,  then 
a^d  is  parallel  to  them,  just  as  in  Fig.  141,  page  195.  Then  a 
load  at  d  causes  no  shear  at  n.  Any  load  on  the  right  of  d  or 
left  of  c  causes  negative  (downward)  shear  at  «,  and  any  load 
between  c  and  d  causes  positive  (upward)  shear  at  «. 

General  Formulas. — The  developmentof  these  formulas  is  given  at  the  close  of  this 
chapter.  We  give  here  the  result  in  the  form  of  a  general  method,  which  holds  good  for 
any  form  of  arch.  For  any  load  P,  let  CEC  be  the  locus  and  ER^  the  direction  of  the  left 
reaction. 

Let  the  span  A^'  R"  as  always  be  denoted  by  r  in  feet.  As  before,  page  196,  let  the 
length  in  feet  of  any  chord  panel  be  5,  its  lever  arm  be  v  in  feet,  the  co-ordinates  from  A^' 
of  its  point  of  moments  be  x  and  y  in  feet,  and  its  area  of  cross-section  be  a  in  square 
incites.  Thus  for  any  chord  panel  ab  the  length  is  s  feet,  the  lever  arm  cs  =  v  feet,  the 
point  of  moments  is  r,  and  the  co-ordinates  of  c  from  A"  are  x  and  7  in  feet.  The  area  of 
cross-section  is  a  square  inches.  So  also  for  the  chord  panel  cd,  the  length  is  s  feet,  the 
lever  arm  bs=^  v  feet,  the  point  of  moments  is  b,  and  x,y  are  the  co-ordinates  from  A^^  of 
this  point. 
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feet. 


Let  the  co-ordinates  of  the  point  E  of  the  locus  in  the  load  P,  from  A'\  be  x^  and  y^  in 


Now  find  for  every  chord  panel  the  quantities 


«t/* 


ys 


av 


«» 


(«) 


where  a  is  in  square  inches  and  s^y^  v  in  feet  (page  196). 
Then  find  the  distance 


y- 


ys_ 
0  ^^ 


au 


*   yj  yj 

where  ^  ^  is  the  sum   of  all  the   quantities   "^  for  every  chord    panel,  upper   and 

0 

___'  s  s 

lower,  and  ^>  —^  is  the  sum  of  all  the  quantities  —1  for  every  chord  panel,  upper  and 

0 
lower. 

At  this  distance  jT above  A"  B'\  draw  a  parallel  DD  to  A'^  B'\  and  let  0  be  the  inter- 
section of  this  line  with  ER^;, 

Let  O  be  the  point  whose  co-ordinates  are  ^r  =  —  and  y.     Through  this  point  O  draw 

a  parallel  OA  to  ER^,  and  let  the  point  A  be  vertically  below  R^.  Join  A\  A"  to  A  by  the 
fictitious  members  A' A  and  -4"^. 

If  now  we  consider  (7  as  a  fixed  point,  and  introduce  the  members  OA  and  A' A  and 
-4"-4,  and  suppose  a  certain  moment  m  to  act  at  <7,  we  can  remove  the  abutment  A' A''  and 
equilibrium  will  still  exist. 

Then,  as  is  proved  by  the  principle  of  least  work  (page  215),  we  shall  have 


m 


s 


=  -P 


'  s(x  -  x^ 


av 


.  .  (I) 
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/'(^"^)         .^^  '^"^  ""  "^X^  "  0 


These  summations  can  be  made  for  any  position  of  P.  In  making  them,  we  must  remem- 
ber that  when  x  is  less  than  -  ,  or  ^  less  than  y,  ix  —  - )  and  \y  —J^j  will  be  negative. 

If  the  arch  is  carefully  drawn  to  scale,  we  can  measure  off  directly  j,  y  and  v^  for  each 
chord  panel,  and  thus  find  the  quantities  (a)  for  each  chord  panel.  The  summations  for  ^ 
are  then  readily  made  and  ^  determined. 

Then   drawing  the   line  DD,  we  can  measure  off  directly  the  quantities  {y  — ^)  and 

Ix J  for  each  point  of  moments   for   each   chord  panel.     The  summations  indicated 

are  thus  easily  made  and  m,  F,  and  //,  thus  determined  for  any  position  of  P.     Then, 

Let  the  distance  Oo  be  denoted  by  u.     Then  we  have 

m 
«  =  F .(4) 

If  then  through  o,  thus  located,  we  draw  a  line  £R^,  making  with  DD  an  angle  wAose 

V 
tangent  is  -W,  and  produce  it  to  intersection  E  and  P,  we  obtain  the  point  E  of  the  locus 

CECy  and  we  also  have  ER^  in  true  position. 

V 
Then  through  E  we  draw  ER^,  making  an  angle  with  DD  whose  tangent  is  7^,  and 

we  have  ER^  in  true  position. 

Thus  a  number  of  points  E  in  the  locus  CEC  can  be  found,  and  the  guide  curve 
(page  204)  can  also  be  drawn.  The  value  of  H  and  F„  and  the  directions  of  the  reactions 
can  then  be  found  for  any  position  of  P  as  in  Fig.  144,  page  204. 

It  will  be  noted  that  equations  (i),  (2),  and  (3)  require  that  the  area  of  cross-section  a 
for  each  chord  panel  shall  be  known  in  advance,  while  it  is  the  object  of  our  investigation  to 
determine  these  areas.  It  will  in  general,  then,  be  necessary  to  first  find  provisional  values 
by  assuming  a  to  be  constant.  It  then  cancels  out.  We  thus,  determine  provisional 
stresses  and  the  corresponding  provisional  areas.  These  areas  we  can  then  use  in  (i),(2), 
and  (3). 

General  Construction.* — Much  labor  may  be  saved  by  the  following  construction 
— notation  as  in  the  preceding  article  : 

Draw  the  arch  carefully  to  scale,  and  find  as  before  for  every  chord  panel  the  quan- 
tities 


ys 


S'  9 

av      av 


Then  determine  the  distance 


>'  = 


^  ys 


f  J_ 

and  draw  as  before  the  line  DD  parallel  to  A"  B"  at  the  distance  j|/. 

«  

*  This  construction  is  given  by  Prof.  W.  Ritter  in  Luegers  Lexikon  der  gesamten  Technik,  Stuttgart. 
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Find  now  the  quantity 


^{y-  y? 


av 


for  each  chord  panel,  and  determine  the  quantity 


^4    = 


0        av 


Consider  the  quantity  — ^  for  each  chord  panel,  as  a  weight  acting  at  the  centre  of 

moments  for  that  chord  panel.     Lay  off  these  fictitious  weights  on  a  vertical  line  afi^  to 
any  convenient  scale.     Take  the  pole  O,  in  the  horizontal  through  the  middle  point  of  aj), 

C  f 

and  take  the  pole  distance  //,  equal  to  a,d,  or  ^   — ,  and   construct  the   first  equiHbrium 

polygon  a^c,6, .     Produce  its  end  lines,  and  let  -sr,  be  the  ordinate  c,e^  and  z/  the  ordinate  c,J, 
corresponding  to  any  position  of  P.     Then  by  the  property  of  the  equilibrium  polygon 


A,s, 


_  -^^  K^  —  '^o) 


xo      av 


and  from  equation  (i),  page  206,  since  /r,  = 


av 


9» 


w//j  =  /V/,^,     or     m  =  Ps^. 
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Again,  produce  each  side  of  the  polygon  a^cfi^  to  intersection  with  the  centre  ordinate. 

Then  A,  X  each  intercept  gives  — ^  \x J  for  each  chord  panel. 

Choose  then  a  new  pole   O^  with  any  convenient  pole  distance  A„  and  considering 

— j  f ;r j  for  each  chord  panel,  as  a  force  acting  at  the  centre  of  moments  for  that  panel, 

construct  the  second  equilibrium  polygon  a^djb^.  Let  z^  be  the  centre  ordinate  between  its 
two  horizontal  end  lines,  and  ^,"  the  ordinate  rf^^„  and  z\  the  ordinate  c^d^  corresponding 
to  any  position  of  P. 

Then,  by  the  property  of  the  equilibrium  polygon, 


xo \ >  0 r 


and  from  equation  (2),  page  207, 


'V,Kh^,^PhJi^:\    or    F,=^-P. 


Find  now  the  quantity 

^G  -  y) 


av^ 


for  each  chord  panel.  Consider  these  quantities  as  forces  acting  at  the  centre  of  moments 
for  each  chord  panel,  lay  them  off  to  any  convenient  scale,  positive  up  and  negative  down, 
choose  a  pole  O, ,  take  any  convenient  pole  distance  A,,  and  construct  the  third  equilibrium 
polygon  a^cjf^.  Let  z^  be  the  ordinate  c^e^  corresponding  to  any  position  of  P.  Then,  by 
the  property  of  the  equilibrium  polygon. 


and  from  equation  (3),  page  207, 


We  have  then 


Hz,  =  Ph^,,    or    H^Ph^-^. 


H  _  z^zjt^  nt  z^ 


If  we  draw  a  right-angled  triangle  mnp^  having  z^  for  base  and  -r  for  altitude,  and 

z  z  h 
draw  c^S^  parallel  to  its  hypothenuse  1//,  then  the  distance  ^,5,  =  ^-^-^.     If  then  we  pro- 

ject  5,  to  5,  upon  the  horizontal  rf,5, ,  we  have  -p  =  ^-^.     The  line  5,^,  is  then  parallel  to 


m 


ER^  and  the  line  r,5,  is  parallel  to  ER^,     Also,  since  the  distance  O^  =  -^  =  z^-j-,,  if  we  lay 

K,  z^ 

off  d^  equal  to  z^  and  djk^  equal  to  z^'  and  draw  e^k  and  c^k^  and  produce  to  intersections  o' 
and  o,  the  distance  c^o'  is  equal  to  Oo'  and  the  distance  e^o  to  Oo. 

We  thus  find  by  construction  for  any  position  of  P  the  points  o'  and  o  and  the  direc- 
tions of  ER^  and  ER^.     As  many  points  E  as  desired  can  thus  be  found  in  the  locus  CEC, 
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and  the  reactions  ER^ ,  ER^  for  each  point  can  be  drawn,  thus  determining  the  guide  curve 
(page  204). 

Flat  Arch — Constant  Depth. — If  the  arch  is  flat  we  can  assume  the  cross-section 
to  increase  from  the  crown  to  the  ends  in  the  same  ratio  as  sec  f,  where  /  is  the  inclination 
of  any  chord  panel  to  the  horizontal.  If  then  a^  is  the  chord  section  at  the  crown,  we 
have 

a  :=  a^  sec  /. 

Since  in  practice  the  ratio  Z  of  the  rise  to  the  span  is  rarely  over  -j^,  this  supposition  is 

in  such  cases  admissible.     Also  if  the  number  of  chord  panels  is  large  we  can  put  ds  for  Sy 

and  if  the  depth  of  arch  is  small  compared  to  rise,  we  can  put  for  y  and  x  the  co-ordinates 

of  any  point  of  the  centre  line  or  axis. 

We  have  then  from  equations  (i),  (2),  (3),  page  207,  for  constant  depth  v^  putting  ds  for 

ds 
s  and  a^  sec. «  for  a  since  v  and  a^  cancel   out  and  r  =  dx. 

sec  I 


Hfdxiy-yy  =  P  £'dx  (x  -  x,)  (y  -  ji), 


In  the  last  equation 

J}d^ 


y  = 


A 


IS  the  distance  of  the  centre  of  mass  of  the  centre  line  above  the  chord  of  the  centre  line. 
Performing  the  integrations,  we  have  from  the  first  two  equations 

'«=-£^^-^»^' (5) 


V    =    (^    +    2^.)  (^  -  xiS"  p       y    _    p  rr    _    X:  (3f  -   24r.)  P 


(6) 


Equations  (5)  and  (6)  hold  good  whatever  the  form  of  arch.     If  A  is  the  area  between 
the  centre  line  and  its  chord,  we  have 


f^dx^A,     fxydx^A'--, 


Also,  if  J  is  the  distance  of  the  centre  of  mass  of  this  area  above  the  chord  of  the  cen- 
tre  line 

J^  y^dx  =  2  Ay. 
Hence,  performing  the  integrations  of  the  third  equation, 

H[2A}  -2Ay  +  ^yj=[f  {c  -  x,y  -  jT^  -  ^o)j^dx'JR      .     .     (7) 
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Flat  Parabola— Constant  Depth.—  For  a  flat  parabola,  if  r  is  the  rise  and  c  the  span 

of  the  centre  line,  we  have  A  =  frr,  j  z=  Jr,  ^  =  |r,  and  the  equation  of  the  parabola 
referred  to  the  origin  at  left  end  of  span  is 


j^=z^{c-x). 


We  have  then 


Xl^  -  x,)ydx  =  ^{c-  x,y  (^  -  X.'). 


Substituting  in  (6),  we  obtain 


„_  isx:{c-x.yp 

1.1    —'  -  , 


(8) 


If  £  is  a  point  of  the  locus  CEC  and  y^  is  the  ordinate  of  £, 
we  have,  taking  moments  about  O,  ^ 


or 


Inserting  the  values  of  y  and  ^,  yJ,  from  (5),  (6),  and  (8),  we  obtain 

ri    ri 


(9) 


That  is,  tAe  locus  CEC  is  a  straight  line  at  a  distance  of  \r  above  the  crown  of  the  centre 

line. 

Since  the  reactions  Ea^  and  Ea^  make  the  angles  with  the  horizontal  whose  tangents  are 

V  V 

Y}  and  ^,  we  have  for  the  distances  A  a  =  r   and  Ba^  =  j/, 


'»» 


Inserting  the  values  of  //,,  F,,   F",,  and  y^  from  (6),  (8),  and  (9),  we  have 


J',  = 


■\ 


_  2f<3^  -  5;r.)    I 
^'-    is(c-x,)') 


(10) 


Positive  values  are  laid  off  above  A  and  5,  negative  below.     In  the  Figure,  j/,  is  negative 
and  y^  positive. 

The  tangent  of  the  angle  which  Ea^  makes  with  the  horizontal  is 


V^_4r{c  +  2x^) 


.  .  .  (iitf) 
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and  the  tangent  of  the  angle  which  Ea^  makes  with  the  horizontal  is 

F.      4r(3^  -  2x,) 

H-  isic-x,y ("*) 

We  can  thus  draw  the  reactions  for  any  position  of  P  and  determine  the  guide  curve  (page 
204,  Fig.  143). 

Flat  Circle — Constant  Depth, — We  see  from  (7)  that  if  the  area  A  is  unchanged,  only 
the  last  term  varies  with  the  form  of  arch.  For  a  flat  circular  arch,  then,  we  may  without 
practical  error  use  the  same  formulas  as  for  a  parabola  of  same  span  and  area  between  the 
centre  line  and  chord  AB, 

Solid  Arch, — If  the  arch  is  solid  instead  of  framed,  we  have  in  (i),  (2),  and  (3),  page 
207,  ds  in  place  of  j,  and  in  place  of  av^  the  moment  of  inertia  /  of  the  cross-section  (page 
270).  Since  /  is  thus  supposed  to  be  known,  whereas  it  is  our  object  to  determine  it  at  every 
point,  we  first  suppose  /  or  the  cross-section  constant.  Having  thus  determined  provisional 
values  of  /,  we  can  use  these  values. 

For  flat  solid  arch  the  same  results  hold  as  for  flat  framed  arch  under  the  same 
conditions. 

Temperature  Stresses. — The  temperature  thrust  Hi  is  shown  by  the  principle  of 
least  work  (page  216)  to  be  given  by 

"^^'^-:yL=c.t, (12) 


E  ^0      ^^' 

where  E  is  the  coefficient  of  elasticity  and  e  the  coefficient  of  expansion  and  /  the  rise  or 
fall  of  temperature  above  or  below  the  mean  temperature  of  erection.  Values  of  e  are  given 
page  202  ;  values  of  E  on  page  270.  For  rise  of  temperature,  as  explained,  page  201,  Ht  is 
positive,  or  is  a  thrust ;  for  a  fall  it  is  negative,  or  is  a  pull. 

The  force  Ht  does  not  act  at  the  ends  A  and  B,  however,  as  in  Fig.  142,  but  at  the 
point  O  in  the  preceding  Figure  given  by 

-       C      '        ^•q^V' 
X  =  -f     J  = 

Equation  (12)  requires  that  the  areas  of  chord  sections  should  be  known,  whereas  these 
are  what  we  desire  to  find.  We  must,  in  general,  then,  find  provisional  values  of  a  by  first 
assuming  a  constant  value  for  ^  in  (12)  equal  to  the  chord  section  of  the  crown,  and  thus 
determining  provisional  areas.  These  areas  we  then  use  in  (12),  and  thus  find  the  actual 
areas. 

Denote  this  assumed  constant  area  of  chord  section  at  the  crown  by  a^.  We  then 
have  for  our  first  calculation,  for  constant  chord  section, 

«X''^-;-^''=- (-3) 

or  for  constant  depth  v  and  constant  chord  section 


^2/>-;)'  =  «' N) 
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Temperature  Thrust— Solid  Arch.— For  a  solid  arch  we  have  instead  of  (12)  the 
general  formula 

iM-^i-^'^*' 05) 

where  I  is  the  moment  of  inertia  at  any  point  and  x  and  y  are  co-ordinates  of  any  point  of 
the  neutral  axis. 

For  our  first  approximation  this  becomes,  for  constant  cross-section, 

;^jfO'-J)'^=^€/ (16) 

where  /,  is  the  moment  of  inertia  at  the  crown. 

Flat  Arch— Constant  Depth— Temperature  Thrust.— If  the  number  of  chord 
panels  is  large,  we  can  put  ds  for  s  in  (14);  and  if  the  depth  of  arch  is  small  compared  to  the 
rise,  we  can  put  _;'and  ;rin  (14),  the  co-ordinates  of  any  point  of  the  centre  line. 

We  have  then  for  framed  arches  of  constant  cross-section  and  constant  depth,  under 
these  conditions,  which  are  usually  complied  with  in  practice, 


H, 


-^f'(y-y)"ds=cet (17) 


For  solid  arches  we  simply  have  to  replace  a^v^  by  Z^. 

If  now  the  arch  is  flat,  we  can  put  dx  in  place  of  ds.    We  have  then 


H, 


Eaj^ 


£{y-yYdx  =  cet (18) 


If  A  is  the  area  between  the  chord  AB  and  the  centre  line  or  neutral  axis,  and  j/  is  the 
distance  of  the  centre  of  mass  of  this  area  above  AB^  we  have 

/  /dx  =  2Ay,         J  ydx  =  A. 

Hence  in  general,  for  flat  arches  of  constant  depth,  small  as  compared  to  rise,  and 
numerous  panels, 

_  Ea,v\et 

2  Ay  —  2  Ay  -(-  cy" 

For  a  solid  arch  replace  a^i^  by  /,. 

Flat  parabola, — For  a  flat  parabola,  if  r  is  the  rise  and^  the  span  of  centre  line,  A  =  \cr, 

y  =i^fy  =  f  ^.  and 

4SEa,v*€t 


//;  = 


AT' 


For  a  solid  arch  replace  a^v*  by  /,. 

Flat  Circle, — For  a  flat  circle,  we  see  from  (19)  that  if  the  area  A  is  unchanged  we  may 
use  the  same  formula  as  for  a  flat  parabola  of  same  area  and  span. 

Diagram  for  Ht. — If  ///  is  known  in  any  case,  the  resulting  stresses  are  easily  found 
for  every  member  directly,  by  a  single  diagram,  according  to  the  method  of  Chap.  I, 
page  12. 
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The  reader  may  be  in  some  doubt  as  to  how  to   start   the  diagram.      In  any  case, 
proceed  as  follows : 

Join  the  point  O  where  H^  acts  by  fictitious  members 
A'O  and  A'O  to  the  ends  of  the  upper  and  lower  chords. 

Then    starting   at  O  diagram    the   stresses   as  for    any 
frame. 


DEMONSTRATION  OF  THE  PRECEDING  FORMULAS. 

We  shall  now  give  the  derivation  of  the  formulas  given  in  this  chapter. 

Arch  Hinged  at  Ends  Only. — Let  the  load  P  be  at  a  distance  x^  from  the  left  end  A  ;  V^ 

and  F,  be  the  vertical  reactions  at  A  and  B^  and  H  the  horizontal  thrust 
Let  the  span  AB  =  c.     Then,  taking  moments  about  B^ 


-  V^c  +  P{c  -  X,)  =  o.  .-.    F,  =  />  -  ^•/>; 

F,  =  />-  F,  =-•/>. 


(i) 


The  value  of  F,  is  then  independent  of  the  shape  of  the  arch. 

Let  V  be  the  lever  arm  for  any  chord  member  and  Af  the  moment  at  the  centre  of  moments  for 

M 
that  member.     Then  the  stress  in  that  member  is  —       Let  a  be  the  area  of  cross-section  of  the 

member,  and  s  its  length.     Then  from  Chapter  VI  the  work  of  straining  the  member  is. 


Work  = 


JITs 


2Eav 


,«• 


The  total  work  of  straining  all  the  chord  members  is  then 

Work  =  —   ^^ 


2Eav 


t   y 


(I) 


and  this  work,  as  we  have  seen  from  Chapter  VI,  according  to  the  principle  of  least  work,  must  be 
a  minimum. 

Now  for  any  point  distant  x  from  A,  between  A  and  Py  we  have 

M^  Hy-V,x=^Hy-  Px-\-  ^^^. 


For  any  point  between  P  and  B^ 


Px^x 


M=Hy-V,x-^  P(x  -x,)=:Jfy-Px,+  — 
We  have  then  for  the  work  of  straining  all  the  chord  members,  from  (I), 


Work  = 


^0 

0 


Bye  -  P{c  -  x,)xy     s 


] 


2£a7 


:,+ 


^   rJfyc-Px.jc-x)'}'    s 


Since  the  work  is  thus  given  in  terms  of  If  and  known  quantities,  and  the  work  must  be  a 
minimum,   we   differentiate  with   reference   to  Jly  and   put   the  differential  coefficient  equal  to 


zero. 


We  thus  obtain 
rt^(work) 


dJf 


o  = 


rifyV  -  Pcyjc  -  x:)x-\     s         --'  \  Hfc'  -  Pcx,y{c  -  xr\     s 
L  c'  J  ^a7'' "^  *^,.  L  c'  JEa 


J  £av''' 


THE  BRACED  ARCH. 


215 


Hence,  by  reduction, 


H 


0  ar;'      ^''* 


(2) 


This  is  equation  (2),  on  page  197. 

Temperature  Thrust. — If  e  is  the  coefficient   of  expansion  and  /  the  rise  or  fall  of  temper- 
ature, the  change  of  span  is  cet.     The  work  is  then 

Htcet 


The  moment  at  any  point  is  Hty^  and  from  (1)  we  have  the  work 


0  2Eav^' 


Hence, 


H, 


C€t 


HtVs 


or 


Hi 


^  =  cet. 

0  av 


2        ^0  2Eai^ 

This  is  equation  (12),  page  202. 

The  other  equations  for  this  case  are  deduced  in  the  text. 

Arch  with  Fixed  Ends. — Let  O  be  the  centre  of  mass  of  the  arch,  and  its  co-ordinates  be 

x^y.     Then  we  must  have 

2j  j(>'  —  y)  =  o,     ^0  A^  —  ^)  =  o,     -^  =    -. 


B 


V, ' 


V 


H 


We  have  at  the  left  end  the  reactions  F,,  Hy  and  the  moment  M^,     a  fvT 7 — ^ 

The  resultant  pressure  is  in  the  direction  Ea.      Draw  through   O  a     m>      "    /' 
jiarallel  OA'  to  Eoi,     If  now  we  consider  O  as  a  fixed  point,  rigidly  ^ 

connected  to  the  arch  at  A'  by  members  OA'  and  OA^  we  can  remove 
the  abutment  at  A  and  equilibrium  will  still  exist.  We  shall  then  have 
at  O  the  reactions  F,  and  H,  and  the  moment  m. 

For  any  point  distant  x  from  A^  between  A  and  P,  we  have 

M  =  H(y  -^y)  -  y,{x  -  ~x)  +  m. 
For  any  point  between  P  and  B  we  have 

M  =  H(y  -7)  -  VXx  -  I)  +  P{x  -  X,)  +  m. 
We  have  then  as  in  the  preceding  case,  for  the  work  of  straining  all  the  chord  members. 


Work  =  S^"  [^fcZL-_^i-^ziI±HJ:  ^ 

0  2Eav  —  jfo 


2Eav^ 


Since  Hy  F,,  and  m  must  have  such  values  as  to  make  the  work  a  minimum,  we  place  the  first 
differential  coefficients  of  the  work  with  reference  to  H^  F„  and  pi  equal  to  zero. 
Hence, 


4 work)  _      _  -^^  [w  +  H{y  -  y)  -  V,(x  -  x)]s 


dm 
d^(work) 

(/(work) 


4 


'  p{x-x:ss 

'0 


'  iKi^-A-Hiy  -3^)  ^m]{x-x)s  __  ^'  P(x  -  x)(x  -  ^,)j 


^^   [H{y-y^- 


dH 


—  =  o 


Eai^ 
V,(x  —  x)  +  m](y  —y)s 


JfO 


Eav* 


Eav^ 


+ 


' PKy  -  y){x  -  x,)5 


«• 


Eav^ 
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But  since  '5'' (y  —  y)s  =  o  and  ^    (x  —  :r)x  =  o  and  x  =  -,  these  equations  reduce  to 

««2^^.  =  -/'2''-^^^^. (I) 


c^(*-7)  '•'<*-*.)(*-,-) 


^  ^  ^iLzjl  ^-P^'<^-  -')^y  -^) (3) 

These  are  equations  (i),  (2),  and  (3),  page  207. 

Temperature  Thrust. — For  the  temperature  thrust  Ht  acting  at  O,  we  have  the  moment  at  any 
pointy 

M^Hiiy-^). 

Hence  from  (I)  the  work  is 

0       2Eav* 


We  have  also  the  work  given  by 


Hence, 


2 


This  is  equation  (12),  page  212. 

The  other  equations  for  this  case  are  deduced  in  the  text. 


CHAPTER  X. 

COMPOSITE   STRUCTURES— SUSPENSION   SYSTEM   WITH   STIFFENING  TRUSS. 


Each  of  the  structures  of  the  preceding  chapter  may  be  inverted,  and  constitutes  in 
such  case  an  inverted  arch  or  rigid  suspension  system.  The  method  of  calculation  is  then 
precisely  the  same,  the  only  difference  being  that  the  horizontal  thrust  at  the  end  of  the 
arch  becomes  a  horizontal  pull  at  the  ends  of  the  cable,  and  therefore  members  which  were 
in  compression  are  now  in  tension,  and  vice  versa. 

Suspension  System. — A  common  construction  for  long  spans,  however,  is  that  shown 
in  Fig.  148.  Such  a  structure  we  may  call  a  **  com- 
posite'* system,  that  is,  it  consists  of  two  different 
systems  which  act  together.  Fig.  148  represents  the 
most  important  of  these,  known  as  the  **  suspension 
system.**  It  consists  of  a  flexible  chain  or  cable  which  \  1 
is  stiffened  under  the  action  of  partial  loads  by  a  truss,  t 
The  truss  is  slung  from  the  cable  by  suspenders,  and 
may  be  of  any  design,  either  double  or  single  intersection,  Pratt,  etc.  The  cable  carries 
the  entire  dead  weight,  that  is,  the  suspenders  are  screwed  up  until  the  ends  of  the  truss 
just  bear  on  the  abutments.  The  office  of  the  truss  is  thus  to  stiffen  the  cable  and  prevent 
change  of  shape  and  oscillation  due  to  partial  and  moving  loads.  It  also  acts  to  support  its 
share  of  the  moving  load.  There  are  usually  side  spans  at  each  end.  In  any  case  the 
cable  passes  over  rollers  on  top  of  the  towers,  and  is  carried  on  beyond  and  firmly  fastened 
to  large  anchorages  of  masonry. 

Defects  of  the  System. — The  principal  defect  of  this  system  is  its  lack  of  rigidity. 
The  cable  possesses  little  inherent  rigidity,  and  the  stiffness  is  due  almost  entirely  therefore 
to  the  truss. 

A  second  disadvantage  is  that  a  rise  of  temperature,  by  increasing  the  deflection, 
throws  considerable  load  on  the  truss.  To  obviate  this  objection,  the  truss  may  be  hinged 
at  the  centre  and  placed  on  rollers  at  the  ends. 

Advantages  of  the  System. — It  is  evident  from  the  preceding  that  the  system  is 
best  applied  to  long  spans.  The  cable,  then,  carries  the  dead  weight,  and  by  reason  of  its 
own  very  considerable  weight  in  such  case  resists  in  some  degree  the  deforming  action 
of  partial  loads.  The  truss  can  thus  be  very  light  compared  to  what  it  would  have  to  be 
if  there  were  no  cable. 

Stays  Unnecessary. — The  system  is  accordingly  in  practice  applied  only  to  very 

long  spans.     In  such  case,  with  cables  made  of  steel  wire  it  admits  of  great  economy. 

But,  owing  to  lack  of  rigidity,  additional  stiffness  is  sought  to  be  obtained  by  the  intro- 

duction  of  stays  reaching  from  the  top  of  the  tower  to  various  points  of  the  truss,  as  shown  in 

Fig.  149.     The  use  of  these  is  not  to  be  recommended.     They 

render  the  correct  determination  of  the  stresses  indeterminate. 

A  load  at  any  point  may  be  carried  entirely  by  the  suspender 

and  stay  at  that  point,  or  by  the  suspender  and  truss,  or  by  the 

stay  and  truss.     It  is  impossible  to  tell  exactly  the  duty  per-  t! 

formed  by  each;  and  even  if  it  were  not,  it  would  be  impossible 

to  so  adjust  the  several  systems  that  each  shall  take  its  proper  share.     If  such  adjustment 
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could  be  made,  it  would  not  last.  Variations  of  stress,  set,  and  elongation  of  members, 
shocks  and  vibrations,  rise  and  fall  of  temperature,  would  constantly  disturb  such 
adjustment. 

The  stays  are  also  superfluous.  The  truss  is  a  rigid  construction.  It  ought  to  render 
rigid  the  system  of  which  it  forms  a  part,  and  should  be  so  designed  as  to  perform  its  duty 
without  help.  If  such  superfluous  members  are  introduced,  they  can  then  be  considered 
as  an  extra  addition,  contributing  to  strength  and  stiffness.  But  the  truss  should  be 
designed  without  reference  to  their  action. 

Shape  of  Cable. — The  curve  of  the  cable  for  a  uniformly  distributed  load  per  unit 
Fiff.  150.  of  horizontal  length  is  a  parabola.     This  is  easily  proved. 

^^ Sr -?  Let  the  span  or  chord  of  the  cable  AB  be  c.  Fig.  150,  and  the  rise 

N*  ^y    be  r.     Then  if  w  be  the  load  per  unit  of  horizontal  length,  we  have, 

"'        6    *  taking  moments  about  By  if  H  is  the  horizontal  pull  at  the  bottom  C, 

— //^r+-o"=o     or     If=— (i) 

Equation  (i)  gives  the  horizontal  pull  If  of  the  cable.*  This  is  evidently  the  same  at 
every  point. 

If  now  we  take  moments  about  any  point  P  distant  x  from  C,  we  have,  if  j/  is  the 
ordinate  of  this  point  for  origin  at  C, 

,,     .  wx*  wx* 

-Hy+-^  =  o    or    y=-^. 

Inserting  the  value  of  H  from  (i)  we  have 

>=^. « 

which  is  the  equation  of  a  parabola. 

Hence  the  curve  of  a  flexible  string  uniformly  loaded  along  the  horizontal  is  a  parabola. 

Length  of  Cable. — In  the  system  shown  in  Fig.  148,  the  cable  carries  the  entire 
dead  load  of  the  truss,  as  the  suspenders  are  supposed  to  be  so  adjusted  during  erection 
that  the  truss  just  bears.  The  weight  of  truss,  flooring,  suspenders,  etc.,  may,  be  taken  as 
very  nearly  uniform,  as  the  variation  of  weight  due  to  variation  of  cross-section  of  chords 
and  braces,  and  difference  in  length  of  suspenders,  can  be  neglected  in  comparison  with  the 
uniform  dead  weight  of  flooring,  wind  bracing,  etc.  Moreover,  this  uniform  load  is  very 
great  compared  to  weight  of  cables.  The  actual  curve  of  the  cable  may  then  be  considered 
as  very  closely  a  parabola,  as  given  by  equation  (2). 

Differentiating  (2)  we  obtain 

dy  __  %rx 
If  the  length  of  the  cable  is  s,  we  have 


ds  =  Vdx^  + 


d/  =  dx^Ji  +  i^. 


dy 
Inserting  the  value  for  -^,  we  obtain 


ds 


*  If  w  is  taken  for  the  whole  bridge,  ihe  value  of  H  mii?^t  l)r  divided  among  the  number  of  cables. 
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r* 


For  long  spans  the  ratio  -  of  versed  sine  to  span  is  small,  and  -,  can  be  neglected. 

c  ff 

We  have  then  approximately 

ds  =  dx[x^^^ (3) 

C  ^  e 

Integrating  between  the  limits  ;r  =  +  ""  ^"^  ;r  =  —  -,  we  have  for  the  length  of  cable 

"=4'  +  y/ <4) 

Equation  (4)  gives  the  length  of  cable  when  the  span  c  and  versine  r  are  given,  and 

r 
the  ratio  -  is  small ;  that  is,  for  long  spans. 

Deflection  of  Cable. — Let  the  cable  carry  a  uniformly  distributed  load.     The  new 
curve  will  be  a  parabola  of  same  span  whose  new  length  j,  will  be  from  (4) 


.  =  '(-+^) (5) 


The  distance  of  any  point  P  of  the  cable  (Fig.   150)   below  the  horizontal  AB  before 
deflection  is,  from  (2), 

r-y=r--^, 

where  X'  is  the  distance  of  the  point  P  from  the  centre  C. 

The  distance  of  the  same  point  of  the  deflected  cable  below  AB  is  then 

« 

where  r,  is  the  new  versine. 

The  difference  of  these  two  distances  is  the  deflection  S^  at  any  point.     Hence 

fi,  =  r-r,-^{r-r,). (6) 

It  remains  to  find  the  value  of  (r  —  r,)  and  substitute  in  (6). 

Let  f  be  the  strain  per  unit  of  length  at  any  point  where  the  area  of  cross-section  is  A* 

The  stress  at  any  point  is  -^n?-.     If  -f,  is  the  coefficient  of  elasticity  for  the  cable,  we 

have  (Chapter  VI,  page  149) 

Hds 
''=^EMi (7) 

The  cable  may  be  composed  of  links  and  pins,  or  of  wires.  The  last  is  more  common. 
In  the  first  case  the  cross-section  should  vary  so  that  the  unit  stress  at  every  point  shall  be 
constant.  In  the  second  case  the  cross-section  at  every  point  must  be  constant  and  equal 
to  the  cross-section  required  by  the  greatest  stress,  that  is,  to  the  cross-section  at  the  ends. 

Let  us  take  these  two  cases  separately. 
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C 

\st.  Cross-section  Constant. — For  this  case  we  have  from  (3),  by  making  ;r  =  -  for  the 
secant  of  the  angle  of  inclination  at  the  ends, 

sec  I  =  I  H — r. 

The  stress  at  the  end  is  then 

H sec  i  =  H\i  -| — rl* 

If  (T,  is  the  allowable  unit  stress  for  which  the  cable  is  designed,  then  the  constant 
area  of  cross-section  must  be 


A  = 


4+?) 


Substituting  this  value  of  A  in  (7),  we  have  the  strain  per  unit  of  length  . 

Cfs 


_  (T,  as dx  \ 


ds        dx\      ^coc//>?  ^^^  ^  ^ 


where  ^,  denotes  the  strain  per  unit  of  length  at  the  centre  C,  so  that 


<r, 


We  have  then  from  (3) 


The  strain  of  any  element  ds  of  the  cable  is  then  eds^  and  the  new  length  of  this 
element  is  ^  +  ^^'     We  have  then  from  (3) 

Integrating  between  ^  =  H —  and  ^r  =  —  — ,  we  have 

^.  =  ^i  +  OL»  +  y  +  3^(,  +  ,.)  +  5,Xi  +  O  J- 
Since  -  is  a  small  fraction  for  long  spans,  and  — r^—  = is  also  a  small  fraction. 

we  can  neglect  the  last  two  terms,  and  have  approximately  for  long  spans 

(8r*\ 
'  +  3?/' 

Equating  this  with  (S),  we  have 


(.+'.)(.+ S)  =  4  +  1^) <9) 
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From  this  equation  we  find  the  new  versine  «/,.     Thus 


Since  e^  is  a  small  fraction,  this  becomes  approximately 

or  (/ 

or,  since  -  is  a  small  fraction,  approximately 
c 


r.  —  r  = 


i6r' 


Substituting  this  in  (6),  we  obtain  for  the  deflection  of  the  cable  at  any  point  distant 
X  from  the  centre,  for  constant  cross-section  y 


*.  =  -  ^;(^' -  4^) ; (lo) 


or,  putting  for  e,  its  value  from  (8), 


*.  = 7-^-^5-;r-(^-4^),       .' (II) 


i6r 


(■ + ?)^. 


where  (T,  is  the  unit  stress  at  the  end  for  which  the  cable  is  designed.     The  minus  sign 
denotes  that  the  deflection  is  below  the  original  unloaded  curve. 
If  we  put  for  (T,  its  value 


H 


(■+'f) 


and  put  for  //"its  value  from  (i), 


8r 


we  have 


■--i^sy-*^- <'^' 


Equation  (12)  gives  the  deflection  when  the  load  w  per  unit  of  length  and  the  constant 
area  of  cross-section  A  are  known;  equation  (11)  the  deflection  when  the  cable  is  loaded 
up  to  its  allowable  unit  stress  cr,  at  the  ends ;  equation  (10)  when  the  strain  per  unit  of 
length  at  the  centre  is  known. 

2d.  When  the  unit  stress  is  constant. — In  this  case  if  the  unit  stress  for  which  the  cable 
is  designed  is  as  before  cr,,  and  A^  is  the  area  of  cross-section  at  the  centre,  we  have 

^  =  0-,     and     ^  "^  ^^~E~A *     '^* 
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Since  then  e  is  constant,  the  new  length  of  the  cable  will  be  {e-\- «,)  and  equating 

with  (5),  ^  .s-/^ ...    ■  ^.^  s  +  CS 

or  from  (4), 


<■  +  %f  +  ->  =  '(■  +  3^> 


This  is  the  same  as  equation  (9),  except  that  we  have  e  in  place  of  e^  We  proceed 
then  just  as  before,  and  obtain  for  constant  unit  stress^ 

*'  =  -^(^-4*0 (14) 

or,  putting  for  e  its  value  from  (13), 

'^  =  -£ky-^'^ (^5) 

'^^-T^^Ay-^^ (»^ 

Deflection  of  Cable  due  to  Temperature. — Let  e  be  the  coefficient  of  expan- 
sion for  the  cable  for  one  degree  and  /  the  number  of  degrees  above  or  below  thetempera- 
ture  of  erection.  Then  the  elongation  or  contraction  per  unit  of  length  is  et.  If  we 
substitute  this  in  (10)  or  (14)  in  place  of  e^  or  ^,  we  have  for  the  deflection  at  any  point 
du«  to  a  rise  or  fall  of  temperature, 

*.  =  -f|(^-4^) (17) 

For  a  rise  of  temperature  /  is  to  be  taken  positive ;  for  a  fall  of  temperature  /  is  to  be 
taken  negative.  If  6^  comes  out  negative,  it  indicates  that  the  deflection  is  below  the  mean 
position  of  cable.     If  positive,  above. 

Work  of  Live  Load  in  Straining  Cable.— The  stress  at  any  point  of  the  cable  is 

where  H  is  the  horizontal  pull. 

Let  w  be  the  uniform  load  per  unit  of  horizontal  length  when  the  live  load  covers  the 
whole  span.  The  cable  carries  a  portion  of  this  load,  which  we  shall  denote  by  0w.  There- 
fore 0  is  a  fraction  which  we  shall  determine  later  by  the  principle  of  least  work. 

We  have  from  (i),  for  live  load, 

"^  ^' 

and  hence 

^ (fywc^ds 

%rdx" 

From  Chapter  VI,  page  150,  the  work  of  the  live  load  in  straining  the  cable  is  then, 
in  general, 

c 


work  -J  ^  —^-^-^^, 
i 
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where  A^  is  the  area  of  cross-section  at  any  point  of  the  cable  and  E^  is  the  coefficient  of 
elasticity  for  the  cable. 

If  the  cross-section  is  constant  A^  is  constant.     We  have  then  for  this  case 


work  -  •-^:^-   C''^ 


If  the  cross-section  varies  so  that  the  unit  stress  is  constant,  let  A^  be  the  cross-section 

ds 
at  bottom.     Then  the  cross-section  at  any  other  point  is  ^,— ,  and  we  have  for  this  case 

work  = 


I28r'i4,i6\  y   ,  dx' 

~8 


Now  we  have  from  (3) 


^ = (i + ^>. 


Hence,  neglecting  higher  powers  of  -, 


ds^      /     ,   64r';r-\  .  ds^       I     ,   96rV\  . 

J  ,  dx'~         zc       '  J  ,  dx' "       c 


Substituting,  we  have 

for  constant  cross-section^ 


-^-'^^mp-' ■•••<■" 


for  constant  unit  stress. 


i«-.. «>.« 


^^^'^ = ils;^/^^' + '^^) ^^^) 

If  we  have  a  concentrated  load  Pat  any  point  on  the  truss,  let  the  portion  of  this  load 
carried  by  the  cable  be  0,/l     Then,  since  this  load  is  uniformly  distributed  over  the  cable 

by  the  truss,  the  load  per  unit  of  horizontal  length  is  ^^—.     Equations  (18)  and  (19)  become 

c 

for  this  case : 

for  constant  cross-section^ 

-°'^  =  fI^^+«'^' ^=°) 

for  constant  unit  stress. 
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Work  of  Live  Load  in  Straining  Suspenders.— Let  the  panel  length  be/  and 
the  length  of  a  suspender  be  /.     Then  we  have  for  any  suspender  the  stress 

S  =  (fnvfi 
and  for  the  work  of  all  the  suspenders, 

where  A^  is  the  area  of  cross-section   of  a  suspender,  J5,  the  coefficient  of  elasticity  for 

the  suspenders,  and  ^V  the  sum  of  the  lengths  of  all  the  suspenders. 

If  we  have  a  concentrated  load  Pat  any  point  on  the  truss,  let  the  portion  of  this  load 

carried  by  the  cable  be  0,/*  as  before.     Then  the  load  of  the  cable  per  unit  of  horizontal 

0  P 
length  is  — ^ ,  and  the  stress  of  a  suspender  is 

c 
The  work,  then,  in  this  case  is 

*°'-'^  =  ^^' <^3) 

Work  of  Live  Load  in  Straining  Truss.— Let  the  live  load  w  per  unit  of  length 
cover  the  whole  span,  and  the  portion  carried  by  the  truss  be  (i  —  (p)w.  If  h  is  the  height 
of  truss  and  M  the  moment  at  any  point,  then  the  stress  in  the  chord  at  that  point  is 

^  ""  T' 

We  have,  then,  considering  the  panel  length  as  small  compared  to  the  whole  span  c 
(Chapter  VI,  page  150), 


work 


-    /      2E^Ar 


where  E^  is  the  coefficient  of  elasticity  for  the  truss,  and  A^  the  chord  section,  supposed 
constant. 

Now  the  reaction  at  the  left  end  is.  Fig.  151,  «  ^**'  **** 


_  (i  —  <t^wc 


and  the  moment  at  any  point  distant  x  from  the  left  is 

*        '  2  2 

Substituting  this  value  of  M^ ,  we  have 


0 
Performing  the  integration,  we  obtain 


"^"'^  =J%E^''  -  '^'^''"'• 


work  =  ^ ^  -ru- (24) 
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Let  a  concentrated  load  P  be  placed  on  the  truss  at  a  distance  z^  from  the  left  end 
and  z^  from  the  right  end,  Fig.  152.  Let  the  cable  carry  the  portion  0,-P  of  this  load. 
The  load  of  the  cable  per  unit  of  horizontal  length  is  then  FUr*  15S. 

^^  uniformly  distributed  by  means  of  the  truss.  IVVt  t  TVrt"t't  T  tft'tt  t1 

This,  therefore,  acts  as  a  uniform  upward  load  on  the 
truss. 

The  reaction  at  the  left  end  is,  then, 


and  the  reaction  i?,  at  the  right  end  is 

The  moment  for  any  point  between  the  left  end  and  P  is  then 

*  ^  2C  2C    ^  '  C 

For  any  point  between  Pand  the  right  end  we  have,  taking  x  from  the  right  end, 

•  ^  2C  2C    ^  '  C 

We  have,  then,  for  the  work, 

work    =        /         ^  *  (^    —    ^) —  ^     r>    »«  +      /  -        —  (^    —   •^) ^  A     Z7   I.«* 

J^    \_   2c  ^  ^         c   A2A^hje^ J^    \_   2c  ^  c    J2A,£,A^ 

Performing  the  integrations,  we  obtain 

work  =  ^^£^.  [[  lO^X^-,'  +  O  -  I  S<^:  +  0  +  6(^/  +  O] <P:  +  40z:z:{z,  +  z,) 

+  [i(^:  +  ^:)-4c{^:+^m^o<p,z,zi\ (25) 

Determination  of  0  and  0,  by  the  Principle  of  Least  Work.— In  the  pre- 

ceding  articles  we  have  found  the  work  of  the  live  load  in  straining  the  cable,  suspenders, 
and  truss,  both  for  a  uniform  live  load  w  per  unit  of  horizontal  length  and  for  a  concen- 
trated live  load  P,  In  each  case  the  work  is  given  in  terms  of  known  quantities  and  the 
fractions  0  and  0,,  or  the  portions  of  w  and  P  carried  by  the  cable.  The  portions  carried 
by  the  truss  are,  then,  (i  —  0)  and  (i  —  0,). 

According  to  the  principle  of  least  work  (Chapter  VI)  the  values  of  0  and  0,  must 
make  the  work  on  the  system  a  minimum,  in  each  case. 

1st.  Uniform  Live  Load— Constant  Cable  Section.— Yox  live  load  over  the  whole  span 
and  constant  cable  cross-section,  the  work  on  the  system  is  the  sum  of  (18),  (22),  and  (24). 
Hence  we  have 

,,,^,1,  -  0'«^^(^' +  Sf*)  ,  <ifvff2l     (I  -  ^ra/*^' (26) 
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The  stress  at  the  centre  of  the  cable  is,  from  (i), 

8r 

At  the  end,  we  have  by  making  4-  =  -  in  (3),  the  secant  of  the  angle  of  inclination  1, 

.      ds  .   8r* 

sec  J  =  -;-  =  I  4-  -i-. 
ax  '    ^ 

Hence  the  stress  at  the  end  is 

(u  +  <pwy  _  (u  +  <t>'w^{e  +  Sr') 

If  cr,  is  the  unit  stress  for  which  the  cable  is  designed,  we  have 

^       («  +  <tnvW  +  80 

*  8r<7,  ^^' 

If  (T,  is  the  unit  stress  for  the  suspenders,  we  have 

^.  =  ^-^^. (28) 

The  stress  at  the  centre  of  the  truss  is 

(i  —  (t>)w<? 
8A 

We  may  take,  then,  for  the  average  value  of  A^ , 

^•-       i6>i(7. (29) 

where  cr,  is  the  unit  stress  for  the  truss. 

Inserting  the  values  of  -^,,  A^y  A^  in  (26),  differentiating  with  reference  to  0  and  put- 
ting the  first  diflerential  coefficient  equal  to  zero,  we  obtain  for  the  value  of  0  which 
makes  the  work  on  the  system  a  minimum, 

2d.  Uniform  Live  Load— Constant  Unit  Stress  in  the  Cable. — For  live  load  over  the 
whole  span  and  cross-section  of  the  cable  varying  so  that  the  unit  stress  is  constant,  the 
^ork  on  the  system  is  the  sum  of  (19),  (22),  and  (24).  But  in  this  case  if  o-,  is  the  unit 
stress  for  the  cable 

^.=^^^t^' <5*) 

atnd  A,,  A,  are  the  same  as  given  by  (28)  and  (29).    We  have,  then, 

work  -  ^'"^Vfl-.(3^  +  i6r')        0VX:^//     ,  (1  -  0)<r.tw^ 
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DiflFerentiating  with  reference  to  0  and  putting  the  first  differential  coefHcient  equal  to 
zero,  we  obtain  for  the  value  of  0,  which  makes  the  work  on  the  system  a  minimum, 


^=--+7 


-+-       / 

W«      '      tat  I 


3^.  Concentrated  Live  Load  P — Constant  Cable  Cross-section. — For  a  concentrated  load 
P  at  any  point  of  the  truss  distant  z^  from  the  left  end  and  z^  from  the  right  end,  and  con- 
stant cable  cross-section,  the  work  on  the  system  is  the  sum  of  (20),  (23),  and  (25). 

Differentiating  with  respect  to  0,,  and  putting  the  first  differential  coefficient  equal  to 
zero,  we  obtain  for  the  value  of  0^ 


»Vk«V/'^»'^«      I      ^5     J/    •      I      o     \\^  ^t^% 


i<v'(^.'  +  V)  -  1 5<^.'  +  ^,*)  +  6(^.'  +  z:)  +  1 20/4y iVj^l  +  ^  ^(^'  +  8r')  ^|^ 

where  the  values  of  A^,  A^,  A^  are  given  by  (27),  (28),  and  (29). 

We  can  put  this  equation  in  a  more  convenient  shape  for  computation  as  follows  :  Let 
N  be  the  number  of  panels,  and 

z,       «,  n, 

-  =^    or    z,=-^c, 

z^       «,  «, 

7  =  ^  °'  ''=n'' 

so  that  for  any  panel  load  P,  «,  is  simply  the  number  of  panels  from  the  left  end  and  «,  the 
number  of  panels  from  the  right  end.     Inserting  these  values  of  z,  and  2,,  we  obtain 

^ 5«.«.[4iy(«.'  +  «.')  -  3(«.'  +  «.•)] 

ioiV(«,'+»,")-i5Ar(«,*+»/)+6(«.*+«,*)+-^  |_ c'^,^,  '    '.j.    Jv    3^y^^         'J 

But  we  have 

and  hence 

«.*  +  «.'  =  iV'  -  2»,»„ 

«;  +  «.•  =  N[Ar  -  3«,«.], 

«.*  +  «.*  =  iV^  [A^  -  3«,».l  -  «.«.[A^  -  2«.«,], 

«,•  +  «,*  =  i\r[iV»  _  3«,«,]  _  «.«.A^[;\r  -  3«,«,]  -  «.«.-Ar[;V^  _  2«.«,], 

Substituting  these  values  and  reducing,  we  have 

^ 5».«.(A^  +  «,«.) 

^L    + ^'^, '•    8fV'  £,A,        J         '    •    •    •      (33 

where  N  is  the  number  of  panels,  n^  the  nuipber  of  panels  from  the  left  end,  and  «,  from 
the  right  end,  to  any  load  P,  and  ^„  ^„  A^  are  given  by  (27),  (28),  (29). 

.    Equation  (33)  is  easy  find  rapid  of  application  in  any  special  case.    (See  example, 
page  234.) 
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4/A.  Concentrated  Live  Load  P— Constant  Unit  Stress  in  Cable. — For  this  case  the  work 
on  the  system  is  the  sum  of  (21),  (23),  and  (25).    Hence,  proceeding  just  as  before,  we  obtain 

01  = 


where  A^  is  given  by  (31),  and  A^,  A^  by  (28)  and  (29). 

Load  of  Truss  Due  to  Change  of  Temperature. — From  (17)  we  have  for  the 
deflection  ^,  of  cable  at  centre,  due  to  change  of  temperature, 

^'  =  "  167' 

where  6  is  the  coefficient  of  expansion  and  /  the  number  of  degrees  above  or  below  the 
mean  temperature  of  erection. 

The  deflection  J,  of  the  truss  at  centre  for  a  uniform  load  //  per  unit  of  length,  is 
given  by  the. Theory  of  Flexure  (Appendix,  page  303). 

sue' 


24E,A,A' ' 
or,  inserting  the  value  of  A^  from  (29), 

io«^V, 


J.  = 


•  -  3>4(i  -  k)w£: 

If  we  equate  ^,  and  J,,  we  have,  for  the  uniform  load  u^  of  the  truss  due  to  change  of 
temperature, 

get/ii  1  —  <p)wE^  ,     ^ 

"'  =  -  .6or«r.        (35) 

This  load  is  upwards  or  positive  for  a  fall  of  temperature,  or  /  minus,  and  downwards 
for  a  rise  of  temperature,  or  /  plus. 

Recapitulation. — We  group  together  here  for  convenience  of  use  and  reference  the 
formulas  necessary  for  the  calculation  of  the  stresses  in  a  suspension  system  in  proper 
order. 

From  (2)  we  have,  for  the  equation  of  the  cable, 

^=^ (■) 

where  r  is  the  versine  of  the  cable,  c  the  chord  or  span,  x  and  j  the  co-ordinates  for  any 
point,  for  origin  at  centre  of  cable. 

By  the  application  of  (I)  we  can  find  the  length  of  each  suspender,  and  thus  find  21, 
the  sum  of  the  length  of  all  the  suspenders. 

We  can  now  find  0,  the  fraction  of  the  live  load  carried  by  the  cable.  Thus,  from  (30), 
we  have,  for  cable  of  constant  cross-section. 


^=-1+1   I h m 
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For  cable  of  constant  unit  stress  we  have,  from  (32), 


w      tv 


f \6^ 


where  u  is  the  dead  load  and  w  the  live  load  per  unit  of  horizontal  length ;  c  the  chord  or 
span ;  r  the  versine  of  cable ;  A  the  depth  of  truss ;  p  the  panel  length ;  iV  the  sum  of  the 
lengths  of  the  suspenders;  £^,  £„  £^  the  coefficients  of  elasticity  for  cable,  suspenders,  and 
truss  respectively ;  and  <7,,  <7,,  <7,  the  unit  stress  for  cable,  suspenders,  and  truss  respectively. 
From  (35)  we  find  the  equivalent  load  per  unit  of  horizontal  length  Ug  due  to  tempera- 
ture, 

- '  ^"^r^- ("» 

where  e  is  the  coefficient  of  expansion ;  /  the  number  of  degrees  above  or  below  the  mean 
temperature  of  erection ;  r  the  versine  of  cable ;  A  the  depth  of  truss;  w  the  live  load  per 
unit  of  horizontal  length ;  £^  and  (7,  the  coefficient  of  elasticity  and  the  unit  stress  for  the 
truss,  and  <f>  is  given  by  (II)  or  (IT)- 

From  (27)  we  have  now  for  the  area  of  the  cable  for  constant  cross-section  * 


(I/,  4- /,  +  0^)(r«  +  8r') 
^' "  8r<7.  • 


(IV) 


or  for  cable  of  constant  unit  stress  from  (31)  the  area  at  the  centre  is* 


A,=^J^^+J^^y; (IV) 


and  at  any  other  point  from  (3), 

where  x  is  the  distance  from  centre. 

For  the  area  of  a  suspender,*  we  have  from  (28) 


^   ^{ut  +  u+  4>w)p 


^. 


From  (29)  we  can  now  find  the  average  cross-section  for  the  trussf 

-<.='-^^. (V') 


acd  therefore  we  know  the  values  of 


A^  A^ 

—r     and     -J—. 
A^  A, 


*  If  «  and  w  are  taken  for  the  whole  bridge,  the  area  must  be  divided  among  the  number  of  cables  and  their 
suspenders. 

f  If  w  is  taken  for  the  whole  bridge,  the  truss  area  must  be  divided  among  the  number  of  trusses. 
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We  can  now  find  0, ,  the  fraction  of  any  panel  live  load  P  carried  by  the  cable,  for 
cable  of  constant  cross- section  from  (33) 

A^^ff    I    ^^o^Y^i£^A^    ,    iS(^'  +  8r')A'^,/f,n^      ....      (VII) 
^  L'  "^         i-E^,         +         8^V£,^,        J 

where  N  is  the  number  of  panels  in  the  truss ;  «,  and  «,  the  number  of  panels  left  and  rignt 
of  the  panel  live  load. 

For  cable  of  constant  unit  stress  we  have  from  (34) 

Sn.nXN*  +  n^n^) ^ 

^  L  ^•^.^.         "^  Sc'r*£,A,         J 

We  now  have  for  the  left  reaction  of  the  truss  for  any  panel  live  load  P, 

*.  =  ^-^ (vn.) 

Maximum  Moment  and  Shear  in  Truss.— By  the  application  of  (VII)  or  (VIF) 

we  can  find  0,  for  each  panel  live  load  P,  and  then  by  the  application  j^^  ^^-3^ 

of  (VIII)  we  can  find  the  left  reaction  R,  for  each  panel  live  load.     In  p 

any  special  case  we  should  find  that  for  a  certain  distance  ^,  =  B£,    ^R.  Eftttt 

F>g   I53»  from  the  right  end,  every  panel  live  load  causes  a  negative    ^^ZT^LZ^?^ 
reaction,  — -^,,  at  the  left   end,  while   for  the   remaining  distance,      p^TT^^P 
^j  =  A£t  every  panel  live  load  causes  a  positive  reaction,  +  -^1  >  at  the 
left  end.     The  truss  must  then  be  held  down  at  the  ends. 

Maximum  Negative  Moment, — The  maximum  negative  moment,  then,  for  any  point  of 
the  left  half  span  will  be  as  shown  in  Fig.  153,  when  the  live  load  covers  the  distance  A£ 
only.     The  reaction  for  this  loading  will  then  be 

B 
A 

or  the  sum  of  the  reactions  for  all  the  panel  live  loads  P  between  £  and  A.  This  reaction 
will  be  increased  by  the  uniform  temperature  load  «^  due  to  rise  of  temperature,  so  that  the 
total  reaction  at  the  left  end  for  the  loading  of  Fig.  153  is 

A  2 

where  N\%  the  total  number  of  panels  in  the  truss  and/  is  the  panel  length. 
The  upward  uniform  load  due  to  the  cable  is 

P     ^ 

C  A 

P 

or  —  multiplied  by  the  sum  of  the  values  of  0,  for  all  the  panel  live  loads  between  £  and 
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il\ 


A.    This  is  diminished  by  the  temperature  load  u^  due  to  rise  of  temperature,  so  that  the 
resultant  uniform  upward  load  w  is 

P    ^ 
w,  =  -  2;  0,  —  I/^ 

C         A 

\lp  is  the  panel  leng^th,  this  gives  an  upward  panel  load  at  every  panel,  since  Np  =  c^  of 

P    ^ 
'^xP-j^^jt>,  —  Utp. 

We  have  then  for  the  maximum  negative  moment  at  any  panel  point  of  the  left  half 
span,  if  n  is  the  number  of  panels  from  the  left  end  to  the  point, 

M  =  ^  Rxnp  +  -^^ ^P ^^ '^iF^ 


or 


i/=-«/[^'^^^.+^-^«-^J+^l)?[P-^/0. +  «,/]..     .    (IX) 

Maximum  Positive  Moment. — Since  all  loads  from  B  to  £  cause  a  negative  reaction  at 
I  he  left  end,  the  maximum  positive  moment  for  any  point  of  the  left  half  span  will  be  as 
shown  in  Fig.  154,  when  the  live  load  covers  the  distance  B£  only. 

The  negative  reaction  for  this  loading  will  then  be 

This  negative  reaction  is  increased  by  the  temperature  load  u^  due  to  fall  of  temper- 
ature, so  that  the  total  negative  reaction  for  the  loading  of  rig.  154. 
Fig.  1 54  is 

AT 


R^  =  ^^R  -  (^-  ^y^p 


The  upward  uniform  load  due  to  the  cable  is 

c 


P   P  p  P 


2>.- 


This  is  increased  by  the  temperature  load  u  due  to  fall  of  temperature,  so  that  the 
resultant  uniform  upward  load  is 

P 


^i   =  —^E^l  +  «<• 


We  have  then  for  the  maximum  positive  moment  at  any  panel  point  of  the  left  half 
span,  if  n  is  the  number  of  panels  from  the  left  end  to  the  point, 

or,  since  c  =  Np^ 

M=-  ./[2>,  -  i^Ls:J^-j  _  fci2?[^2:*,  +  .,/]..   .   .  (X) 
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4R« 


Maximum  Positive  Shear. — The  maximum  positive  shear  at  any  point  of  the  left  half 

span  is  when  we  have  the  greatest  positive  reaction  and 
have  no  loads  on  the  left  of  the  point.     This  loading  for 


Ftff.  166. 


nil 


m 


(♦ — »i— ^    any  point  F  is  shown  by  Fig.  155. 

The  reaction  for  this  loading  is 


B 


P      P      P 


B 
P 


and  this  reaction  is  increased  by  the  temperature  load  u^  due  to  rise  of  temperature,  so  that 
the  total  positive  reaction  is 

if     '^  2 

The  upward  uniform  load  due  to  the  cable  is 

P   « 

C        F 

and  this  is  diminished  by  the  temperature  load,  so  that  the  resultant  uniform  upward  load  is 

P    ^ 
w,  =  —2  0,  -  Ut. 

C        F 

The  maximum  positive  shear  at  any  panel  point  of  the  left  half  span,  if  n  is  the 
number  of  panels  from  the  left  end  to  the  point,  is 


5  =  ^^  -  («  -  iH A 


or 


s  =  /je.  +  (^JK^ 


-(«-')[^^>. -«'/]• 


.    (XI) 


Maximum  Negative  Shear, — The  maximum  negative  shear  at  any  point  of  the  left 
half  span  is  when  we  have  the  greatest  negative  reaction  and  the  truss  is  loaded  from  the 
left  end  up  to  the  point.  This  loading  is  shown  by  Fig. 
156.     The  reaction  for  this  loading  is 


Fig    166. 


This  reaction  is  increased  by  the  temperature  load  due 
to  fall  of  temperature,  so  that  the  total  reaction  is 


fTTTTT 

A  p  pp  p  p 


"  i  i  1  4 
p  p  p  p  ** 


R.  =  /^.  +  is'/e.  -  \E^'>iL 


The  upward  uniform  load  due  to  the  cable  is 

p     B  p    F 

-2  0, + -2  0., 


lad  for  fall  of  temperature  an  upward  load  u^,  so  that  the  resultant  upward  load  is 

P  P     ^ 

w,  =  —2  0,  +  — 2?  0,  +  «<• 

C        E  C        A 
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Hence  the  maximum  negative  shear  at  any  panel  point  of  the  left  half  of  span*  if  it  is 
the  number  of  panels  from  the  left  end  to  the  point,  b 

or 

s=  -  ^^P+^^.  +  rji.  -  (i^:^i)!i-!+<i^2>,+2>,]+(.-,).,^.  ,xn) 

From  (IX)  and  (X)  we  can  find  the  maximum  chord  stresses,  and  form  (XI)  and  (XII) 
the  maximum  stresses  in  the  bracing.  If  u  and  w  are  taken  for  the  whole  bridge,  the 
stresses  must  be  divided  among  the  number  of  trusses. 

Example. — We  are  now  able  to  find  the  stresses  in  a  suspension  system.  In  order  to 
abridge  the  work  of  computation  we  take  a  short  span.  Our  formulas  do  not  hold  strictly 
for  short  spans,  but  the  method  of  procedure  is  the  same  as  for  a  long  span. 

Data. — Let  the  span  be  r  =  120  ft. ;  the  versine  of  cable,  r  =  15  ft. ;  depth  of  truss, 
A  =  12  ft.;  panel  length,  /=I2  ft.;  iV=  10;  cable  of  wire,  coefficient  of  elasticity, 
E^  =  30,000,000  lbs.  per  sq.  in. ;  working  unit  stress,  cr,  =  30.OCO  lbs.  per  sq.  in. 

Suspenders  and  truss,  ^,  =  ^,  =  30,000,000  lbs.  per  sq.  in. ;  working  stress,  cr,  =  cr, 
-  10,000  lbs.  per  sq.  in. 

Dead  load  of  structure,  u  =  2000  lbs.  per  ft.  of  length  ;  live  load  on  structure,  tt^=2000 
lbs.  per  ft.  of  length.     Hence  P  =  24,000  lbs. 

These  data  are  taken  for  the  sake  of  illustration  and  mainly  to  facilitate  computation. 
References  to  formulas  are  by  the  numbers  of  the  two  preceding  articles. 

Calculation, — We  first  find  21,  or  the  sum  of  the  length  of  the  suspenders.  From  (I) 
we  have,  for  the  equation  of  the  cable, 

--^ 

^  "  240* 

Let  the  length  of  the  suspender  at  the  centre  be  6  ft.;  then  the  length  of  any  other  is 


y  =z  6  + 


x' 


240' 


where  x  has  the  values  12,  24,  36,  48,  both  plus  and  minus.     We  have  then 

21=6  +  2(6.6  +  8.4+1 1.4  +  15.6)  =  90  ft. 

We  can  now  find  0  or  the  fraction  of  the  live  load  carried  by  the  cable  from  (II),  which 
becomes  for  this  case 


^       I -T- 


We  see  then  that  the  cable  carries  the  dead  load  and  one  third  of  the  live  load. 
Taking  e  =:  0.00000686  and  /  =  80^,  we  have  from  (III)  for  the  temperature  load 

Uf  =  97.79  lbs.  per  ft. 
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From  (IV)  we  have  then  for  the  area  of  cross-section  of  the  cable 

A^  =  12.43  sq.  inches. 

This  area  is  to  be  divided  among  the  number  of  cables. 
For  the  area  of  the  suspenders,  we  have  from  (V) 

A^  =  3.30  sq.  inches. 

This  area  is  to  be  divided  among  the  sets  of  suspenders. 

For  the  average  cross-section  of  trusses  we  have,  from  (VI), 


-<4,  =  10  sq.  inches. 


We  have  now 


1000 


A^  ^  100      A^  _^ 

A  ""  "33"'     ^  *"  1243' 


Inserting  these  values  in  (VII),  we  have 


0.= 


»,»,(!  00 +  »,«,) 
4239 


Let  the  panel  live  loads  be  -P, ,  -P.,  -P,,  etc.,  counting  from  the  left  end.  Taking,  then, 
n  =  I,  2,  3,  etc.,  and  «,  =  9,  8,  7,  etc.,  we  obtain  the  following  values  for  0,,  the  fraction  of 
each  panel  load,  carried  by  the  cable : 


TABLE   I.-VALUES  OF   0,. 


Px 

Pt 

Pt 

A 

A 

p. 

Pn 

^p. 

p. 

0. 

0231 

0.438 

0.599 

0.702 

0.737 

0.702 

0.599 

0.438 

0.231 

From  (VIII)  we  have  for  the  reaction  7?,  at  left  end  of  truss  for  any  panel  live  load 

'      N  ^'2 

The  panel  live  load  is  P  =  2000  X  12  =  24000  lbs.     We  have  then  the  following  values 
of  R^  (or  each  panel  live  load,  taking  0,  for  that  load  from  Table  I. 


TABLE   IL— VALUES  OF  Px. 


Px 

Pt 

Pt 

Pa 

Pt 

P. 

P, 

Pt 

Pt 

Px 

+  18840 

+  13944 

+  9624 

+  5976 

+  3168 

+  II76 

0 

-456 

—  360 

Positive  values  act  up,  negative  values  act  down. 
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We  see  from  Table  II  that  the  maximum  positive  reaction  at  the  le't  end  is  for 
loads  -P,  to  P^  inclusive,  all  acting  at  once — that  xs^for  live  load  covering  two  thirds  of  the 
span  from  the  left  end.  The  maximum  negative  reaction  is  for  loads  F^^  P^,  P^  acting,  or 
for  live  load  covering  one  third  of  the  span  from  the  right  end.  Hence  z^  =  ic,  z^  =  ^c.  We 
have  then  from  (IX)  and  Tables  I  and  II,  for  the  maximum  negative  moment  at  any  point 
of  the  left  half  span  distant  n  panels  from  the  left  end,  taking  u^  at  lOO  lbs.  per  ft., 

if  =  —  685536«+ io2iio«(«  —  i) (i) 

We  have  from  (X),  for  the  maximum  positive  moment  at  any  point  of  the  left  half  span 
distant  n  panels  from  the  left  end, 

^=  +  74592»-25459«(«~  I) (2) 

We  have  from  (XI),  for  the  maximum  positive  shear  at  any  point  of  the  left  half  span 
distant  n  panels  from  the  left  end, 


5  =  ^  -^1  +  5400  —  i2O0{n  —  i)(2^  0,  —  I ) 


(3) 


We  have  from  (XII),  for  the  maximum  negative  shear  at  any  point  of  the  left  half 
span  distant  n  panels  from  the  left  end, 

6^  =  —  nP  -  6216  +  2";?,  +  4243(«  —  I)  +  2400(«  —  i)^]  0,.     .     .     .     (4) 


Stresses  in  Truss. — The  maximum  stress  in  a  chord  panel  is  equal  to  the  maximum 

M 
moment  at  its  point  of  moments,  divided  by  the  depth,  or  equal  to  -y.     A  negative  moment 

h 

(clockwise)  causes    compression    in    top  chord 

and  tension  in   bottom.     A   positive   moment   « 

(counter  clockwise)  causes  tension  in  top  chord 

and  compression  in  bottom. 

We  have  then  from  (i),  for  the  stresses  in 

the  chords  as  denoted  by  the  notation  of  Fig. 

157,  by  making  «  =  i,  2,  3,  4,  5 


FIff.   161 

r. 

a                 a\ 

0  A                a% 

04                      Oft 

^.                          0 

X                0 

X.      ' 
X  / 

\ 

/ 

\ 

• 
/ 

0 

X                             ^ 

^      X. 

/            X. 

#                    X 

0                                  X, 

\ 

^ 

/ 

/ 

\ 

A 

A                  i 

Vi 

1 

^1                / 

^« 

i 

\^             > 

^» 

aa^  = 


_  685536  ^  _     g  j^,^ 

12  ^' 


A,A^  =  +  57128  lbs. 


^A  = 


a^a,= 


237107^04220  ^  _  ^^^^3  ,^^  ^^^  ^  ^  ^^^^3  ^^^ 

2056608   +   612660  ,,  AAV 

— ■ =  —  120329  lbs.  A^A^  =  +  120329  lbs. 

1  ^ 


^A  = 


2742144-!-  1225320  _ 
12 


=  —  126402  lbs.  A^A^  =  -|-  126402  lbs. 


^A  = 


3427680  4-  2042200  ,, 

^^-^-^ ■ =  —  1 1 5457  lbs. 

12  ^^^' 
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From  (2)  we  have 

tfA  =  +  74592  ^  ^  g2i6  lbs.  AA,  =  -  6216  lbs. 


12 


a^.  =  +  149184  -  SO918  ^  ^  8,88  11,3.  ^  ^  ^  _  8,88  lbs. 

«^,  =  +223776-15^754  ^  ^  55,8  lbs.  ^^.  =  _  59,8  lbs. 

The  angle  of  the  braces  with  the  vertical  is  6^  =  45^  and  hence  sec  B  =  1.414.     The 
stress  in  a  brace  is  the  shear  X  sec  ^.     Hence  from  (3),  making  «  =  5,  4,  3,  2,  i,  we  have 

«  =  5,  5  =  +  4344  +  5400  —  4800  X  1.878  =  +  73Q  lbs. ; 

Afi^  =  —  730  lbs. ;  Afi^  =  +  730  X  1.414  =  +  1032  lbs. 

«  =  4,  •^  =  +  10320  +  5400  —  3600  X  3.282  =  -|-  3905  lbs. : 

A^a^  =  -  3905  lbs. ;  A^a^  —  +  3905  X  1.414  =  +  5522  lbs. 

«  =  3,  -S"  =  +  19944  +  5400  —  2400  X  4.480  =  -f  14592  lbs. ; 

A^a^  =  —  14592  lbs. ;  A^a^  =  -f-  14592  X  1414  =  +  20633  lbs. 

«  =  2,  -5  =  +  33888  +  5400  —  1200  X  5.356  =  +  32861  lbs. ; 

A,a^  =  —  32861  lbs. ;  A^a^  =  +  32861  X  1414  =  +  46465  lbs. 

»  =  I,  S=  +  52728  -f  5400  =  +  58128  lbs. ; 

^tf  =  —  58128  lbs. ;  A^a  =  +  58128  X  1.414  =  +  82193  lbs. 

From  4)  we  have,  making  «  =  4,  3,  2,  i,  o, 

«  =  4,      5  =  —  96000  —  6216  +  48384  +  12729  +  7200  X  1.970  =  —  26919  lbs. ; 

A^a^  =  —  26919  lbs. ;        A^a^  =  +  26919  X  1.414  =  +  38063  lbs. 

«  =  3,      5  =  —  72000  —  6216  +  42408  +  8486  +  4800  X  1.268  =  —  21236  lbs. ; 

A^a^  =  —  21236  lbs. ;        A^a^  =  +  21236  X  1.414  =  +  30028  lbs. 

«  =  2,      5  =  —  48000  —  6216  +  32784  +  4243  +  2400    X  0.669  =  —  15584  lbs. ; 

A^a^  =  — .  15584  lbs. ;        A^a^  =  +  ^5584  X  1.414  ==  +  22036  lbs. 

«  =  I,      5  =  —  24000  —  6216  +  18840  =  —  1 1376  lbs. ; 

A^^  =  —  1 1376  lbs. ;        A^a^  =  +  11376  X  1.414  =  +  16086  lbs. 

»  =  o,      5  =  —  6216  —  4243  =  —  10459  lbs. ; 

A,a,  =  —  10459  lbs. ;  Aa,  =  +  10459  X  1.414  =  +  14789  lbs. 

Taking  the  maximum  values  for  the  posts,  we  have  the  following  maximum  stresses, 
which  are  to  be  divided  among  the  number  of  trusses: 

Upper  chord  panels, 

o  IV  i  —  97238  lbs.  ^  ^        (  —  120329  lbs. 

aa,  =  -  57128  lbs.  «A  =  j  _^  y^j^      ..  «.«.  =  }  _^  g^gl        .. 


(  —  126402  lbs.  .,..^-  lu 

a^a.  =  -^    .         **  a.a.  =  —  1 15457  lbs. 

•  *      (4-  «;qi8       "  *  '  ^^^ 
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t» 


Lower  chord  panels, 
AA,  =  —  6216  lbs. 


.^.  =  { 


-  8188    lbs. 
+  57128    " 


^.^.=  {75918    'bt. 


A^A^  =  +  120329  lbs.  A^A^  =  '\'  126402. 


Braces : 


A,a  =  +  82,193  lbs., 
A^a,  =  +    5,522  lbs., 


^  ,tf ,  =  +  461465  lbs., 
A^a^  =  -^    If 032  lbs. 


A.a.  =  +  20.633  Ibi., 


Counters : 


Aa, 
A,a, 

=  +  14,789  lbs., 
=  +  30,028  lbs.. 

A,a,  =  +  16,086  lbs., 
A^a^  =  +  38,063  lbs. 

:s: 
Aa 

=  —  58,128  lbs., 
=  -  15,584  lbs.. 

A^a,  =  —  32,861  lbs., 
A^a^  =  —  21,236  lbs.. 

A^a,  =  +  22,036  Ibii., 


A^a,  =  —  14.592  Ibi., 
Afi,^  —  26,919  lbs. 

Old  Theory  of  Suspension  System. — The  theory  of  the  suspension  system  given 
in  the  preceding  is  new,  and  is  believed  to  be  based  upon  correct  principles  and  assum])- 
tions. 

The  theory  of  the  suspension  system  heretofore  in  use  is  due  to  Rankine,  and  Is  based 
upon  the  assumption  that  the  cable  carries  the  entire  load,  decul  and  live^  the  office  of  the 
truss  being  simply  to  distribute  a  partial  loading  over  the  cable,  and  thus  prevent  change 
of  shape. 

Maximum  Shear  in  Truss — Old  Method, — Let  the  uniform  live  load  w  per  unit  of 
length  extend  over  the  distance  z  from  the  right  end  (see  Fig.  i). 

Then  the  load  is  wz^  and  since  by  the  assumption  of  „    |^ 

the  old  theory  the  cable  carries  all  this  load,  the  upward  load  « wt 

'^^  --  L 4 

Let  Rji  be  the  reaction  at  the  left  end  A.  L. ^ J 

Taking  moments  about  the  right  end,  we  have 


llUB 

of  the  cable  is  wz^  or  —  per  unit  of  length. 


R« 


RaC  =  —  W-?  X  r  +  o'-^  X  -t 


or 


^>  =  - 


wsic  —  z) 


2C 


(I) 


Since  this  is  negative,  the  truss  should  be  tied  down  at  the  end.^« 

If  the  load  w  extends  over  the  digtznce  z  from  the  left 
end  (Fig.  2),  we  have 

i ^ 


l7n 


iiniiiij 


t 


R^  =  wAc  —  2  j  — 


wzy.-^. 


or 


_  W3^C  —  t) 


(2) 
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In  the  first  case  the  shear  at  any  point  distant  x  from  the  left  end  (Fig.  i)  is 


wz 


5  =  Je^+7;r-.«;[^-(^-ir)], 


or,  inserting  the  value  of  Rj^  from  (i), 


wz^ 


5  =  —\2x  -{c-  z)'\  -  w\x  -  (^  -  z)\ 


This  is  a  positive  maximum  when  ^  =  r  —  jr,  that  is,  the  shear  for  the  unloaded  portion 

is  a  positive  maximum  at  the  head  of  the  load. 

c 
It  is  a  negative  maximum  when  ^  =  -•  —  jr.    In  both  cases,  then,  the  shear  in  general  is 


S^'^\2X'-(C^Z)\ 


Inserting  the  values  of  -ff  =  ^:  —  x  and  -a^  =  -  —  ;r,  we  have  for  any  point  of  the  unloaded 


portion  distant  x  from  the  left  end 


unloaded 
portion 


max  (+  5)  =  + 


max  (—  5)  = 


w{c  —  x^x 
Tc       ' 

w(c  •—  2xy 

8^         • 


(3) 


In  the  second  case  (Fig.  2)  the  shear  at  any  point  distant  x  from  the  left  end  is 

S^  Rji-\ X  —  wx ; 


or.  inserting  the  value  of  Ra  from  (2), 

_  ,     W!^C  —  Z")      ^     WZ 

^  =-  -\ X  —  WX, 

'  2Z  ^      C 

This  is  a  negative  maximum  for  ^  =  ;ir;  that  is,  the  shear  for  the  loaded  portion  is  a 

negative  maximum  at  the  head  of  the  load. 

c 
It  is  a  positive  maximum  when  z  -=  — y  x.     In  both  cases,  then,  the  value  of  5  is  as 

given.     Inserting  the  values  of  -ar  =  — y  x  and  ^  =  or,  we  have,  for  any  point  of  the  loaded 
portion  distant  x  from  the  left  end, 


loaded 
portion 


max  f-f-  5)  =  + 


max'(—  5)  =?  -^  - 


w(c  —  2;r)' 
87 

w'c  —  x)x 


2C 


(4) 


cojurosirE  srsccrcsss.  Jt)9 

We  see  iriMi  eqaatioQs  (3)  and  (4X  that  ve  have  for 

I  I 

4  ^ 


It  is  tberefore  castomaiy  by  the  old  method  /« i^Srst^  tmy  hwet/iir  tke  mmsimmm 


^=±T ^'> 

thus  giving  uniform  sizes  throughout  the  entire  truss. 

Maximum  Mamunt  in   Truss — Oid  Metk4ki. — For  the  moment  at  any  point  of  the  un* 
loaded  portion  (Fig.  i)  distant  x  from  the  left  end,  we  have 

wi — ^^ 


24;  ' 
or,  substituting  the  value  of  R^  from  (i). 


Jtf=~i'-ic-*)] (5) 


For  any  point  of  the  loaded  portion  (Fig.  2)  we  have 
or,  substituting  the  value  of  R^  from  (2), 

,-.  WZXr.  ,        f  XT         ,         WX^  ,„ 

^=^--^[^  +  (^-i^)]  +  — (6) 

In  (5),  M  =  oloT  X  =z  c  —  2,  and  in  (6),  J/  =  o  for  ;r  =  ir.  That  is,  the  moment  at  the 
head  of  the  load  is  zero.  Also,  if  x  is  less  than  ^  —  ir  in  (5)  the  moment  is  positive,  and  if 
greater  than  c  —  z  the  moment  is  negative.  The  head  of  the  load  is  then  a  point  of  infltc^ 
tion,  and  both  loaded  and  unloaded  portions  may  be  considered  as  simple  trusses  uniformly 
loaded.     The  greatest  moment  for  each  portion  will  then  always  be  at  the  centre  of  that 

portion.     Making,  then,  x  = in  (5)  and  ;r  =  -  in  (6),  we  have  for  the  moment  at  the 

2  2 


centre  of  each  portion 


,    zv2(c  —  2y  WS^f  V 


These  are  a  maximum,  respectively,  for  -ff  =  —  \c  and  z  =■  |r. 

Hence,  the  maximum  positive  moment  is  at  the  middle  of  the  unloaded  portion  when  the 
load  extends  over  one  third  the  span,  and  the  maximum  negative  moment  is  at  the  middle  of 
the  load  when  it  covers  two  thirds  the  span. 

We  have,  then,  for  the  maximum  positive  moment  at  any  point  of  the  unloaded  left 
half  span,  distitnt  ^  froiri  the  left  end, 

11} 
M=:^{2c-ix)x (7) 
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For  the  maximum  negative  moment  at  any  point  of  the  loaded  left  half  span,  distant 
X  from  the  left  end, 

M^-^^(2c^lx)x (8) 

From  equations  (7)  and  (8)  we  have  for 

x  —  o,  \c,  \c,  \c, 

^=°'      ±7l'      ±5?'      ±7i- 

It  is  therefore  customary  by  the  old  method  to  design  every  chord  panel  far  the  maxi- 
mum  moments 

^=±-5^ (") 

thus  giving  uniform  sizes  throughout  the  entire  truss. 

Cable. — If  cr,  is  the  unit  stress  for  the  truss,  the  chord  area  is  then 


From  (35),  then,  we  have  for  the  temperature  load  «/,  if  E^  is  the  coefHcient  of  elas- 
ticity for  the  truss,  h  its  depth,  r  the  versine  of  cable,  €  the  coefficient  of  expansion,  and  / 
the  number  of  degrees  above  or  below  the  mean, 

ethwE^  ,^^^^ 

"'  =  16^;^ (I") 

The  total  load  of  the  cable  is  then 

and  if  o",  is  the  unit  stress  for  the  cable  and  A^  its  area  of  cross-section,  we  have  for  con- 
stant cross-section 


8r<T, 


(IV) 


and  for  constant  unit  stress  the  area  at  centre 


and  at  any  other  point 

A  ^  A.{,  +  a^^l  = '-  + ;;;+  ->-■(,  +  ^) <,v', 

Suspenders. — For  the  area  of  a  suspender,  if  cr,  is  the  unit  stress. 


A    _  (ut  +  u^  w)p 

« '^ ' 

<i% 


(V) 


where  cr,  is  the  unit  stress  for  the  suspenders. 

Equations  (I)  to  (V)  in  order  are  then  all  we  need  for  the  calculation  of  the  suspension 
system  by  the  old  method.  If  u  and  w  are  taken  for  the  whole  bridge,  the  truss  stresses 
must  be  divided  among  the  number  of  trusses  and  the  cable  stresses  among  the  number  of 
cables. 

Comparison  of  Old  and  New  Methods. — The  old  theory  of  the  suspension  system 
Just  given  is  bas^d  upon  the  assumption  that  th^  cable  carries  the  entire  load^  dead  and  live. 
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the  office  of  the  truss  being  simply  to  distribute  a  partial  live  load  over  the  cable,  and  thus 
prevent  change  of  shape. 

This  assumption  cannot  be  practically  realized.  If  the  suspenders  are  properly  adjusted 
during  erection  the  cable  can  be  made  to  take  the  entire  dead  load.  But  if  a  live  load  now 
comes  on  the  cable  cannot  carry  it  all — the  truss  must  carry  its  share.  By  the  new  method 
we  determine  the  portion  carried  by  the  cable  by  the  principle  of  least  work.  That  is,  the 
portions  carried  by  cable  and  truss  are  such  that  the  work  upon  cable,  truss,  and  sus- 
penders is  a  minimum.  Thus  in  our  example,  page  233,  we  have  seen  that  the  cable  carries 
only  one  third  of  the  live  load,  whereas  by  the  old  method  we  should  assume  it  as  carrying 
the  whole. 

The  old  method  evidently  gives  a  heavier  cable  and  much  lighter  truss  than  the  new 
method. 

A  comparison  of  the  example,  page  233,  will  show  how  much  in  this  case  the  differ- 
ence amounts  to.     By  the  old  method  we  have 

w<  =  44  lbs.  per  ft. 

Hence  «  -f-  tt^  -|-  w  =  4044  lbs.  per  ft.,  and  the  area  of  the  cable  is 

A^  =  18.2  sq.  inches, 

as  against  12.4  sq.  inches  by  the  new  method,  or  the  cable  is  about  47  per  cent  heavier. 
We  have  for  the  suspenders 

A^  =.  4.85  sq.  inches, 

as  against  3.30  sq.  inches  by  the  new  method,  or  the  suspenders  are  about  47  per  cent 
heavier. 

Tne  stress  in  every  chord  panel  by  the  old  method  is 


The  stress  in  every  post  is 


wc 


wc 

T 


=  ±  44444  lbs. 


=  —  3CX)00  lbs. 


The  stress  in  every  brace  and  counter  is 


wc 


X  1.414  =  ±  42420  lbs. 


Comparing  with  the  results  of  page  236,  as  given  by  the  following  Table,  we  see  that 


Member 
Top  Chord. 

New  Method. 

Old  Method. 

Member 
Brace. 

New  Method. 

Old  Method. 

aai 

-  57128 

T  44444 

Aia 

-f  82193 
-  14789 

±  42420 

a\a* 

-  97238 
+   6216 

T  44444 

A^ax 

+  46465 
-  16086 

±  42420 

a  id  9 

—  120329 

-f-   8188 

T  44444 

AtOi 

+  20633 
—  22036 

±  42420 

asUi 

—  126402 

4-  5918 

T  44444 

AiOt 

-f  5522 
—  30028 

±  42420 

<J««» 

-  "5457 

T  44444 

Atai 

-f-  1032 
-  38063 

±  42420 
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the  chord  stress  by  the  old  method  is  less  than  the  least  chord  stress  in  one  direction  by 
over  22  per  cent,  and  less  than  the  greatest  chord  stress  in  this  direction  by  over  6i  per 
cent.  In  the  other  direction  the  chord  stress  by  the  old  method  is  over  five  times  as 
great  as  the  greatest  stress  by  the  new  method. 

The  stresses  in  end  and  centre  chord  panels  are  not  reversed  by  the  new  method. 

The  chords  are  heavier  by  the  new  method,  and  the  distribution  of  stress  entirely  dif- 
ferent.    The  chords  by  the  old  method  are  all  too  light. 

The  braces  are  too  light  by  the  old  method  for  the  two  end  panels  and  too  heavy  for 
the  three  centre  panels.     The  counters  are  all  too  heavy. 


»oo     Seoo      SSoo    5«o 


n 


T 


cbd^^d^d^ 


•— X — * 


F^ 


*    8 — » 


1 


nm)W(f)tr)7 


jr^ 


J 


^  r^  m  m  ^  m 


• — B — *» 


I 


'K«B* 


•-X-* 


i  ia)a)(h 


|***->*2*- 


1 


c^AiMm 


>    8    * 


•-4;26-1 


-I  II  I  1  1  II 


m  r-)  (T)  m 


Maximum 
BendioK 
Moment 

per  track. 

Limits. 

8 

55aoo 

7.  a' 

/ 

X  = 1.0695 

9 

9 

67300 

to 

R  =  95600  +  5^ 

lo 

83300 

9.4' 

M=  19800/  -  54400  4-  5Z^ 

II 

103400 
xai6oo 

la 

/ 
X  =  —  -  425 

3 

«3 

140800 

9.4' 

M 

to 

H  =  38400 

«5 

i6 

179300 

199900 
934400 

»5.8' 

M  rs   19900/  —  108800 

»7 

.     /       . 

i8 

349600 

»5.8'  -^  ==  a  ~  ^'^"^ 

»9 

381600 

1  _         loSOoo 
to  A   =51300  + -^' 

x8.o'  jif  _  25600/  -  3x7600  +  ^^^ 

ao 
ax 

313600 
345600 

23 

377600 

1 

»3 

'8.0' 1^  =-^-8.5' 
a 

24 

441600 

as 

473600 

1 

'°  X  =  64000 

96 

505600 

t 

»7 

537^00 

^•*  '-flf- 39000/- 336400 

38 

569600 

r 01600 



39 

,    / 

30 

633600 

30.9'  -^  =  7  - '^w 

:  _         160900 
to  !^  -74000—   ^ 

3» 

oooaoo 

3a 

33 

703000 
739800 

34.a' 

179060 

M  =  37000/  -  486400  +  ---J— 

776700 
8x6700 

1 

J4 

35 

i 

36 

857700 

34.a' 

.r  =  -  -  15.83 

37 

898700 

to 

/r  s-^    ^^^ 

18 

939700 

39 
40 
4» 

980700 
1093400 
1068300 

39.9' 

M  —  41000/  —  6x8400  +  ~- 

/ 

43 

1X14000 

39-9' 

X    =--19.4 

43 

1159900 

lo 

p         330800 
K   —99000 — 

44 

1305700 

45 

185x600 

45.9' 

M  =  46000/  —  835x00  4-  SSa2? 

46 
47 

1998000 
1349000 

45.9' 

X   =  —  —  21.688 
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CHAPTER   I. 

CONCENTRATED    LOAD   SYSTEM. 

We  have  already  given  (page  87)  the  general  method  of  dealing  with  a  system  of  concentrated 
loads,  and  explained  the  formation  and  method  of  use  of  our  diagram. 

The  criterions  given  (pages  90  and  93)  are  for  the  special  cases  of  horizontal  chords  and  vertical 
and  diagonal  bracing.     We  can  now  deduce  the  general  criterions. 

General  Criterion  for  Maximum  Moment. — Let  the  maximum  moment  be  required  at  the 
point  Oy  Fig.  (a)^  of  the  panel  IfKy  whose  length  is/.     Let  b  be  the  distance  of  any  wheel  from  the 
right  end  of  span,  B,  and  k  the    „ 
distance  of  any  wheel  from  the 
point  K,  these  distances  always 
to  be   taken  without  reference 
to  sign  or  direction.     Let  /  be 
the    length   of   span   AB,   and  ^ 
e  be  the  distance  of  the  point 
O  from   H.     The   sum   of  all 
the  wheels  between  A  and  H 

A 

we  denote  hy  2  P  —  /*„  and  their  moment  with  reference  to  If  is  J/,.     The  sum  of  all  the  wheels 

H 

H 

from  H  to  -AT,  in  the  panel  HK^  is  2  P  =  P^^  and  their  moment  with  reference  to  K  is  M\.     The 

A 

sum  of  all  the  wheels  on  the  span  \s2  P  =  P^,     Let  Mr  be  the  moment  at  the  right  end  of  the  span 

•  A.  lily 

of  all  the  loading  on  the  span,  including  the  uniform  train  load,  if  any,  so  that  Mr  =  2  Pb  ^ — =^. 

B  2 

I  ISJv 

Then  the  reaction  R  at  the  left  end  of  the  span  is  -  2  Pb  •\-  -^,  and  the  portion  of  the  load 

in  the  panel  HK,  which  takes  effect  at  H^'\%  —  2  Pk.     Let  the  distance  of  the  point  O  from  the 

P    K 

left  end  be  z. 

Then  we  have  for  the  moment  at  O 


— I — H^^ — K 


'1 


^5 


^R 


n 


«V, 


n 


ZA 


e  Jf 


(i) 


M^^-,Mr-[-M,-\.P,e  +  {M,=  --2  Pb-  -,wA-\-2Po-{-[^2Fk,    .     . 

where  0  is  the  distance  of  any  wheel  from  O, 

If  now  the  system  is  moved  a  very  small  distance,  dx^  to  the  left,  we  have 

M+6M=--2  P(b  +  Sx)  -  ~(yn  +  6x')  +  2  P(p  J^6x)  +  \2  P(k  +  6x). 

I       B  2/  //  p      K 

Expanding  {jn  +  ^^y  and  neglecting  higher  powers  of  Sx^  subtracting  (i)  and  dividing  by  6x 
we  have 


-j^  =  --,2  P-  'WYn  +  2  P+    2  P  =  -P^^  jwyn  +  A  +  -^^t- 

ox  I     B  I  H  p      K  II  p 

The  general  criterion  for  maximum  moment  is  then 


(2) 


243 


244 


APPENDIX. 


This  criterion  is  general  whatever  the  bracing  may  be,  and  we  see  it  is  independent  of  the  incli- 

€  I 

nation  of  the  chords.     If  the  braces  are  equally  inclined,  —  =  -.     If  the  braces  are  vertical  and 

p  2 

diagonal,  ^  =  ^,  and  /*,  =  P^^  or  the  load  from  A  to  /T  is  the  same  as  from  A  to  O,  and  we  have  at 
once  the  special  case  of  page  92.  If  we  wish  the  moment  at  K  we  have  ^  =/,  and  the  criterion 
reduces  to  that  of  page  9a. 

P  eP 

Now  —  is  the  average  load  in  the  panel,  and  —-  is  therefore  the  load  on  the  distance  e. 

We  have,  then,  the  moment  in  general  a  maximum,  when  a  wheel  is  at  the  point  and  when  the 
average  load  upon  the  span  is  equal  to  or  Just  greater  than  the  average  load  beyond  the  point  O. 

We  can  easily  shift  our  diagram  on  the  span,  just  as  explained  in  the  case  of  vertical  and 
inclined  braces  (page  93)  until  this  condition  is  satisfied,  and  find  the  maximum  moment  for  this 
position  from  (i).  We  should  try,  as  on  page  93,  for  all  maximums,  and  take  the  largest.  In  using 
(i)  remember  that  Mr  is  the  moment  at  the  right  end  of  the  span  of  all  the  loads  on  the  span,  in- 
cluding the  uniform  train  load,  if  any.  M^  is  the  moment  at  H^  of  all  wheels  on  left  oi  H  \  P^  is 
the  sum  of  these  wheels,  M^  is  the  moment  at  K  of  all  wheels  in  the  panel,  HK  =  p,  Fig.  (a). 

An  example  in  illustration  will  be  given,  page  249. 

General  Criterion  for  Maximum  Shear. — When  the  chords  are  inclined  they  will  take  a 
portion  of  the  shear,  and  only  the  residual  shear  (page  79)  takes  effect  in  the  web. 

On  this 
account  the 
position  of 
the  load  sys- 
tem for  maxi- 
mum stress  in 
any  web  mem- 
ber is  not  the 
same  as  for 
horizontal 
chords. 


Fl«.  (b) 


Let  Ty  Fig.  {b)y  be  the  stress  in  any  web  member  OK^  and  y  be  its  lever  arm  with  reference  to 
the  intersection  E  of  the  chords  OF  and  /T/T,  and  d  the  distance  EA  of  this  intersection  from  the 
end  of  the  span  A. 

The  rest  of  our  notation  is  the  same  as  before,  except  that  2,  is  the  distance  AJf  from  the  left 
end  to  the  left  end  of  the  panel  If/C  =/,  and  a  is  the  distance  of  any  wheel  from  the  left  end  A 
of  the  span. 

Taking  moments  about  E,  we  have 

Ty^+^SPb^""-^^  2Pk--2P{d+a) (i) 

I       B  p  K  H 

If  the  system  is  moved  a  very  small  distance,  6xy  to  the  left,  b  will  be  <^  +  Sx,  k  will  be  >^+  6x, 
and  d  •\-  a  will  h^  d  -\-  a  —  Sx.     Subtracting  the  value  of  Ty  from  its  new  value,  we  have 


t       B  P  K  H  I  p 


6x 


The  criterion,  then,  for  maximum  stress  in  OK,  or  for  maximum  residual  shear  at  O,  if  7vyn  is 
the  train  load,  is  given  by 

P       P 

p         d' 


wy. 


+  P,^d+z, 
I        >      d 


(2) 


This  criterion  enables  us  to  find  by  trial  the  position  of  the  load  system  for  maximum  resultant 
shear  at  O,  just  as  on  page  92.     It  is  independent  of  the  web  system. 

If  the  chords  are  horizontal,  </  =  ^  -|-  «,  =  00 ,  and  the  criterion  (2)  becomes  the  same  as 
already  found,  page  91. 
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A 
Since  ^  ^{^+  a)  =  /',(//+  2,)  —  -AT,,  where  M^  is  the  moment  of  all  the  wheels  between 


A  and  H^  with  reference  to  H,  we  have  from  (i) 

Mrd      MXd+z,) 


_       ,  I 

T  =  brace  stress  =  T  — 


-/>.(^+0.)  +  ^.],       ...     (3) 


where  the  minus  sign  denotes  compression  in  OK^  and  the  plus  sign  tension  in  OB^  remembering 
that  we  must  take  >'  and  d  for  the  brace  required,  Mr  is  the  moment  at  the  right  end,  B^  of  the  span 
of  all  loads  on  the  span,  including  uniform  train  load  if  any;  J/",  is  the  moment  at  K  of  all  the 
wheels  in  the  panel  HK  =  p\  and  P^  is  the  sum  of  all  wheels  between  A  and  ZT,  and  M^  their 
moment  with  reference  to  JI. 

In  general,  in  all  practical  cases  there  will  be  no  wheels  between  A  and  H^  and  /*,,  M^  will 
be  zero. 

For  the  shear  at  any  point  O,  Fig.  (^),  we  have 

Shea,  =  r  cos  *  =  j^^^_  [^ -  ^±i)  -  PM+  ..)  +  ^.} 

where  ^  is  the  angle  of  OA^  with  the  vertical,  and  d  is  taken  for  O/iC,  A  positive  (upward)  shear 
gives  tension  in  0A\  For  horizontal  chords,  d=d-{-z^=d-\-p-\-z^  =  co^  and  the  shear 
becomes  the  same  as  on  page  91. 

For  the  counter  stress  in  0/i^j  we  can  take  the  train  coming  on  from  the  left,  or,  what  is  the 
same  thing,  we  can  find  the  stress  in  the  corresponding  brace  O'J^'  on  the  right  of  the  centre  for  a 
train  coming  on  from  the  right. 

In  the  latter  case,  we  should  put  ^  +  /  in  place  of  d^  and  remember  that  «,  is  now  the  distance 
of  If'  from  the  right  end. 

Maximum  Moment  in  a  Plate  Girder. — In  designing  plate  girders  and  stringers,  we  need  to 
know  the  position  of  the  train  which  causes  the  greatest  maximum  moment  at  or  near  the  centre  of 
the  span.  pi^,  (e). 

The  maximum  moment  at  any  point  ^  Cmire 

always  occurs  when  some  wheel  is  at  that 

Let  Xy  Fig.  (r),  be  the  distance  of  the         1  ^^T*^  I  p 

point  from  the  left  end,  let  the  sum  of 
the  wheel  loads  on  left  of  this  point  be  /*,, 
let  a  wheel  be  at  the  point,  and  let  the 
distance  of  the  centre  of  gravity  of  the  wheel  loads  /*,  from  the  wheel  at  the  point  be  a.    Let  Pn  be 
the  sum  of  all  the  loads  on  the  girder,  and  the  distance  of  the  resultant  Pn  from  the  right  end  be  d. 

Then  the  moment  at  the  point  is 

^/  =    -  ^X  +P^=-  Mr  J  +  M^ 

If  the  system  moves  a  very  little  to  the  left,  the  distance  a  is  unchanged,  but  x  becomes 
.V  —  6xy  and  ^  becomes  b  +  dx. 

We  have  by  subtraction,  neglecting  djc', 

^M   Pn.,     ; 

-^  =  -(^  ~  X). 

Hence  for  the  maximum,  b  =  x.  That  is,  the  moment  is  a  maximum,  when  the  system  is  so 
placed  that  the  wheel  at  the  pointy  causing  the  maximum,  is  as  far  on  one  side  of  the  centre  of  the  span 
as  the  centre  of  gravity  of  the  total  load  is  on  the  other. 

If  any  uniform  train  load  comes  on  the  span,  it  must  be  included  in  the  value  of  the  total 
load  Pn- 

The  distance  of  the  centre  of  gravity  of  the  total  load  from  the  centre  of  the  span  is  then 

d___l__  .  ^  i_^ 

3  3  2  P„ 


L^         _ 

i 

vyo#i 

I* 

1 

~         2~ 

n  0  n  n 

'^ 

n  0  n  ?> 

1 

1 
1 

^ — 

1 

1 
1 

X 
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where  Mr  is  the  moment  of  all  the  loads  on  the  span  with  reference  to  the  right  end,  and  is  easily 
found  from  our  diagram. 

We  can,  in  general,  find  a  maximum  for  each  one  of  a  number  of  wheels  on  the  left  of  the 
centre.  Judgment  must  be  exercised,  therefore,  in  selecting  the  wheels  to  test  for,  in  order  to 
determine  the  greatest  maximum  moment.  In  general,  we  should  select  that  position  which  brings 
the  greatest  load  on  the  girder^  and  at  the  same  time  brings  the  resultant  of  the  total  load  nearest  the 
centre  of  the  span. 

Guided  by  this,  we  can  usually  select  not  more  than  three  wheels,  one  of  which  will  give  the 
greatest  maximum  moment,  and  can  be  found  by  trial. 

Example.— A  Plate  Girder  is  60  Feet  Long.  Required  the  Maximum  Moment  for  the  System  of 
Loads  of  our  Diagram.* 

Mark  the  points  30  and  60  feet  on  a  strip  of  paper  to  the  scale  of  the  diagram,  and  apply  to  the  diagram  as 
follows : 

We  see,  by  shifting  the  strip  so  that  each  weight  is  successively  at  the  centre  of  the  span,  that  we  bring  the 
greatest  load  on  the  span,  and  at  the  same  time  the  resultant  of  the  total  load  is  nearest  the  centre  of  the  span, 
either  for/14,  /it,  or/i«  at  the  centre.     We  have,  therefore,  only  to  test  for  these  loads. 

For  P\^  at  the  centre  we  have  j^«  =  30  -j-  71.2  —  97.4  =  3.8  feet;  loads /i  — /»  are  oflf  the  span,  p%  is  distant 
30  -(-  71.2  —  37.2  =  64  feet  from  the  right  end.     There  is  no  uniform  train  load  on  the  span;  the  total  load  is  4280CO 

—  184000  =  244000  lbs.,  and  Mr  =  20873333  +  428000  X  38  —  3333333  —  184000  X  64  =  7390400  ft.  lbs.     Hence 

d      I         Mr  ,, 

-  = =  —  0.3  ft. 

2      2       244000 

As  this  shows  that  the  resultant  of  the  total  load  is  already  left  of  the  centre,  we  must,  for  a  maximum,  have /i  4  on 
right  of  centre.  If  we  shift/,*  a  distance  0.15  ft.  on  right  of  centre,  then,  since  during  the  shifting  no  wheels  come 
on  or  go  off,  the  resultant  will  be  0.15  ft.  on  left.     This  position  then  gives  a  maximum  moment. 

For  this  position,   we  have,  yn  =  3.65,  /«  is  63.65  feet  from  right  end,  Mr  =  20873333  -f  428000  X  365 

—  3333333  -  184000  X  63.85  =  7353800  ft.  lbs.     Hence  the  moment  at/i4  is 

-^ h  (11223066  -  3333333  -  184000  X  34)  =  -  2061557  lbs. 

Let  us  try/i»  at  the  centre.  For  this  position >/«  =  304-  75.4  —  104.3  =  i.i  ft.;  loads /i  —  p%  are  oflf  the  span; 
/,  is  distant  30  -f  75.4  —  42.7  =  62.7  feet  from  right  end.  The  total  load  is  448000  —  204000 -f  4000  X  i.i  =  248400 
lbs. 

Mr  =  23878666  -f  448000  X  I.I  -h  122?lLL^  _  4360666  -  204000  X  62.7  =  7222420  ft.  lbs., 

and 

d      I  Mr 


=  0.93  ft. 


2      2      248400 
If,  now,  we  should  shift  px%  to  the  left  of  the  centre,  a  distance  of  0.465  ft.,  if  no  load  passed  oflf  or  came  on 

during  the  shifting,  we  would  have  —  x  =  -.     But  as  we  shift  the  train  load  comes  on,  and  this  moves  the  resultant 

2  2 

a  little  to  the  right.     Let  us  therefore  shift  ^i»  a  distance  of,  say,  0.6  ft.  = x  \o  left  of  centre. 

For  this  position  yn  =  30.6  +  75.4  —  104.3  =  1-7  ft. ;  loads/,  -  p%  are  oflf;  /.  is  disunt  30.6  +  75.4  —  42.7  = 
63.3  from  right  end;  total  load  =  250800  lbs. 

AM  ^         d        I  Mr  ,  I 

Mr  =  7372180,       -  = =  0.61  = X, 

2         2         250800  2 

This  position,  therefore,  gives  a  maximum. 

For  this  position,  we  have  Mx  =  12569466  —  4360666  —  204000  X  32.7  =  1538000,  and  the  moment  at/it  is 

M=-  i^LX25L4  _^  ,538000  =  -  2074368  ft.  lbs. 
60 

Let  us  try/,,  at  the  centre.     For  this  position^,,  =  30  +  79.7  —  104.3  =  5.4  feet;  wheels  /,  to/10  are  oflf;  /,« 

is  distant  30  +  79-7  ~  47-4  =  62.3  feet  from  right  end;  the  total  load  is  448000  --  224000  -f  4000  X  5-4  =  245600; 

Mr  =  23878666  4- 448000  X  5.4  +  4000  X  (5-4)   _  5312666  -  224000  X  62.3  =  7088320, 

2 

and 

2     2     245600 


*  The  table  given  at  page  243  gives  at  once  the  position  and  maximum  moment  for  the  assumed  load  system 
for  any  length  of  span.  This  table  is  due  to  P.  Q.  Szlapka,  C.E.,  and,  as  is  evident,  saves  much  time  in  computa* 
lion.     Similar  tables  for  oihcr  load  systems  can  e;.silv  \ie  made  out. 
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I(  we  shift  /,.  a  distance j  =  0.75  on  left  of  centre,  we  have  y,  =  6.15.  /n  disUnt  63.05  feet  from  right  end ; 

toul  load  =  348600  lbs. 

Af,  =  13878666  +  448000  X  6.15  t  4500(6^  _  jj,,^^  _  jj^poo  ^  53_oj  =  737364s,  7  =  7-  a,g^  =  °-74.  ot 


very  nearly  = x. 

.     For  the  moment  at  this  point,  we  have  Af.  =  14024666  —  5313666  —  3a4000  x  33.3  —  1476800,  and 
jtf^  _  ^'-^9^5  +  J/,  =  _  306910a. 

Is  for/,,,  a  distance  0.6  on  left  of  the  centre,  and  is  307436B  ft. 

Maximum  Load  on  a  Cross-giruer. — Let  AB,  BC,  Fig.  (rf),  be  two  consecutive  panels  of 

length  /,  and  /,.  pi,,  ,4,. 

The  greatest  reaction  R  zx  B  will  -                    ^t 

occur  when  a  wheel  is  at  B.     Let  a  be  I ^f- ^ 

the  distance  of  any  wheel  from  A,  and  c  ^j 0  nno  i^  n  (1  it   n  n  (^ 

the  distance  of  any  wheel  from  C.  \                               'Pi      i            »fj                               1 

Then  the  reaction  M.  B  is  t^ j ^ 7 4 

If  the  system  is  moved  a  very  small  distance  Sx  to  the  left,  we  shall  have  a  —  tf*  instead  of  a, 
and  e  -V  &x  instead  of  c,  and  hence  by  subtraction 

SR  _  ./^       ■     -  '         ' 

■     c 

Any  wheel,  therefore,  at  B,  which,  when  moved  just  to  the  left  of  B,  makes  the  value  of  (1)   pass 
from  positive  to  negative,  gives  a  maximum  R  at  B,  and  the  criterion  is, 

P.  =  P.  ,  , 

};>  /: <'» 

That  is,  .^  is  a  maximum  when  a  wheel  is  at  B  and  when  the  average  load  in  the  right  panel, 
including  the  wheel  at  B.  is  equal  to  or  just  greater  than  the  average  load  in  the  left  panel. 
When  the  panels  are  of  equal  length  we  have  simply 


P^>   P^ (3) 

Recapitulation. — In  applying  our  diagram  for  concentrated  load  system,  we  have  then  two 
general    criterions,  one   for 
shear,  and  one  for  moments. 

Shear.  —  The    general  ^^''     \ 

criterion  for  maximum  shear  ^^  "''_ ^ i^^^ 

is,  Fig.  (e\  y  .     ^  .     . 

Pw  +  wy^  ~  d  +  z.  Pi  E  ^  -"J^-  -  "  ' 

7~~  >      d     ~J  ■*'' 


lr^^f<'^<^r^!^'^r,r^r^<^vM\  II  liV  A^^ 


and  the  maiimum  stress  in  any  brace  is 


M 


..'-ImI-^M±<>-.M+..)  +  ^.-] 
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where  Mr  is  the  moment  at  the  right  end  of  all  loads  in  the  span,  including  the  uniform  train  load, 
if  any.  The  minus  sign  indicates  compression  in  OK,  the  plus  sign  tension  in  OH.  We  must  take 
d  and  y  for  the  brace  desired.  Since  y  for  OK  is  (^  +  2;,  +  /)  cos  ^  where  ^  is  the  angle  of  OK  with 
the  vertical,  the  shear  at  O,  which  causes  the  stress  in  OK,  is, 

Shear  =  ^'       J  Alf- ^  ^^^^-p^^  -  F,i,d  +  .,)  +  M^ (3) 

For  the  shear  at  (9  which  causes  the  stress  in  OH,\vQ  put// +2,  in  place  of  </+ 2, +/,  and 
remember  that  d  must  be  taken  for  the  intersection  of  OG  and  HK. 

In  most  cases,  P^  and  J/,  will  be  zero.  These  equations  are  independent  of  the  character 
of  the  bracing,  and  depend  only  upon  the  inclination  of  the  chords. 

For    the  counter    0'K\  we  put  ^+/  in  place   of  d,  and  z^  is  the  distance  from  the  right 

end  to  H*, 

When  the  chords  are  horizontal,  </=  ^+  «.  =  <^+  ^.  +/  =  «^»  and  we  have  at  once  from 

(i),  as  on  page  91. 

Pn   ^  wyn  =   A  .V 

7      >  7" ^^^ 

and  from  (3), 

*^=T-7-^« (5) 

In  all  practical  cases,  where  the  panel  length  is  not  very  short,  Pt  is  zero. 
Moments. — The  general  criterion  for  moments  is,  Fig.  (e), 

and  for  the  moment  itself, 

M=^Mr-{M,^-P^)-^M, (7) 

These  equations  (5)  and  (6)  are  independent  of  the  inclination  of  the  chords,  and  depend  upon 
the  character  of  the  bracing. 

When  the  bracing  is  vertical  and  inclined,  e  =  o,  and  we  have,  as  found  on  page  92, 


Pn  +  wyn  =  Pz 


I         > 


z 


(8) 


This  holds  in  all  cases,  for  a  point  in  the  loaded  chord.     We  only  need  (5)  and  (6),  therefore,  for  a 
point  in  the  unloaded  chord,  when  the  bracing  is  triangular. 

Also,  when  ^  =  ^,  we  have  for  the  moment  for  vertical  and  inclined  bracing,  from  (6),  as  on 
page  92, 

M=^^Mr-M, (9) 

Plate  girder. — For  a  plate  girder,  in  order  to  find  the  maximum  moment,  the  system  must  be  so 
placed  that  the  wheel  which  causes  the  maximum  is  as  far  on  one  side  of  the  centre  of  the  span  as  the 
centre  of  gravity  of  the  total  load  is  on  the  other. 

Cross-girder. — Finally,  for  the  maximum  load  on  a  cross-girder,  we  have,  Fig.  (//),  page  219, 

where  P%  is  the  load  in  the  right  panel,  including  the  wheel  at  the  end,  Py  is  the  load  in  the  left 
panel,  /»  the  length  of  the  right,  and  A  the  length  of  the  left  panel. 

The  preceding  cases  cover  the  entire  theory  of  using  our  diagram,  except  for  the  case  of  the 
cantilever y  which  will  be  discussed  at  the  end  of  this  chapter.  We  now  proceed  to  give  illustrations 
of  the  application  of  the  preceding  criterions. 


L 

A 

^ 

''.yAAA/\/\ 

C    A 

B 

CD                                             i 
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APPLICATION   TO    THE    CASES   OF   CHAPTERS    III.   AND    IV.,   SECTION    II.* 

We  can  now  give  the  solution  of  the  cases  of  Chapters  III.  and  IV.,  Section  II.,  pages  103,  116, 
by  means  of  a  concentrated  load  system,  as  specified  and  explained  here  and  on  pages  90  et  seq. 
This  method,  as  we  have  said,  is  the  present  practice,  and  the  student  should  be  thoroughly 
familiar  with  it.  He  should  prepare  a  diagram,  to  a  scale  of  20  feet  to  an  inch,  as  directed  on  page 
87  et  seq.^  and  refer  to  it  constantly  in  checking  our  results. 

Example  1.  AV^arren  Girder. — Let  us  take  the  example  of  page  103,  /=  80  feet,  d  =  10 
feet  =  depth,  iV  =  8,  live  load  on  bottom  chord,  single  track,  two  trusses. 

Dead  Load  Stresses. — Let   the  panel  dead 

load   be   11400  lbs.,  of  which   9000  acts  at  the 

lower  chord  panel  points,  and  2400  at  the  upper. 

The  stresses  due  to  dead  load  may  be  found 

by  any  of  the  methods  of  Chapter  III.^  page  103. 

The  method  of  moments  is  perhaps  the  most  convenient.     Let  us  adopt  it. 

We  have,  for  the  reaction,  R  =  41 100  lbs.     For  the  top  chords,  therefore, 

Z^  X  10  =  —  41 100  X  10  +  2400  X  5,  Lb  '=^  —  39900  lbs. 

Ld  X  10  .-=  ~  41 100  X  20  +  2400(5  +  15)  +  9000  X  10,  Z</=  —  68400    " 

Lf  X  10  =  —  41 100  X  30  +  2400(5  +  15  +  25)  +  9000(10  +  20),  Z/=  —  85500   " 

Z^  X  10  =  —  41 100  X  40  +  2400(5  +  15  +  25  +  35)  +  9000(10  +  20  +  30),  Lh  ^  —  91200   " 

For  the  bottom  chords, 

Aa  X  10  =  -\-  41 100  X  5,  Aa=  -\-  20550  lbs. 

Be  X  10  =  +  41 100  X  15  —  2400  X  10  —  9000  X  S,  Be  =  +  54750    " 

Ce  X  10  =  +  41100  X  25  —  2400(10  +  20)  —  9000(5  +  15),  Ce  =  +  77550   " 

£>gX  10  =  +  41 100  X  35  —  2400(10  +  20  —  30)  +  9000(5  +  ^5  +  25),  £>g=  +  88950   *' 

The  sec  0=  1.117,  and  we  have  for  the  bracing 

La  =  —  4^100  X  I.I  17  =  —  45909  lbs.,  ab  =  +  (41 100  —    2400)1.117  =  +  43228  lbs. 

be    =  —  (41100  —  11400)1.117  =  —  33175  lbs.,  ed  =  -\-  (41100—  13800)1.117  =  +30494   " 

de    =  —  (41100  —  22800)1.117  =  —  20441    "  </"=  +  (41100  -  25200)1.117  =  +  17760   " 

fg  -  --  (41100  -  34200)1.117  =  —     7707    *'  gh=^  ^  (41100  -  36600)1.117  =  +    5026   " 

One  half  these  results  should  be  taken  for  each  truss. 

Live  Load  Stresses.— Hdiv'mg  prepared  a  diagram  according  to  the  instructions  on  page  87  et 
seq.,  the  student  should  carefully  check  the  following  results  : 

It  should  be  noted  that  for  the  braces  we  multiply  the  maximum  shear,  as  given  by  our  diagram, 
by  1. 117.  We  should  take  one  half  the  results  as  given  for  one  truss,  single  track.  If  we  had 
double  track  the  results,  as  given,  would  be  the  correct  stresses  for  one  truss,  without  dividing. 
Our  total  results  are  as  follows  : 


♦  The  student  should  prepare  a  diagram  like  that  given  on  page  243,  10  a  scale  of  20  feet  to  an  inch,  and  have 
it  constantly  at  hand  while  reading  the  following  pages. 
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z  ■=  lo,/,  at  point 


z  = 


=  20,  /, 


cc 


^  =  30,  A    " 


Z 


40,  A 


c« 


«  =  5o,A     " 


Total  Load. 
345000 

291200 

240000 

224000 

184000 


Live  Load — Braces. 

Mr.  Ml.  Max.  Shear. 


13629466 


10305786 


7728666 


5447066 


3443733 


108800 


128000 


128000 


128000 


128000 


159488 


I 16022 


83808 


55288 


30246 


j  Z<J  =  —  1 78148  lbs. 
(ab   =  +  178148 

j  ^r    =  —  129596 
[  cd  =4"  129596 

de    =  —    93613 
^/  =  +    93613 

]/g  =  -    61757 
(g^  =  +    61757 

fg=^    33785 
g^  =  -    33785 


(( 


ti 


(< 


i( 


<i 


<» 


4( 


ti 


it 


All  these  shears  are  greater  than  for  uniform  train  load  alone,  page  105. 

We  see  thaty^^  and  gh  must  be  counterbraced  for  the  difference  33785  —  7707  =  26078  lbs. 
For  the  unloaded  chord  we  apply  the  diagram,  as  directed,  page  93,  and  give  our  results 
for  the  student  to  check. 


Total  Load. 

iB:  =  10,  A  ^t  point 

352000 

2  =  20,  A.     " 

332400 

^  =  30,  A.    " 

328400 

«  =  4o,A.    " 

328400 

Live  Load — Top  Chord. 

Mr.  Mx'  Max.  Moment. 

13629466  108800  —    159488  Lb 

13293220  579200  —  2744105  Ld 

12990420         1538000  —3333407  Lf 

12934286        2965866         —  3501277  Lh 


—  159488  lbs 

—  274410   " 

—  333341    " 
-350128   " 


For  the  loaded  chord  we  must  find  the  position  by  the  criterion  given,  page  243.     In  the  present 
case  -  =  -,  and  our  criterion  may  be  written 

Let  us  try  for  the  maximum  moment  at  the  first  upper  apex  on  left  of  centre,  that  is,  the  point 
of  moments  for  Dg, 

80       16 

Since  «  =  35»  T  ~  T- 

z        7 

When  pxK  is  at  centre  of  span,  we  have  y^  =  6.9,  P^  =  304000,  P^  =  96000,  /*,  =  51200. 
Hence  P^-t  wy^  =  331600,  and  y  [P^  +  -y j  =  277943. 

If  A4  is  moved  just  a  little  to  right,  the  total  load  is  unchanged,  but  Px  becomes  76800.     Hence 

16     /„  Py\ 

—  [p,  +  — y  =  307200. 

We  see  that  331600  is  greater  than  both  these  results,  therefore  we  try  for  A&  at  centre. 

We  have  for  this  position  P^  4-  wy^  =  328400,  and  for  the  two  values  of  —  \Px  H -\  290743 

and  320000.     As  328400  is  greater  than  both  these,  we  try  for  Ae  at  centre. 

For  this  position  y^  =  15.4,  P^  +  wy^  =  325600,  and  the  two  values  of  —  \Pt  ^ -j  are 
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303543  and  332800.     Since  325600  is  less  than  the  first  and  greater  than  the  second,  this  position 
gives  a  maximum. 

p 

For  this  position  Mr  +  12738853,  P^{x^  -|-  ^)  =  201 1600,  — ^jc,  =  163200,  hence 

2 

35 
M  =  —  ^Mr  +  201 1600  -f  163200  =  —  3398448. 
80 

In  the  same  way  we  get  the  following  results: 


Live  Load— Lower  Chord. 


-My. 

p 


Maximum 
Moment. 


Mr.  3/,  -f-  P^e, 

z  =    5,/,,  at  10  ft.  from  left  end  14919666  o  54400    —    878079    Aa'=^  -\-  87808  lbs. 

jg;  =  15,^,^  at  20               "                13441220  198400  163200    —  2158628    -^^^  =  + 215863  " 

z  =  25,^,,  at  30               **                 12800320  825600  163200    —  3011300    Cf  =  +  301130  " 

«  =  35»  /^.e  at  40              "                12738853  2011600  163200    -  3398448    Dg-  -^  339845  " 


All  these  moments  are  greater  than  for  uniform  train  load  alone. 

Example  2.     Pratt  Truss. — As  an  illustration,  let  us  take  the  Pratt  Truss  given  in  Plate  22, 
at  the  end  of  this  work. 

Span  =153  feet  =  /,  number  of  panels  iV=  9,  panel  length  /=  17  feet,  depth  =  26  feet, 
tan  ^  =  0.654,  sec  6/  =  1.195. 

We  adopt  for  the  live  load  the  system  of  our  diagram,  instead  of  that  specified  on  Plate  22,  and 
for  dead  load  1800  lbs.  per  foot,  of  which  500  is  for  the  upper  chord  and  1300  is  for  lower  chord. 

p       R       s       T  Our  dead  load  panel  weights  are,  then,  8500  lbs. 

at  each  upper  apex,  and  22100  lbs.  at  each  lower 
apex — total,  30600  lbs.     This  dead  load  is  greater 
0      Q       H        I       K  than  that  for  which  the  truss  was  actually  designed, 

but  our  live  load  is  much  larger  than  that  assumed  by  the  Bridge  Company,  and  hence  we  should 
have  heavier  trusses. 

Dead  Load  Stresses, — We  give  the  results  of  calculation,  according  to  the  above  data,  in  order 
that  the  student  may  check  them.     We  shall  adopt  for  the  chords  the  method  of  coefficients,  page 
107,  as  requiring  the  least  work. 
We  have,  then,  for  the  chords, 


/*  =  —    7  X  30600  X  0.654  =  —  140086  lbs. 
-^  =  —    9  X  30600  X  0.654  =  —  180 r II    " 


^=  •$"=  —  10  X  30600  X  0.654  =  —  200124 


u 


H  =■  ■\'  140086  lbs. 
/  =  +  180111    " 
K^  +  200124    " 


6^  =  +    4  X  30600  X  0.654  =  +    80045"   " 


For  the  web  members 


(?  =  —  4  X  30600  X  1. 195  =  —  146268  lbs. 
Z>  =  +  2  X  30600  X  1.195  =  +    73134    " 


^  =  + 


22100 


a 


30600  —  8500  =  —     39100     " 


-^  =  +  3  X  30600  X  1. 195  =  +  109701  lbs. 
C=+    30600X1.195  =  +  36567  " 
iV=  —  2  X  30600  +  8500  =  -  69700  " 


z  =  - 


8500 


^  =  ^  =  o. 
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Live  Load  Stresses, — Applying  our  diagram,  we  have  the  following  results  : 


^^  at  2  =  17  ft. 


Mr  Ml  Shear 

501 18746     590400     292843 


(9  =  —  349947  lbs. 


A  ^^  ^  =  34  ^^'         37377086    304800    226364    E=  +  270505  " 


/,  at2  =  51  ft. 
^  at  5  =  6i  ft. 


28509886    304800    168409    Z>=  + 201249  "    ^  =—  1 68409  lbs. 
2079S533    304800    118008    C  =  +  141019  *'    M—  —  118008  " 


A  at  2  =  85  ft.    12774906 


A  at  ^  =  102  ft. 


7968666 


12800 


12800 


75966    ^=+  90779  "    Z  =  -  75966  " 


44552 


C=-  53239  **    F=-{-    91247 


it 


Since  the  dead  load  stress  in  C  is  —  36567,  the  counter  A  is  strained 

+  53239  —  36567  =  +  16672  lbs.  Half  these  values  for  one  truss. 


For  the  chords,  we  have 

Mr  Mg 

A  at  2  =  17  ft.     501 18746         590400 


M 


—    4978460     G=  -\-  i9i479lbs. 


A»at2  =  34ft.  48221353  2206333  -  8509514  ^^=  +  327289" 
^,^at2  =  5ift.  47776606  5108186  —  10817349  /=+4i6o5i  " 
A,at^  =  68  ft.     50017886     10083866     —  12146305     A'=  +  467165  " 


R 
S=  T 


-  327289  lbs. 

-  416051  " 

-  467165  " 


Half  of  these  values  for  a  single  truss,  if  there  are  two  trussses. 

Example  3.     Double  Intersection  Pratt  Truss. — Let  us  take  the  same  span  as  before, 

/=  153  feet,  .A^=  9,/  =  17  feet,  depth  =  26  feet. 
For  O  and  E  tan  d  =  0.654,  sec  ^  =  1.195.  For 
the  other  ties,  tan  6^  =  0.765,  sec  6  =.  1.7.  Let  us 
take  the  same  dead  load  as  before,  viz.y  8500  lbs.  at 
each  upper  apex,  and  22100  lbs.  at  each  lower  apex. 

Total,  30600  lbs. 
Dead  Load  Stresses. — We  must  use  for  dead  load  the  method  of  coefficients,  page  122. 
We  have  for  the  chords. 


P  =  —  6  X  30600  X  0.654  —  30600  X  0.765  =  —  143483  lbs. 


^=  +  143483  lbs. 


^=iS=7'=— 6X  30600  X  0.654  —  2  X  30600  X  0.765  =  —  166892  lbs.     A'=  +  166892    ** 
6^  =  +  4  X  30600  X  0.654  =  +  80049  lbs. 
-^=  +  6  X  30600  X  0.654  =  +  120074  lbs. 


For  the  web  members. 


A  =Br=o^ 


F=  -{■  22100  lbs., 


^  =  +  2  X  30600  X  1. 19s  =  +  73^34  lbs. 


0=  —  4X  30600  X  1. 195  =  —  146268  lbs.,    L>=  +  30600  X  1.7  =  +  52080  lbs.  =  C, 


L=M=  —  8500  lbs.. 


N  =  —  30600  —  8500  =  —  39100  lbs. 


Live  Load  Stresses. — For  all  multiple  systems  the  stresses  are  indeterminate,  as  it  is  impossible 
to  say  how  much  in  practice  each  system  will  take.  For  this  reason  such  systems  are  usually 
avoided. 
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The  accurate  method  of  finding  the  stresses  for  live  load,  for  any  panel  or  brace,  would  be  to 
find  by  diagram  the  position  of  the  system  which  gives  the  maximum  moment  or  shear,  and  then  for 
this  position  find  the  actual  loads  which  take  effect  at  each  apex,  and  find  the  stress  for  this  loading. 

As  this  is  exceedingly  tedious,  and  the  indeterminate  character  of  the  stresses  in  practice  renders 
such  accuracy  delusive,  we  adopt  the  following  method,  as  being  simpler  and  sufficiently  accurate: 

For  the  Braces. — Find  the  maximum  shear  for  any  brace  by  our  diagram,  as  usual.  Then  find 
that  uniform  load  which  would  give  the  same  shear  at  the  same  point.  Divide  this  load  into  apex 
loads,  and  calculate  the  brace  for  this  loading. 

If  w  is  the  uniform  moving  load  per  footj  coming  on  from  the  right  and  reaching  to  a  distance 

z  from  the  left  end,  then  the  shear  due  to  this  load  is  — ^^— — -.      We  may  take  the  distance  z 

as  extending  to  the  middle  of  the  panel  in  front  of  the  point. 

If  the  maximum  shear  determined  by  diagram  is  S^  then  we  have  for  w^ 

2iS 

w  = 


\ip  is  the  panel  length,  we  have  the  apex  load 

Taking  this  apex  load  at  each  apex  from  right  end  up  to  the  brace,  we  find  the  stress  in  the 
brace  for  this  loading. 

In  the  present  case  we  have  the  following  values : 

S  z  P 

/,  at    17  feet  from  left,   292843  lbs.     8.5  feet.    72957  lbs.    (9  =  —  348734  lbs. 

226364  "  25.5  "  72436  "  ^  =  +  153S86  " 

168409  "  42.5  ''  71748  "  Z>  =  +  162631  " 

1 18008  "'  59.5  "  70219  "  C=  -j-  1 19272  ^'    N  =  —  70219  lbs. 

75966  "  76.5  "  65816  "  B  =  +    74591  »*   i^=- 43877    " 

44552  "  93-5  "  65464  "  ^  =  +    49461  "     Z  =  -  29095   " 

^=  +  89153   " 
Thus,  for  O  we  have  eight  panel  loads  of  72957  lbs.,  and  hence 

R  =  291828,     and     O  —  —  291828  X  1.195  =  —  348734  lbs. 

For  E  we  have  the  panel  load  72436  lbs.,  and  since  four  of  these  loads  are  on  the  system  to 
which  E  belongs,  we  have 

^=f-  +  ^+^+-^  72436=  128775,     and     ^=  -  128775  X  1.195  =  -  153886  lbs. 

For  6*  we  have  the  panel  load  70219  lbs.,  and  since  three  of  these  loads  act  on  the  system  to 
which  C  belongs, 

R=  (-  +  -  +  -)  70219  =  70219,     and     C  =  —  70219  x  1.7  =  —  1 19272  lbs. 

The  shear  for  C  is  the  compression  for  N. 

For  the  Chords. — We  find  by  our  diagram  the  maximum  moment  for  any  panel,  at  the  nearest 


/. 

34 

/. 

SI 

/. 

68 

/. 

85 

A 

102 
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«  « 


«  a 


«  « 
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centre  of  moments.  Then  find  what  uniform  load  over  the  whole  girder  would  give  the  same 
moment  at  this  point.  Divide  this  load  into  apex  loads,  and  find  the  stress,  in  the  panel  for  this 
loading,  by  coefiicients,  in  the  usual  manner.  Each  panel  is  thus  found  for  its  own  equivalent 
uniform  load. 

If  we  denote  the  uniform  load  per  foot  by  «,  then,  if  5  is  the  distance  from  the  left  end  to  any 


uz 


centre  of  moments,  the  moment  at  this  point  is  —  (/  —  5).     If  we  denote  the  maximum  moment  as 

2M 

found  by  diagram  by  M^  we  have  the  equivalent  uniform  load  u  =     .         ..     If  /  is  the  panel  length, 
the  apex  load  is 

In  the  present  case  we  have  the  following  vahiet : 

M  z  P 

p^   at  17  feet  from  left,     —    4978460      17      73212  lbs.      (7  =  +  191522  lbs. 


(( 


p»   34 


<< 


A.  "5'       " 


(( 


<< 


/,,  "  68 


-  8509514    34    7^50^  "     /r=  + 280597  " 

-  10817349  51   70701  "    /=  +  33i5i7  "   -^=  -  3315^7  lbs. 

—  12 146305   68   71449  "    A' =  +  389682  "  i?=— 389682  " 

^  =  5  =  r  =  -  389682  lbs. 


Half  of  these  values  to  be  taken  for  one  truss.     The  same  method  applies  to  lattice  truss  of 
three  or  more  systems,  or  to  the  Post  Truss. 

In  view  of  what  has  preceded,  there  should  now  be  no  difficulty  in  finding  the  stresses  for  con- 
centrated load  system  for  any  of  the  trusses  with  horizontal  chords  given  in  Chapter  IV.>  page  i  \  6. 
We  shall  not,  therefore,  give  here  examples  of  the  Baltimore  or  of  the  Kellogg  and  Fink  Trusses. 
The  latter  are  entirely  antiquated,  and  no  more  built.     For  long  spans,  instead  of  a  double-system 
Pratt,  some  modification  of  the  Baltimore  Truss  is  used,  generally  with  inclined  chords. 

Example  4.     Inclined  Chords. — Let  us  take  as  an  example  of  inclined  chords  the  case 
already  given,  page  136. 

Here  the  span  /  =  1 20  feet,  number  of  panels  iV  =  8,  panel 
length  /  =  15  feet,  bracing  vertical  and  inclined.  Height,  20 
feet  at  centre,  10  feet  at  ends,  apices  of  upper  chord  in  a  para- 
bola. We  have  already  found  for  this  case  the  lever  arms  of 
the  various  members,  page  138. 


-^.— 


Lower  chord, 

AB 

BC 

CD 

DE 

lever  arms. 

10 

14.375 

17.5 

19.375  ^ect. 

Upper  chord, 

be 

cd 

de 

^/ 

lever  arms, 

13.8 

17.13 

19.22 

19.98  feet. 

Inclined  braces. 

bB 

cC 

dD 

eE              fD 

lever  arms, 

27.33 

58.33 

117.69 

379.53           372  feet 

Vertical  braces, 

bA 

cB 

dC 

eD 

fE           eC 

lever  arms, 

34.285 

49.285 

84 

15s 

480          1 10.6  feet. 

he  distance  d^  on 

the  left  of  A^  at  which  the 

upper  panels  intersect  the  lower  chore 

panel. 

be 

cd 

ie 

'/ 

d 

=  34.285 

54 

no 

430  feet 
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Let  the  dead  load  be  1150  lbs.  per  foot  on  lower  chord,  and  350  lbs.  per  foot  on  upper  chord, 
or  17250  lbs.  at  each  lower  apex,  and  5250  lbs.  at  each  upper  apex  ;  total,  22500  lbs. 

Dead  Load  Stresses. — Making  use  of  our  lever  arms,  and  the  method  of  moments,  we  have 
R  =  78750  lbs. 

AB  =  o. 

^C   X  14.375  =  +  78750  X  IS  BC  ==  +    82173  lbs. 

CD   X  17.5   =  +  78750  X  30  —  22500  X  15,  CD  =  +  115714  " 

D£  X  19.375  =  +  78750  X  45  -  22500  (15  +  30),  DJS-  +  130645  " 

dc  X  13.8  =  —  78750  X  15,  de  =  —    85600  lbs. 

ed  X  17.13  =  —  78750  X  30  +  22500  X  15,  cd—  —   1 18797  " 

de  X  19.22  =  -  78750  X  45  +  22500  (15  +  30),  de  —  —   131698  " 

ef  X  19.98  =  -  78750  X  60  +  22500  (15  +  30  +  45).  </  =  -  135 135  " 
bA  =^  "   78750  lbs. 

bB  X  27.33  =  +  78750  X  34.285,  bB  ^  -\-  98790  lbs. 

cC   X  58.33  =  +  78750  X  54  -  22500  X  69,  rC  =  +  46288  *' 

dD  X  117.69  =  +  78750  X  no  —  22500  (125  +  140),  dD  —  +  22941  " 

« 

eE   X  379.53  =  +  78750  X  420  -  22500  (435  +  450  +  465)     eE  -  -\-    7 114  " 

cB  X  49285  =  -  78750  X  34-285  +  17250  X  49285,  cB  =1  -  37532  lbs. 

//C  X  84    =  —  78750  X  54    +  22500  X  69  —  17250  X  84,       dC  ■=i  —   14893  ** 

cD  X  155    =  —  78750  X  no    +  22500(125  +  140)  —  17250  X  155,  eD=  —       170  " 

fE  X  480    =  -  78750  X  420    +  22500  (435  +  450  +  465)  -  17250 

X  480  -  eE  X   379.53*  /^  =  +  6000  " 

Half  these  results  to  be  taken  for  a  single  truss  if  there  are  two  trusses. 

Live  Load  Stresses. — For  the  criterion  giving  the  position  of  load  for  maximum  shear  we  have, 
in  this  case,  page  243,  since  -P,  will  be  found  to  be  zero,  and  /  =  Npy 

N        >     "        d      ' 


and  for  the  maximum  stress  in  a  brace, 


Brace  stress  =  ~l  — ^ 7^^^+  '«)j» 


where  y  is  the  lever  arm  for  the  brace,  and  d  is  taken  for  the  brace  in  question. 

For  a  counter,  we  find  the  stress  in  the  corresponding  brace  on  the  other  side  of  the  centre 
and  take  ^  +  /  in  place  of  dy  and  z^  the  distance  from  the  right  end  to  the  panel. 
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We  have  in  the  present  case  the  following  results: 

J/^  J/,  d  y  2^ 

p^  Sit  15  feet  from  left,  30231280     326400       34. 285     27.33       ^      (  dB  =  -{•  288740  lbs. 

34.285     34.285      o      \dA    =  -  230166   " 

A  "  30         "  "      21130133     128000       54  58.33       15     \^C    =  +  152920" 

34.285     49285     15     \cB  =  -  113960   " 

A  "45  "  "      15206066     128000     no  117.69       30     (  i/Z>  =  +  108286   " 

54  84  30     \^C  =  -     72928   " 

A  "  60  "  "      10305786     128000     420  379-53       45     j  ^^  =  +    84610   " 

no  155  45     {el>  =  -     52415    " 

A  *' 75  "  "        6567066     128000     420  372  45       /^  =  +     78373" 

A  "  90  "  "        3480533     128000     no  110.6         30       eC   =  +    59236   " 

We  see  that  the  counter  stresses  ior/D  =  78373  lbs.,  and  for  ^C  =  —  59236  lbs. 
For  the  criterion  giving  the  position  of  load  for  maximum  moment,  we  have  in  this  case  for 
both  chords 

and  for  the  moment 

We  find  the  moments,  therefore,  precisely  as  so  often  illustrated  in  preceding  examples.  This 
moment  must  be  divided  by  the  lever  arm  of  the  panel  to  get  the  stress 

We  shall  leave  the  results  to  be  found  by  the  student.     If  we  had  inclined  bracing  we  should 

use  the  above  criterion  and  formula  for  M  for  the  unloaded  chord  only,  and  for  the  loaded  chord 

should  have  the  criterion 

^  p 

J  (Pn  -f  7Uyn)   >  ^«  +    -T"  ^. 

'  P 

Application  to  Skew  Span. — There  are  two  cases  of  skew  spans :  ist,  where  the  end  floor 
beams  are  supported  by  both  trusses ;  2d,  where  the  end  floor  beams  rest  on  the  masonry,  or  are 
attached  at  one  end  to  the  end  foot  of  one  truss.  The  skew  in  no  way  affects  the  conditions  for 
finding  the  positions  of  the  system  for  maximum  shear  and  moment,  but  in  finding  these  positions 
the  loading  is  to  be  taken  along  the  centre  line.  Since  the  panels  on  the  centre  line  are  not  necessarily 
equal,  we  cannot  put  in  general  Np  =  /,  and  hence  the  condition  for  maximum  shear  is  to  be  written 
when  Pf  =  zero, 


(A  -f  7ayn)p  =  p         =  d-\-  Zt 


according  as  the  chords  are  horizontal  or  inclined,  where  /  is  the  length  of  the  panel  on  the  centre 
linty  for  which  the  shear  is  required,  and  /  is  the  length  of  centre  line  or  span. 
The  condition  for  maximum  moment  for  the  chords  is 


(Pn  +  Wyn)  Z  =  ^r=    p     .iL. 

7 >  P»>  or  >  Z',  +  —e, 


/" 


concentrat§:d  load  system. 
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according  as  the  bracing  is  vertical  and  inclined,  or  all  inclined,  page  219,  where  we  take  in  like 
manner  z  =  the  distance  from  left  end  of  centre  line  to  the  point  in  question,  on  centre  line. 

The  positions  being  thus  determined,  the  shear  and  moment  must  be  found  for  each  truss  as 
follows  : 

Case  i.      When  the  end  floor  beams  are  supported  by  both  trusses, — For  the  moment  at  the 

Wri  "S^^  ^"^  ^^  Truss  A,  Fig.  (f),  when  the  position 

,1        I  of  the  load  system  on  the  centre  line  has  been 
'      •  found  as  directed,  we   must  take  the   uniform 

train  load  wyn  as  concentrated  at  the  centre  of 
ynj  and  then  find  its  moment  with  reference  to 
end   of   Truss  A.     Its  lever  arm  is,  therefore, 


Trnts  A.. 


000  f^O  n  on 


n  n  QO(^OOo  or 


TruwB, 


Fig.   (f). 


!  v.-i --?:==: -^ 


— s 


yn 


Hence,  for  moment  at 


■   *    I   right  end  of  Truss  A,  we  have,  if  we  denote  the 

yn-s' 


skew  by  J, 

Mr  =  M.  +  />.  (^y.  -  ^)  -f  wy^  {^—^ 
and  in  like  manner,  for  Truss  B, 

The  shear  is  now  given  by 


S  =  — —;  or  generally,  when  Z',  is  zero,  ^      ^  ^        -j ^ ^ J, 


and  the  moment  by 


Mr 


Mr 


lYl  iVt  ^ 

M-=-~rs+M„OT  generally  -  ^  z  +  21  !>(  +  -Mu 
/  tup 

where  /  is  the  actual  panel  length  of  truss  itself  and  z  is  the  distance  on  the  truss  from  left  end  to 
point  in  question. 


z 


It  must  be  distinctly  remembered,  that  while  —  is  a  ratio  on  the  centre  line  in  getting  the  posi- 
tion for  maximum  moment,  it  is  a  ratio  on  the  truss,  in  getting  the  moment  itself.     Also,  that  j  is 

always  a  ratio  on  the  centre  line. 

Case  2.  When  the  end  floor  beam  rests  on  the  masonry^  or  is  attached  to  the  end  foot  of  one 
truss. — In  this  case  all  loads  between  a  and  the  right  end  come  directly  upon  the  masonry  at  b,  and 
have  no  effect  whatever  upon  Truss  A. 

We  have,  therefore,  for  Truss  A, 

M,^M.^  P.  {,.  -  i)  *  f  (..  -  i)*, 
while  we  have  for  Truss  B 

M,  =  M.^  A  (^y^  +  ^)  +  wy.  {^^y 

We  see  at  once  that  Truss  B  is  exactly  the  same  as  in  Case  i.  But  Truss  A  is  the  same  as  a 
Square  span  of  length  cd  so  far  as  shear 
and  moments  are  concerned,  but  in  de- 
termining positions  its  length  is  ab^  and 
we  simply  consider  all  loads  on  centre 
line,  between  a  and  right  end,  as  non- 
existing. 

Truss  B  we  treat  exactly  as  in  Case 
I.  Since  the  forward  end  of  Truss  A 
is  the  same  as  the  rear  end  of  Truss  B, 
we  have  only  to  compute  one  end  of  each  truss. 


Truss  ft 


Fig*  (8) 
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panel  length,  the  stresses  at  each  end  of  Ti 
—Let  us   take  the  span  at    153   feet, 


.11  be  equal  for 
ith    9    panels   of    17    feet 


l\,  ,■ 

^7\                TopPta= 

•••-. 

,'\ 

•■:\ 

FiB.*. 

;    Ao: 

B 

° 

BO 

:  material.     The  post  at 
1  order  that  the  top  wind 


In  case  the  skew  is  just 
both  chords  and  web. 

Example  5.  Skew  Si 
each  on  the  centre  line  ; 
two  Pratt  Trusses,  depth 
s6  feet,  width  between 
trusses  16.25  ^^st.  Skew 
^=  45°  right  end  forward, 
or  J  =  i6.zs  feet. 

In  Fig.  I  we  have 
represented  the  bottom 
plan  with  the  wind  brac- 
ing. In  Fig.  2  ive  have 
the  elevation  of  Truss  B, 
and  in  Fig.  3  the  eleva- 
tion of  Truss  A.  It  will 
be  noted  that  the  end 
posts  of  both  trusses 
have  the  same  inclina- 
tion. In  Fig.  4  we  have 
Ihe  top  plan  with  wind 

iJpacing.      At    the    right 

Aid  of  Truss  B  and  left 

Ind  of  Truss  A  the  post  at  the  end  of  T,t  is  omitted.     This  is  done  to  sa 

llhe  foot  of  7;  is,  however,  retained  in  Truss  B  and  A,     This  is  necessary 

.  pracing  may  be  as  shown  in  Fig.  4. 

l'  The  student  should  study  carefully  these  different  Figs.,  and  observe  the  notation  adopted, 
'iiiembers  on  one  side  of  the  centre  being  denoted  by  letters  and  numbers,  and  on  the  other  side  by 
tn^  same  letters  and  numbers,  with  o  annexed.  All  posts  or  struts  are  denoted  by  /*,  all  tension 
br^es  by  T,  counters  by  C,  lower  flanges  by  numbers,  upper  flanges  by  letters. 

^'  Thus  S  is  second  upper  panel  from  left  end  of  Truss  B,  and  Bo,  the  corresponding  panel  on 
right\nd.  Truss  A  is  the  same  as  Truss  B  turned  round.  The  stresses  in  the  left  half  of  Truss  A 
are  the^s.ame  as  for  the  right  half  of  Truss  B. 

I^eaa  Load  Stresses. — Let  us  take  the  track  at  400  lbs.  per  lineal  foot,  and  the  cross  girders, 
stringers,  floor,  etc.,  at  380  lbs.  per  lineal  foot.     Then  we  have  - —  =  390  lbs.  per  lineal  foot  for 

each  truss,  applied  along  the  centre  line. 

This  ^ives  17  x  390  =  6630  lbs,  at  every  lower  apex  of  Truss  B,  if  the  bridge  is  a  through 
span. 

Suppose  the  weight  of  the  trusses  themselves  and  the  wind  bracing  is  lozo  lbs.  per  lineal  foot. 
This  gives  510  lbs.  per  lineal  foot  for  each  truss,  of  which  we  assume  250  lbs.  for  the  upper  chord 
and  260  lbs.  for  the  lower  chord,  applied  along  the  truss  itself. 

We  have,  then,  at  the  first  and  second  upper  apices  (8.5  +  4.45)  250  =  3238  lbs.  At  the  last 
and  next  to  last  upper  apex  (8.5  +  12.55)  ^5°  =  5^^*  "js.  At  all  the  other  upper  apices  17  x  250 
=  4250  'bs. 

At  the  first  lower  apex,  we  have  (8.5  +  4.45)  260  =  3367  lbs.,  at  the  last  lower  apex  (8.5  +  12.55) 
a6o  ^  5473  lbs.,  at  all  the  other  lower  apices,  17  x  260  =  4420  lbs. 

Taking  both  these  loadings,  we  have  the  apex  loads  given  in  Fig.  2,  Truss  B,  and  the  dead 
load  stresses  are  the  stresses  due  to  these  loads. 

For  T,  and  Tn  we  have  tan  0  =  0.312,  sec  6  =  1.048.  For  T,  we  have  tan  C  =  0.342,  sec  6 
=  1.057.  For  Tk,  we  have  tan  d  =  0.965,  sec  if  =  1.39.  For  all  other  inclined  members  tan 
8=:  0.654,  sec  fl  =  1.195, 
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The  left  reaction  for  Truss  B  is  given  by 

^  X  153  =  9997  X  144.1  +  11050  (127.1  +  iio.i  +  93.1  +  76.1  +  59.1  +  42.1)  +  12103  X  25.1 
+  3238  (136  +  127.1)  +  4250(1101 +  93-^  +  76.1  +59-0  +  5262  (42.1  +  17). 

Hence  ^=  65062  lbs.  The  right-hand  reaction  is  57338  lbs. 
We  have  therefore,  for  the  dead  load  stresses, 

-P,  =  —  65062  X  1. 195  =  —  77749  lbs.         r,  =  +  9997  X  1.048  =  +  10477  lbs. 

r,  =  +  51827  X  1.057  =  +  54781  "  ^.  =  +  37539  X  1.195  =  +  44859  " 

r,  =  +  22239  X  1.195  =  +  26575  "  Z',  =  -  37539  +  3238  =  -  40777  ** 

-P.  =  -  22239  +  4250  =  —  26489  "  ^»  =  +  6939  X  1. 195  =  +  8292  " 

A  =  -  6939  -  4250  =  -  11189  "  F,,  =  -  4250 

^4.  =  +  8361  X  1.195  =  +  9991  "  F,,  =  -  8361  +  4250  =  -  12611  " 

^..  =  +  23661  X  1. 195  =  +  28275  "  />„  =  -  23661  4-  5262  =  -  28923  " 

^«  =  +  39973  X  1.39  =  +  55562  *'  r,„=  +  12103  X  1.048  =  +  12684  " 
^,0  =  -  57338  X  1.195  =  -  68519  " 

The  stresses  are  the  same  in  the  members  of  Truss  A,  which  are  denoted  by  the  same  letters. 

A     X  26  =  —  65062  X  25.9  +  9997  X  17  +  3238  X  8.9  A    =  —    57167  lbs. 

B    X  26  =  -  65062  X  42.9  +  9997  X  34  +  3238  X  25.9  +  14288  X  IT  B    1=  —  81723  " 

C     X  26  =  -  65062  X  59.9  +  9997  X  51  +  3238  X  42  9  +  M288  X  34 

+  15300  X  17  C  =  -  96274  *' 

D    X  26  =  —  65062  X  76.9  +  9997  X  68  +  3238  X  59.9  +  14288  X  51 

+  15300  (17  +  34)  Z>  =  -  100820  " 

Co   X  26  =  —  57338  X  76.1  +  12103  X  51  +  5262  X  59.1  +  16312  X  34 

+  .15300  X  17  Co  =  —  100787  " 

^o  X  26  =  —  57338  X  59.1  +  12103  X  34  +  5262  X  42.1  +  16312  X  17  ^o  =  -  95307  " 
-<4o  X  26  =  —  57338  X  42.1  +  12103  X  17  +  5262  X  25.1  Ao  =  —    79850  " 

3  =  +  57167  lbs.    4  =  +  81723  lbs.    5  =  +  96274  lbs.   40  "=  +  95307  lbs. 

30  =  +  79850  " 

1  X  26  =  +  65062  X  17  I  =  +  42540  lbs. 

2  X  26  =  +  65062  X  17  —  9997  X  8.1  2  =  +  39426  " 
20  X  26  =  +  57338  X  17  +  12103  X  8.1  20  =  +  41261  " 
10  X  26  =  +  57338  X  17  10  =  +  37490  " 

Live  Load  Siresses,^ln  the  present  case  s  =  16.25  feet.     For  Truss  B,  we  have,  page  257, 

ilf,=  ilf,  + />,  (y„  +  ^)  +  7^^^), 

and  for  the  criterion  for  position  for  maximum  shear,  since  the  chords  are  horizontal, 

(Fn  +  uyr)  7  ^-^1 » 

where  p  is  to  be  taken  on  the  centre  line. 
The  maximum  shear  itself  is  given  by 

where/  is  the  panel  length  on  the  truss  itself. 


26o 


APPENDIX. 


Applying  our  diagram,  we  have  the  following  results  for  Truss  B. 
half  of  the  shear  for  one  truss. 

Position  on  Centre  Line.  Jfn  ^r  ^x 

/,  at     17  feet  from  left,         482         55309226         590400         1475^0 

/,  at     34        "         "  26.9         41879598         304800         127896 


We  take,  of  course,  one- 


Aat  51 


/.at  68 


i< 


« 


9-9 


32460238    304800    971 14 


u 


t( 


5.4       24103333       304800        69804 


p. 
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— 

176358 

lbs 

T^ 
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135186 

a 

P^ 

= 

— 

97114 

« 

T, 

— 

+ 

1 1605 1 

« 

P, 

= 
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69804 

i< 

T, 

— 

+ 

83416 

« 

A  at    85 


(( 


<( 


« 


(( 


0*6    '5548346    128000    47046 


=  -    47046  " 
+    56220  ** 

;),  atio2         "         ••  4.3  9888666         128000         28551  ^40=  —     341 18  " 

/,  at   119         "         "  4.8  5706933         128000         14885  ^.,  =  -     17887" 

T..  must  be  counterbraced  for  341 18  —  9991  =  24127  lbs.,  and  this  is,  therefore,  the  tension 
in  C,. 

As  the  dead  load  tension  in  T^^  is  greater  than  17787,  T^^  does  not  need  to  be  counterbraced. 

For  Truss  A,  we  have 


Hence,  for  Truss  A,  we  have 


Position  on  Centre  Line* 

/^  at  17  feet  from  left, 
A  at  34 


« 


a 


A  at  51 


/,  at  68 


A  at  85 


p^  at  102 


u 


(i 


7» 

48.2 
26.9 

99 


Mr 

44928266 

32871346 


M, 

590400 
304800 


s 

2 

'35063 

98457 


(( 


(( 


24562306     304800       71304 


i( 


(( 


5-4         17493733         304800 


(( 


n 


(( 


« 


0.6         1 000 1 466 


4.3 


6024666 


12800 


12800 


48204 


28918 


15923 


-P,o  =  —  i6i4oolbs. 

T,,  =  +  136855 

Ao  =  -  71304 

r.„  =  +  85208  " 

p,,  =  -  48204  " 

^.0   =    +  57604    " 

(;/>,.  =  -  28918" 

\t,  =  -  34557  " 

T,=  -  19028  " 


7\  must  be  counterbraced  for  34557  —  8292  =  26265  lbs.,  and  this  is  the  tension  in  C„.  As 
the  dead  load  tension  in  T^  is  greater  than  19028,  7\  does  not  need  to  be  counterbraced. 

Finally,  we  have,  for  the  greatest  load  concentration  which  can  come  at  the  foot  of  T',  or  T^^ 
when/^  is  at  the  foot,  45620  lbs.     Hence, 

T',  =  +  45620  X  1.048  =  +  48810  lbs.,  and  T^^  =  +  45620  X  1.39  =  +  63412  lbs. 

For  the  chords  we  can  find  panels  i  and  10  by  simply  multiplying  the  maximum  end  shears 
already  found  by  tan  ft     Hence,  we  have 

I  =  +  147580  X  0.654  =+  96517  lbs.  10  =  +  135063  X  0.654  =  +  88331  lbs. 

For  panel  2  we  have  already  found  the  maximum  end  shear  for/^  at  first  lower  apex  of  Truss  B, 
147580  lbs.,  and  the  concentration  at  this  point  45620  \\>s.     Hence 

2  X  26  =  +  147580  X  17  —  45620  X  8.1,  or  2  =  +  82282  lbs. 
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For  panel  20  we  have  found  the  maximum  end  shear  for  p^  at  first  lower  apex  of  Truss  A, 
135063  lbs.,  and  the  concentration  at  this  point  45620  lbs.     Hence 

20  X  26  =  +  135063  X  17  +  45620  X  8.1,     or     20  =  +  102522  lbs. 


For  the  other  panels  we  have  the  following  results : 


Position  on  centre  line. 


M^ 


M. 


M 


/,^  at  34  feet  from  left,     90.1       5475^373       '206333 


(( 


A.       34 


A.  "  51 


A.  "  51 


A.  "  68 

A.  "  68 


(  a 


(  a 


(  « 


<  « 


(  a 


85.9    40695413    1633733  — 


73-1   53759226   5108186  — 


68.9   43984866   5556505 


51.9   55209026  1C083866  — 
51.9   44826746  10083866  — 


7062033 

{    A  =  —  135808  lbs 
1  3  =  +  135808  " 

9564I5I 

iAo=  —  183930  " 
(  30  =  +  183930  " 

9965458 

i    B=  —  191643  " 
(  4  =  +  191643  " 

I 1433740 

j  ^0  =  —  219880  " 
1  40  =  +  219880  " 

1 1530629 

(  C=  —  221740  " 
(   5  =  +  221740  " 

I22I2292 

Co  =  —  234850  " 

The  case  which  we  have  solved  is  that  of  Fig.  (f),  page  257.  The  student  should  find  no 
difficulty  with  the  case  of  Fig.  (g),  page  257,  or  for  the  case  where  the  skew  is  "right  forward"  and 
"left  back,"  or  vice  versa,  instead  of,  as  in  this  case,  "  right  and  left  forward." 

Skew  Span  on  Curves. — This  is  perhaps  the  most  complicated  case  which  can  arise. 

The  curve  of  the  track  will  cause  little  or  no  difference  in  the  dead  load  stresses.  As  to  the  live 
load,  our  diagram  will  be  practically  unaffected,  and  is  to  be  used  as  in  the  preceding  case  to  find 
positions  giving  maximum  shear  and  moment  at  any  point.  But  when  these  positions  are  known 
we  must  find  the  wheel  load  concentration  for  any  position  at  each  floor  beam,  where  it  is  crossed  by 
the  centre  line  of  the  track,  and  then  find  the  portion  of  each  such  concentration  which  goes  to  each 
truss,  according  to  the  point  at  which  this  concentration  acts  on  each  floor  beam. 

This  involves  considerable  tedious  figuring  in  order  to  determine  maximum  positions.  But 
with  this  explanation  and  the  work  of  the  preceding  case  fully  understood,  there  should  be  no  diffi- 
culty in  solving  any  such  example. 


THE    CANTILEVER. 

The  principle  of  the  cantilever  has  been  already  illustrated  on  page  60. 

It  consists  in  general  of  a  flxed  span,  AB  =  /,  Fig.  {h),  on  either  side  of  which  project  the 


cantilever  spans,  BC=^lo 
and  AC  '='  i'e,  which 
need    not    be    equal. 


Flff.  (It). 


need    not    be    equal.  ^^     7\    1\ — 7^ — ^r—- t*^.^       

Then  come   on  either   ATVWVX/ V V VVvXA/VAAA 
side    the    suspended  y        ;j  c'  I'i      A      hTk      B  le  C  i^  T 

trusses y    CT  =  /|    and 
CT^lt,  which  also  may  have  different  lengths. 

All  cantilevers  are  modifications  of  this  general  type.  If  the  spans  T'C  and  CA  are  omitted, 
so  that  the  left  abutment  is  at  A^  the  fixed  span  AB  becomes  an  anchored  shore  arm,  and  is  calcu- 
lated upon  the  same  general  principles  as  the  fixed  span.  If  the  piers  A  and  B  are  brought  close 
together  so  that  both  A  and  B  rest  upon  the  same  pier,  we  have  a  central  fixed  panels  or  panels. 
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which  are  calculated  on  the  same  general  principles  as  the  fixed  span,  except  that  loads  between  A 
and  B  rest  directly  on  the  pier,  a»d  the  stresses  in  the  central  panel  are  due  to  outside  loads  only. 

Fixed  Span — Maximum  Moment. — It  is  evident  from  inspection  that  every  load  between  B 
and  T  or  between  A  and  T\  Fig.  (//),  causes  a  positive  moment  in  AB  (tension  in  top  chord). 
Every  load  between  A  and  B  causes  a  negative  moment  (compression  in  top  chord). 

Maximum  Positive  Moment — Fixed  Span, — The  position  of  loading  causing  greatest  positive 
moment  (tension  in  top  chord)  in  the  fixed  span,         , 
ABy  is  found  by  trial,  by  our  diagram,  for  some    t^ylLT  -z».  ««>  "^^ 

wheel  at  C,  the  forward  wheel  being  near  B,  for    IlilMLnQpoo  O  QO — hgOOOOQO  (M 

a  tram  commg  on  from  right,  while  at  the  same 

time  we  have  a  train  coming  on  from  left,  with  one  wheel  at  C  and  forward  wheel  near  A. 

It  may  happen  that  a  wheel  or  two,  by  reason  of  the  system  adopted,  may  lie  on  the  left  of  B 
and  on  the  right  of  A,  Let  the  distance  thus  covered  on  either  side  be  x.  Then,  if  we  denote  by 
/  the  distance  of  any  wheel  from  T^  Fig.  (^),  and  by  b  the  distance  of  any  wheel  from  B^  all 
distances  taken  without  regard  to  sign,  or  direction,  we  have  for  the  moment  at  B  due  to  the  right- 
hand  train, 

MB=Vi^Pt^-^^^r^Pb-:^Pb (i) 

when  y^  is  the  distance  covered  by  the  uniform  train  load  w  per  foot,  if  any. 
For  the  moment  at  A^  due  to  the  left-hand  train,  we  have 

Mj,z=z+^^:EFt' +  ^,^+:2Pa^2Fa (2) 

1 1      T  21  t  C  X 

If  the  right-hand  train  moves  a  very  small  distance  6x  to  the  left,  we  have, 

Mb  +  6Mb  =  +^//>(/  +  c^^)  +  ^^(jk  +  <J^)*  +  :iF{b  -  dx)-:2\b  +  dx). 

it      T  2lt  ex 

By  subtraction  therefore, 

SMb        .  L  ^?^  .   /. 


dx 


=  +  f2F+  'jtvy^  ^2F^2F. 

h      T  t%  C  X 


The  criterion  for  maximum  positive  moment  at  B  for  the  right-hand  train  is  then, 

C  B  B 

2J'  +  ny      2P+2P 

=     '  ^  (3) 


'^0 


It  >  /< 

and  for  maximum  positive  moment  at  A  for  the  left-hand  train, 

C  A  A 

2F  +  wyn      2F+2F 

T  =z      C  X  /    X 

— 7:—>—r7— ^^^ 

By  trial  with  the  diagram,  with  these  criterions,  we  can  find  the  position  of  the  trains,  and  the 
moments  are  then  given  by  (i)  and  (2). 

If  no  wheels  are  found  on  the  left  of  B  or  right  of  A^  we  see  at  once  that  the  maximum  positive 
moment  (tension  in  top  chord)  occurs  when  the  span  AB  is  empty,  when  trains  come  on  from  the 
right  and  lefty  so  that  a  wheel  stands  at  C  and  C\  and  when  the  average  load  on  the  suspended  tress  on 
either  side^  including  the  wheels  at  C  and  C\  is  equal  to  or  just  greater  than  the  average  load  on  the 
cantilever  span  on  that  side. 

By  trial  with  the  diagram,  using  this  criterion,  the  position  of  the  train  on  each  side  can  be 
found,  which  gives  the  maximum  positive  moments  (tension  in  top  chord),  Mj^  and  Mb^  at  A  and  B, 
These  moments  can  then  be  found  from  (i)  and  (2). 
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The  reaction  or  shear  at  A  is  then  given  by  (see  equation  (IV.),  page  173), 

Sa=^^1 ' (5) 

If  M^^  is  greater  than  M^g^  S^  will  be  positive  or  upward,  otherwise  negative  or  downward. 

The  moment  and  shear  at  6"  being  now  known,  we  can  find  the  stresses,  as  in  the  case  of  Fig. 
126,  page  181,  for  "exterior  loading." 

Thus,  if  z  is  the  distance  from  the  left  end  A  to  any  point  O^  Fig.  (^),  where  the  maximum 
positive  moment  is  required,  we  have  the  moment  at  that  point, 

M=-S^z  +  Af^, (6) 

where  S^  and  M^^  are  found  from  (i),  (2),  and  (5),  and  inserted  with  their  proper  signs.  A  posi- 
tive moment  means  tension  in  top  chord. 

Central  Fixed  Panel. — When  A  and  B  are  close  together  and  both  fastened  down  to  the  same 
pier,  the  stresses  in  the  central  fixed  panels  between  A  and  B  are  given  by  the  maximum  positive 
moment  as  just  found. 

All  loads  between  A  and  B  come  directly  on  the  pier. 

Maximum  Negative  Moment — Fixed  Span. — The  position  of  the  loading  causing  the  greatest 
negative  moment  (compression  in  top  chord)  in  the  fixed  span  AB^  (Fig.  (^),  is  the  same  as  for  a 

simple  span,  according  to  the 

ip JJ ^ 1^  OO^onoooooogOO     ^ ^ . ,     general  criterion  already  found, 

'  page  243,   Fig.    (a),   provided 

that  there  are  no  wheels  upon  BC  or  AC,  Fig.  {h).  The  train  should  approximate  as  near  this  as 
the  actual  wheel  concentrations  of  the  locomotives  and  tenders  will  permit.  If  the  uniform  train 
load  comes  on,  it  should  end  at  B. 

If,  however,  it  happens  that  wheels  are  found  in  BC  or  AC\  we  shall  have  moments  at  A  and 
B,  Fig.  {h),  given  by 

M^  =  +  :2'Pa    and     Ms^-\-  :i Pb. (7) 

o  c 

These  moments  cause  a  shear  at  the  left  end  A,  given  by 


which  acts  down  if  negative,  and  up  if  positive. 

The  reaction  at  the  left  end  due  to  the  loading  in  AB  is  then  increased  or  diminished  by  .S"^, 
and  we  have  for  the  moment  at  any  point,  according  to  the  notation  of  Fig.  (^),  page  242, 

M=-{^^^s)^t-M^^M,^P,e^'-M, (9) 

This  may  be  written 

z     -^  z    ^  z     B  A  A  e     ^ 

M=  --  -2  Pb  -  -:^  Pa  +  -^  />^  +  S"  /'a  +  2  Pc  4-  -2^  Pk. 

t     B  la  I     C  O  H  P    K 

Moving  the  train  a  small  distance,  Sx^  to  the  left,  we  have  b  +  (J«,  a  —  Sx,  c  +  Sx,  k  +  6x, 

in  nlace  of  b,  a,  c,  and  k.     Hence  we  find  the  criterion 

^  B  eS  ^ 
Pn+uyn-2F-  2P     P,+  --  -:S  P 
<y            c     =            p          a  ,    y 

1 > z <'*»> 


264  APPENDIX. 

This  reduces  to  the  criterion  for  simple  span  (page  243)  when  there  are  no  wheels  on  left  of  A 
or  right  of  B. 

The  position  once  found  by  this  criterion,  the  moment  is  given  by  (9),  in  which  Sa  and  M^^ 

are  to  be  inserted  with  their  proper  signs,  as  given  by  (7)  and  (8). 

Fixed  Span — Locomotive  Excess — Maximum  Moment, — If  the  method  of  locomotive  excess  is 
used  (page  100),  we  simply  cover  BT  and  AT*,  with  locomotive  excess  at  C  and  C,  for  maximum 
positive  moment  (tension  in  upper  chord)  in  span  AB,  (Fig.  {k)\  and  for  maximum  negative  moment 
(compression  in  upper  chord)  in  span  AB^  we  treat  the  span  exactly  as  for  a  simple  span. 

In  the  first  case  equations  (i),  (2),  (5)  and  (6)  still  hold. 

Anchored  Shore  Span — Maximum  Moment. — If  the  fixed  span  AB  becomes  an  anchored  shore 
span  by  omission  of  T'C  and  C'A,  there  is  no  change  in  the  preceding,  except  that  the  moment 
at  the  shore  end,  Mj^  or  Mb^  as  the  case  may  be,  is  zero  in  all  the  equations  containing  these 
quantities. 

Fixed  Span — Maximum  Shear. — We  see  at  once  from  inspection  of  Fig.  (^,)that  for  loads  in 
the  fixed  span  AB,  the  maximum  positive  shear  (upward)  at  any  point  O  is  for  the  same  load  posi- 
tion as  for  a  simple  span. 

We  see  also  from  (8)  that  any  load  on  the  left  of  A  causes  a  positive  shear,  while  any  load  on 
the  right  of  B  causes  a  negative  shear  at  A. 

Fixed  Span — Maximum  Positive  Shear, — The  maximum  positive  shear  (upward)  at  O,  Fig. 
(h),  occurs,  therefore, /<?r  a  train  coming  on  from  the  right  wholly  within  the  span  AB  as  for  a  sim- 
ple span,  while  at  the  same  time  BT  is  empty  and  a  train  coming  on  from  the  left  covers  AT*  with  a 
wheel  at  C, 

The  trains  should  approximate  as  near  this  as  the  actual  wheel  concentrations  of  the  locomotives 
and  tenders  will  permit,  and 

when  the  uniform  train  load    /^^ , <I*^      r^^^^^^^^ 

comes  on  they  can  be  made  j'         Jj       c^  V^         A  '  B  U        c  h  T 

to  conform  exactly. 

The  criterion  for  the  position  of  the  train  coming  on  from  the  left,  which  makes  M^  a  maxi- 

rnum,  is  given  by  (4),  already  deduced. 

The  criterion  for  the  position  of  the  train  AB  \n  coming  on  from  the  right  is 

B 
1  >    ~d~"p"'    d  ^"' 

where  the  notation  is  as  in  Fig.  {b),  page  243,  and  2  P  gives  the  loads  on  the  right  of  B,  if  any.  If 
there  are  none,  the  criterion  reduces  to  that  for  a  simple  span.     If  the  uniform  train  load  comes 

'     B 

on,  ^  P  is,  of  course,  zero.     If  this  is  not  zero,  there  is  no  train  load. 
c 

When  the  position  of  the  trains  is  found  by  diagram  and  these  criterions,  the  moment  at  A  is 
given  by  (2),  viz.: 

M^  =  V-^:^Pf-^'!^^->r:iPa-^Pa, (12) 

It        T>  2li  a  X 

A 

where  ^  Pa  is  the  moment  with  reference  to  A  of  all  loads  on  the  right  of  A,  if  any. 

X 

If  there  are  loads  on  the  right  of  B  also,  belonging  to  the  train  in  AB,  which  comes  on  from 
the  right,  we  have  for  the  shear  at  A,  not  including  that  due  to  wheels  in  the  span  AB, 

I' r^c          wv'  ^e            A                A                B 
jLf       T2Pt+^^^  +  :SPa-2Pa^:EPb 
^         Ma  —  I^B      ft     -r              ^l^t              a               X               c  ,     v 

•^^  =  7 = 7 VI3) 
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We  have  acting  at  A^  in  addition  to  Sa  ,  the  reaction  due  to  the  loading  in  the  span  AB.  The 
maximum  compression  in  Off  ox  tension  in  OK^  Fig.  (^),  is  then 

Brace  stress  =  y  [^  -f  Sj,d  -  ^^  ^^+  ^'^  -  A  (^  +  ^.)  +  ^.]>     •     •    •     (u) 

where  the  notation  is  the  same  as  in  Fig.  (^),  page  244-     We  must  take  y  and  d  for  the  brace 
desired.     Mr  is  the  moment  at  the  right  end  B  of  all  loads  in  the  span  AB^  including  the  uniform 

train  load,  if  any,  and  is  equal  io  2  Pb  ^ — =^.     The  value  of  Sa  is  given  by  (13),  with  its  proper 

B  2 

sign. 

For  a  simple  span,  M^  and  Mb  and  therefore  Sa  are  zero,  and  (14)  reduces  to  (3),  page  245. 
For  horizontal  chords,  d  =  d  +  Zt  =  «>  ^  and  y  =  00  cos  ^,  where  ff  is  the  angle  of  the  brace  at  O 
with  the  vertical. 

Maximum  Negative  Shear — Fixed  Span, — For  the  maximum  negative  shear,  if  the  structure  is 
symmetrical  with  respect  to  the  centre,  we  have  simply  to  find  the  maximum  positive  shear  for  the 
corresponding  brace  on  the  other  side  of  the  centre.  In  such  case  we  must  put  ^  +  /  in  place  of  d 
in  (14),  and  remember  that  0,  is  now  the  distance  of  ff*  from  By  and  d\s  on  the  right  of  B,  Fig.  (^), 
page  244. 

But  if  there  is  no  symmetry  we  must  take  the  train  in  the  span  AB  as  coming  on  from  the  left, 

while  A  T'  is  empty  and 
-<«>  ^f— ^--»  the  other  train  coming 

reaches  from  T  to  B, 


H 


The  criterion  for  this  second  train,  coming  on  from  the  right,  is  given  by  (3),  already  found. 
The  criterion  for  the  first  train  in  AB^  coming  on  from  the  left,  is 

A 

(7    =  d  -\-  Zjl^i        -Tt        wyn  ,^f. 

1 —  >  ~7^  7  "■  "7  -  -7- ^" ) 

A 

where  2P  is  the  sum  of  the  wheels  on  the  left  of  -^,  if  any,  and  y'n  is  the  distance  on  right  of  A 
c 

A 

covered  by  the  uniform  train  load,  if  any.     When  there  is  a  uniform  train  load,  2  P  is,  of  course, 

c 

zero.     When  this  is  not  zero,  there  is  no  train  load. 

The  moment  at  -5  due  to  the  train  coming  on  from  the  right  is, 

Ms^-^'-^SPt  +  ^^+SPb-^Pb (12') 

B 

where  2  Pb  is  the  moment  with  reference  to  B  of  wheels  on  left  of  B^  if  any. 

X 

The  shear  at  A^  due  to  this  moment  and  the  wheels  on  left  of  A^  if  any,  is, 

/      cr  -w»  IB  B  A 

JLT         Mj^  i^  Pt^^^+^Pb-^Pb-^Pa 

e  ^A  —  ^B  __        h      T 2/t C  X  C  ,      ,. 

^A  =  -^ -^ .        ...         (13   ) 

We  have,  therefore,  for  the  compression  in  OK  or  tension  in  Off^  Fig.  (^), 

Brace  stress  =  j-[^  +  SJ  -  ^-  ^^+  '^  -  P^d^-  «.)  +  M^,   .    .     .     (14') 
where  Sa  is  given  by  (13')  with  its  proper  sign,  and  the  notation  is  the  same  as  in  Fig.  (^),  page  244. 
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We  must  take  y  and  d  for  the  brace  desired.     Mr  is  the  moment  at  the  right  end  B  of  all  loads  in 
AB^  including  uniform  train  load,  if  any,  and  is  equal  to  -2"  Pb  4-  w^n  ( /  H ^  J  • 

Locomotive  Excess — Maximum  Shear — Fixed  Span, — If  the  method  by  locomotive  excess  is  used 
(page  loo)  we  have  for  maximum  positive  (upward)  shear  at  Oy  Fig.  (^),  the  loading  in  the  span  AB 
the  same  as  for  a  simple  span,  while  at  the  same  time  ^T'is  empty  and  AT'^is  covered,  with  loco- 
motive excess  at  C. 

For  maximum  negative  shear  (downward),  the  loading  in  the  span  AB  extends  from  A  to  the 
right,  as  for  a  simple  span,  while  at  the  same  time  AT'  is  empty  and  j^T' is  covered,  with  loco- 
motive excess  at  C, 

The  values  for  Sa  are  given  in  each  case  by  (13)  or  (13')  and  the  brace  stresses  by  (14)  and  (14'). 

Anchored  Shore  Span — Maximum  Shear. — If  the  fixed  span  AB  becomes  an  anchored  shore 
span,  nothing  is  changed  except  the  moment  at  the  shore  end,  Mb  or  M^^  as  the  case  may  be,  is  zero. 

Cantilever  Span — Maximum  Moment. — For  the  maximum  moment  at  any  point  O  of  the 
cantilever  span,  let  z  be  the  distance 
of  this  point  from  the  end  of  the 
cantilever,  Fig.  (/),  and  let  o  be  the 
distance  of  any  wheel  from  Oy  and  k 
of  any  wheel  from  K^  these  distances 
being  taken  without  regard  to  sign 
or  direction. 

Then  we  have  for  the  moment 
at  O, 

M^+'jMr  +  2Bo  +  '-Ipky (J5) 

where  M^  is  the  moment  at  the  right  end  T  of  the  suspended  truss  of  all  loads  on  the  truss  CI, 
including  the  uniform  train  load,  if  any. 
We  then  have  from  (15), 

^=+j2%  +  j^+2'Bo  +  -^^Bh. 

If  the  train  moves  a  very  small  distance,  Sxy  to  the  left,  we  have  /  +  6xy  y^  +  6x,  0  —  6x  and 
k  —  6xy  in  place  of  /,>'„»  ^,  and  k.     Hence,  by  subtraction, 

6M 


'S'^'^+T2J'  +  Twyn-:SP^t-2P. 

Ox  h     T  it  C  p     K 

The  criterion  for  maximum  moment  at  the  point  O  is  then. 


Pt-^wy.=^'^~p^' 
it  ^  z        ' 


(16) 


That  is,  the  moment  at  any  point  Oy  Fig.  (/ ),  of  a  cantilever  span,  is  a  maximum,  ivhen  a  wheel 
is  at  C  or  Hy  and  when  the  average  load  on  the  suspended  truss y  including  the  wheel  at  Cif  anyy  is  equal 
to  or  just  greater  than  the  average  load  over  the  distance  z,  including  the  wheel  at  Hy  if  any. 

The  position  which  gives  the  maximum  moment  at  O  is  thus  easily  found  by  trial  with  the 
diagram,  and  then  the  maximum  moment  is  given  by  (15).  It  is  always  positive  (tension  in  upper 
chord).     There  can  be  no  negative  moment  in  the  cantilever  span. 
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Cantilever  Span — Maximum  Shear. — Let  z^  be  the  distance  from  the  end  of  the  cantilever 
C,  Fig.  (y),  to  the   point  H  at  which  fik.  (i). 

the  shear  is  required,  let  d  be  the  dis- 
tance CG  of  the  intersection  G  of  the 
upper  and  lower  chords  in  the  panel 
HK  =  /  from  C,  let  c  be  the  distance 
of  any  wheel  from  C,  and  k  of  any  wheel 
from  Ky  all  distances  taken  without 
reference  to  sign  or  direction. 

The  downward   force  at  C  due  to  .    ^^^'^'  |,     q      ^y* 

the  suspended  truss  is  —  -^  /^/  +  —  -^=^—  T  * 

h    T  h    2 

if  the  uniform  train  load  covers  the  distance  ^n  from  the  right  end  T'of  the  suspended  truss. 

We  have  then  for  the  tension  in  OHy  or  compression  in  OK^ 

T=BT2iCtsirtss  =  -\^Mr  +  2P(d^c)^^^'2Fk\     ....     (17) 

yLlt  c  p       K    J 

where  Mr  is  the  moment  at  the  right  end  T  of  the  suspended  truss,  of  all  the  loads  on  the  sus- 
pended truss,  including  the  uniform  train  load,  if  any.     We  must  take  j/  and  d  for  the  brace  desired. 
We  can  write  (17)  in  the  form, 

r  =  i  r^ //>/ +  ^  ^  + //>  U  +  .)  +  ^ //'>il . 

y  l_lt      T  it     2  c  p  K      A 

If  the  train  moves  a  very  small  distance  to  the  left,  6xy  we  have  /  +  ^x^  c  -{-  6x^  k  —  6x^  y^  -h  6x^ 
in  place  of  /,  ^,  k  and^'n.     Hence, 

Ox        y  \_/t     T  h  C  p        K     J 

If  Ft  is  the  sum  of  the  wheels  in  the  suspended  truss,  we  have  then  for  the  criterion  giving 
maximum  shear, 

Pt  -h7vyn  =  d  +  z^  P^      P^ 


It         >      d       p 


(18) 


By  trial  with  the  diagram,  we  can  find  the  position  which  satisfies  this  criterion,  so  that  when  a 

Pt  ~l"  WVn 

wheel  is  at  C  or  ZT, — =^  is  equal  to  or  greater  than  the  right-hand  member,  while  if  this  wheel 

Pt  "4"  tvv 
moves  to  the  left,  so  as  to  pass  out  of  the  suspended  span  or  into  the  panel, — =^  becomes  less 

than  the  right-hand  member.     Px  and  Pt  do  not  therefore  include  the  wheel  at  C  or  H, 

Criterion  (18)  is  general.     For  horizontal  chords,  d'=^  d  '\'  z  =  ^^  and  the  criterion  reduces  to 

or  the  shear  for  horizontal  chords,  at  any  point  Ooi  a,  cantilever  span,  Fig.  (j),  is  a  maximum,  wAen 
a  wheel  is  at  H  or  C,  and  the  average  load  on  the  suspended  truss ^  including  the  wheel  at  C,  if  any^  is 
equal  to  or  Just  greater  than  the  average  load  in  the  panel y  not  including  the  wheel  at  Hy  if  any. 

The  position  being  thus  found  by  (18)  or  (19),  which  makes  the  shear  a  maximum,  the  corre- 
sponding brace  stress  is  given  by  (17).  The  value  of  y  and  d  must  be  taken  for  each  brace  OH 
and  OK.  As  the  shear  at  H  is  always  negative  (downward),  we  have  always  tension  in  OH  and 
compression  in  OK. 
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If  the  method  by  locomotive  excess  is  us^d  (page  loo)  we  simply  take  the  uniform  load  from  K 
to  Ty  and  locomotive  excess  either  at  H  or  C,     Equations  (15)  and  (17)  still  hold. 

Fixed  Span — Dead  Load — Moments. — Let  z  be  the  distance  from  the  left  end  A  of  the  fixed 
span  AB^  to  any  point  O^  Fig.  (a),  at  which  the  moment  is  required,  and  let  ^  be  the  distance  of  any 
apex  dead  load  from  this  point.    Then  the  moment  at  0  is 

M:=^\Mr'-  Sj.Z-Mj.'^l^Po, (20) 

*  o 

where  M^  is  the  moment  at  the  right  end  B  of  all  the  apex  dead  loads  in  the  span  AB^  and  S^  and 
Mj^  are  given  by  (i),  (2),  and  (5). 

Fixed  Span — Dead  Load— Shear. — Let  a  be  the  distance  of  any  apex  dead  load  from  the 
left  end  A^  and  let  5,  be  the  distance  from  A  to  the  end  of  the  brace  through  the  point  (9,  nearest 
to  A^  Fig.  (If), 

Then  the  stress  in  any  brace  OH  or  OK  is 

Brace  stress  =  ir(^'  +  ^^)^- -2*^  (^  +  a)l, (21) 

where  >^  and  d  are  to  be  taken  for  the  brace  desired,  Mr  is  as  in  (20),  and  Sa  is  given  by  (i),  (2), 
and  (5).  If  (21)  comes  out  minus  it  shows  negative  (downward)  shear  at  Oy  Fig.  (A),  or  compres- 
sion in  OK  and  tension  in  OH. 

Central  Fixed  Panel — Dead  Load. — If  A  and  B  are  close  together  and  fastened  down  to 

the  same  pier,  loads  in  AB  are  disregarded  and  Mf.  is  zero,  and  ^P  (d  -¥  a)  is  zero,  also  Mr  and 

o 

A 

2  Po  are  zero. 
o 

Anchored  Shore  Span — Dead  Load. — If  the  fixed  span  AB  becomes  an  anchored  shore 
span,  the  moment  at  the  shore  end,  M^  or  M^y  as  the  case  may  be,  is  zero. 

Cantilever  Span — Dead  Load— Moments. — Taking  the  notation  of  Fig.  (/ ),  we  have  for 
the  moment  at  any  point  O^ 

M^^\:2Pt^:£po,     (23) 

It      T  O 

where  /  and  0  are  the  distances  of  any  apex  dead  load  from  T  and  O,  without  regard  to  sign  or 
direction. 

Cantilever  Span — Dead  Load — Shear. — Taking  the  notation  of  Fig.  (7),  we  have 

Brace  stress  =  -  ^\  y  2  Pt  +  :S  P  I (24) 

y  Ut   T  o  J 

where  ^^  and  d  are  to  be  taken  for  the  brace  OH  or  OK  desired.  The  minus  sign  denotes  negative 
(downward)  shear  at  H^  and  therefore  tension  in  OH  and  compression  in  OK. 

Best  Proportion  for  Cantilever  Span. — Comparing  the  results  of  pages  298  and  303,  we  see 
that  the  material  in  a  cantilever  is  one  half  that  of  a  span  of  a  length  twice  that  of  the  cantilever. 

The  length  of  the  suspended  truss  should  then  be  about  e^ua/  to  the  sum  of  the  lengths  of  the 
cantilevers  on  each  side^  for  greatest  economy  of  material. 

Wind  Stresses  in  Cantilever. — The  wind  stresses  should  be  calculated  as  stated  in  Chapter 
VI.,  Part  II.,  for  a  dead  wind  load  of  30  lbs.  per  square  foot  of  exposed  surface  of  both  trusses,  and 
a  live  wind  load  of  300  lbs.  per  linear  foot,  or  a  dead  wind  load  of  50  lbs.  per  square  foot  of  exposed 
surface  of  both  trusses,  and  the  greatest  stresses  in  either  case  taken. 

The  conditions  for  maximum  stresses  are  the  same  as  for  vertical  loading  already  discussed,  and 
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the  computation  is  simplified  by  reason  of  the  wind  loading  being  of  uniform  intensity.     There 
should  therefore  be  no  difficulty  in  applying  preceding  results  to  this  case. 

It  is  evident  that  the  action  of  the  wind  upon  a  cantilever  is  of  very  great  importance,  and  that 
the  conditions  of  loading  are  much  more  varied  than  for  ordinary  spans. 


CHAPTER   II.  • 

STRENGTH  OF  MATERIALS  AND  THEORY  OF  FLEXURE. 

Moment  of  Inertia  of  an  Area. — This  is  a  convenient  term  for  a  quantity  which  occurs 
so  often  in  applications  of  the  theory  of  flexure  that  a  special  name  for  it  is  desirable. 

The  moment  of  inertia  of  an  area  with  respect  to  any  axis  is  a  general  term  for  the  algebraic 
sum  of  the  products  obtained  by  multiplying  every  elementary  area  by  the  square  of  the  distance  of  that 
Fl«.  158.  element  from  the  axis. 

Thus  let  Ay  Fig.  158,  be  an  area  and  a  any  indefinitely  small  elemen- 
tary area  and  X'X'  any  axis.  Let  ^  be  the  distance  of  the  element  a  from 
the  axis.     Then  ay^  is  the  moment  of  inertia  of  the  elementary  area  with 

j(/  respect  to  the  axis  X*X\  and  the  moment  of  inertia  of  the  entire  area  A 

with  respect  to  the  axis  X'X'  is 

the  summation  extending  to  every  element  of  the  area  A,  We  denote  the  moment  of  inertia  of  an 
area  with  reference  to  an  axis  in  its  plane  through  its  centre  of  mass  by  / ;  with  reference  to  an 
"  eccentric  "  axis,  i.e.,  an  axis  in  its  plane  but  not  through  its  centre  of  mass,  by  /'.  In  the  present 
case  of  Fig.  158  we  should  write,  then, 

r  =  2ay, 

while  if  the  axis  passed  through  the  centre  of  mass  C,  we  should  write 

/  =  :Say\ 

If  the  axis  is  at  right  angles  to  the  area  it  is  called  a  polar  axis,  and  the  moment  of  inertia  is 
called  the  polar  moment  of  inertia^  and  denoted  by  Ip  or  Ip  according  as  the  polar  axis  passes 
through  the  centre  of  mass  or  is  eccentric. 

Reduction  of  Moment  of  Inertia  of  an  Area. — If  then  /  denotes  the  moment  of  inertia 
of  an  area  with  reference  to  an  axis  through  the  centre  of  mass,  and  f  the  moment  of  inertia  with 
reference  to  a  parallel  eccentric  axiSj  we  can  easily  prove  that  if  d  is  the  distance  between  these 
axes,  we  shall  have 

r  =  i^Ad\ 

where  A  is  the  area. 

That  is,  the  moment  of  inertia  P  of  an  area  A  with  reference  to  any  eccentru  axis  is  equal  to  the 

moment  of  inertia  I  with  reference  to  a  parallel  axis  through  the  centre  of  mass,  plus  the  product  Ad* 

of  the  area  A  by  the  square  of  the  distance  d  between  the  axes. 
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We  can  thus  always  find  I*  if  we  know  /,  A^  and  d.     For  this  reason,  only  the  moment  of 
inertia  /  for  the  centre  of  mass  is  given  in  works  on  Mechanics.  pa 

The  proof  is  as  follows  :  Let  XX  be  the  axis  through  the  centre     ^ '^ ^ 

of  mass,  a  any  elementary  area,  and  y  its  distance  from  XX,     Then  i 

since  XX  passes  through  the  centre  of  mass,  we  must  have  ^ay  =  o.     x^ ! x' 

Let  X'X'  be  a  parallel  eccentric  axis  at  a  distance  d.     Then  we  have 

r  =  ^ii(y  +  dY  =  ^a/  +  2d^ay  +  d^:^a. 
But  we  have  /  =  -2«y,  ^ay  =  o,  and  ^a  =  A,     Hence 

r^I'\-Ad\ 

Polar  Moment  of  Inertia  of  an  Area. — Let  X'X\  Y'  Vy  be  two  rectangular  axes,  and  a 
F18.159  any  elementary  area.     Then  the  moment  of  inertia  of  a  with  reference  to 

X'X'  is  ay^y  and  with  reference  to  Y'Y'  it  is  ax^.  But  with  reference  to  the 
polar  axis  through  O  it  is  al*  =  a(x'  -\- y^).  Htnct^  the  polar  moment  0/ 
inertia  for  any  axis  pus  sing  through  any  point  O  is  equal  to  the  sum  of  the 
moments  of  inertia  for  any  two  rectangular  axes  passing  through  that  point. 

Radius  of  Gyration. — If  in  any  case  we  divide  the  moment  of  iner- 
tia by  the  area  A^  we  obtain  the  square  of  the  distance  from  the  axis  to 
that  point  at  which,  if  the  entire  area  A  were  concentrated,  the  moment  of  inertia  would  be  the 
same  as  for  the  actual  area.  This  distance  is  called  the  radius  of  gyration.  We  denote  it  by  r 
We  have  then,  in  general, 


Y' 


-X' 


"=5. 


or 


r  =  Ar\ 


Determination   of   Moment  of   Inertia  of   Areas. — By  the 
aid  of  the  calculus  we  can  readily  determine  the  moment  of  inertia  for  X- 
all  the  most  usual  areas. 

/Rectangle. — Let  the  breadth,  Fig.  160,  be  ^,  and  height  h.     Sup- 
|)Ose  a  strip  at  a  distance  x  from  the  axis  XX  through  the  centre  of  mass.     Tlic  area  is  i^dx.     Tht 
moment  of  inertia  of  the  strip  is  then 

dx^dx. 

h                h 
Integrating  this  between  H and we  have 


=1 


2 

2 


bs^  dx  = 


12 


TriangUn — Let  the  base  of  the  triangle,  Fig.  161,  be  3  and  the  height  A,  and  take  the  axis  XX 
through  the  centre  of  gravity,  or  f  A  below  the  apex.  Fig.iei 

Take  a  strip  at  a  distance  x  from  the  axis.     The  length  of  this  strip 
y  is  from  similar  triangles,  given  by  the  proportion 


\  h  —  x  \  y  I  :  h  '.  by   or  y  = 


The  area  of  the  strip  is,  then. 


_(\h'-x)b 


I  hbdx  —  bxdx      .  ,  ,          bxdx 
ydx  =  ^ =  ibdx J-. 
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The  moment  of  inertia  of  the  strip  is 


^x*  dx  —  \bo^dx — 


Integrating  between  +  f  ^  and  —  i^,  we  have 


-1 


*!' 


\bx^  dx- 


bo^dx 


-i* 


36 


We  give  below  the  moment  of  inertia  /  for  various  areas  such  as  are  likely  to  occur  in  practice 
for  horizontal  axis  through  the  centre  of  mass.  The  student  will  do  well  to  check  them.  We  also 
give  the  area  A^  and  the  distance  e  of  the  centre  of  mass  from  outer  edge* 


]IL 


•% 


LA 


U— fr..-»i 


g  .X. 


Axis  of  X  - 


A=  bh. 


e   = 


^  =  — . 


Axis  oi  y  " 


L  /  =  tV  bA\ 


l/=A>»^ 


r  A=  diA--  A»X 


Axis  of  X  ■> 


e   = 


2 


Axis  of  y  " 


12 


^=^. 


e  = 


/  = 


2' 
12' 


i4=M, 


e  =■ 


bh 


1  = 


Vb^  +  A* ' 

6  (^^  +  h^) 


/  = 


(>4  -  k,)  b^ 
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\x 


e  =0.866   A  =;  li3, 


^  =8.598  * 


^  =  a.Bi8i'=  ai'i/a. 

I  =  0.934  i  =  — 4/3  +  V^  =  3cos33(% 

/=  0.638  *•=   ^(1+3    t^). 


A  =ii-  i,Au 


Axis  of  J-  J  Axis  of/  ■< 


.4  =  *^-{*-M-4.. 


Axis  of  I  -  Axis  of  J' 


1^2A 


^  =  A(A-4,)  +  *i(^.-^«). 


Axis  of  J-  i  Axis  of  /  < 
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=  A  w + *i'iii-  1  /=  1^  [-**'  +  *.(*  +  *i)'  -  *.*n. 


^  =  «-(*-*.)-»>  +  *'*>. 


Aiis  of  ji  ■( 


I#] 


X  =  *-!  +  (-li  -  *)  *,+(*-  Ai)  i. 


/  =  ^  [i*»  +  (4,  -  *)  *,'  t  a  -  *.)  *n. 


-T-i^ 


/  =  — 19  *,•  +  6  AAi  (*  -  I  -*, )  ]. 


1  m-i 


Axis  of  > 


^  =  *  (*  -  A,)  +  *.  (-41  -  ■*.)  +  -*.  {*.  -  A,)  +  Ml, 
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6  +  i,       3'     '  ~    i  -*■  t,       3' 


*  +  *.  36' 


A  =  6,h,  +  bh%, 

'        2  [iA  -  (*w  i,)  A,Y  ^^ 


_I    =-h  (<*.'.*   +   *!*% 


A=  tk,  +i,A,  +  6k, 

_   aV  +  2  b,k,h  +  6k,'  -  d,A,' 
'  2<fih  +  bh,  +  b,Ai) 

/  =  1  [(i  +  «)  ^  -  4  «  -  A,)*  +  (*,  +  J)  *,■  -  4,  (,,  -  A,)^. 
3     ' 


_  4iA.<3  A-<,1  +  4A.' 


/=^[H-rf^  +  ^[^.'-rf,1. 


[    /    =   T^  (A,*,*    +    k,^. 


A=  —  d*,     IT  =  3-1416, 


I  ■=  —  d*  =  0.0491  d*. 


-i  =  -^(rf'-iA 


/  ~  o.oni  V  -  Af. 
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/  =  -  -  f-k'  =  ao49i  *i». 


A  =  —  (ii  -  *,*,), 


/  =  o-tMO'  (**'  —  ""i^i't- 


/,  =  0.5765  r,     /  =  a4a44  ^ 
/  =  0.1098  r*. 


m 


I    r=  a39!17  r*. 


A  =  \ik, 
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bETERMiNATiON  OF  MoMENT  OF  Inertia. — The  preceding  Table  comprises  cross-sections 
of  such  shape  that  the  moment  of  inertia  can  be  readily  calculated.  For  more  complex  cross- 
sections  we  may  proceed  as  follows  : 

First,  Graphically. — Draw  the  cross  -  section  accu- 
rately on  a  piece  of  cardboard  or  stifif  manilla  paper. 
Then  cut  it  out  and  balance  it  on  a  knife-edge,  first  along 
one  axis  and  then  along  another.  The  intersection  of 
these  two  axes  will  give  the  centre  of  mass,  C  in  the 
accompanying  figure. 

We  can  now  find  the  moment  of  inertia  with  refer- 
ence to  the  axis  CH  graphically,  as  follows  :  Divide  the 
figure  into  elementary  areas  by  the  lines  ajb^y  ajf^^  etc* 
Draw  C'CC  and  CH\  C*W  parallel  to  CH  at  any 
distance  d  from  CH.  Lay  off  CV,,  CV„  etc,  so  that 
CV,  =  Ctfj,  CV,  =  CVj,,  etc. 

Then  for  any  point  b^  draw  b^c^  intersecting  CH'  at 
e^\  then  Ce^  intersecting  afi^  at  m.  In  the  same  way  for 
b^^  draw  bj:^  intersecting  CH*  at  e^\  then  Ce^  intersect- 
ing ajf^  at  «.* 

We  thus  obtain  points  »/,  «,  etc.,  above  and  below 
CHy  giving  the  area  indicated  by  a  dotted  line.  Measure 
this  area  A  by  the  planimeter.  Then  we  have  for  the 
moment  of  inertia  /  with  reference  to  CH 

J  =  Ad^. 


Proof, — We  have  by  construction,  for  any  line  ajf^^ 

d :  Ca^  wCe^ :  a,«,     or 


We  have  also 


Multiplying,  we  have 


Hence 


d_  _Ce, 
Ca, 


a^n 


d :  Ca^ : :  aj>^  :Ce^^   or 


or 


(,«  X  tf.a.  =  v.  X  afi^ .  -^, 


or 


d*  X  «,«  X  «,«,  =  «A  X  a,«4  X  Ca*. 
But  aA  X  «,«,  is   the  area  of  the  slice  if  the  lines  of  division  are  close  together,  and 

^A  X  a^a^  X  Ca^  is  the  moment  of  inertia  of  the  slice  with  reference  to  CH.     Also,  a^n  X  a^a^  is 

the  area  bounded  by  the  broken  line.     For  all  the  slices,  then,  the  moment  of  inertia  is  the  area  A 

bounded  by  the  broken  line  multiplied  by  ^*. 

Second.  By  Experinunt. — Let  C  be  the  centre  of  mass,  and  let  P^y  P^  be  two  points  in  the 

same  straight  line  with  the  centre  of  mass. 
Pi  \  Let  the  distance  of  the  centre  of  mass  from  P^  be  j„  and  from  P^  be 

X,.  Suspend  the  body  from  P^  like  a  pendulum,  and  note  the  time  of 
vibration.  Then  suspend  it  from  P^ ,  and  again  note  the  time  of  vibra- 
tion.    If  these  two  times  are  equcUy  the   radius   of  gyration  r  will  be 

given  by 

or  the  radius  of  gyration  is  a  mean  proportional  between  j,  and  J,. 


*Note  that  m  is  the  intersection  of  Ce^  with  a^b^ ;  n  the  intersection  of  Ce%  with  a%k%,  etc.     The  figure  is  incor- 
rectly drawn. 


I  APPSf/Dlk. 

If,  then,  wc  khow  the  area  A,  we  have  the  moment  of  inertia  for  the  korixoHial  axis  SH 
through  the  centre  of  mass  C  in  the  plane  of  the  cross-section  given  by 

/  =  -4f  ,f,. 

In  order  to  suspend  the  body,  we  may  make  use  of  an  apparatus  like  the 
following  : 

Let  a  graduated  prismatic  rod  be  arranged  so  that  it  can  be  swung  on  knife- 
edges  at  /",  and  /',.  The  bearing  at  /",  is  made  adjustable  with  a  tangent-screw 
and  vernier,  so  that  the  distance  j,  can  be  accurately  measured  and  changed. 
The  rod  has  a  slot  in  the  centre  in  which  the  cross-section  can  be  clamped  by 
adjusting  screws. 

Take  the  rod  with  slot  empty.  Weigh  it  and  determine  its  mass  M.  Balance  it  and  detennine 
the  axis  HH a.nA  the  centre  of  mass  C,  and  the  distance  J,. 

Swing  the  rod  from  P,  and  note  the  time  of  vibration.  Then  swing  from  P^,  and  by  means 
of  the  tangent-screw  raise  or  lower  the  bearing  until  the  time  of  vibration  is  the  same  as  before. 
Then  we  have  the  moment  of  inertia  of  the  rod  with  reference  to  HJf. 


I,  =  Ms,s,. 

Now  take  the  cross-section.  Weigh  it  and  deierniine  its  mass  m.  Balance  it  and  determine 
the  axis  /Tff  and  its  centre  of  mass  C.  Place  it  in  the  slot  and  adjust  it  by  the  screws,  so  that  lie 
axes  HH  and  centres  of  mass  C  of  cross- section  and  rod  coincide. 

Now  swing  the  entire  apparatus  from  P^  and  /*,  as  before,  and  determine  the  new  values 
s'  and  f,'. 

We  have  then  the  combined  moment  of  inertia 

/,  =  iM-\-  m)i,'s^'. 

Subtract  from  this  /^  already  found,  and  we  have  the  moment  of  inertia  /  of  the  cross-section 
Divide  this  by  the  mass  m  of  the  cross-section,  and  we  have  the  radius  of  gyration  r  of  the  cross- 
section,  given  by 


laws : 


The  area  of  the  cross-section  can  be  determined  by  dividing  it  into  parallelograms,  trape- 
zoids, triangles,  etc.,  and  finding  the  area  for  each.  Or  we  can  measure  the  area  of  a  sheet  of 
paper  and  weigh  it  carefully.  Then  draw  and  cut  out  the  cross-section  and  weigh  it.  The  area 
of  the  cross-section  will  be  to  the  area  of  the  sheet  as  the  weight  of  the  cross-section  is  to  the 
weight  of  the  sheet.     We  have  then 

/=Ar\ 

Experimental  Laws. — Experiments  made  upon  materials  have  established   the  following 

I.  Set. — When  a  small  stress,  either  tensile,  compressive  or  shearing  or  twisting,  is  applied  to 
a  body,  a  small  corresponding  strain  is  produced. 

On  removal  of  the  stress,  if  the  body  is  perfectly  elastic  and  the  stress  docs  not  exceed  a  cer- 
tain amount,  the  body  returns  to  its  original  dimensions.  If  the  body  is  not  perfectly  elastic,  or  if 
the  stress  exceeds  a  certain  amount,  which  varies  according  to  the  material  and  character  Of 
the  stress,  the  body  does  not  return  to  its  original  dimensions.  The  portion  of  the  strain  which 
thus  remains  permanent  is  called  the  set. 

As  no  body  is  perfectly  clastic,  there  is  probably  a  small  set  for  every  stress,  however  small 
The  stress  for  which  the  set  first  becomes  noiiceable  by  experiment  we  may  call  the  limiting, 
stress  for  set. 
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2.  jSlashc  LtmiU — So  long  as  the  stress  does  not  exceed  a  certain  amount  (usually  greater 
than  the  limiting  stress  for  set),  we  find  that  the  strain  is  proportional  to  the  stress.  The  limiting 
stress  up  to  which,  in  any  case,  this  law  of  proportionality  of  stress  to  strain  is  found  to  practically 
hold,  is  called  the  elastic  limit  stress.  No  material  should  be  strained  beyond  this  limit.  In  practice 
the  actual  stress  is  always  far  within  this  limiting  stress. 

The  theory  of  flexure  is  based  upon  the  assumption  that  this  limiting  stress  is  not  exceeded. 

The  unit  stress  of  the  elastic  limit  is  called  the  elastic  limit  unit  stress,  or  simply  the  elastic 
limit.     We  denote  it  by  •S'^ 

Determination  of  the  Elastic  Limit. — The  limiting  unit  stress,  up  to  which,  in  any  case» 
the  law  of  proportionality  of  stress  to  strain  is  found  to  practically  hold,  is  thus  the  elastic  limit  S^ 
We  say  "  practically,"  because  the  precise  limit,  like  that  for  set,  is  difficult  to  determine,  if  indeed 
it  really  exists.  In  practice,  however,  it  is  not  difficult  to  fix  by  experiment  that  point  beyond 
which  the  strain  sensibly  deviates  from  the  law  of  proportionality. 

Thus  let  a  bar  AB  of  uniform  cross-section  A  have  a  force  F  applied  to  it,  which  elongates, 
compresses,  shears,  twists,  or  in  general  strains  it.      In  the  Figure  we  suppose  a  strain  of        e 

F 

elongation.    Let  this  strain  be  A,  and  the  original  length  be  /.   The  unit  stress  is  then  -^^ 

F , 
Now  according  to  the  law  of  proportionality  of  stress  to  strain,  if  --r  is  small  and 


well  within  the  elastic  limit,  if  we  double  —  we  shall  observe   a   double 

A. 


strain  2A.     If 


we  apply  a  unit  stress  of 


xF 

^  we  shall  observe  a  strain  3A,  and  so  on. 

If  then  we  lay  off  the  unit  stresses,  S=^  t>**^=— :t^«S'=3_    etc., 

A'  A     ^  A  *        * 

to  scale  along  a  horizontal  line,  and  lay  off  the  corresponding  observed 
strains  A,  2\,  3/^,  etc.,  as  ordinates,  we  shall  obtain,  so  long  as  the  unit 
stress  ^  does  not  exceed  the  elastic  limit  S^ ,  a  straight  line  OF. 

By  thus  carefully  plotting  the  results  of  experiment,  we  can  locate 
»  «»  nS  &  E    more  or  less  precisely  the  point  F^  at  which  deviation  from  the  straight 

line  begins.     The  corresponding  unit  stress  S,  is  the  elastic  limit. 

When  the  unit  stress  exceeds  S^  we  no  longer  have  a  straight  line,  but  the  strain  increases 
more  rapidly  than  the  unit  stress,  until  rupture  occurs,  and  we  have  from  F  a  curve  convex  to  the 
horizontal. 

Also,  if  we  observe  the  set  in  each  experiment,  wehave  a  similar  curve  represented  by  n  S—  Q 
in  the  Figure,  the  ordinates  to  which  give  the  set  for  any  unit  stress  greater  than  nS,  which  is  there- 
fore the  limiting  unit  stress  for  set. 

As  we  see  from  the  Figure,  nS  and  S^  are  in  general  not  the  same. 

Coefficient  of  Elasticity.— We  see  at  once  from  the  Figure  preceding,  that  within  the  elastic 

F 
limit  S^  we  have,  if  we  denote  by  A  the  strain  for  any  unit  stress  -2^ 


A\ 


=  a  constant. 


If  then  /  is  the  original  length,  we  have 


A\ 


=  a  constant. 


^^4  Ai>PENDlX, 

This  latter  constant  is  called  the  coefficient  of  elasticity^  and  is  denoted  by  E,     We  have  then 

^=?.- «) 

F  ^ 

But  -T  is  the  unit  stress,  or  stress  per  unit  of  area,  and  7  is  the  unit  strain,  or  strain  per  unit  of 
A  t 

length. 

We  can  therefore  define  the  coefficient  of  elasticity  in  general  as  the  unit  stress  divided  by  the 

unit  strain. 

F 
Also  we  can  say,  that  since  the  unit  stress  -,  causes  the  strain  A,  then  if  the  law  of  proportion- 
ality of  stress  to  strain  held  good  without  limits  it  would  require  as  many  times  this  unit  stress  to 
cause  a  strain  /  as  A.  is  contained  in  /.     Or  from  the  Figure  preceding,  if  we  prolong  OP  until 
BE  =  /,  we  have 

We  may  therefore  define  the  coefficient  of  elasticity  as  that  theoretic  unit  stress  which  would  cause  a 
strain  equal  to  the  origincU  lengthy  provided  the  law  of  proportionality  of  stress  to  strain  held  good 
without  limit. 

The  first  definition — unit  stress  divided  by  unit  strain — is,  however,  the  best,  most  general,  and 
most  easily  retained  in  memory. 

The  value  of  E  thus  determined  by  experiments  within  the  elastic  limit  is  an  accurate  meas- 
ure of  the  elasticity  of  any  material,  since,  other  things  being  the  same,  it  depends  upon  the  strain 
caused  by  a  given  stress.  It  varies  of  course  with  different  materials,  and  even  somewhat  with  the 
same  material,  owing  to  processes  of  manufacture,  etc.  Thus  E  for  iron  varies  with  the  kind, 
whether  wrought  or  cast,  and  with  the  shape,  whether  in  bars,  rods  or  wire,  etc.,  owing  to  difference 
of  treatment  in  the  manufacture. 

In  any  particular  case,  however,  we  may  consider  it  as  constant.  Thus  batches  of  iron  pro- 
duced at  the  same  establishment,  from  the  same  ore,  by  the  same  processes,  ought  to  be  identical  in 
properties.  It  is  therefore  assumed  in  the  Theory  of  Flexure  as  a  constant.  Experimental  values 
for  E  for  different  materials  are  given  on  page  29a. 

Considering  E  then  as  a  constant,  known  in  any  case,  we  have  from  (I) 

^  =  AE <^'> 

From  (2)  we  can  compute  the  strain  due  to  a  given  stress  when  the  dimensions  are  known. 
Or  inversely,  knowing  the  strain,  we  can  compute  the  stress. 

Work  of  Straining. — If  the  stress  F  is  gradually  applied,  increasing  from  zero  up  to  F^  the 

average  stress  is  —  and  the  work  done  in  straining  is,  from  (2), 

2 

Work=^A=^ (II) 

2  2AE  ^ 

The  work  of  straining  is  then,  in  general,  one  half  the  product  of  the  stress  and  strain. 
Work  and  Coefficient  of  Resilience  — We  see  from  (II)  that  if  S^  is  the  elastic  limit  unit 
stress,  the  work  done  in  straining  the  body  up  to  the  elastic  limit  is 
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where  V=^  Al  is  the  volume  of  the  body.     This  is  the  work  which  the  strained  body  would  per- 
form in  coming  back  to  its  original  dimension.     It  is  therefore  called  the  ivork  of  resilience*     The 

coefficient  —7-,  is  called  the  coefficient  of  resilience. 

The  work  of  resilience  is  then  the  work  which  a  body  can  do  in  returning  to  its  original  dimen' 
sions  when  it  has  been  strained  to  the  elastic  limit. 

The  coefficient  of  resilience  is  the  work  per  unit  of  volume  under  the  same  circumstances. 

The  work  of  resilience  measures  the  ability  of  the  material  to  withstand  shock  or  suddenly 
applied  stress.  It  is  therefore  a  valuable  criterion  of  the  value  of  the  material  for  purposes  of 
construction. 

Neutral  Axis  of  a  Beam. — When  a  beam  is  bent,  as  shown  in  the  accompanying  Figure, 
the  upper  fibres  are  extended  and  the  lower  fibres  compressed.     Between  ^^ 

the  upper  and  lower  fibres  there  must  then  be  a  horizontal  plane  AB^  the  ^     ^  ^^ 

fibres  in  which  are  not  strained  by  bending.     This  is  the  neutral  plane 
The  intersection  of  this  plane  by  a  vertical  plane  through  the  axis  of  the 
beam  is  the  neutral  axis. 

Above  and  below  this  axis  the  fibre  forces  of  extension  and  compres- 
sion arc  directly  proportional  to  their  distance. 

Let  R  be  the  fibre  unit  stress  in  the  most  remote  fibre,  at  a  distance  v  from  the  neutral  axis. 
If  a  is  the  area  of  cross-section  of  the  fibre,  then  Ra  is  the  stress  in  the  most  remote  fibre.  The 
stress  in   any  other  fibre   at   a  distance  d  from    the  neutral  axis,  positive   above  and  negative 

below,  is  then  -Ra,     But  for  equilibrium  the  sum  of  all  the  fibre  stresses  must  be  zero,  or 

2—Ra  =  —  2 ad  =  o. 

V  V 


R. 


But  j^ad  =  o  is  the  condition  for  an  axis  through  the  centre  of  mass. 
The  neutral  axis  therefore  passes  through  the  centre  of  mass  at  each  cross- section. 
Bending  Moment  and  Resisting  Moment. — The  algebraic  sum  of  the  moments  at  any 
cross-section  of  all  the  external  forces  on  the  right  or  left  of  that  section  tends  to  bend  the  beam. 
It  is  therefore  called  the  bending  moment.     We  denote  it  by  M.     In  any  case  M  is  known  when  we 

know  the  external  forces  and  their  points  of  application.  In 
taking  the  algebraic  sum,  counter  clockwise  rotation  is  positive 
and  clockwise  rotation  negative. 

Thus,  in  the  figure,  if  we  have  the  load  P  at  the  end  of  a 
beam,  the  bending  moment  for  any  section  ^.S  is  il/"  =  +  Px  if 
P  is  downward  and  on  the  left  of  the  section.     If  P  were  up- 
ward and  on  left  of  section,  we  should  have  M  ^  —  Px,     For 
P  on  right  of  section  we  have  M  —  —  Px  iox  P  downward,  and  M  =  +  Px  for  P  upward. 

The  moment  ilf  at  the  section  55  must  be  resisted  by  the  algebraic  sum  of  the  moments  of 
the  fibre  stresses  in  that  section.     This  is  called  the  resisting  moment. 

Any  fibre  stress  at  a  distance  d  from  the  neutral  axis  is,  as  we  have  seen,  given  by 

5  =  -Ra, 

V 

where  a  is  the  area  of  cross-section  of  the  fibre  and  R  is  the  stress  on  the  most  remote  fibre  at  a 
(}istanc^  V.     The  monaent  of  this  fibre  stress  is  then 


8+R. 

X 

-V 

"7 

/ 

8 

p 

Ra. 

V 
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where  R  is  positive  when  acting  towards  the  right,  negative  towards  the  left,  and  v  is  positive  above 
and  negative  below  the  neutral  axis.  Thus  in  the  figure,  where  R  and  v  are  positive,  the  moment 
of  the  fibre  stress  is  negative. 

The  resisting  moment  for  the  entire  cross-section  is  then 

V  V 

But  ^ad^  is  the  moment  of  inertia /of  the  cross-section  with  reference  to  an  axis  in  the  plane 
of  the  section,  passing  through  the  centre  of  mass  at  right  angles  to  the  neutral  axis.  Hence  the 
resisting  moment  is 

_RI 

V 


For  equilibrium  we  must  have  the  algebraic  sum  of  the  bending  and  resisting  moments  equal 
to  zero,  or 

M-  —  ^o     or    Af=—. (Ill) 

V  V 


In  (III)  R  is  positive  when  acting  towards  the  right,  negative  towards  the  left,  and  v  is  posi. 
tive  above  and  negative  below  the  neutral  axis.  Thus  in  our  figure  R  and  v  are  positive  and  M  is 
positive. 

Work  of  Bending  a  Beam. — If  M  is  the  bending  moment  at  any  point  of  the  neutral  axis  of 

a  beam,  whether  straight  or  curved,  and  s  is  the  length  of  the  neutral  axis,  then  ds  is  the  distance 

between  two  consecutive  sections  at  this  point,  and  we  have  from  (2),  for  the  strain  in  any  fibre 

FI 
between  two  consecutive  parallel  cross-sections  at  the  point,  since  i  ^  ds  and  M  =  — 

-       Mu ,  ds  ,  V 

^=-Er~ ^3) 

where  d  is  the  distance  of  the  fibre  from  the  neutral  axis. 
Also,  from  (HI),  the  stress  in  the  fibre  is 

_  Mad  .  . 

^=  -7- •     •     •     (4) 


The  work  on  the  fibre  is,  then, 


\SK  =  ^''^*-  "'^ 


2£/ 


t 


The  work  on  all  the  fibres  of  the  cross-section  is,  then,  since  2ad*  =  /, 

M^2ad\ds  _  Af'ds 

zEP  2EI' 
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and  for  all  the  cross-sections  the  work  is 
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work 


=/ 


2EI' 


(IV) 


Equation  (IV)  is  general  whatever  the  shape  of  the  beam.     If  the  beam  is  straight  we  can  put 
the  length  /  for  x,  and  dx  for  ds^  and  have 


work 


=/ 


*M*dx 
2EI' 


(IV) 


Dpflection  of  a  Beam.* — Let  M  be  the  actual  bending  moment  at  any  point  of  the  neutral 
axis.  Then  as  before,  from  (3),  the  strain  in  any  fibre  between  two  consecutive  parallel  cross- 
sections  at  the  point,  due  to  the  actual  loading  is 


X  = 


Md.ds 
EI    ' 


where  d  is  the  distance  of  the  fibre  from  the  neutral  axis. 

Let  AB^  Fig.  163,  be  the  neutral  axis  before  deflection  and  A'B  that  after.     Take  the  origin 
at  Ay  and  let  x,  y,  be  the  co-ordinates  of  any  point  P.     At  this  point  sup-  fIk.  168. 

pose  a  force  F  to  act,  and  let  its  moment  with  reference  to  any  point 
between  P  and  the  end  B  be  m. 

Then  from  (4)  the  stress  due  to  this  force  F  in  any  fibre  is 


5  = 


mad 

IT' 


The  work  of  this  force  F  on  any  fibre  is  then 


iSX=^ 


Mmcui^.ds 
zEP    • 


On  all  the  fibres  of  a  cross-section,  since  ^ad^  =  /,  it  is 


Mtnds 


2EI 


and  for  all  the  cross-sections  between  B  and  Py  if  AB  =  s  and  AP  =  x, ,  it  is 


work 


=/ 


Mtnds 


'»    2EI 


(s) 


This  equation  is  general  whatever  the  direction  of  F, 

Suppose  Fy  in  Fig.  163,  to  be  vertical  and  let  it  cause  a  moment  m  at  any  point  between  P  and 

B  in  the  same  direction  as  M.     Let  x  be  the  abscissa  of  that  point. 


For  application  of  this  method  to  9l  framed  beam,  see  Chap.  VI.,  page  153. 
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Then  we  have  __ 

m  =  F(x  —  x)^ 

where  m  has  the  same  sign  always  as  M.     From  (5)  we  have  for  the  work  in  this  case  of  F^  from 
^to-P. 


=r 


2EI 


which  is  always  positive,  since  the  product  mM  is  always  positive. 

Let  ^y  be  the  vertical  deflection  Pa  of  the  point  P,  positive  upwards  and  negative  downwards. 
Then  the  work  of  F  is  also 

work  =  ± -. 

2 

where  the  (+)  sign  is  taken  when  ^^.is  upwards  and  the  (— )  sign  when  J^  is  downwards,  so  that 
the  work  is  always  positive.  Equating  these  two  values  of  the  work  of  F  and  dividing  both  sides 
by  Ff  we  have 

£/J^=J^'±Af{x-x)ds. (V) 

If  the  beam  is  straight,  we  have  y  =  o,  ds  =  dx\  and  if  /  is  the  length  of  beam,  putting  y  for 
^y,  we  have 

Ely  =  J^ ±  M{i  -  x)dx, (V) 

where  J'  is  the  deflection  at  any  point  P  of  a.  straight  beam,  given  by  x. 

Since  the  deflection  must  have  the  same  sign  as  M  when  M  is  taken  for  all  forces  on  the  right, 
and  the  opposite  sign  from  M  when  Af  is  taken  for  all  forces  on  the  left,  we  take  in  (V)  and  (V) 
the  (+)  sign  in  the  first  case  and  the  (— )  sign  in  the  second. 

Again,  suppose  F  in  Fig.  163  to  be  horizontal.     Let>'  be  the  ordinate  of  any  point  between  P 
and  B.     Then  we  have 

m  =  F{y  -y), 
and  from  (5)  the  work  in  this  case  of  F  from  ^  to  Z'  is 


work  =  f^fiLnM. 


Let  ^x  be  the  horizontal  deflection  aP'  of  the  point  P  positive  to  the  right,  negative  to  the 
left.     Then  the  work  of  F  is 

work  =  ± -. 

2 

Equating  these  two  values  of  the  work  of  F^  and  cancelling  F^  we  have 

EUx=J^±MQ--y)ds (VI) 

where  the  (+)  and  (— )  signs  are  taken  as  before. 
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For  a  straight  beam,  j'  =  o,  ^^  =  o,  and  the  horizontal  deflection  is  zero- 
We  can  write  (  V)  in  the  form 


Ely  -J^^^Mxdx-xr  ±  McQ. 


In  this  form  we  can  replace  x  by  x^  and  dx  by  dx^  and  have 


Ely  =  J^±  Mxdx  -  xf^  ±  Mdx. 


If  we  differentiate  this,  we  have 


Eldy  =  ±  Mxdx  T  Mxdx  -  dx  T  ±  Mdx, 


or, 


EI 


£  =  f±Mdx, (VII.) 


where  the  (+  )  and  (— )  signs  are  taken  as  before. 

dy 
Equation  (VII.)  gives  for  a  straight  beam  the  tangent  ~  of  the  angle  which  the  tangent  to  the 

curve  of  the  deflected  neutral  ajcis  «t  any  point  makes  with  the  axis  of  x. 
If  we  differentiate  (VII.)  we  have 

EI^,=  ±M, (VIII.) 

where  the  (+)  and  (— )  signs  are  taken  as  before. 

Equation  (VIII.)  is  the  differential  tquation  of  the  curve  of  the  deflected  neutral  axis,  for  a 
straight  beam.    If  we  integrate  it  once,  we  obtain  (VII.).     If  we  integrate  it  again,  we  obtain  (VI.). 

The  radius  of  curvature  of  a  curve  p,  is  by  calculus,  approximately 


Hence  we  have 


p'"^  dx' 


il/=-» (IX.) 


where  M  is  taken  without  regard  to  sign. 

Recapitulation. — For  convenience  of  reference  we  group  together  the  preceding  fundamental 
equations. 

Coefficient  of  elasticity  E  is  equal  to  unit  stress  divided  by  unit  strain.  If  S  is  the  stress,  A 
the  area  of  cross-section,  A.  the  strain,  and  L  the  original  length, 

^=§ (I-) 

Work  of  straining  is  one-half  the  product  of  stress  and  strain,  or 

work  =  \SX  =  ^^     .     .     .    •    ^    ,     •    •    f      •    •    (II.) 
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If  M  is  the  bending  moment  at  any  point  of  the  neutral  axis,  and  R  the  unit  stress  in  the 
most  remote  fibre  at  a  distance  Vy  then 

R  T 

^=V' ("^O 

where  /  is  the  moment  of  inertia  of  the  cross-seclion  at  the  point,  with  reference  to  a  horizontal 
axis  in  the  plane  of  the  cross-section  through  its  centre  of  mass,  at  right  angles  to  the  neutral  axis. 
The  values  of  /  for  use  in  (III.)  are  given  in  the  table,  page  272. 

Only  the  absolute  values  of  R^  i\  and  M  are  required  in  (III.),  without  reference  to  sign. 

If  S  is  the  length  of  the  neutral  axis  of  a  beam,  the  work  of  bending  is 

•»"'=/S* <"•) 

This  holds  for  any  shape  of  neutral  axis. 
For  a  straight  beam  of  length  / 


=/^' CV.) 


work—  ,       „- 
«/*    2  EI 

For  the  vertical  deflection  A^oi  any  point  of  the  neutral  axis  of  a  beam  of  any  shape,  we  have 

EIAy=  r±M(^'-x)ds, (V.) 

where  s  is  the  length  of  neutral  axis,  j,  the  length  to  the  point  from  the  origin,  x  the  abscissa  of 
any  point,  and  x  the  abscissa  of  the  point  at  which  the  deflection  is  required. 

We  take  the  (+)  sign  when  M  is  taken  for  all  forces  on  the  right,  the  (  — )  sign  when  M  is  taken 
for  all  forces  on  the  left  of  the  point.     A^  is  positive  upwards,  negative  downwards. 

For  a  straight  beam,  we  have  the  deflection  y  given  by 

Ely  —f  ±  M(x  —  x)dx, (V.) 

where  / is  the  length,  (+)  and  (— )  signs  as  in  {V), 

For  the  horizontal  deflection  A^  of  any  point  of  the  neutral  axis  of  a  beam  of  any  shape  we 
have 


EIA 


» 


4^ 

=  f*  ±  M{y  ^  y)ds, (VI.) 


where  y  is  the  ordinate  of  any  point  and  y  the  ordinate  of  the  point  at  which  the  deflection  is  required; 
(+)  and  (— )  signs  as  in  (V), 

The  tangent  -y-  of  the  angle  which  the  tangent  to  the  curve  of  the  deflected  neutral  axis  of  a 

dx 

straight  beam  makes  at  any  point  with  the  axis  of  x  is  given  by 

^/^=  r  ±Mdx, (VII.) 

dx      </' 
The  differential  ec^uation  of  the  curve  is 

^/g=±^.     .......,,,,   (VIII.) 
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In  all  equations  the  (+)  sign  is  taken  when  M  is  taken  for  all  forces  on  the  right  and  the  (— ) 
sign  when  M  is  for  all  forces  on  the  left.  M  is  always  taken  with  its  proper  sign,  (+)  for  counter 
clockwise  and  (— )  for  clockwise  rotation. 

We  have  also  for  the  radius  of  curvature  p 

• 

^=f^. (IX.) 

where  only  the  absolute  value  of  M  is  required  without  reference  to  sign. 

These  are  the  fundamental  equations  of  the  Theory  of  Flexure,  so  far  as  beams  are  con- 
cerned.    It  only  remains  to  give  their  application. 

Assumptions  upon  which  the  Theory  of  Flexure  is  Based. — A  close  examination  of 
the  foregoing  will  reveal  the  assumptions  which  lie  at  the  bottom  of  the  theory.  Thus  we  have  as- 
sumed, first,  that  the  coefficient  of  elasticity  is  constant.  Second  :  That  fibres  at  equal  distances 
above  and  below  the  neutral  axis  are  equally  strained,  and  hence  the  neutral  axis  passes  through  the 
centre  of  mass  of  the  cross-section.  Third  :  That  the  deflection  is  small  compared  to  the  length. 
Fourth  :  That  any  two  plane  sections  remain  plane  after  flexure.  Fifth  :  That  the  elastic  limit  is 
not  exceeded. 

Upon  these  assumptions  the  theory  rests.  The  comparison  of  its  results  with  experiment  shows 
them  to  be  correct,  so  long  as  the  elastic  limit  is  not  exceeded. 

Crippling  or  Limit  Load— Breaking  Load. — Let  max.  M  be  the  maximum  moment  at 
any  point,  and  let  S^  be  the  unit  stress  of  the  most  remote  flbre  at  the  elastic  limit.  Then  we 
have,  from  (III.), 

max  M  = (i) 

This  equation  gives  us  at  once,  in  any  case,  the  load  which  will  strain  a  beam  to  its  elastic  limit. 
We  call  this  load  the  crippling  load,  or  limit  load.  It  marks  the  limit  beyond  which  the  beam  should 
not  be  loaded.     Beyond  this  limit  the  Theory  of  Flexure  does  not  hold. 

Take  for  instance  a  rectangular  beam  of  constant  cross-section,  of  breadth  b  and  depth  d^  and 

I       ,  d 

length  /,  fixed  horizontally  at  one  end  and  loaded  with  P  at  the  free  end.  Then/=  "T  ^^  »  ^  =  ~> 

the  maximum  moment  will  be  PI  at  the  fixed  end,  and  the  most  remote  fibres  will  be  most  strained 
at  this  end.     We  have  then  for  the  crippling  or  limit  load 

PI  = =  — Y—     or    P  = 


61 


12— 

2 


If  now  we  know  Sg  we  can  find  P. 


But  Se  is  in  general  not  the  same  for  compression  and  tension.  The  beam  will  therefore  fail  in 
either  the  compressive  or  tensile  outer  fibres,  according  as  S^  is  least  for  compression  or  tension. 
Moreover,  the  value  of  Se  is  not  the  same  for  pure  tension  or  pure  compression  as  it  is  for  flexure. 
It  is  also  difficult  to  determine  S^  for  a  beam  by  experiment,  and  no  such  experiments  ar«  at  hand. 

In  these  circumstances,  the  best  we  can  do  is  to  take  for  S,  the  least  of  the  two  values  for  pure 
tension  and  pure  compression  as  given  by  experiment,  and>r  v  the  distance  to  the  outer  fibre  in  which 


this  least  S^  occurs. 
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The  customary  method  of  estimating  the  strength  of  a  beam  is  by  loading  a  beam  to  the  point 
of  rupture  and,  from  equation  (III),  determining  the  value  of -^.  The  value  of  ^  being  thus  known 
by  direct  experiment,  we  can  find  the  breaking  weight  by 


max.  M  =  — . 

V 


(«) 


We  can  then  adopt  a  factor  of  safety,  and  thus  arrive  at  the  safe  load. 

This  use  of  equation  (III)  is  employing  the  Theory  of  Flexure  beyond  the  elastic  limit. 

Equation  (2),  then,  is  a  purely  empirical  formula,  whose /u?rw  only  is  given  by  theory. 

If  experiments  are  not  at  hand  for  the  value  of  R  at  the  breaking  point,  we  can  replace  R  by 
the  tensile  strength  J*  per  square  inch,  or  the  compressive  strength  C  per  square  inch,  whichever  is 
the  least y  and  take  for  v  the  distance  to  the  outer  fibre  in  which  this  least  stress  occurs. 

We  have,  then,  for  crippling  or  limit  load 


max.  M  = 


SJ 


V 


(X.) 


where  S^  is  the  least  elastic  limit  unit  stress,  either  for  pure  tension  or  pure  compression,  and  v  is 
the  distance  to  the  outer  fibre  in  which  this  least  S^  occurs* 
For  the  breaking  load  we  have 


max.  M  -= 


R£ 


or 


(ToxC)I 


V 


(XL) 


where  R  is  the  unit  stress  as  determined  by  experiment,  and  v  the  distance  to  the  most  remote  fibre  ; 
or,  in  the  lack  of  experiments,  we  take  the  tensile  strength  T  or  compressive  strength  C  for  pure 
tension  or  compression,  whichever  is  the  least,  and  for  v  the  distance  to  the  outer  fibre  in  which  this 
least  stress  occurs. 

Shearing  Stress. — The  algebraic  sum  of  the  components  parallel  to  a  section  at  any  point 
of  all  the  external  forces  on  the  left  of  that  section  we  call  the  shearing  stress  for  that  section. 

I«t  is  the  force  which  tends  to  make  one  section  slide  upon  the  next  consecutive  section  on 
the  right. 

In  the  case  of  a  horizontal  beam  acted  upon  by  vertical  forces  only,  the  algebraic  sum  of  all 
the  forces  on  the  left  of  any  vertical  <^ross-section  is  the  shearing  stress  for  that  section.  Upward 
forces  are  taken  as  positive,  downward  forces  as  negative,  in  taking  the  algebraic  sum. 

We  give  in  the  following  Table  the  values  of  C,  T^  R  and  E^  for  all  materials  of  usual  occurrence,  in  pounds  per 
square  inch.     We  also  give  the  value  of  the  shearing  strength  S  and  the  average  weight  per  cubic  foot 

The  authority  quoted  is  given  in  the  second  column,  and  the  name  of  the  exp)erimenter,  when  known,  is  indicated 
by  one  of  the  following  abbreviations  :  B  =  Barlow.  Bv  =  Bevan.  C  =:=  Clark,  D  =  Denison,  F  =  Fairbaim,  G  =  Grant, 
H  =  Hodgkinson,  HI  =  Hill,  K  =  Kirkaldy,  K  C  =  Keystone  Bridge  Co.,  M  =  Moore,  Mu.=  Muschenbroeck, 
Re  =  Rennie,  Ro  =  Rondelet,  T  =  Tredgold,  Wd  =  Wade,  Wi  =  Wilkinson.  The  table  is  an  extension  of  that  given 
by  J.  D.  Crehorc,  C.  E.,  '*  Mechanics  of  the  Girder,"— Wiley  &  Sons,  1886. 


Matbkial. 

Authority 

C 
Lt>s.  per  sq.  in. 
compressive 
strength. 

T 
Lt>s.  i>er  sq.  in. 
tensile  strength. 

R 

Lbs.  per  sq.  in. 

cross  breaking 

strength  by 

rupture. 

.9 

Lbs.  per  sq. 

in.  shearing 

strength. 

E 
Lbs.  per  sq.  in. 
coefficient  of  elas- 
ticity. 

Weight  in 
lbs.  per 
cubic  ft. 

Cast  Iron. 

Average 

Cannon  spccimenff ..... 

Wood.... 

Lanza 

Stouev . . . 

96,000 
84,500  to  175,000  Wd 
105,945  H 
86,284  H 

16,000 
20,148  to  a8, 805  Wd 
16,720  H 
15,298  H 

36,000 

17,000,000 

Mean  of  o  specimens. . . 

37,6qS  H 

Mean  of  16  SDCcimcns. .  ^Stonev 

12,000,000 

Ran  1ms  i  inch  wide. . 

Stoney . . . 

45*696  C 
30,240  C 

Bars  3  inches  wide 

Stoney . . . 
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Cast  Ikon  {C^ni.). 

Bars  small  round 

Circular  tubes 

Square  tubes 

Various  qualities 

Average  

Average  market  value. 

Very  good 

Average ....  

Average 


Wrought  Ikon. 

Bars  rolled. 

Angle  iron 

Plates,  lengthways 

Plates,  crossways 

Bars,  new 

Bars,previously  strained 

Bars,  new,  round 

Boiler  tubes,  welded. . . 
Circular  tubes,  riveted. 

Rolled  I  beams 

T  iron,  flange  up 

T  iron,  flange  down 

Average 

Bars  amd  Bolts 

Bars  and  Bolts 

Plates 

Plates,  double  riveted . 
Plates,  single  riveted  . . 

Hoops,  best-best 

Wire 

Wire 

Wire  ropes 

Plate  beams 

Mean  of  1x3  tests 

Mean  of  37  tests 

Low  average 

Bar  average 

Maricet  bars,  full  size  . . 
Market  bars,  prepared . 
L,  T,  and  other  sections 

Plate,  average 

Plate,  prepared 

Plates,  punched 

Iron  wire 


Stskl. 


hammered . . 

,  rolled 

Crucible,  hammered  . . 

Crucible  rolled 

Cast,  not  hardened 

Cast,  low  temper 

Cast,  mean  temper 

Cast,  high  temper 

6  eye  bus  \"  round . . 
6  rolled  and  annealed. . 


Bars 

Plates,  average 

Plates 

Plates,  L  and  T  bars, 
average... 


Wood. 


Authority 


Stoney. .. 
Stoney . . . 
Stoney , . . 

Lanza 

Bovcy 

Bovey 

Bovey, . . . 
Wetsbach 
Rankine  . 


AMer    

»:::::::;::: 

Ash 

Beech 

Beech 

Beech 

Birch,  American. 
Birch,  English . . . 
BOE 


Cedar,  American. . . 

Cedar,  Lebanon 

Chestnut,  Spanish. 

Chestnut 

Deal,  Christiana . . . 

Deal,  red 

Deal,  white 


Wood... 

Wood... 

Wood... 

Wood... 

Stoney.. 

Stoney.. 

Stoney. . 

Stoney. . 

Stoney. . 

Stoney. . 

Stoney.. 

Stoney. . 

Stoney. . 

Rankme 

Rankine 

Rankine 

Rankine 

Rankine 

Rankine 

Rankine 

Rankine 

Rankine 

Rankine 

Lovclt... 

Lovett... 

Bovcy . . . 

Bovey. . . 

Bovey. . . 

Bovey... 

Bovey. . . 

Bovey. . . 

Bovcy. . . 

Bovcy. . . 

Bovey. . . 


Stoney... 
Stoney... 
Stoney... 
Stoney... 
Stoney.. 
Stoney... 
Stoney... 
Stoney  .. 
Lanza. . . . 
Lanza — 
Rankine  . 
Rankine  . 
Rankine . 

Lanza 

Bovey. . . . 
Bovey.... 


Stoney... 
Bovey  .. 
Stoney... 
Rankme . 
Rankine . 
Stoney... 
Stoney... 
Stoney... 
Stoney  .. 
Stoney.. . 
Rankine . 
Stoney... 
Rankme . 
Stoney... 
Rankine . 
Stoney... 
Stoney... 
Stoney... 


C 

Lbs.  per  sq.  in. 
compressive 
strength. 


82,000  to  145,000 
100,000 
76,000 


iia,ooo 


30,000 


4o»3^ 

36,000 

40,000 


32,000 
36,000  to  66,000 


225,568  F 


198,944  Wd 

354,544  Wd 
391,985  Wd 
372,598  Wd 


60,000  to  80,000 


6,831  H 


91363  H 
9,000 

11,500 
9*363  H 


11,663  H 

6,40a  H 

8,000 
10,306 

5,000 

5,860 

5io6o 

5.3SO 


T 
Lbs.  per  sq.  in. 
tensile  strength. 


13,400  to  29,000 

15,000 

13,000 
33,000  to  37.000 

18,500 

16,500 


R 

Lbs.  per  sq.  in. 

cross*brcaking 

strength  by 

rupture. 


36,880  C 
38,304  c 

45*965  c 

30,000  to  43,500 


57,557 
54,729 

50,737 
46,171 


57,555  K 
60,000 
70,000 
51,000 
35-700 
28,600 
64,000 
70,000 
100,000 
90.ax> 


50,915 


40,000  to  53,000 
41,000  to  44,000 

44,000  to  46,000 

44,766 

41,000  to  44,733 
42,000 


6a  ,000  to  89,000 


83,391  F 
71,658  K 

85,546  K 
68,589  K 


73,'5oKC 
69,470  K  C 
100,000 
130,000 
80,000 
77,840  to  86, 330  HI 
60,000  to  80,000 
56,000 


13,900  Mu 
17,600 
16,700  Bv 
17,000  B 
9,360 
11,500  B 
17,300  Mu 


6,586  H 
7,393  H 


15,000  Bv 
ao,oooB 
20,000 
10,000 
11,400 
13,300  Ro 
11,500 
12,900  Bv 


38,250 


33,000 


5>,34i  C 

74,995  c 

30,240  C 
70,391  C 

43,814  C 
61,824  C 

53,760  c 

51.475  c 
53,567  c 


43,000 


33,000  to  58,000 


128,083  K 
115,181  K 
147,840  K 
118,272  K 


,9 

Lbs.  per  sq. 

in.  shearing 

strength. 


16,000  to  24.740 
18,000 
18,000 


Lbs.  jper  sg.  in. 
coefficient  ot  elas- 
ticity. 


14  to  39,000,000 
17,000,000 


i4,aaoyooo 
17,000,000 


S4i000,000 


34,000,000 
39,000,000 


40,000 

89,oooto  42,000 


45,000  to  54,000 


80,000  to  139,000 


5,300  to  7,000 
13.156  B 
13,000 
10,500 
9,366  B 


13,366  B 
11,568 B 
14,6707 


4,596  D 
7,400 


10,660 
9,37a  B 


48,000 


«,a50 


616 


35,300,000 
i5/xx>,ooo 


37000,000 
39,000,000 


35,300,000 


3i,ooo/>oo 


28,aio/x» 
39,310,000 
39,000,000 
43,000,000 


Weight  in 

lbs.  per 

cubic  toot. 


450 


480 


480 
A  bar  one 
square  inch 
in  cross  sec* 
tion  and  3 
feet  long 
weighs  10 
lbs. 


490 


30,000^000 


1,535.000 
1,600,000 
1,350,000 


1,645,000 


1,800,000 


486,000 

486,000 

i,i40/X)0 

x,Z40«ooo 


9> 

43  to  53 

47 
43  to  53 


45  to  49 

64 
35  to  47 
35  to  41 

43 
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Wood  (Cont.). 

Blm 

Sim 

Blm,  English 

Fir,  tpruce 

Fir.  red  pine 

Fir,  red  pine 

Fir,  larch 

Fir,  larch 

Hemlock 

Larch 

Lignum  Vitae 

Locuat 

Locuat 

Mahogany 

Mahogany 

Mahogany 

Mahogany 

Maple 

Maple 

Oak,  European 

Oak,  European 

Oak,  American  red  .... 

Oak,  English 

Oak,  English 

Oak,  French 

Oak,  Quebec 

Oak,  American  red 

Oak,  American  white. . 
Pine,  American  red .... 
Pine,  American  pitch  . . 
Pine,  American  white.. 
Pine,  American  jrellow. 

Pine,  Norway 

Pine,  Norway 

Poplar 

Sycamore 

Sycamore 

Teak 

Teak,  Indian 

Walnut    

Walnut 

WiUow 

Willow 

Stonb. 

Granite 

Granite 

Limestone 

Ma]1>le 

Sandstone 

Sandstone 

Slate 

Bricks,  pale  red. .   

Bricks,  red 

Bricks,  fire 

Bricks,  Gault  clay 

Bricks,  ordinary 

Lime,  mortar 

Portland  cement 

Plaster  of  Paris 

Roman  cement,  a  years 
Roman  cement,  3  years 
Roman  cement,  4  years 
Roman  cement,  5  years 
Roman  cement,  6  years 
Roman  cement,  7  years 


Authority 


Rankine. 
Stoney . . , 
Stoney . . . 
Stoney . . . 
Rankme . 
Rankine. 
Rankine . 
Rankine . 
Stoney... 
Stoney... 
Rankme . 
Rankine. 
Ston^. . . 
Rankme. 
Rankme . 
Stoney... 
Stoney... 
Stoney. . . 
Rankine. 
Rankine . 
Rankine. 
Rankine . 
Stoney... 
Stoney... 
Stoney... 
Stoney... 
Stoney... 
Stoney. . . 
Stoney... 
Stoney... 
Stoney... 
Stoney... 
Stoney. . . 
Stoney.. . 
Bovey . . . 
Ranldne. 
Stoney... 
Stoney... 
Rankme. 
Stoney... 
Stoney... 
Stoney. . . 
Rankme. 


Stoney. . . 
Rankine. 
Stoney... 
Stoney... 
Stoney... 
Rankme. 
Rankine . 
Stoney... 
Stoney... 
Stoney... 
Stoney. . . 
Rankme . 
Stoney... 
Stoney... 
Stoney... 
Stoney... 
Stoney  .. 
Stoney... 
Stoney... 
Stoney... 
Stoney... 


Lba.  per  sq.  in. 
compressiTe  strength. 


«o,30o 
10,331  H 


6,819  H 

5*375 
6,900 

5»570 


j,S68H 
8,990 

4»5a> 


6,600 
8,900 
8,198  H 


8,150 

7i7«» 
10,000 

6,000 

io/>58  H 

5,780  to  8,980 


5,98a  H 


7.5«8  H 
6,000 


5.445  H 


9,760  to  4,560 
7V089H 

I9,XOI  H 

19,000 
7,997  H 
6,400 
6,198  H 
5,400  to  a,6oo 


3,173  to  13,440  Wi 

4,000  to  ix/>oo 

3,050  F  to  18,043  Wi 

900,160  Wi  to  3,916  Re 

9,185  to  7,884 

9,900  to  5,500 

569  Re 
808  Re 
1,717  Re 
9,940  G 


6x8  Ro 
5.984  G 


Lbs 


L.D6.  per  sq.  m. 
tensile  strength. 


X4*«» 
14,400  Br 


9,000 

19,000 

14,000 

9,000 

10,000 


10,990  Ro 
11^800 
16,000 
90,100  Mu 

8/>oo 
91,800 

8,000  B 
16,500  Bt 
17,400  Bt 
10,600 
10,000 
19,800 
10,950 
10,000  B 
19,800  Bv 
13,950  Ro 


2,400  to  7^900 
7,650  Mu 
9,600  to  6,600 
4,400  to  10.600 
14,300  Bv 
7,987  Bv 
5,360  to  6,400 
»3,ooo 
13,000  Bv 
15,000  Bv 
15,000 
8,130  Mu 
7,800  Bv 
14,000  Bv 
9,000  to  19,500 


670  to  3,800 

551 H  to  79a  Bv 

1,054  to  1,961 


9,600  to  xa,8oo 


980  to  300 

51 
358  G 

71  Ro 
.•5466 
604G 
632  G 
697  G 
666G 
709G 


Lbs.  per  sq.  in 

cross-breaking 

strength  by 

rupture. 


7.850 


4.69a B 

8,076  M 

7,100 

9,540 

5.«» 
xo/x» 

6,8590 

8,010  B 

X9,O0O 

11,900 
90,580  B 
7,600 
11,500 


10,314  M 
10,164  D 


8,700 
13,600 
10,600 
10,164  B 


8,898  M 


XO,X99  D 

10,458  B 

9,169  B 

xo,369  B 

7.374  P 
7,xio  B 


9,600 


19,648  B 

X9,000  to  19,000 
8,000 


3,300  to  4,700 

6,600 


456  to  9,449  Wi 


1,698  to  2,484  Wi 

1,252  H  to  9,697H 

9,010  to  5,149  Ke 

x,xoo  to  9,360 

5,000  to  7,370 


S 

Lbs.  per  sq. 

in.  shearing 

strength. 


1,950 
490 


480 
860  to  1,590 


x/>7o 


9,680  to  4,460 

6,960 


440  to  790 


440 

454 


E 
Lbs.  per  so.  in. 
coefficient  of  elas- 
ticity. 


x,oaoi,ooo 


1,800,000 
1, 460/100 
1,900,000 
900,000 
1,360,000 


1,360,000 
z, 000,000 


x,«55»ooo 
3,000,000 


1,900,000 
1,750,000 
9,150,000 


1,960,000 
1,959,000 
9,300,000 
1,600,000 
3,000,000 

a,3So,ooo 

763,000 

1,040,000 


9,100,000 
9,400,000 


1,400,000 


1,300,000  to  1,600,000 


Weight  in 

lbs.  per 

cubic  foot. 


34  to  37 
99  to  3a 


47 
39  to  |8 
4X  to  83 

58 

53 


49 
49to  58 

6z 
49  to  58 

61' 

34 
41  to  58 

36 

3« 

3  to  96 
.,    to  43 

41  to  59 

38  to  57 
a4»  35 


168 

t 

150 

X75 
150 


195 

100 

80 

'ft 


In  using  our  formulas,  all  dimensions  should  be  in  inches,  if  7",  C,  R^  E  are  in  lbs.  or  tons  per 
iquare  inch^  and  the  result  P  will  then  be  in  lbs.  or  tons.  If  the  dimensions  are  all  taken  in  feet,  2\ 
C,  jR  and  £  must  be  taken  in  lbs.  or  tons  per  square  foot. 

Application  of  Theory  to  Beams.* 

We  can  now  apply  our  fundamental  equations  to  the  various  cases  of  beams  which  occur  in 
practice. 

The  complete  discussion  consists  in  finding  the  change  of  shape  of  the  beam,  its  deflection  at 
any  point,  and  the  breaking  weight  or  the  load  it  will  carry  before  breaking  ;  both  for  constant 


For  curved  beams  see  page  214. 
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cfoss-section  and  for  uniform  strength,  as  well  as  the  proper  shape  for  uniform  strength.  A  beam 
is  said  to  be  of  uniform  strength  when  it  is  so  proportioned  that  we  have  the  same  unit  stress  at 
all  points. 

Case  I.  Beam  Fixed  at  One  End  and  Loaded  at  the  Other — Constant  Cross-sec- 
tion.— A  moment  is  always  positive  when  it  causes  counter-clockwise  rotation,  negative  when  its 
rotation  is  clockwise.     Therefore  a  positive  moment  on  the  left  of  any  cross-  Fi]|?:r64 

section  causes   tension  in  the  upper  fibres  and   compression  in  the  lower       ^.  .    JL 
fibres. 

{a)  Deflection  and  Change  of  Shape. — In  Fig.  164,  take  the  origin  at  the 
free  end  ;  let  the  length  be  /.  Then  for  any  point  of  the  neutral  axis  at  a 
distance  x  from  the  origin  the  moment  is  p 

M=-\-Fx. 
We  have,  then,  from  (VIII.),  page  290,  since  M  is  taken  for  all  forces  on  the  left, 


Integrating  once,  we  have 


El^z^-^^+C. (2) 

ax  2  ^  ' 


Since  the  beam  is  fixed  horizontally  at  the  right  end,  the  tangent  to  the  curve  of  deflection 

dy                                                          Pr 
must  be  horizontal  at  that  end.     Hence  when  x^=-  l^-y  =0,  and  the  constant  is  C  =  -| .    We 

ax  2 

have,  then,  from  (2), 

^/^=_^  +  ^. (3) 

dx  2*2  ^^' 

We  should  obtain  the  same  result  directly  from  (VII.),  page  290. 
Integrating  again, 

£fy=-^  +  ^  +  C.      .    .    .    , (4) 

O  2 

/*/•     Pi*         Fl* 

Since  the  deflection  at  the  fixed  end  is  zero,  for  x=Ly=o,  and  hence  C=  — r = . 

"^  623 

We  have,  then,  from  (4), 

^.        Px\  ppx    pr  , . 

^/y  =  -  -T-  +  — (5) 

023 

We  should  obtain  the  same  result  directly  from  (V.'),  page  290. 

This  equation  gives  the  deflection  at  any  point.  The  deflection  at  the  free  end  is  evidently 
the  greatest.     Making,  then,  j;  =  o,  we  have  the  maximum  deflection 

PI* 

^  =  -i? <«) 

The  minus  sign  shows  that  the  deflection  is  downwards. 
If  the  cross-section  is  rectangular, 

I^^bh\ 
and  we  have 

Ebh 

The  student  should  solve  this  and  other  cases  by  taking  the  origin  at  different  places,  such  as 
the  right  end,  at  the  free  end  after  deflection,  etc.  He  should  also  reverse  Fig.  164,  so  as  to  have 
the  left  end  fixed,  and  take  the  origin  in  different  places  as  before. 

(b)  Breaking  Load. — In  order  to  find  the  breaking  load,  we  have  from  (XI.),  page  292, 

z,/  jLT      ^^  (T or  C)I  _       PI  (T or  C)I 

PI  =  max.  M  =  — ,     or    ^ —y    or     P  —  —7,     or    ^^ ; — — 


296 


APPENDIX. 


where  R  is  the  most  remote  fibre  stress  as  determined  by  experiments  at  the  breaking  point,  or  if 
R  is  not  known,  we  take  the  tensile  strength  T  or  the  compressive  strength  C,  whichever  is  the 
least,  and  for  v  the  distance  to  the  outer  fibre  in  which  this  lea  ft  stress  occurs. 

For  rectangular  cross-section,  /  =  ^^M',  v  =  —,  and  we  have  breaking  load  given  by 

2 


Pl=^ 


Rbh* 
6    ' 


«      Rbh*  (ToxC)bh^ 

or     /^  =  —rr-*     or     ^—  ' 


6/  ' 


6/ 


Case  2.  Beam  Fixed  at  One  End  and  Loaded  at  the  Other — Uniform  Strength. — 
Suppose  the  cross-section  or  /  is  not  constant  as  before,  but  varies  in  such  a  manner  that  at  every 
point  of  every  cross-section  the  unit  stress  is  constant.     Then  we  have  from  (XI.),  page  292, 


Px  = 


RI 


or    R  = 


Pvx 


For  a  rectangular  cross-section,  for  instance,  r;  =  — ,  /  =  -^bh  ,  and 

2 


i?  = 


6Px 


This,  then,  gives  the  value  of  R  at  any  point  distant  x  from  the  end. 
height  at  the  fixed  end  are  denoted  by  bx  and  hy.    Then, 


Suppose  the  breadth  and 


R  = 


6  PI 


Now  since  R  b  required  to  be  constant,  we  have^ 


6Px        6  PI 


M* 


bx/H 


•  > 


or 


bih,' 


X 

T 


.   .    (9) 


If  the  height  is  constant,  then  h  =  Ai,  and  we  have  the  breadth  at  any  point  b  =^bx—.    That  is, 
the  breadth  varies  as  the  ordinates  to  a  straight  line,  as  shown  in  Fig.  165.     If,  on  the  other  hand. 


X 


the  breadth  is  constant,  ^  =  ^ ,  and  we  have  h*  =  hi  -r-.     That  is,  the  height  varies  as  the  ordinatea 
to  a  parabola,  as  shown  in  Fig.  i66. 


Flf.165 


FlK.166 


Flf.167 


If  both  b  and  h  vary,  but  the  cross  section  at  all  points  is  similar,  we  have, 

bx        b  ^      bih 
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^d  hence  substituting  in  (9),  If  =  hi  — ,  which  is  the  equation  of  a  cubic  parabola.     The  breadth 

varies  according  to  the  same  law,  as  shown  in  Fig.  167. 

(a).  Deflection  and  Changs  of  Shape. — Since  /  is  no  longer  constant,  we  have  in  the  present 
case,  from  (VIII), 

de^      EI  "       ^      b)f' 

Ex  — 
12 

where  b  and  h  are  variable,  as  we  have  just  seen.     If,  as  in  Fig.  165,  the  height  is  constant  and 

X 

always  equal  to  hi ,  then,  as  we  have  seen,  b=^  bi  — . 


Hence  for  rectangular  cross  section, 


£>  _  _  12  PI 
dJ(^  ■"       Eh^bi 


dy 
Integrating  this,  since  for  ;t  =  /,  -f^  =  o,  we  have 

^  -  «  "  p^^'   .  "-^^' 

^~        Ehi%        Ehi*bi' 
Integrating  again,  since  for  .r  =  /,  j'  =  o,  we  have 

^  ~       Ehi'bi  "^     ^V^        Ehi'bi *    ' 

This  equation  gives  the  deflection  at  any  point  for  a  beam,  as  shown  in  Fig.  165. 
The  greatest  deflection  will  be  at  the  end,  and  is  equal  to 

_  6  yv- 


EhX 


The  deflection  for  a  beam  of  the  same  length  with  constant  cross-section,  we  have  already 

aP/* 

found  to  be  —  ^     ,  ,  for  rectangular  cross-section.     We  see,  then,  that,  other  things  being  the 


i"i 


same,  the  beam  of  uniform  strength  deflects  |  as  much  as  the  beam  of  constant  cross-section. 
In  similar  manner  we  find  for  constant  breadth.  Fig.  166, 


=  -»<i-3f  +  »y^(7)"] (") 


i3  =  2  J.  =  — 


•       Eb.hr 


\"\ 


4  Pl^ 
where  itf,  stands  for  the  deflection  of  the  beam  of  constant  cross-section,  or  -,-,,. 


x'\ 


For  similar  cross-sections.  Fig.  167,  we  have 


y  =-*A 


J-fy+fx/l?)*] (") 


PI* 


Eb^h^ 
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If  we  call  the  volume  of  the  beam  of  constant  cross  section  F,  then  in  the  first  case,  Fig.  i6§, 
the  volume  T,  =  i  V ;  in  the  second,  Fig.  i66,  T,  =  |  T;  in  the  third,  Fig.  167,  T,  =  |  F,  or 

V\  F,  :  r,  :  Ti  =  30  :  20 :  18  :  15. 
The  maximum  deflections,  as  we  see,  are  as 

2  Jo  y     I  ^o»     \  ^fh     Of  ^  2o»  ^^  ^^<1  ^5- 

That  is,  the  deflections  at  the  ends  for  a  beam  of  uniform  strength  in  the  three  cases  are  as  the 

volumes, 

(d)  Breaking  Strength. — We  have,  just  as  in  the  case  of  constant  cross-section, 

»  _  ^A  {ToxCjI, 

F  =  — 7     or    -^ r-^— ^ 

vl  vl 

where  /,  is  the  moment  of  inertia  of  the  cross-section  at*  the  fixed  end  =  -^  b^h^  for  rectangular 
cross  section. 

The  breaking  weight  is  evidently  the  same  as  for  beam  of  constant  cross-section,  if  the  weight 
of  beam  itself  be  disregarded.     The  only  difference  is,  that 
more  material  is  required  in  the  latter  case. 

Case  3. — Beam  as  Before,  Fixed  at  One  End — Uni- 
form Load — Constant  Cross-section. — If  /  is  the  load 
per  unit  of  length,  we  have  for  the  moment  at  any  point  dis- 
tant X  from  the  free  end.  Fig.  168,  from  (VIIL), 
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i 
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ax  ^2  2 

dy 
Integrating  once,  since  for  j:  =  /,  -j-  =  o,  we  have 

dx  6^6' 

Integrating  again,  since  ioi  x  =  l,y  =  o,  we  have 

^  24  ^    6  8  ■ 


U3) 


The  deflection  at  the  end,  then,  is 


J  = 


.        P^ 


ZEP 


or  only  \  as  great  as  for  an  equal  load  at  the  end. 

For  the  breaking  weight,  we  have,  since  the  greatest  moment  is  at  the  fixed  end  and  equal  to 


//• 


,.from  (XI.), 


—  =  —     or    ;      hence    ^/= — 7-     or     ; , 

2  V  V  ^  vl  vl         ^ 


_• 


taking  ali^ays  whichever  value  of  7"  or  C  is  the  least,  or  twice  as  much  as  for  an  equal  weight  at 
the  end. 

Case  4. — Beam  Fixed  at  One  End — Uniform  Load — Constant  Strength. — We  have 

the  moment  at  any  point  ^— .     Putting  this  equal  to  — ,  we  find  R  =  ^^>  or  for  rectangul 
cross-section  R  =  ^rrr*     If  ^1  and  h^  are  the  breadth  and  height  at  the  fixed  end,  then  since  R 


ar 


bh^ 


must  be  constant. 


iP^^ZPt     or    i* 
bh'  "  bX^ 


s» 


KK    r 


(14) 
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If  the  height  is  constant  ^  =  ^,  and  ^  =  ^  f  —  j  .    This  is  th«  equation  of  a  parabola. 


Vlgwl09 


shown  in  Fig.  169.    If  the  breadth  is  constant,  h  =  hxy  and  (14)  becomes  h  ^  hx^  *      T\iv&  is  the 
equation  of  a  straight  line,  as  shown  in  Fig.  170. 

h%  h  h  h  ^ 

For  similar  cross  sections  we  have  -7-  =  -7»    or^  =  \   .     Hence   (14)  becomes  A*  =  V-n 

h\       h  hy  /■ 


This  is  the  equation  of  a  cubic  parabola.     The  shape  of  the  beam 
is,  therefore,  as  shown  in  Fig.  171. 

Change  of  Shape. — We  have  from  (VIIL), 

dj^ "~  ~  Vet 

or  for  rectangular  cross-section, 

d*y  _       6p^ 


d^ 


Ebh 


•• 


XT 

For  constant  height  we  have,  as  we  have  seen,  d  =  d^y^,  and 


h  =  ^j.     Hence 


^  —  -    ^/^ 


dx* 


EbJ^' 


Integrating,  since  for  .  =  /,  ^  =  o,  we  have 


dx 


dx       Eb.h:  "^  'Ebir^ 


v'\ 


h"l 


Integrating  again,  since  £ot  x  =  /,y  =  o,  we  have 


The  deflection  at  the  end  is,  then, 


EbX      EI>X      ^^ 


Ebjir 
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or  twice  as  much  as  for  a  beam  of  constant  cross-section.     In  a  similar  manner  we  can  easily  find 
the  deflection  in  the  cases  of  Figs.  170  and  171. 

Case  5. — Beam  Supported  at   Both   Ends— Constant   Cross-section — Concentrated 

Bi  Load. — Let  the  weight  P  be  distant  from  the  left  end,  Fig. 

J  Fig.172  r     172,  by  a  distance  z^  and  from  the  right  end  by  a  distance  z^ 

\  J I     Let  the  distance  of  any  point  from  the  left  end  be  x. 

I  ~"  I  The   upward   reaction   at  the  left   support   is  by  mo- 

^4^"^,,,^^^^  I  ^  ^^.^'^^"^'^  ^  ments  R^X  1  =  P  X  z^^  or  J?,   =  -j^*      The  moment  at 

'*• T^ — "~^  71  ^     any  point   between  the   left  end  and  the  weight,  or  when 

x<z^, 

P  / 

For  any  point  to  the  right  of  -P,  or  when  x>  z^^ 

^  =  -  J?,:c  + />  (^  -  5,)  =  -  ^  +  ^  (^  -  ^.). 

The  greatest  moment  is  evidently  at  the  point  of  application  of  the  load,  or  when  x  =  z^. 

Pz  z 
Hence  the  maximum  moment  is  = j-^. 

(tf.)  Breaking  Weight, — From  (XL)  we  have 

^      Pz^z^       R:  ^      RIl  {TotC)II 

max  Af  =  — 7—"  = ,     or     P  =^  — —^    or    ^ —y 

I  V  vz^z^  vz^z^ 

where  we  must  use  R  when  known  by  experiment,  or  that  value  of  T  ox  C  which  is  the  smallest 

For  rectangular  cross-section  /  =  — »  and  hence  P  = •    For  a  load  in  the  middle  z.  =  «, 

®  12  6  «,«,  •        • 

=  ^Z,  and  P  =      J   ^  or  4  times  as  great  as  for  a  beam  of  the  same  length  fixed  at  one  end  and  free 

at  the  other  end. 

(^.)  Change  of  Shape, — From  (VIH.)  we  have 

when  X  <  z^,  d^  ~  "~7^ '  "^rYitn  x>  z^,    ^^d^  ~  "7"^       ^' 

* 

Integrating,  we  have 

ax        2  I  '  dx        I     \  2/         ■ 

dy 
For  JP  =  «,  these  two  values  of  -r  are  equal,  and  hence,  smce  5,  =  /  —  «,,  we  have  C,  =  C,  — 


Pz^ 


We  thus  have  the  two  equations 


^fy-^^<='--  "^  ^i=T'(''-i)-T^'+^.. 


both  containing  fhe  same  constant  C,. 
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Integrating  again  we  have 

when  X  <  z^,  Ely  =  ^^  +  C^x  +  C,;    when  x  >  z,,  £/y  =  ^flx  -  -J-  :^^  +  C,x  +  C\, 

In  the  first  of  these  equations,  when  jc  =  o,^'  =  o;  hence  C,  =  o.  When  x  =  z^jy  in  one  equals 
in   the  other,  hence  C^  =  — -•      For  x  =  1,  y  in   the   second  equation  is  zero,  hence  C,  =  — 

Substituting  these  constants,  we  have,  when 

I^z  x 
X  <  Zi,    ^  =  ^-^^  (x*  —  2  /Zi  +  «,*) ; (i6) 

whenjr>2:.,    y  =       ^^ ^ji  -  (g»'  -  2  /x  +  x") (17) 

The  deflection  at  the  load  is,  therefore,  for  Jr  =  r,, 

dy  dy 

If  we  insert  the  value  of  C,  in  the  value  for  -j-  and  place  ^  =  o,  we  find  for  the  value  of  x 

dx         ^        dx 

which  makes  the  deflection  a  tnaximumy 


X=    Vi{2  /  '-'Zi)Zx (18) 

The  greatest  deflection  is  not  at  the  weight,  therefore,  except  when  the  weight  is  in  the  middle 
Inserting  this  value  of  x  in  the  value  for^,  we  have  the  for  maximum  deflection 

_      Pz^z^(2/-z,)  ^^ 
^  ~  "■  — ^7^7? —  ^^^'(2/  -  z,). 

If  the  load  is  in  the  middle  of  the  beam,  we  have  ^i  =  2,  =  ^  /,  and  the  equation  of  the  curve 
of  deflection  is 

The  deflection  at  the  weight  in  this  case  is  found  by  making  ;c  =  ^  /,  or 

"^ ""     48  ^/ 

or  only  ^th  as  much  as  for  a  beam  of  the  same  length  fixed  at  one  end  and  loaded  at  the  other  end 
(c.)    Uniform  Strength, — The  change  of  shape  and  form  for  uniform  strength  may  be  easily 

found,  precisely  as  on  page  296,  for  a  beam  fixed  at  one  end  and  loaded  at  the  other  end. 

If  the  weight,  for  instance,  is  at  the  centre  of  the  beam,  the  deflection  is  greatest  at  the  weight. 

Each  half  of  the  beam  may  then   be  considered  as  a  beam  of  the  length  \  /,  fixed  horizontally 

P 

at  one  end  and  with  an  upward  force  -  at  the  other.     Each  half  of  the  beam  should  then  have  the 

shape  of  Figs.  165,  166^  or  167,  according  as   (he  height  or  breadth  is  constant,  or  the  cros^- 
sections  w?  similar. 
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Thus,  Fig.  173  shows  the  shape  of  a  beam  of  uniform  strength,  for  constant  height,  weignt  in 
the  middle. 

Fig.  174.  for  constant  breadth,  weight  in  the  middle. 


Fig.  175,  for  similar  cross  sections,  weight  in  the  middle. 

In  each  of  these  cases,  the  deflection  is  the  same  as  for  a  beam  whose  length  is  \ly  fixed  at  one  end 

P 

horizontally  and  with  an  upward  force  of  —    at  the  other.     The  deflection  in  each  case  is  given  by 

p 
(10),  (11)  and  (12),  where  for  P  we  must  insert  —  >  and  for  /,  \L 

When  the  weight  P  is  placed  at  any  point,  we  have  only  to  find  the  point  at  which  the  deflection 

is  greatest,  or  that  point  for  which  ^  =  o-     This  point  we  may  consider  as  the  fixed  end  of  a  beam, 

whose  length  is  the  distance  to  each  of  the  other  ends,  the  force  at  the  extremity  being  the  reaction. 


w 


\ 

t 
i 

p 


ii > 


Equations  (10),  (11)  and  (12),  will  then  gfve  the  deflection,  when  we  put  for  /  the  length  of  each 
portion,  and  for  P  the  reaction  at  the  end. 

The  method  of  page  296  must  be  followed  in  each  case.     Owing  to  the  shear.  Figs.  173,  174 


Flv.178 
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and  17s  cannot  end  in  a  line  as  shown,  but  cross-section  enough  should  be  allowed  at  the  ends  to 
resist  the  shear  at  those  points,  as  shown  in  Figs.  176,  177,  and  178. 

Case  6  — Beam  Supported  at  both  Ends — Constaj^t  Cross-Section — Uniform  Load  — 
For  a  load/ per  unit  of  length,  the  entire  load  is  //,  Fig.  179     The  tL  _.     _.  P^ 

reaction  at  each  end  is  —.     The  moment  at  any  point  is 


M-  - 


px^ 


This  is  evidently  greatest  at  the  centre,  or  when  x  =  \L    Hence 

max M  -=.  —^ 

8 


For  the  breaking  weight  then,  from  (XL), 

pr  _  RI 


8 


V 


.,      ^^^ 
^^^^=-^' 


(19) 


or  four  times  as  much  as  for  a  beam  of  the  same  length  loaded  uniformly  and  fixed  at  one  end. 
For  the  change  of  shape,  we  have  from  (VIIL), 

dx^        2         2 

ify 
Integrating  once,  since  for  j:  =  ^/,  —  =0,  we  have 

dx        4  6        24* 

Integrating  again,  since  ior  x  =  o,y=  o, 

14        24 


12 


or 


_    /* 


(20) 


This  is  greatest  at  the  centre,  or  for  x  =  J/.     Hence  the  maximum  deflection  is 

^  -    384  £r 

or  only  i|^  of  a  beam  of  the  same  length  fixed  at  one  end  and  uiiiforinly  loaded 

For  uniform  strength,  since  the  deflection  is  greatest  at  the  centre,  we  can  consider  each  half 
of  the  beam  as  a  beam  fixed  horizontally  at  one  end  and  with  an  upward  force  at  tlie  other  equal 

to  — . 

For  rectangular  cross  section  each  half  will  then  be  as  shown  in  Figs.  173,  174  and  175.    The 
deflection  in  each  case  may  be  found  as  in  equation  (15). 
The  same  method  applies  easily  to  any  other  form  of 
cross  section. 

Case  7. — Beam  Supported  at  Both  Ends — Con- 
stant Cross  Sections — With  Two  Equal  and  Sym- 
metrically Placed  Loads.— Let  the  beam.  Fig.  180, 
support  two  weights  P,  P,  placed  at  equal  distances  s 
from  each  end.  The  reaction  at  each  support  is  then  P, 
and  the  greatest  moment  isf  evidently  at  the  <?entre  and 
equal  to /V, 
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For  the  breaking  weight  we  have,  then, 

7>.-^^       nr/>-^^       ^M^L£)I 

i^z  =  —  ,     or  -T^  =  — ,     or . 

V  vz  vz 

For  rectangular  cross-section,  /  =  -ffM*,  and  i'  =  -,  hence 

6z 
For  change  of  shape,  we  have,  from  (VIII.), 

when  X  <  z,    EI  -7=^.  =  Px.        when  x  >  z.    EI  -r=^  =  P%. 

ax  ax 


Integrating,  we  have, 


^/£  =  ^-  +  c,.      ^|  =  ^«  +  c. 


dy  Pzl  dy 

In  the  second  of  these  equations,  when  x  =-  \l<,  -p  =  o ;  hence  C,  = .     When  jp  =  «,  -j- 

ax  2  dx 

in  the  first  is  the  same  as  -y-  in  the  second,  hence  C.  = .     Hence 

ax  2  3 

^^^^=T+T-T'    ^^dx  =  ^"'-—' 

Integrating  again,  since  for  jf  =  o  in  the  first  of  these  equations  ^^  =  o,  we  have 

_.        Px^  ^  Pz^x      Pzlx  ...        Pzx^      Pzlx  ,   ^ 

022  22 

when  j:  =  2,>'  in  the  first  is  the  same  asy  in  the  second,  hence  C,  =       '. 
The  deflection  for  any  point  on  the  left  of  the  first  weight  is  given  by 

Px 

y  =  g^  (^'  +  3  ^'  -  3  ^i). 

and  for  any  point  between  the  weights, 

y^^j(.^'^zx'-zxt) (21) 

The  maximum  deflection  is  at  the  centre  and  equal  to 

^  =  2-^/<4^'-3'') M 

If  the  loads  are  uniformly  distributed,  instead  of  being  concentrated  as  shown  in  Fig.  181,  we 
Fiff.181  can  ^Mtpdz  in  the  place  of  P,     Equation  (22)  then  becomes 

I 

4.      ^-       ^  j£  ^^  integrate  this  between  the  limits  z^  and  «,,  we  have 

fpr  the  deflection  ^t  the  centre, 
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(23) 


When  the  load  covers  the  whole  beam,  z^  =  J/,  and  -,  =  o,  and 

j  =  _   s/>/' 

as  already  found. 

Case  8. — Beam  Supported  at  one   End  and  Fixed  at  the  Other — Constant  Cross- 
section — Concentrated  Load. —  Let  the  beam  be 
fixed  horizontally  at  the  right  end,  Fig.  182.     At  this 

end,  then,  we  have  not  only  a  vertical  reaction  R^^  but  ^  Fig.fSd 

also  a  negative  moment  M^  which  causes  the  bean)  to  t" 

be  horizontal.     At  the  left  end  we  have  only  the  re-  I  ___/ ^ 

action  R^.     Let  the  weight  P  be  distant  from  the  lefi  •  "^ 

end  by  a  distance  c,,  and  from  the  right  end  by  a  dis-  h- 1 

tance  z^.     Then  from  (VIIL),  taking  x  from  the  fixed  \ 

efidy  "^  T,       "^  i," 


Rt 


I 

I 

I 


^— --HI 


^r 


when  X  >  s,,     EI  -~  =  R^{/  -  x); 


tix^ 


I 
I 
I 


when  X  <  :„     £1^^^  =  Ji,(l-x)-  P{z^   -  x). 


Integrating,  we  have 


Mi'£^a.,,-?-fl^c,.   E,i    aj. 


R.  ' 


r  Px* 

2  '  2  ' 


{24a) 


dy  .  dv 

When  jp  =  o,  ^  in  the  second  equation  is  zero,  and  hence  C,  =  o.     When  x  =  z^y  ^   is  the 

Ps* 

same  in  both.      Hence  C,  = .     Inserting  these  values  of  6\  and  C,,  and  integrating  again, 

we  have 


£/y  = 


R./x*      Py      Pz\ 


—  -r  C.,         Ely  = 

2  2 


RJx'       Py      Pz,x*   ,   Px* 


+  -T-  +  ^*'      (24/^) 


When  a-  =  o  in  the  second  equation  of  (24^),  >»  =  o,  and  hence  C^  =  o.     When  x  =  ^,  ,^  is 

Pz* 
equal  in  both;  hence  C,  =  --—-. 

When  .V  =  /  in  the  first,  y  =  o.     Hence 

2/'    ' 

If  we  put  the  value  of  -j-  in  (24^7)  equal  to  zero,  and  insert  the  values  of  C,,  C,,  and  R^y  we 
have  for  the  point  at  which  the  deflection  is  a  maximum, 


when  X  >  z^y       x  =  /  —  /y  — -; 

3' ""  ^« 


(25^) 


2/ZJ2/    —    Z.)  ,  .V 

when  X  <z^.       x-     .,   ,      ,   ,         x (25^) 

When  X  =  z^\i\  these  equations  the  maximum  deflection  will  be  at  the   load  and  will   be  the 
greatest  possible.     Placing  therefore  jt  =  ^  ,  we  obtain  from  both  these  equations  the  condition 

z^  =  1(2  -  V2)  =  0.58578/. 
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That  is,  the  greatest  maximum  deflection  is  at  the  load  when  the  load  is  at  a  distance  of 
2  —  1^2  =  0.58578  of  the  span  from  the  fixed  end.  For  any  other  position  of  the  load  the  maxi- 
mum deflection  is  between  the  load  and  the  supported  end  when  z^  <  /(2  —  V^),  and  between  the 
load  and  the  fixed  end  when  2,  >  /(2  —   4^2). 

If  we  substitute  the  values  of  .v  in  (25^)  and  (25^)  in  the  values  for  >'  in  (24^)  and  insert  the 
values  of  C,,C^  and  -^,,  we  obtain  for  the  maximum  deflection, 


J^z  '                  /  I  —  z 
when^>^„       ^  =  "  6^(^-^«)r  ^T^rf ' ^^^^^ 

Both  of  these  are  equal  and  have  their  greatest  value  for  c,  =  /{i  —  V2). 
Inserting  this  value  of  ^,,  we  have  for  the  greatest  maximum  deflection  at  the  load, 

or  only  about  —     as  much  as  for  a  beam  supported  at  the  ends.      When,  then,  z^  >  /(a  —  V2)  the 

greatest  deflection  is  between  the  load  and  the  fixed  end,  and  x  and  J  are  given  by  (25^)  and  (26^). 

When  z^  <  /(2  —  4^2)  the  greatest  deflection  is  between  the  load  and  the  supported  end,  and  x  and 
^  are  given  by  (25^)  and  {26a)y 
If  the  load  is  in  the  middle 

J?  —   S_p 

and  since  ^,  =  /  is  less  than  /(2  —  V2)  we  use  the  values  of  x  and  ^  given  by  (25^?)  and  (26a),  and 
obtain  the  maximum  deflection  at  a  distance  x  from  the  fixed  end  given  by 


x  =  /(^i  --^)  =0.55/, 


and  for  the  maximum  deflection  itself  in  this  case 

or    , — :—  as  much  as  for  a  beam  of  the  same  length  fixed  at  one  end  and  loaded  at  the  other,  and  —7 
16  4/5  4/ 

as  much  as  for  a  beam  of  the  same  length  supported  at  the  ends. 

Determination  of  R^  by  the  principle  of  least  work. — The  moment  at  any  point  for 

X  >  2,  is         Jf  =  —  RJ^l  —  x)^ 

and  for 

x<z^  M=  -  R^l  -  x)  +  P{z^  -  x). 

From  (IV.')  we  have  then  for  the  work  of  bending, 

dx 


work  =  f[  -  RXi  -  ^)Y  ^j  +  l\  -  ^Xl  -  ^)  +  ^(^,  -  ^)]' 


2EI' 


If  we  differentiate  this  with  respect  to  R^  and  put  — -,,,       =  o,  we  have  for  the  value  of  ^„ 
which  gives  the  work  of  bending  a  minimum, 

f^RAl  -  xYdx  +  X'\Rx{1  -  xYdx  -  P(l-  x){z^  -  x)dx\  =  o. 
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3O7 


Performing  the  integrations  we  obtain 

2/* 


R,  = 


just  as  already  obtained. 

Breaking  Weight. — Since  we  know  -^1,  we  can  find  the  moment  at  any  point.  Rupture  will 
occur  where  the  moment  is  greatest,  that  is,  either  at  the  fixed  end  or  at  the  load.  The  moment  at 
the  load  is  —  Ri{l  —  a:J  and  at  the  fixed  end  —  -^,  /-f  Pz^,  'I'he  first  is  always  negative  and  the 
second  always  positive,  hence  RU  is  less  than  Pz^.  If  we  subtract  the  first  from  the  second  we  have 
Pz^  —  RxZ^  which  is  positive,  since  P  is  greater  than  -^1.  The  moment  at  the  fixed  end  is  then 
the  greatest  and  equal  to  —  RJ  +  P^^ ,  or 


max  M  =  Pz^  — 


2r 


This  is    greatest   for    :;,  =  /(i  —    ^ i)  =  0.4226/.        I'hat  is  the  greatest  maximum  moment  at 
the  fixed  end  is  when  the  load  is  distant  0.4226  of  the  span  from  that  end. 
The  value  of  this  greatest  maximum  moment  is  then 


Hence  from  (XI.), 


PI        RI  p  _ 

~  =     -  or         P  ^ 


4/^  V 


3^3 
That  is,  the  breaking  weight  is 


—  or  —     — . 

vl  vl 


*'— ^=  1.3  times  as  great  as  for  a  beam  supported  at  the  ends. 


If  the  load  is  in  the  middle,  we  have  the  moment  at  the  fixed  end  -^  /*/,  and 

16 

„      idRI         i6{T or  C)I 
P  = —    or  - 


3ZV 


3?'/ 


or  I  as  much  as  for  the  same  beam  supported  at  the  ends. 
The  breaking  load  for  a  load  anywhere  is  given  by 


P=i 


iRir 


2{ToxC)/r 

7C,C,(2/  —  Cj)     "'        VZ^Z^{2l  —  Z^ 


or 


(27; 


Case  9. — Beam  Fixed  at  One  End  and  Supported  at   the  Other — Constant  Cross. 

Flf^.  183 


SECTION — Uniform  Load. — In  this  case,  Fig.  183,  the  moment   r^ 
at  any  point  is  'j 

Integrating   twice   and   determining    the   constants   by    the 

dy 
conditions  that  for  a,-  =  o,  ^  =0,  and  y  =  o,  we  easily  obtain 

R,  =  I//,  and 


\ 


/^ 


4. .; 


N 


N. 


y=-^^'-^'^^-'^ 


(28) 


(29^ 
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Putting  (28)  equal  to  zero,  we  find  for  tlie  point  at  which  the  deflection  is  a  maximun\ 


16 


The  maximum  deflection  itself  is  then 


=  0.578s '. 


For  the  breaking  weigl 


RI 


A=-  39  +  55  ^^33  Pt 
16'  EI' 

have,  since   iht  t;rcaicsi  moment  is  ai  the  fixed  end  and  eqi 
8(7-orC)/ 


//  = 


vl  ' 


The  strength  is  then  |  as  great  as  for  the  same  load  in  the  middle,  but  no  greater  than  1 
beam  of  same  length  and  load  supported  at  both  ends 

Determination  of  R^  by  the  Principle  of  Least  Work. — The  moment  at  any  point  is 

*'=-*,(/-.)+'t<i=-iI'. 
From  (iV)  we  have,  then,  for  the  work  of  bending, 


work 


=/[--.('- 


•v) 


aSL 


If  we  differentiate  this  with  respect  to  R , ,  and  put 
which  gives  the  work  of  bending  a  minimum. 


=  o,  we  have  for  the  value  of  i 


/[*,(,-,)v,-i<i^!:.,]=o. 


Performing  the  integratio 


=  1//, 


just  as  already  obtained. 

Case  10.— Beam  Fixed  at  Both  Ends — Constant  Crosr-section — Concentrated  1.o^ 
Hi  fib.18«  ^!  — Let  z,  be  the  distance  from  the  left  end  to  t 

t  1  weight,  Fig.  184,  and  e,  the  distance  from  t 

'  5    — ^         right  end  to  ihe  weight.     Let  the  reaction  at  t 

*iS      \        left  end  be  /i,  and  the  moment  at  the  left  ei 


M,.     Let  X  be  measured  from  the  left  end. 
Then  we  have  from  (VIII), 


FJ  -. 


when  X 

when  -V  >  :, ,   j^/ 


Integrating,  we  have 


-*,»:+C,; 


:,■*■- 


-  P-  +  Pi,x  -  M,x  +  C,. 
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dy  dy 

If  jc  =  o,  —-  in  the  first  equation  equals  zero,  and  C,  =  o.     For  Jf  =  5, ,  —  is  the  same  in  both 
dx  ax 

equations,  and  hence  ^^  = -.     For  x  =  /,  —  in  the  second  equation  is  zero,  and  hence 

-  2  M,l  =  Pz:^  -  2  Pz^l  -  RJt^  +  Pr (30) 

Integrating  again,  after  substituting  the  values  of  C,  and  C,, 

For  jc  =  o,>'  in  the  first  equation  is  zero,  and  hence  C,  =  o. 

Pz' 

For  X  =  z^,y  in  both  equations  is  the  same,  hence  C^  =  —^. 

For  ^  =  /,  j;  =  o  in  the  second  equation,  and  hence 

-  3 .1/,/' =  3 />«,'/ -  3  ^v  -  ^y + ^/' -  ^v (31) 

Equations   (30)   and   (31)   contain    two   unknown   quantities,  Af^  and  P^.     Eliminating  J/, 
we  have 

/>/*  +  2  /^^/  ~  3  Pz^-/ 
^i  — ^i , 

or 

^.  =  />?^fV±i.).    and     if,  =  /'^ili3i.±0 (3,) 


2.2.'  .       -•  .      ^z^z* 


Eliminating  7?,,  we  have 

^1  =  +  /^^,  and     J/.  =  4-/^^ (33) 

Substituting  these  values,  we  have, 

when  X  <z^,       ^  =  ~  JPlA^  ^^'  -  (3  ^,  +  ^>], (34) 

Pz  *x^ 

y=  - -^Efi^h ^^i  -  (3 ^,  +  O-^l (35) 

The  point  at  which  the  deflection  is  a  maximum  is  always  between  the  load  and  the  farthest 
end,  or, 

when  2,  >  ^  /,        X  =  ~\ 

3  ^.  +  ^, 

and  from  the  other  end  we  have, 

when  z.  <  ^  L       jt  = r — • 

3^a  +  «. 


For  the  maximum  deflection  we  have, 


2  FzX* 


when..>i/.    ^  =  -3^/(3  ;_  +  ,,).; 

2  Pz'z* 

when  2,  <i/,    J  =  —  — ^tt; — ^-7 — r^. 

3^/(30, +  2,)" 

This  will  be  greatest  wlien  2,  =  2,  or  2,  =  i  /.     That  is,  the  greatest  deflection  is  at  the  weight 
when  the  weight  is  in  the  middle.     This  deflection  is 

192^/' 


or  only  i  as  much  as  for  beam  supported  at  the  ends. 


•¥■' 


■V 


3IO 
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and  for 


Determination  of  A',  and  J/,  by  the  Principle  of  Least  Work. — The  moment  at  any  point  is,  for 

.r  <  c, ,       A/  =  —  R^x  +  J/, ; 

X  >  s,,       M=-  R,x  +  P{x  -  if,)  +  iff,. 


From  (IV)  we  have  then  for  the  work  of  bending 

work  =f"  (.)/.  -  ^.-v)'/!/ +  jC  [(iJ/.  -  Ji^x)  +  P(x  -  '.)]'^|7. 

</  ( work) 
If  we  differentiate  this  with  respect  to  /*,  and  with  respect  to  it/,,  and  i;i!t  — -rjr — -  =  o  and 

it  I  work  I 

-j^.^.J  =  o,  we  have  for  the  values  of  A',  and  J/,  which  make  the  work  of  bending  a  minimum 


/t^.-^'  - 


ni 


Af^x\ix  +  /    —  Px{x  —  z^)i/x  =  o  ; 

j/^"|  J/,  -  i?,.v]^.v  +  j( V(a-  -  :;,)i/A-  =  o. 

Performing  the  integrations,  we  have 

2  R,r  -  3  J/y^  =  2  77'  --  3  Pzf*  +  Pz;; 
RJ'  -  2  MJ   =     Pr  -  2  Pz,/  +  7'^,*. 
From  these  two  equations  we  obtain 

just  as  already  obtained. 

Breaking  Weight. — The  greatest  moment  is  easily  shown  to  be  at  the  nearest  end,  and  equal  to 

Pr-  ^  «  pe.  ^"^ 

—  or 


r 


/' 


This  is  a  maximum  for  z^  =  y.    That  is,  the  greatest  moment  at  the  end  occurs  when  the  load 
is  distant  one  third  of  the  length  from  that  end. 

The  value  of  this  greatest  moment  is  —  .     Hence,  from  (XI), 

4P/       RI              _       21RI                  2^(ToxC)I 
- —  =  — ,  .or     P  =■  --->-,     or     =  -^ ; — — 

27  V  477  47'/  • 

or  \l  times  as  great  as  for  a  beam  supported  at  the  ends.     If  the  weight  is  in  the  middle,  we  have 


PI       RI  „       8^7 

—  = ,     or     P  = 

8  V  ' 


8(ror  C)7 

-.-      or     = }— 

vl  vi 


or  twice  as  much  as  the  same  beam  simj)ly  supported  at  the  ends. 

CasE  II. — Beam  Fixed  at  Both  Ends — Constant    Cross-section — Uniform  Load. — In 

this  case,  Fig.  185,  the  reaction  at  each  end  is    — . 

We  have  then,  from  (VIII), 

EjpL  =.PJ:^. -Pit  -  M. 

ax*         2  2 

dy 
Integrating,  since,  for  a*  =  o,  ^  =  o, 


!%—       •• 


ax         ^  6  * 
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When  X  =^  L  -—•  also  equals  zero,  hence  M  =  -\-  — — • 
*  dx  ^  12 

Inserting  this  value  of  M  and  integrating  again, 


Ely 


_  plx^        px'      pPx^ 


12 


24 


24 


Since  for  jf  =  o,  ^^  =  o,  the  constant  is  zero. 
The  deflection  at  any  point  is  then 


y=v$i<''^-^'-''^' 


(36) 


This  is  greatest  at  the  centre,  or  for  x  =  -.     The  greatest  deflection  is  then 

2 


j  =  - 


//* 


384^/' 


IS— 1 


w 


The  greatest  moment  is  easily  proved  to  be  at  the  end.     Hence  the  breaking  weight 

pr        RI                ,       12RI           i2(ToxC)I 
^—  =  — ,     ox    pi  ^  — —  ,  or    . . 

\2  V  Vl  Vl 

The  beam  may  be  fixed  either  by  letting  it  into  the  wall  or  by  prolonging  it  beyond  the  support 
and  suspending  a  weight  from  the  end,  as  shown  in  Fig.  186.    In  Fig.ise 

this  case,  the  moment  at  the  end  being  found  as  above,  we  can      ; — "^ 
easily  find  the  weight  w^  if  the  prolongation  a  is  given,  or  the     \ 
prolongation  a  if  the  weight  w  is  given.     Thus  wa  must  equal     ^  \ 

the  moment  at  the  end.  P 

From  the  fixed  end  the  moment  decreases  to  a  point  where  the  moment  is  zero.  Past  this 
point  the  moment  becomes  negative,  and,  in  the  case  of  the  beam  supported  at  one  end,  increases 
gradually  to  a  maximum  and  then  decreases  to  zero  at  the  supported  end.     In  the  beam  fixed  at 

both  ends,  it  increases  to  a  maximum,  then  decreases  to 
zero,  then  changes  sign  and  becomes  positive  again  and  in- 
creases to  the  other  end,  as  shown  in  Fig.  187.  These 
points  at  which  the  moments  become  zero  ds^  points  of  in- 
flection,  because  here  the  moment  changes  sign,  1.^.,  the 
curvature  changes  from  convex  to  concave  or  the  reverse. 
They  can  be  easily  found  by  finding  the  values  of  x  which 
make  the  expression  for  the  moments  zero. 

Thus  for  a  beam  fixed  at  one  end  and  supported  at  the 
other,  uniform  load,  the  inflection  point  is  at  a  distance 
from  the  fixed  end  of  Jf  =  i  the  length.  For  both  ends 
fixed,  we  make 


Fis- 187 


2  2 


i«/.  =    - 


+ 


111 
12 


equal  to  zero,  and  find  a:  =  0.2 1 131/  and  0.7887/,  where  /  is  the  length. 

The  curve  of  moments  in  any  case  may  be  determined  graphically  according  to  the  principles 
of  Chap.  IV.,  page  32,  or  by  a  discussion  of  the  equation  of  moments.* 


*  Examples  for  practice  illustrative  of  the  foregoing  will  be  found  at  the  end  of  this  chapter,  and  the  student  is 
earnestly  recomnaended  to  solve  them. 


312  APPENDIX, 

Detertntnation  of  M^  by  the  Principle  of  Least  Work. — The  moment  at  any  point  is 

M=-  /*^  +  ^  +  A/.  . 

2  2 

From  (IV)  we  have  for  the  work  of  bending 

dx 


.„,u  =  /[-f+'^-  +  ^,]' 


s  r  * 


EI 


^(work) 
If  we  differentiate  this  with  respect  to  J/,  and  put    \y-  =  o,  we  have  for  the  value  of 

M^  which  makes  the  work  of  bending  a  minimum 


/'[-■-('t-'-^')]-=«- 


Performing  the  .integrations,  we  have 


-pi' 


12 

just  as  already  obtained. 

Combined  Tension  and  Flexure, — A  beam  may  sometimes  be  subjected  to  flexure  and  at  the 
same  time  to  tension.  Thus,  for  instance,  a  lower  chord  panel  of  a  bridge  truss  may  be  in  tension, 
and  at  the  same  time  it  may  sustain  loads  applied  by  means  of  cross-ties  between  the  panel  points. 

In  such  a  case  let  S  be  the  tensile  stress  and  A  the  area  of  cross-section.     Then  —.  is  the  unit 

A 

tensile  stress.      From  (III)  we  have  for  the  unit  stress  R  in  the  most  remote  fibre,  at  a  distance  v 
from  the  neutral  axis,  due  to  flexure, 

V 

where  M  is  the  moment  at  any  cross-section. 

The  combined  unit  stress  on  the  outer  fibres  will  then  be 


on  the  tension  side  and 


R       ^ 
^      A 


on  the  compression  side. 

The  neutral  axis  is  now  no  longer  at  the  centre  of  mass  of  the  cross-section,  and  a  strict  discus- 
sion leads  to  results  of  great  complexity.  If,  however,  we  neglect  the  deflection,  as  in  all  practical 
cases  we  may  safely  do,  we  can  proceed  as  follows: 

Let  <T  be  the  allowable  unit  stress  which  must  not  be  exceeded.     Then 

S  S 

o-  =  i?  +   — ,   or     R=  a  —  ~. 
A  A 
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We  have  then,  from  (XI), 

^■1 


_('-.7) 


max.  iir='-       -        , (XII) 

where  max.  M  is  the  maximum  moment  due  to  the  loading,  /  the  moment  of  inertia  of  the  cross- 
section  with  reference  to  a  horizontal  axis  through  the  centre  of  mass  of  the  cross-section,  at  right 
angles  to  the  neutral  axis,  and  v  is  the  distance  from  the  neutral  axis  to  the  most  remote  fibre  on 
the  tensile  side.  Putting  for  /  its  value  -<4ra,  where  r  is  the  radius  of  gyration  for  the  cross-section, 
we  have 

i\fv  .    5 

That  is,  the  required  area  is  that  due  to  flexure  alone  plus  that  due  to  the  tensile  stress. 

From  these  equations  we  can  find  the  dimensions  required  in  any  practical  case  for  a  member 
subjected  to  flexure  and  tension  simultaneously. 

Example. —  A  rectangular  iron  bar  which  forms  the  louver  panel  of  a  bridge  is  12  feet  long^  2 
inches  widcy  and  has  a  longitudinal  tension  of  20000  lbs.  If  it  supports  in  addition  a  load  of  ^000  lbs. 
at  the  centre  J  what  should  be  the  depth  in  order  that  the  unit  stress  shall  not  exceed  1 0000  lbs.  per  square 
inch? 

Here  M  =  2^00   X   6   X    12  =   180000  inch-lbs.,     /  =  —  ba*  =  -^^    v  =  -,    o*  =  loooo, 

-^  12  6  2 

.S        20000      _^ 

-7  =  — 1-.      Hence, 

A  2a 

180000  =  (loooo  —  — T-)  — ,     or     d*  ^  d  =  54, .'.    d  =  7.86  inches. 

V 

Combined  Compression  and  Flexure. — This  case  is  exactly  similar  to  the  preceding,  except 
that  for  the  allowable  unit  stress  o"  we  must  take  the  value  given  by  one  of  the  long  column  formu- 
las, as  given  in  Chapter  IV.,  page  332. 

Secondary  Stresses. — All  the  members  of  a  framed  structure  which  meet  at  an  apex  should  be 
loaded  in  their  axes,  and  these  axes  should  meet  in  a  point.  If  these  conditions  are  not  complied 
with,  we  have  a  secondary  stress  due  to  bending,  as  well  as  the  direct  stress  in  the  members. 

If  the  members  are  not  loaded  in  their  axes,  we  have  a  bending  moment  M  due  to  eccentric 
load,  which  is  equal  to  the  stress  on  the  member  multiplied  by  the  perpendicular  distance  between 
the  point  of  application  of  the  stress  and  the  centre  of  cross-section  of  the  member. 

From  (XII)  we  can  then  find  the  unit  stress  c, 

S   ,    Mv 

''  =  A  +  -T' 

If  the  axes  of  the  members  do  not  meet  in  a  point,  we  have  from  equation  (VII),  for  each 
member, 


dx     t// 
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Hence  we  see  that  M  for  each  member  is  proportional  to 


dy 
Since  E  and  -y-  are  the  same  for  each  member,  we  have  simply  to  divide  the  total  moment  at 

ax 

the  apex  among  the  several  members  in  the  proportion  of  y  for  each  member.     The  moment  for 

each  member  thus  found,  we  have  from  (XII)  the  unit  stress  <t. 

Combined  Tension  and  Shear. — If  a  body  whose  cross-section  at  any  point  is  A^  is  subjected 

T 
to  a  direct  tension  T,  the  direct  tensile  unit  stress  is  /  =  -•      Suppose  at  the  same  time  a  direct 

S 
vertical  shear  S;  then  the  direct  shearing  unit  stress  is  j  =  -^-      It  is  required  to  find  the  combined 

shearing  unit  stress  s,;  and  the  combined  tensile  unit  stress  j/. 

Take  any  element  of  very  small  height  h^  length  /,  and  breadth  b. 

Then  we  have  acting  on  this  element  the 
T«.d6^  two  equal  and  opposite  tensile  stresses  +  M  and 
—  thb,  which  are  in  equilibrium.  We  have  also 
the  shearing  stresses  +  shb  and  —  shb^  forming 
a  couple.  This  can  only  be  held  in  equilibrium 
by  the  opposite  couple  —  sib  and  +  sib. 

Let  d  be  the  diagonal  and  a  the  angle  of  the 


.8hb 


i^Ob^ 


--tKb 


diagonal  with  the  side  /.     Then 


-8Kb 


sin  Of  =  -;,       cos  or  =  -  • 

a  a 

We  have  then  the  algebraic  sum  of  the  components  parallel  to  the  diagonal  giving  the  com. 
bined  shearing  stress     s^b,  and  the  algebraic  sum  of  the  components  perpendicular  to  the  diago- 
nal giving  the  combined  tensile  stress  st(ib. 
We  have  then 

s/ib  =  thb  cos  a  -f-  sib  cos  a  —  shb  sin  or, 
s^b  =  thb  sin  a  +  sib  sin  a  -f-  shb  cos  a; 

or,  substituting  the  values  of  sin  a  and  cos  a, 

X,  =  /  sin  or  cos  Of  +  J  cos*  a  —  s  sin*  a  =  -  sin  aor  +  j  cos  2a, 

2 


x<  =  /  sin*  Of  +  2j  sin  a  cos  a  = cos  2a  +  sin  aa. 

2       2 


Diflferentiating,  and  putting  —^  =  o  and  ^  =  o,  we  have,  when  s,  is  a  maximum, 


tan  2/y  =  — ,  or     sin  2a  =  — ==r^^^ 


25 


COS  20t  r= 


i'4s'  +  f 
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when  St  is  a  maximum  we  have 

tan  2a  = -,  or    sin  2a  = >     cos  aa  = 


^  1/4^^  +  /»  4/4^*  +  /• 


Substituting,  we  have 


max  s,  =.  y  j«  -^  — , 


4 ^'> 


max  J/  =  j+|/j«  -I 


4 <'> 


Equation  (i)  gives  the  combined  shearing  unit  stress  when  we  have  given  the  direct  tensile 
and  shearing  stresses  /  and  s.  Equation  (2)  gives  the  combined  tensile  unit  stress  when  /  and  s  are 
given. 

Combined  Compression  and  Shear. — Let  the  direct  compressive  unit  stress  be  c.  Then  just 
as  before,  we  have  for  the  combined  shearing  unit  stress 


=  |/x«  +  ^, 


4  ^ 


and  for  the  combined  compressive  unit  stress 


s.=^  +  ^s'+'j (2) 

^  4 


Example.— /4  ^tam  4  iftcA^s  wide,  12  inches  aeepy  and  8  feet  long  carries  a  loaa  of  500  lbs.  at  the  centre.    Fina 
the  maximum  combined  unit  shear, 
Ans. — From  (III)  we  have 


M 


h 


12 


The  maximum  moment  is  Af=  - —  X  4  X  12  =  12000  in.-lbs.     Hence  /  or  ^  =  125  lbs.  per  sq.  inch. 

2 

2^0 

The  maximum  direct  shear  is  250  lbs.     Hence  s  =  -^  lbs.  per  sq.  inch.     We  have  then  at  the  centre  the  com- 
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bined  unit  shear. 

J,  =  y  j«  +  -  =  62.7  lbs.  per  sq.  in. 
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We  give  below  a  recapitulation  of  our  results,  as  well  as  some 

BEAMS  OF  CONSTANT 


CASE. 


MOMENT. 


6' 


Ri 


6' 


6 


Sr---4, 


O^. 


Op 


M^rzJ^Px, 


max.  iV  =  -f  Pi' 


Jr  <  «i, 


when  X  <  J/, 


2 


>'  =  - 


max.  M  =  — 


PI 


Pz^x 


Mm—  —  Rxx  =  - 


^  >  ai, 


iVxrz-A^'  +  Z'C^-*.) 


max.  M  —  — 


Pz\U 


jr  <  «, 


Mx  =  -  Px, 


EQUATION  OF   ELASTIC  LINE. 


-^  =  6^^3'*'~'^' 


PP 
J  —   — — ,  at  end. 
3  A/ 


[3/»-4x»]. 


^  = r-T— ;  ai  centre. 

48  A/ 


JT  <  fi, 


y  —  —  r-FT,  [2/21 


ei?// 


- «.» -  x»], 


jr  >  t, , 


/*«,  (2/  — jr) 


.  -/*«i«a(2/  — t,)^ J— r- 


max.  deflection  occurs  at 


•^=  Vi(2/-a.)2,. 


JT   <2, 


/'X 


;'=~riF>[3^«-3»*-^']. 


tEJ 


x>  z. 


X>  M, 


y  =  -5-^7  [3  /^  -  3  j^'  -  »•]. 


^c 


il/x  =—/'«  =  max.  il/.     J  =  —        1  r  [3  /'  —  4  «*]  at  centre 

I  24  EI  ^ 


others  which  the  student  c. 
CROSS-SECTION. 


THEORY  OF  FLEXURE. 
w  readily  demonstrate. 


In  general,  either   T  or  C,  whichever 
is   the  least,  is   to  be   put  for  K  ii 
formulas  lor  breaking  weight,  and 
then  the  distance  Irom  the  neutral  axis 
to  the   outer   fibre   at  which  this  'least 


We  give  below  a  rcirfptiulalion  of  our  results,  as  nell  as  smnc 
BEAMS  OF  CONSTANT 


A/.=  -  f,Ptl  -  X). 


A-i  =  P-^:^—y-,-^, 


+  /1-.  -  X), 


^/'^ 


[54:»-ISi''  +  U/'x-2/']. 


Max.  licHcciion  o 


<!/,  seepage  307- iMax.  deflection.  «ee  page  30s. 


:j[+r'+6/tx-/»-y/r'], 


.7l[3W-(3..  +>.W. 


6£//'  [_      Jr' 


+  3= 


/-..■i,' 


i./-<3'.  +  *.>'J- 


3^/(31.  +  «.)' 

Max.  deflection  occurs  <U 

■,  wheni,  >//s 


,,  nben  x  <  t,  and 

>ll2. 
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Others,  which  the  student  can  now  readily  demonstrate. — Continued, 
CROSS  SECTION. 


BREAKING   WEIGHT. 


„      16^/       \ti^ToxC)I 
P  = r  or  —  ^ 


%vl 


yvl 


p^y^^^,  3  ^'3(r  or  C)/ 


vl 


vl 


P  = 


2Rin         2{ToTC)ir 

or 


vztSi  (2  /  —  z%)       vz%Zx  (2  /  —  «a)' 


„      %RI      %{ToxC)I 
P  =  — r-  or 


vl 


vl 


j,^2T  RI ^^2T{ToxC)I 


47'/ 


4v/ 


RELATIVE   STRENGTH. 


16 


3V5, 


8. 


6.75. 


GRAPHIC   ILLUSTRATION   OF   MOMENTS. 


Distance  of  point  of  inflection 


II 


Distance  of  point  of  inflection 
Pz^  -  Rxl 


X  = 


P^  R,  ' 


^liillli 


, — -— 


Distance  to  point  <9i  inflection  x  =  -. 

4 


Op 

Distance  to  point  of  inflection 

2| 


Xi  = 


3  «j  4-  »• 


/. 
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We  give  below  a  recapitulation  of  our  results,  as  well  as  some 

BEAMS   OF   CONSTANT 


MOMKNT. 


EQl'ATION    OF   ELASTIC    LINE. 


X  <  z. 


/U« 


I  X  >   z. 


^=-6>sV/f3'=-3--*-^/]. 


.r>  c. 


Pz" 


»*t 


Pi 


^=-^.A//l-'^"-3"'"^]' 


•l/.v  =^  —  — y  =  IlldX.  ^1/.,  #»_« 

I J  =    -    ,.  ,[3  /  —  4  z]  at  centre. 


max.  J/  =  4    —  • 
2 


2  2 

max.  .1/=  —  -,   . 
0 


X   <  ti, 
X  >   z,, 

aUx   —    — • 


^l/:c  =  --|(4^'   -/) 


+  (/  -  x), 


max.  A/  =1    — . 

8 


1/    -       ^^* 


-^'  =  -i/f/f^-^''-"  +  '"^- 


5l)-|-  (C«*  -   5.*) 

1 

:,*)(6.r/  -  f>i-) 


, .^^0+  55  ^33f^* 

'  lU*  EI 

max.  (Jcfleciion  occurs  at 

X  —  0.5785  /. 


-  2  x). 


2  2  12 


r 


-J/,  =  -<^-f'—  A- 


~        24  A/ •^       '  "•' 


max.  M  =  +  — . 
12 


X  <   =  I  , 

2 

3' 


J=- 


-     -^-  at  centre. 

3N  ^^ 


r  <  z, . 

V 


-   lx(St   -5.)J 


X   >    Cs. 


>'  =  - 


12  ^// 


|(2/.r- 2.r«)(£a«  —  »,») 


-   :^(^,^-«.*)    I. 
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others,  which  the  student  can  now  readily  demonstrate. — Continued. 
CROSS   SECTION. 


BREAKING   WEIGHT. 


^      RIl       {Tot  Oil 
P  =  — T  or  - 


VZ' 


Vl? 


„      2RI       2{TotC)I 
P  =  — —  or  — 


v/ 


vl 


P  =  — :-  or  —  ' 


vl 


vl 


P  = 


4AV  4(7- or  C)/ 

or 


v{Z9-\-Zi)  v(Zt'\-Zi) 


P=—j-    or  -^ J— -^. 

vl  vl 


p== 


12  RI        \2{ToxC)I 
or  — 


vl 


vl 


P  = 


6R/1 


v{zi^  -{-  ztZi  4-  «,»)• 


RELATIVE   STRENGTH. 


8. 


»a  4-  «i 


8. 


12. 


6/« 


«9'  -\-  ZtZt    -f  «/ 
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Jfl   =  «   —  -T. 


Curve  of  moments  a  parabola. 


Curve  of  moments  a  parabola. 


^^Ilipr^ 


Xi    =   ^l. 

Curve  of  moments  a  parabola. 


xi  =  0.42262/. 


■'^^^■^^^^^■^•^'■^i'"^—^^^ 


APPENDIX. 

EXAMPLES* 

The  student  who  has  carefully  studied  this  wurk,  should  be  able  to  solve  easily  and  accurately  the  following 
examples : 

1 .  A  wrought  iron  tie-rod,  30  feet  long  and  4  sq.  ins.  in  area  of  cross  section,  is  subjected  to  40000  lbs.  tension. 
What  is  the  unit  stress  ?     If  the  coefficient  of  elasticity  is  30000000  lbs.  per  sq.  in.,  what  is  the  elongation  ? 

Unit  stress  =  loooo  lbs.  per  sq.  in.     Elonf^ation  =  aoi  ft. 

2.  An  iron  bar,  10  ft.  in  length,  stretches  .012  ft.  under  a  unit  stress  of  25(xx>  lbs.  per  sq.  in.     What  \&  Et 

E  --  20S33333  lbs.  per  sq.  in. 

3.  A  rectangular  timber  tie  is  12  ins.  deep  and  40  ft.  long.  If  ^  =  1200000  lbs.  per  sq.  inch,  find  the  proper 
thickness  of  the  tie,  so  that  its  elongation  under  a  pull  of  270000  lbs.  may  not  exceed  i .  2  ins. 

Thickness  =  7.5  ins. 

4.  A  roof  tie-rod.  142  feet  in  length  and  4  sq.  ins.  in  sectional  area,  is  subjected  to  a  stress  of  80000  lbs.  \l  £  ^ 
3X>0000O  lbs.  find  the  elongation  of  the  rrxl. 

Elongation  =  1.136  ins. 

5.  The  length  of  a  cast  iron  pillar  is  diminished  from  20  ft.  to  19.97  ft.  under  a  given  load.  Find  the  compres- 
sive unit  stress,  £  being  17000000  lbs.  [ler  sij.  in. 

Unit  stress  =  25500  l!)s.  per  sq.  in. 

6.  A  wrought  iron  bar,  2  sq.  ins.  sectional  area,  has  its  ends  fixed  between  two  immovable  blocks  when  the  temper- 
ature is  at  60"  F.  Taking  the  coefficient  of  expansion  at  0.000006944  per  unit  of  length,  for  one  degpnee,  what  press- 
ure will  be  exerted  upon  the  blocks  when  the  temperature  is  100    F.  ? 

Pressure  =  0.00055552  E, 
If  ^  =  30000000  lbs.  per  sq.  in..  Pressure  =  i66(^>5.6  lbs. 

7.  The  dead  load  of  a  bridge  is  5  tons,  and  the  live  load  10  tons  per  panel,  the  corresponding  factors  of  safety  be- 
ing 3  and  6.     Find  the  compound  factor  of  safety. 

Factor  =:  5. 

S.  The  dead  load  upon  a  short  hollow  cast  iron  pillar,  with  a  sectional  area  of  20  sq.  ins.,  is  50  tons.  If  the  com- 
pression is  not  to  exceed  0.0015  of  the  length,  find  the  greatest  live  load  to  which  the  pillar  can  be  subjected,  E  being 
17000000  lbs.  per  sq.  in. 

Live  load  =  410000  lbs.  =  205  tons. 

9.  A  steel  suspension  rod,  30  ft.  long  and  {  sq.  in.  sectional  area,  carries  350c  lbs  of  the  roadway  and  3000  lbs.  of 
the  live  load.     Determine  the  gross  load  and  also  the  extension  of  the  rod,  E  being  35000000  lbs. 

Gross  load  =  6500  lbs.     Extension  =  o.  133  inch. 

10.  A  beam  40  ft.  long  carries  a  load  of  20000  lbs.  Find  the  shearing  force  at  15  ft.  from  one  end,  and  also  the 
maximum  bending  moment  of  the  beam  : — 

{a)  When  the  beam  is  supported  at  the  ends  and  loaded  in  the  middle. 
(h)  When  it  is  supported  at  the  ends  and  loaded  uniformly. 
(c)  When  it  is  fixed  at  one  end  and  loaded  at  the  other. 
(</)  When  it  is  fixed  at  one  end  and  loaded  uniformly. 

{a)  Shear  =  loooo  lbs.  Maximum  moment  —  200000  ft.  lbs.  at  middle. 

(b)  Shear  =    250*.)  lbs.  Maximum  moment  =  looooo  ft.  lbs.  at  middle. 

ic)  Shear  =  20000  lbs.  Maximum  moment  =  800000  ft.  lbs.  at  end. 

{J)  Shear  —     7500  lbs.  Maximum  moment  —  400000  ft.  lbs.  at  end. 

Draw  the  curves  of  shearing  force  and  bending  moment. 

*  These  examples  have  been  compiled  from  Prof.  Bovey's  '*  Applied  Mechanics,"  Stoney's  '*  Theory  of  Strains," 
Wood's  "  Strength  of  Materials,**  and  Weisbach's  "  Mechanics  of  Engineering." 
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11.  Discuss  the  effect  produced  in  each  of  the  cases  of  Question  (10):  firsts  when  a  single  weight  of  2000  lbs.  passes 
over  the  beam  ;  second^  when  a  train  weighing  2000  lbs.  per  lineal  ft.  moves  across  the  beam. 

Draw  the  curves  of  shearing  force  and  bending  moment. 

12.  A  beam  20  ft.  in  length  rests  upon  two  supports  and  carries  a  weight  of  10  tons  at  5  ft.  from  one  end.  Find 
the  maximum  bending  moment. 

Maximum  moment  at  weight  =  37.5  ft.  tons. 
Draw  the  curves  of  shearing  force  and  bending  moment. 

13.  A  uniform  rigid  bar  weighs  ^Ibs.,  and  is  supported  by  two  strings  attached  to  its  ends.     Find  the  tensions 

in  the  strings  and  the  inclination  of  the  bar  when  the  strings  are  inclined  to  the  vertical  at  angles  of  bo**  and  3(»'* 

respectively. 

Tensions  =z  0.$  fV  and  0.866  fV. 

Inclination  of  bar  with  horizontal  =  30°. 

Compression  in  bar  =  0.5   fV. 

Vertical  components  of  string  tensions  =  0.25  W^ and  0.75  IV, 

Horizontal  component  of  string  tensions  =  0.433  fV, 

Solve  by  diagram  and  calculation. 

14.  A  car  of  weight  W^  for  a  4  ft.  8^  in.  gauge,  is  33  ft.  long,  6  ft.  deep,  and  its  bottom  is  2  ft.  6  ins.  above  the 
rails.  Find  the  additional  weight  thrown  upon  the  leeward  rails,  when  the  wind  blows  upon  the  side  of  the  zar  with  9 
pressure  of  20  lbs.  per  sq.  ft.     Find  the  minimum  wind  pressure  that  will  blow  the  car  over. 

Additional  weight  =  4625 .  84  lbs. 
Minimum  pressure  =  0.428  IV, 

15.  What  is  the  breadth  and  depth  of  the  strongest  rectangular  beam  which  can  be  cut  from  a  cylindrical  log  of 
diameter  Df 

Breadth  =  D  V^.     Depth  =  D  i^. 

16.  A  round  beam  and  a  square  beam  are  equal  in  length  and  equally  loaded.  Find  the  ratio  of  the  diameter  to 
the  side  of  the  square,  so  that  the  two  beams  may  be  of  equal  strength. 

diameter 


r     I7t 


side  f    3^ 

17.  Compare  the  relative  strengths  of  a  cylindrical  beam  and  the  strongest  rectangular  and  square  beams  that  can 
be  cut  from  it- 
Strength  of  cylindrical  __  9^  ^3  _  Strength  of  cylindrical  __  3^  ^2  _ 

Strongest  rectangular  "~     32      "     '     *  Strongest  square  8 

18.  Compare  the  relative  strengths  of  a  solid  square  beam  to  that  of  the  solid  inscribed  cylinder. 

Strength  of  square    _    16  _ 

—  I  • /• 


Strength  of  cylinder       37r 


19.  Compare  the  strength  of  a  square  beam  with  its  sides  vertical,  to  that  of  the  same  beam  with  one  diagonal 
vertical. 

Strength  side  vertical  ./— 

^-— ; : — -  =    r2  =1.414. 

Strength  diagonal  vertical 

20.  A  beam  of  yellow  pine,  14  ins.  wide,  15  ins.  deep,  and  resting  upon  supports  10  ft.  9  ins.  apart,  was  just  able 
to  bear  a  weight  of  34  tons  at  the  centre.  What  weight  will  a  beam  of  the  same  material,  3  fl-  9  ins.  between  the  sup- 
ports and  5  ins.  square  bear  ? 

3.86  tons. 
31.   Determine  the  form  of  a  beam  of  uniform  strength,  for  constant  depth  and  for  constant  breadth. 

(i)  When  the  beam  rests  upon  two  supports  and  is  uniformly  loaded. 

(2)  When  the  beam  rests  upon  two  supports  and  is  loaded  at  the  centre. 

(3)  When  the  beam  is  fixed  at  one  end  and  loaded  at  the  other. 

(4)  When  the  beam  is  fixed  at  one  end  and  uniformly  loaded. 

(5)  When  the  beam  in  cases  (i)  and  (4)  carries  an  additional  weight  at  the  centre  and  end  respectively. 

22.  Compare  the  strengths  of  two  rectangular  beams  of  equal  length,  the  breadth  and  depth  of  one,  being  respec- 
tively equal  to  the  depth  and  breadth  of  the  other. 

The  strengths  are  directly  as  the  breadths,  and  inversely  as  the  depths. 

23.  A  cast  iron  beam  4  ins.  square  rests  upon  supp>orts  6  ft.  apart.     Determine  the  breaking  weight  at  the  centre, 

taking  H  =  30000  lbs.  per  sq.  in. 

Breaking  weight  =  17777 J  lbs. 
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24.  A  yellow  pine  beam,  14  ins.  wide,  15  ins.  deep,  and  resting  upon  supports  10  fi.  6  ins.  apart,  broke  down 
under  a  uniformly  distributed  load  of  60.97  tons.     Find  tlic  coeflficient  of  rupture  R. 

R-  3658.2  lbs. 

25.  A  cast  iron  rectangular  girder  rests  upon  supports  12  ft.  apart,  and  carries  a  weight  of  2000  lbs.  at  the  centre. 
If  the  breadth  is  one-half  the  depth,  find  the  sectional  area  of  the  girder,  so  that  the  inch  stress  in  the  metal  may  no- 
where exceed  4000  lbs. 

Area  =  18  sq.  ins.,  depth  =  6  ins.,  breadth  =  3  ins. 

26.  A  wrought  iron  bar,  4  ins.  deep,  \  in.  wide,  and  rigidly  fixed  at  one  end,  gave  way  when  loaded  with  1568  lbs. 
at  the  free  end,  at  a  point  2  ft.  8  ins.  from  the  load.     Find  A*. 

A*  :=  25088  lbs. 

27.  A  wTOught  iron  bar,  2  ins.  wide  and  4  ins.  deep,  rests  upon  supports  12  ft.  apart.  Determine  the  uniformly 
distributed  load  which  the  bar  will  safely  carry  in  addition  to  its  own  weight,  if  A^  =  50000  lbs.  and  factor  of  safety  is  4. 
A  bar  of  iron  3  ft.  long  and  one  square  inch  in  cross  section  is  assumed  to  weigh  10  lbs. 

Weight  =  3384  lbs. 

28.  Find  the  length  of  a  beam  of  ash  6  ins.  square,  which  would  break  of  its  own  weight  when  supported  at  the 
ends,  the  weight  of  the  timber  being  30  lbs.  per  cubic  ft.  and  R  =  7000  lbs.  per  sq.  in. 

Ix-ngth  =  149'i  ft. 

29.  A  railway  girder  50  ft.  in  the  clear  and  6  ft.  deep,  carries  a  uniformly  distributed  load  of  50  tons.  Find  the 
maximum  shearing  stress  at  20  ft.  from  one  end,  when  a  train  weighing  iVtons  per  lineal  foot  crosses  the  girder. 

Also,  find  the  minimum  theoretic  thickness  of  the  web,  4  tons  being  the  safe  shearing  inch  stress  of  the  metal. 

Shear  —  16.25  tons.     Thickness  —  0.056  in. 

30.  A  cast  iron  semi-girder,  8  ft.  long  and  12  ins.  deep,  carries  a  uniformly  distributed  load  of  16000  lbs.  Find  the 
area  of  the  top  flange  at  the  fixed  end,  neglecting  the  web,  so  that  the  inch  stress  may  not  exceed  3000  lbs. 

Area  =  21 .3  sq.  inches. 

31.  A  cast  iron  girder,  27.1  ins.  deep,  rests  upon  supports  26  ft.  apart.  Its  bottom  flange  is  16  ins.  wide  and  3  ins. 
deep.     Neglecting  the  web,  find  the  breaking  weight  at  the  centre,  the  tearing  inch  stress  of  cast  iron  being  15000  lbs. 

Weight  —  253846  lbs. 

32.  The  lattice  bridge  at  the  Boyne  Viaduct  is  in  three  spans,  continuous.  Each  side  span  is  140  ft.  ti  ins.  long, 
and  22  ft.  3  ins.  deep.  The  permanent  load  supported  i)y  one  main  girder  of  a  side  span  is  0.68  ton  per  running  foot, 
and  the  sectional  area  of  its  lower  flange  over  the  centre  pier  is  127  sq.  ins.  On  one  occa<«ion  an  extraordinary  load  in 
the  centre  span  depressed  it  to  such  an  extent  as  to  raise  the  ends  of  the  side  spans  off  the  abutments,  thus  forming 
each  side  span  into  a  semi-girder.     What  was  the  compressive  inch  stress  in  the  lower  flange  at  the  pier  ? 

Inch  stress  =  2.4  tons. 

33.  A  semi-girder,  44.7  ft.  long,  and  22  25  ft.  deep,  supports  a  uniformly  distributed  load  of  1.82  tons  per  foot, 

and  a  weight  of  161. 6  tons  in  addition  at  the  extremity.     What  is  the  inch  stress  on  the  net  section  of  the  tension 

flange  at  the  point  of  support,  neglecting  the  web,  the  gross  area  being  132.6  ins.,  but  reduced  by  rivet  holes  to  the 

extent  of  "gths  ? 

Inch  stress  =  3 .  94  tons. 

34.  A  girder,  50  ft.  long  and  4  ft.  deep,  supports  a  uniformly  distributed  load  of  32  tons.  Find  the  stress  in 
either  flange  at  9  feet  from  one  end,  neglecting  the  web. 

Stress  =  29.5  Ions. 

35.  A  piece  of  teak,  2  ins.  deep,  and  i-^  ins.  wide,  is  fixed  at  one  extremity.  Find  the  weight  which  if  hung  at  2 
ft.  from  the  point  of  attachment  .will  break  it  by  crushing  the  fibres  of  the  lower  side,  assuming  that  the  crushing 
strength  for  teak  is  considerably  less  than  its  tearing  strength,  and  equal  to  12000  lbs.  per  square  inch. 

Weight  ■-=-  646  lbs. 

36.  The  effective  length  and  depth  of  a  cast  iron  girder  were  27),  ft.  and  18  ins.  respectively,  and  its  bottom  flange 
was  10  ins.  wide  and  i^  ins.  deep.  The  girder  failed  under  a  weight  of  29^  tons  at  the  centre.  Find  the  maximum 
inch  stress  in  the  bottom  flange,  neglecting  the  web. 

Stress  =:  8 .  96  tons. 

37.  A  cylindrical  beam  2  ins.  in  diameter,  60  inches  long,  and  weighing  \  lb.  per  cubic  inch,  deflects  }  in.  under 
a  weight  of  3000  lbs.  at  the  centre.     Find  £. 

E  —  28929144. 

38.  A  rectangular  beam,  5  ft.  long,  3  ins.  wide,  and  3  ins.  deep,  is  deflected  -Aj  in.  by  a  weight  of  3000  lbs.  applied 

at  the  middle.     Find  E, 

E  =  20000000. 
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39.  A  joist,  whose  length  is  16  ft.,  width  2  ins.,  depth  12  Ins.,  and  coefficient  of  elasticity  1600000  lbs.,  is  deflected 
\  in.  by  a  weight  in  the  middle.     Find  the  weight,  neglecting  the  weight  of  the  beam. 

Weight  =  1562  lbs. 

4a  An  iron  rectangular  beam,  whose  length  is  12  ft.,  breadth  \\  ins.,  coefficient  of  elasticity  34000000  lbs.,  has  a 
weight  of  loooo  lbs.  suspended  at  the  middle.     Find  the  depth  in  order  that  the  deflection  may  be  4i^tb  of  the  length. 

Depth  =  8.8  in. 

41.  A  rectangular  wooden  beam,  6  ins.  wide  and  30  ft.  long,  is  supported  at  its  ends.  The  coefficient  of  elasticity 
is  1800000  lbs.  The  weight  of  a  cubic  foot  of  the  beam  is  50  lbs.  Find  the  depth  that  it  may  deflect  i  inch  from  its 
own  weight. 

Depth  =  6.5  ins. 
How  deep  must  it  be  to  deflect  liiyth  of  its  length  ? 

Depth  =  6.8  ins. 

42.  Required  the  depth  of  a  rectangular  beam  which  is  supported  at  its  ends,  and  so  loaded  at  the  middle  that  the 
elongation  of  the  lowest  fibre  shall  equal  -riWth  of  its  original  length. 


Depth  =  /?i^. 


Eb 

43.  Required  the  radius  of  curvature  at  the  middle  point  of  a  wooden  beam,  when  the  load  is  3000  lbs.,  the  length 
10  ft.,  breadth  4  ins.,  depth  8  ins.,  and  E  =  loooooo  lbs. 

Radius  =  1896  inches.  . 

44.  Let  the  beam  be  of  iron,  supported  at  its  ends.  Let  the  breadth  be  i  in.,  depth  2  ins.,  length  8  ft.,  and  E 
35000000  lbs.     Required  the  radius  of  curvature  at  the  middle  when  the  deflection  is  „th  of  an  inch. 

Radius  =  3840  inches. 

45.  A  beam  whose  depth  is  8  ins.,  and  length  8  feet,  is  supported  at  its  ends,  and  sustains  500  lbs.  per  foot.  Find 
its  breadth  so  that  it  shall  have  a  factor  of  safety  of  i:^oth,  R  being  14000  lbs. 

Breadth  =  3t\  ins. 

46.  A  beam,  whose  length  is  12  ft.,  breadth  2  ins.,  and  depth  5  ins.,  is  supported  at  its  ends.  Find  the  weight 
uniformly  distributed,  it  will  sustain,  the  coefficient  of  safety  being  \  and  R  =  80000  lbs. 

Weight  =  9259  lbs. 

47.  A  wooden  beam,  whose  length  is  12  ft.,  is  supported  at  its  ends.  Find  its  breadth  and  depth  so  that  it  shall 
sustain  one  ton  uniformly  distributed  over  its  whole  length,  R  being  15000  lbs.,  the  coefficient  of  safety  i*(jth,  and  the 
depth  4  times  the  breadth. 

Breadth  =  2.08  ins. 
Depth     =8.32  ins. 

48.  A  wrought  iron  beam  13  ft.  long,  3  ins.  wide,  and  4  ins.  deep,  is  supported  at  its  ends.  The  material  weighs 
\  lb.  per  cubic  inch.     Taking  R  at  54000  lbs.,  And  what  weight  uniformly  distributed  it  will  sustain. 

Without  the  weight  of  the  beam,  16000  lbs. 

With  the  weight  of  the  beam,  15713  lbs. 

49.  A  beam  is  fixed  at  one  end.  Length  20  ft.,  breadth  ij  ins.  R  =  40000  lbs.  If  the  weight  of  the  material  \% 
i  lb.  per  cubic  inch,  find  the  depth  so  that  it  may  sustain  its  own  weight  and  500  lbs.  at  the  free  end. 

Depth  =  4.05  inches. 

50.  The  breadth  of  a  beam  is  3  ins.,  depth  8  ins.,  weight  of  a  cubic  ft.  50  lbs.,  R  =  12000  lbs.  Find  the  length 
so  that  it  will  break  from  its  own  weight  when  supported  at  the  ends. 

Length  =  175.27  feet. 

51.  If  a  beam  6  ft.  long,  ij  ins.  wide  and  4  ins.  deep  is  supported  at  its  ends,  and  loaded  at  the  middle  so  as  to 
produce  a  deflection  of  }  inch,  find'the  greatest  inch  stress  on  the  fibres,  taking  E  =  25000000  lbs.     Also  find  the  load. 

Stress  =  86805  lbs. 
Load  =  19290  lbs. 

52.  For  the  same  beam,  if  the  greatest  fibre  Stress  is  12000  lbs.  per  sq.  in.  find  the  greatest  deflection. 

Deflection  =  0.103  inch. 

53.  What  should  be  the  size  of  a  square  wooden  beam  of  12  feet  span,  which  sustains  a  load  of  300  lbs.  at  the 

centre,  and  has  at  the  same  time  a  longitudinal  tension  of  2000  lbs.  ;  the  maximum  working  unit  stress  being  taken  at 

1000  lbs.  per  square  inch. 

Size  =  4.02  inches. 
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54.  A  rectangular  oak  beam  i  foot  deep  and  \  ft.  wide,  and  15  feet  long,  is  fixed  horizontally  at  one  end  and  is 
free  at  the  other  end.  Let  the  weight  of  the  beam  itself  be  54  pounds  per  cubic  foot.  Suppose  it  sustains  a  uniform 
load  of  100  pounds  per  foot  of  length  extending  over  only  4  feet  of  the  beam,  beginning  at  5  feet  from  the  fixed  end ; 
also  a  weight  of  100  pounds  placed  at  11  feet  from  the  fixed  end.  Let  E  =  2000000  lbs.  per  square  inch.  What  is 
the  total  deflection  at  the  free  end  ? 

Deflection  due  to  weight  of  beam  =  0.17086  inch.  Deflection  due  to  the  weight  =  0.0684  inch. 

uniform  load      =  0.12627     *'  Total  deflection  =  0.36553  inch. 


<<  «< 


55.  If  the  same  beam  is  loaded  with  5  equal  weights  of  100  lbs.  each,  at  intervals  of  3  feet,  what  is  the  deflectioo 
at  the  free  end,  and  at  the  third  loaded  point  from  the  fixed  end  ? 

Total  deflection  at  the  free  end  =  0.27  inch. 
Total  deflection  at  the  third  point  =  o.  12555  inch. 

56.  Same  beam  of  oak,  supported  at  the  two  ends.     What  is  the  central  deflection  due  to  its  own  weight  ? 

Deflection  =  0.001483  foot. 

57.  A  beam  of  pine  weighing  40  lbs.  per  cubic  foot,  18^  inches  deep,  15  inches  wide,  12^  feet  long,  is  supported 
at  the  ends,  and  has  a  weight  of  17935  lbs.  placed  at  48  inches  from  one  end.  What  is  the  deflection  at  centre  and 
point  of  application  of  weight?    E  =  1680000  lbs.  per  sq.  in. 

Deflection  at  centre  due  weight  of  beam  =  0.0032  inch. 
Inflection  at  centre  for  weight  added  =  0.078617  inch. 

Deflection  at  48  inches  due  weight  of  beam  =  0.0027  inch. 
Deflection  at  48  inches  due  weight  added  =  0.07185  inch. 

58.  A  wrought  iron  15  inch  I  l)eam,  whose  moment  of  inertia  is  691,  has  a  length  of  30  feet.     E  =  24000000.     If 

supported  at  the  ends,  and  a  uniform  load  of  75  lbs.  per  inch  covers  the  (ir»t  10  feet,  what  is  the  deflection  at  the  end 

of  the  load  ? 

Deflection  =  0.23444  inch. 

What  is  the  deflection  at  the  centre  of  the  beam  ? 

Deflection  =  0.24421  inch. 

What  is  the  deflection  10  feet  from  the  unloaded  end  ? 

Deflection  =  o.  19537  inch. 

Where  is  the  point  of  greatest  deflection  ?  and  what  is  the  greatest  deflection  ? 

At  13.1676  feet.     Greatest  deflection  =  0.24847  inch. 

If  the  beam's  own  weight  is  5 .  573  lbs.  per  inch,  what  is  the  deflection  at  centre  ? 

Deflection  =0.07349  i»ch. 

If  the  same  10  foot  load  is  moved  along  to  the  centre,  what  is  the  deflection  at  the  centre  ? 

Deflection  =  0.50063  inch. 

If  the  uniform  load  of  75  lbs.  per  inch  covers  the  whole  sp>an,  what  is  the  central  deflection  ? 

Deflection  =  0.98905  inch. 
If  the  same  beam  b  half  loaded  with  75  pounds  per  inch,  what  is  the  deflection  at  centre  ?    What  is  the  maximum 
deflection  ?  and  at  what  point  is  it  ? 

Deflection  =  0.4^4525  inch. 
Max.  deflection  =  0.49855  inch. 
Within  the  loaded  part  and  14.48  inches  from  centre  of  beam. 

If  the  same  beam  has  3  weights  of  4500  lbs.  each,  placed  at  intervals  of  60  inches,  beginning  at  one  end,  what  is 
the  deflection  at  the  centre  ? 

Deflection  =  0.6154  inch. 

If  there  are  8  weights,  each  equal  to  3000  lbs.,  at  intervals  of  40  inches,  what  is  the  central  deflection  ? 

Deflection  =  0.97926  inch. 

59.  Suppose  the  same  beam  as  in  58  to  be  fixed  horizontally  at  both  ends,  and  loaded  uniformly  with  75  lbs.  per 
inch.     What  is  the  deflection  10  feet  from  either  end  ?    At  the  centre  ? 

Deflection  1=0.1563  inch. 
At  centre    —  o.  19781  inch. 

If  only  one  end  is  fixed,  the  other  supported,  what  is  the  deflection  at  10  feet?  At  centre?  At  20  feet?  What  is 
the  maximum  deflection  ?    Where  is  it  ? 
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Deflection  at  10  feet  =  0.39074  inch. 
Deflection  at  centre  =  0.39563  inch. 
Deflection  at  20  feet  =  0.27352  inch. 
Maximum  deflection  =  0.41018  inch. 
At  151.7524  inches  from  supported  end. 

60.  Same  beam,  fixed  horizontally  at  both  ends,  with  a  concentrated  load  of  27000  lbs.  If  the  load  is  in  the  cen- 
tre, what  is  the  deflection  at  half  way  between  the  centre  and  either  end  ?  What  is  centre  deflection  ?  Where  are  the 
points  of  contrary  flexure  ? 

Deflection  =  0.19781  inch. 
Centre  deflection  =  0.39562  inch. 
At  90  inches  from  each  end. 

If  the  load  is  7 . 5  feet  from  the  left  end,  where  and  what  is  the  maximum  deflection  ? 

Maximum  deflection  =  0.2136  inch. 
At  12  feet  from  left  end. 

If  only  the  right  end  is  fixed  and  the  other  supported,  and  the  load  of  27000  lbs.  is  at  the  centre,  what  are  the  de- 
flections at  the  quarter  points?    The  centre  ?    And  what  is  the  maximum  deflection  ? 

At  the  quarter  points,  deflection  =  0.5316  inch  and  0.3091  inch. 
Central  deflection  =  0.69234  inch. 

Maximum  deflection  =  0.70732  inch  at  2I  ^Ylrom  supported  ends. 

61.  Same  beam  as  in  58,  fixed  horizontally  at  both  ends,  has  3  weights  of  4500  lbs.  each,  placed  at  intervals  of  60 
inches,  beginning  at  the  left  end.     What  is  centre  deflection  ? 

Deflection  =  0.13187  inch. 

If  2  other  equal  weights  of  4500  lbs.  each  are  added  at  the  same  interval  of  60  inches,  what  is  the  central  deflec- 
tion due  to  these  last  two  weights  ? 

Deflection  =  0.06594  inch. 

Suppose  the  6fth  weight  removed,  what  is  the  deflection  at  the  fourth  weight  ?  At  the  third  weight  ?  And  second 
weight  ? 

Fourth  weight,  deflection  =  0.13748  inch. 
Third  weight,  **         =  0.18072  inch. 

Second  weight,         '*         =0.1458  inch. 

What  are  the  end  moments  due  to  these  four  weights  ?  and  where  are  the  points  of  contrary  flexure? 

M  —  —  750000  inch-pounds. 
M^  =  —  600000  inch-pounds. 
74.806  and  275.294  inches. 


CHAPTER  III. 

TORSION. 

In  the  preceding  we  have  given  the  application  of  the  Theory  of  Flexure  to  Beams.  For  the 
sake  of  completeness  we  give  here  its  application  to  shafts  subjected  to  torsion. 

Torsion. — Torsion  occurs  when  the  external  forces  acting  upon  a  body  tend  to  twist  it,  so  that 
each  cross-section  turns  on  the  next  adjacent,  about  a  common  axis  at  right  angles  to  the  plane  of  the 
section. 

Let  a  horizontal  shaft  of  length  /  be  fixed  at  one  end  and  let  a  force  couple  +  F^^F  act  at  the 

free  end,  whose  moment  about  the  axis  is  Fp, 

The  shaft  will  be  twisted  about  the  axis  AC^  so 
that  any  radial  line  as  aC  moves  to  bC  through  the 
angle  of  twist  aCb  =  B, 

If  the  elastic  limit  is  not  exceeded,  any  longitudi- 
nal plane  aBAc  before  twisting  remains  plane  after,  as 
bBAC,  Also  the  angle  of  twist  aCb  is  proportional  to 
the  distance  AC=^L  Thus  if  ^  is  the  angle  a C^  at 
the  distance  /  from  the  fixed  end,  the  angle  a^C^b^  at 

the  distance  x  from  the  fixed  end  is  j  ft 

Neutral  Axis. — Consider  the  shaft  to  be  made 
up  of  an  indefinitely  great  number  of  fibres  parallel  to 
AC,  Since  within  the  elastic  limit,  stress  is  proportional  to  strain,  as  one  cross-section  turns  about 
the  axis  and  slides  upon  the  adjacent  cross-section,  the  strain  and  therefore  the  shearing  stress  on 
the  end  of  each  fibre  is  proportional  to  its  distance  from  the  axis  AC,  For  the  fibre  at  the  axis, 
there  is  then  no  shearing  stress.     The  axis  -^C  is  then  the  neutral  axis,     (Compare  page  285.) 

Position  of  the  Neutral  Axis  for  Torsion. — Letr/  be  the  cross-section  of  any  fibre,  and 
R  the  shearing  unit  stress  within  the  elastic  limit  for  the  most  remote  fibre  at  a  distance  v  from  the 
neutral  axis.     Then  the  shear  for  the  most  remote  fibre  is  Ra^  and  for  any  other  fibre  in  the  same 

cross-section  at  the  distance  ^  it  is  -  Ra.     The  sum  of  all  the  fibre  stresses  is  then  —  2da,     But 

V  V 

the  sum  of  the  external  forces  -^  F,  —  F  is  zero.     Hence  for  equilibrium  we  have 

—  2da  =  o. 

7' 


But  2  da  =  o  only  when  the  neutral  axis  passes  through  the  centre  of  mass  of  the  cross-sec- 
tion.    (Compare  page  285.) 

Twisting  Moment  and  Resisting  Moment. — The  twisting  moment  is  Af  =  Ffi.  (See 
Figure  preceding.)  This  moment  is  the  same  at  every  point  of  the  neutral  axis.  For  equilibrium,  there 
must  be  between  any  two  adjacent  cross-sections  an  equal  and  opposite  resisting  moment  due  to 
the  shearing  stress  between  these  cross-sections. 
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Since  for  any  cross-section  the  shearing  stress  for  any  fibre  at  a  distance  d  from  the  neutral  axis 
is,  as  we  have  seen, 

d  „ 
-Ra, 

V 

the  moment  of  this  stress  about  the  neutral  axis  is 

^ad\ 

V 

The  sum  of  the  moments  of  all  the  stresses  for  any  cross-section  about  the  axis  is  then 

—  ^ad\ 

V 

But  2"^^'  is  i\iQ  polar  moment  of  inertia  /,  of  the  cross-section  with  reference  to  the  axis  through 
the  centre  of  mass.     (See  page  270.)     We  have  then  for  equilibrium 

RT 

^=  V (^"•> 

This,  it  will  be  seen,  is  just  the  same  as  equation  (IV.)  for  bending,  except  that  R  is  now  the  unit 
shear  in  the  most  remote  fibre  at  the  distance  v^  and  /»  is  the  polar  moment  of  inertia. 

Coefficient  of  Elasticity  for  Torsion. — The  coefficient  of  elasticity  E  is  always  equal  to 
unit  stress  divided  by  unit  strain  (page  284).  The  unit  stress  in  any  fibre  at  a  distance  d  from 
the  neutral  axis  is 

V 

If  B  is  the  angle  of  twist  in  radians,  dB  is  the  strain;  and  if  /  is  the  distance  from  the  fixed  end, 
the  unit  strain  is 


We  have  then 


But  from  (XII.), 


R  =  ^" 


Hence  we  have 


/.  • 


Ml 
E  =  ^^ (XIII.) 


where  E  is  the  coefficient  of  elasticity  for  torsion,  and  B  is  the  angle  of  twist  in  radians. 

Work  of  Torsion. — If  0  is  the  angle  of  torsion  in  radians,  for  any  cross-section,  the  strain 
of  any  fibre  in  that  cross-section    at  a  distance  d  from  the  neutral  axis  is  dB^  and  the  stress  is 

-  Ra,  where  a  is  the  area  of  cross-section  of  the  fibre  and  R  is  the  unit  stress  in  the  most  remote 

V 

fibre  at  a  distance  v.     The  work  on  the  fibre  is  then  one  half  the  product  of  the  stress  and  strain 

(page  284),  or  —  ad}.     The  work  on  all  the  fibres  is,  then, 

2  V 

2V 
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or,  since  ^ad^  =  /,  =  the  polar  moment  of  inertia  of  the  cross-section  with  reference  to  the  axis 
through  the  centre  of  mass,  we  have  for  the  work,  from  (XII.)  and  (XIIL), 

work  =— —  =  —  =  —y  =  -jTf, (XIV.) 

where  ^  is  in  radians. 

Transmission  of  Power  by  Shafts. — Work  is  the  i)roduct  of  the  force  by  the  distance 
through  which  it  acts.  Power  is  rate  of  work.  A  horse-power  is  33,000  ft.-lbs.  per  minute.  If  a 
shaft  makes  n  revolutions  per  minute,  and  the  twisting  force  is  F  with  a  lever  arm  of  /,  then  2nfm 
is  the  distance,  and  2npnF  is  the  work  per  minute.     \i p  is  in  inches,  the  horse-power  is 

HP  =  ^^''P''^  _ 
33,000  X  12' 

pj 

But  Fp  =1  Af  =  — '-.     Hence 

HP=^^ (XV.) 

198,000^'  ^  ' 

where  n  is  the  number  of  revolutions  per  minute,  HP  the  horse-power  transmitted,  and  /,  and  Z'must 
be  taken  in  inches  and  E  in  pounds  per  square  inch. 

Combined  Flexure  and  Torsion. — Let  Rf  be  the  unit  stress  due  to  flexure  in  the  most  re- 
mote fibre  at  a  distance  v  from  the  neutral  axis.  Then  from  equation  (III.),  if  M/  is  the  bending- 
moment,  we  have 


Let  Rt  be  the  unit  stress  due  to  torsion.     Then  from  equation  (XI L),  we  have,  if  M^  is  the 
twisting  moment, 

_  MtV 
Then,  as  we  have  seen  (page  315),  we  have  for  the  combined  shearing  unit  stress 

4 
and  for  the  combined  tensile  or  compressive  unit  stress 


5,  or  .,=  ^'+4/^.'  +  ^'. 


Examples. — (i)  A  circular  shaft  2  ft.  long  is  twisted  through  an  angle  of  7  degrees  by  a  couple  of  ±  200  lbs,  with 
a  lever  arm  oft  inches.     Find  the  angle  for  a  shaft  of  the  same  size  and  material  4  //.  long  when  twisted  by  a  couple  of 
500  lbs.  with  a  lever  arm  of  i%  inches,  Ans.  105  degrees. 

(2)  A  circular  shaft  when  twisted  by  a  couple  of  ±  qo  lbs.  with  a  lever  arm  of  21  inches  has  a  shearing  unit  stress 
of  2000  lbs,  per  square  inch.  If  the  same  shaft  is  twisted  by  a  couple  of  ±  40  lbs.  with  a  lever  arm  of  si  inches,  find  the 
shearing  unit  stress, 

Ans.  1877  lbs.  per  sq.  inch. 

(3)  An  iron  shaft  5  //.  long  and  2  inches  diameter  is  twisted  through  an  angle  of  7  degrees  by  a  couple  of  ±  5000 
lbs,  with  a  lever  arm  oft  inches,  and  on  removal  of  the  couple  springs  back  to  its  original  position.  Find  the  value  of 
E  for  shearing,  Ans.  9,390,000  lbs.  per  sq.  inch. 

(4)  What  is  the  couple  which  acting  with  a  lever  arm  of  12  inches  will  cripple  a  steel  shaft  1.4  inches  in  diameter, 
the  value  of  R  for  rupture  being  75,000  lbs,  per  sq,  inch, 

Ans.  ±  1683  lbs. 
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(5)  Compare  the  strength  of  a  square  shaft  with  that  of  a  circular  shaft  of  equal  area  of  cross^ section. 

Ans.      — . 
3 

(6)  Find  the  combined  unit  stresses  for  a  wrought-iron  shaft  3  inches  in  diameter  ana  12  feet  long,  resting  on 
bearings  at  each  etid,  which  transmits  40  horse-power  while  making  120  revolutions  per  minute ^  upon  which  a  load  of 
800  lbs.  is  brought  by  a  belt  and  pulley  at  the  middle, 

Ans.  The  unit  stress  for  flexure  is 


Rf  =  -y-^  =  —  =  10,800  lbs.  per  sq.  inch. 


The  unit  stress  for  torsion  is 


108,000  X  40  X  r  ,.  .    ^ 

Ri  =  -^-^ — -^ =  4000  lbs.  per  sq.  inch. 


The  maximum  combined  stresses  are  then  : 

For  tension  or  compression,  5400  +  ^  4000*  -(-  5400'  =  12,100  lbs.  per  sq.  in.  ;  for  shear,  6700  lbs.  per  sq.  in. 

(7)  A  vertical  shaft  xveighing  with  its  load  6000  lbs.  is  subjected  to  a  twisting  moment  by  a  force  of  300  lbs.  with  a 
lever  arm  of  4  feet.  If  the  shaft  is  of  wrought  iron  4  feet  long  and  2  inches  diameter,  find  its  maximum  unit  stress 
provided  the  shaft  is  so  supported  that  it  cannot  bend  sideways. 

Ans.  Compressive  unit  stress  =  10170  lbs.  per  sq.  inch. 
Shearing  **         "     =    9215    *•      **     **      *' 

(8)  Find  the  diameter  of  a  short  vertical  steel  shaft  to  carry  a  load  of  6000  lbs.  when  twisted  by  a  force  of  300  lbs, 
with  a  leverage  of  \  feet^  taking  the  unit  stress  for  shear  at  7000  lbs,  and  for  compression  at  10,000  lbs.  per  sq.  in, 

Ans.  About  2.5  inches. 
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COLUMN   FORMULAS. 


The  Ideal  Column. — The  "  ideal  column  **  is  supposed  to  be  perfectly  homogeneous;  to 
have  a  constant  coefficient  of  elasticity  E,  a  constant  cross-section  A,  a  perfectly  straight  axis  ; 

_  • 

and  to  have  a  load  P  applied  exactly  ^n  that  axis.  A  load  not  so  applied  we  call  an  eccentric 
load. 

Theory  of  the  Ideal  Column. — Such  an  ideal  column,  ideally  loaded,  has  no  tendency  to 

F 
bend  in  any  direction.     It  can  therefore  be  loaded  up  to  its  elastic  limit  5«,  so  that  —  =  S^,     But 

*f  while  loaded  with  any  load  P  below  the  elastic  limit  it  is  bent  very  slightly  to  one  side  by  a 
lateral  force,  and  then  that  lateral  force  is  removed,  there  is  a  certain  value  of  P  for  which  the 
column  will  not  spring  back.  For  P  less  than  this,  the  column  will  spring  back.  For  P  greater 
than  this,  the  column  will  bend  to  failure.  This  value  of  P  is  then  the  crippling  load  for  the  ideal 
column. 

Prichard*s  Formula.* — Suppose  then  an  ideal  column,  whose  original  length  is  /,  to  be  com- 
pressed by  the  load  p  in  its  axis.  The  new  length  /,  of  the  column,  by  the  theory  of  flexure  (page 
284),  is 

'^  =  \^-iE) (^> 

If  now  the  column  is  very  slightly  bent  by  a  lateral  force,  and  then  that  lateral  force  removed* 

if  the  column  does  not  spring  entirely  back,  it  remains  deflected,  as  shown 
♦  ^\  in  the  figure.  Let  y  be  the  deflection  at  any  point  x^  from  the  free  end. 
J       f  Then  the  moment  M  at  any  point  a*,  is  AT  =  Py,   Let^x  be  the  original  dis- 

tance aCy  along  the  axis,  between  two  consecutive  sections  A'B'  and  AB  of 
the  ideal  column,  before  the  load  P  is  applied.     Then  when  the  load  P  is 

P 

I     I     y  applied  the  unit  stress  is  -^,  and  the  shortening  of  the  axis  ab  =^\  is  by  the 


I 


T=rf 


III 


i_J_l 


III 
I     I     ^    theory  of  flexure  (page  284), 


A.= 


Pdx 
AE' 


B' 


The  section  A' B'  has  now  the  new  position  A"B",  so  that  the  distance  be  =  dx^. 

After  the  ideal  column  is  thus  directly 
compressed  by  the  load  P  in  the  axis,  let  it  be 
deflected  very  slightly  to  one  side  by  a  lateral 
force,  and  then  let  this  lateral  force  be  remov- 
ed. If  the  column  remains  deflected,  there  will 
be  equilibrium,  and  at  the  point  c  of  the  axis  a 
moment  M=Py  (see  first  of  preceding  figures). 

Let  v=^A"bht  the  distance  of  the  extreme 
fibre  on  the  concave  side  from  the  axis.     The  unit  stress  on  this  fibre  due  to  flexure  is  by  the  theory 

*  This  investigation  of  the  ideal  column  was  communicated  to  the  author  by  H.  S.  Prichard,  M.  Am.  Soc.  C.  E. 
The  formula  to  which  it  leads  is,  so  far  as  the  author  knows,  new  and  original.  We  therefore  call  it  the  Prichara 
formula^ 
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Mv 


of  flexure  (page  286)     -,  where  /  is  the  moment  of  inertia  of  the  cross-section  for  an  axis  through 


Mv 


c  at  right  angles  to  the  plane  of  bending.     The  total  unit  stress  on  this  fibre  is  then  --  -f  - 

A        I 

and  its  total  shortening  #f,  =  A'd  is  by  the  theory  of  flexure  (page  284) 


K,  = 


P      Mv 
A^ 


E 


-^  =  (i^  +  ^-)^^- 


Let  the  distance  A"d  =  k.     Then  we  have  #f  =  #f j  —  A  = 


Mvdx 

~iEr- 


Now  let  p,  =  ec  be  the  radius  of  curvature  of  the  deflected  axis.     Then  by  similar  triangles 

.  I        Mdx 

p,.dx,::v:K,    or    -  =  ^^7^. 

Now  M  =  Py,     73-  =  -,    and  by  Calculus     —  =  —  ~^ . 


dx,      /. 
We  have  then  for  equilibrium 


P, 


dx^ 


IPy 
I. EI 


•         •         • 


(2) 


d^  _       iPy 


Multiply  both  sides  of  (2)  by  2dy  and  integrate,  and  we  obtain  £1 -j—^  = -. 1-  C 

dy  IPA^ 

But  when  y  =  J  =  the  maximum  deflection,  -p-  =  o.     Hence  C=  —. — ,  and  we  have 

dx  l\ 


LEI 


dy 


Integrating  again,  we  obtain         ^ 

When  y  =  o,  x^  =  Of  hence  C  =  o,  and  we  obtain 


^^    arc  sin  ^  +  C\ 


y=Asin  xVj^ 


(3) 


(a)  Column  Fixed  at  One  End^  Free  at  the  Other. — For  a  column  fixed  at  one  end  and  free  at 
the  other,  as  in  figure,  page  332,  we  have  from  (3),  ^  =  J  when  ;c,  =  A  ;  hence 


or  since  /  =  Ar^^  where  r  is  the  radius  of  gyration  of  the  cross-section  in  the  plane  of  bending, 
we  obtain 

P       TT'^r* 

A"    4//.  • 


{d)  Column  with  Two  Pin   Ends. — In   this  case   we  have  only  to 
make  ;r,  =  ~  in  equation  (3),  when  y  ^  A.     We  thus  obtain 

P^  _  n^Er* 
A^     U,    ' 
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(r)  Column  Fixed  at  One  End^  Pin  at  the  Other, — In  this  case  we 
must  make  :c,  =  ~  in  equation  (3),  for^  =  A.     We  thus  have 


(d)  Column  Fixed  at  Both  Ends, — In   this   case   we    must   make 

x^  =  -  in  equation  (3)  iox y  =  J.     We  then  have 
4 

£  _  47r»^r' 
A^      IL     ' 


Now  all  these  equations  are  of  the  form 


P 
A 


n'Er* 


(4) 


where  we  have  for  «  the  values 
One  fixed,  one  free  end.  Two  pin  ends. 

n 


n 
n  =  — 

2 


One  fixed,  one  pin  end. 

In 


Two  fixed  ends. 

271 


If  in  (4)  we  substitute  the  value  of  /,  from*(i),  we  obtain  the  general  equation 

P  _  P^       n^Er" 
A^  A'E^ 


/• 


(P) 


Equation  (P)  is  Prichard's  formula.  It  gives  that  value  of  the  load  P  which,  when  the  ideal 
column  is  very  slightly  bent  to  one  side  by  a  lateral  force,  will  hold  the  column  deflected  when  that 
lateral  force  is  removed. 

Euler's  Formula. — We  see  from  (i)  that 

P 


AE 


"■       /     '    "  A^E  '^  A\     I     /• 


Now  in  all  practical  cases  the  compression  of  the  axis  -/  —  /,  is  very  small  compared  to  the 
original  length  /.  Hence  the  term  -j^  in  Prichard's  formula  can  be  practically  disregarded.  We 
have  then  approximately  and  with  practical  exactness, 

A^    r ^^^ 

Equation  (E)  is  known  as  Euler's  formula. 

We  see  then  that  Euler's  formula  neglects  the  effect  (I  —  l^)  of  direct  compression.  Also  that 
such  neglect  is  admissible.  Euler's  formula  gives  then  with  all  desirable  exactness  that  value  of 
the  load  P  which,  when  the  ideal  column  is  very  slightly  bent  to  one  side  by  a  lateral  force,  will 
just  hold  the  column  deflected  when  that  lateral  force  is  removed. 
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Deportment  of  the  Ideal  Column. — We  have  then  the  following  conditions  : 

ist.  So  long  as  the  load  P  is  less  than  given  by  (E)  there  will  be  no  deflection  of  the  ideal 

column.     If  the  column  is  very  slightly  deflected  by  a  lateral  force  and  then  this  force  removed, 

the  column  will  spring  back. 

Since  we  cannot  load  the  column  above  the  elastic  limit  unit  stress  Sg  without  ultimate  failure, 


if  we  put  -T  =  5,  in  equation  (E)  we  obtain 

r 


=f^ 


s. 


(L) 


For  any  value  of  /  less  than  given  by  (L)  we  can  then  load  the  column  up  to  the  elastic 
limit  St, 

2d.  If  the  load  P  is  equal  to  the  value  given  by  (E),  and  we  deflect  the  column  very  slightly, 
it  will  not  spring  back,  nor  will  it  bend  further.  It  stays  in  equilibrium  whatever  the  deflectioni 
provided  this  deflection  is  very  small. 

3d.  So  long  as  there  is  no  outside  lateral  force,  the  ideal  column,  whatever  its  length,  can  be 
loaded  up  to  the  elastic  limit.  But  if  it  is  very  slightly  deflected,  and  P  is  greater  than  given  by 
(E),  the  column  will  bend  to  failure. 

Thus  equation  (E)  gives  the  breaking  load  for  the  plane  of  bending,  and  the  least  breaking 
load  will  be  when  r  is  the  least  radius  of  gyration  of  the  cross-section. 

These  conclusions  have  all  been  verified  by  experiment.* 

/ 
The  Ideal  Curve. — If  we  lay  off  — 

r 

P 

along  the   axis  of  x  and  take  —  as  ordi- 

A 

nate,  we  obtain  then  for  the  "  ideal  curve  " 

the  accompanying  figure. 


Up  to  OF 


,  we  have  -^  = 


A 

i 

T> 

\ 

^^ 

\ 

^* 

^L 

>* 

^^ 

v^ 

^^ 

V. 

^L 

> 

V 

J»e 

1          ^^^^^^~~-~~s. 

1                       1 

o 


L 
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St ,  and  the  curve  is  a  straight  line  from 
A  to  D,  Beyond  OF  we  have  the  curve 
DE  given  by  Euler*s  formula  (E). 

The  Actual  Curve. — Ordinarily  the  conclusions  and  deportment  given  for  the  ideal  column 
are  not  found  to  be  in  accord  with  fact,  because  the  ideal  conditions  of  the  ideal  column  are  not 
realized.  Thus  no  column. is  perfectly  homogeneous,  has  a  perfectly  straight  axis,  nor  has  the  load 
exactly  centered. 

Lack  of  ideality  in  any  of  these  conditions  will  cause  a  column  of  any  length  to  deflect  when 
loaded,  and  this  is  in  accord  with  common  experience. 

We  can  then  only  load  the  actual  column  up  to  S»  when  it  is  very  short — theoretically  only 

P 

when  the  length  is  zero.     For  any  finite  length,  -^  must  always  be  less  than  given  by  the  preceding 

figure  and  must  decrease  as  the  length  increases. 

The  actual  curve,  then,  for  any  actual  column  will  be  some  curve  as  represented  by  the  broken 
curve  in  the  preceding  figure,  which  is  tangent  at  A  to  the  line  AD^  and  at  E  at  an  infinite  distance, 
to  the  curve  DE. 

P 
We  see  at  once  that  any  such  curve  which  should  give  the  actual  values  of  ~  for  any  one 

actual  column  must  really  depend  upon  the  actual  eccentricity  of  the  load  and  upon  all  other 
deviations  from  ideal  conditions. 

As  all  such  deviations  can  never  be  identical  for  any  two  actual  columns,  the  actual  curve 
must  be  a  different  one  for  each  column, 

•  See  *'A  Practical  Treatise  on  Bridge  Construction,'*  by  T.  Claxion  Fidlcr  (London,  Charles  Griffin  &  Co,,  1887), 
page  158,  for  an  experimental  apparatus  by  which  these  conclusions  are  practically  verified. 


336 


APPENDIX. 


It  is  then  obvious  that  any  one  curve  which  gives  the  average  experimental  values  of  -j   for 

any  number  of  actual  columns  must  rest  at  bottom  upon  the  average  deviations  from  ideal  condi- 
tions, whether  the  equation  of  the  curve  explicitly  contains  them  or  not.  Such  a  curve  must  then 
be  based  entirely  upon  average  experimental  results,  and  to  attempt  to  deduce  theoretically  any 
single  curve  which  shall  give  actual  results  for  all  columns  must  ever  be  to  attempt  the  impossible. 
Practical  Values  for  n, — The  theoretic  values  of  n  given  on  page  334  disregard  friction. 
Also  the  ends  in  practice  cannot  be  perfectly  "  fixed."  We  have  to  do  practically  with  two  pin 
ends  with  friction,  or  one  pin  end  with  friction  and  one  flat  end,  or  two  flat  ends.  A  flat  end  is 
not  perfectly  "  fixed,"  Hence  the  practical  values  of  n  are  different  from  the  theoretic  values  given 
on  page  334. 

P 

Experiments  show  that  Euler's  formula  (E)  gives  the  average  crippling  unit  stress  —r  with  very 

good  accuracy  for  very  long  columns,  i.e.,  when  -  is  very  great,  if  we  take  for  n  the  following 
values  : 


Two  pin  ends. 
3 


One  pin,  one  flat  end. 


Two  flat  ends. 


^J 


^/5 


These  values  of  n  should  be  used  when  Euler's  formula  is  used. 

Practical  Formulas  for  Long  Columns. — Experiment  also  shows  that  actual  results  are 

so  scattered,  that  almost  any  curve  through  A  and  tangent  to 
Euler's  curve  /f^  gives  very  satisfactory  average  results  for  -:. 

A 

On  this  fact  all  our  practical  column  formulas  are  based. 

Straight-line  Formula.  —  Of  these  practical  formulas, 
one  of  the  best  known  is  the  "  straight-line  formula,"  first  given 
by  Thomas  H.  Johnson,  C.E.  {Trans.  Am.  Soc.  C.  ^.,  July, 
1886).  It  consists  in  drawing  a  straight  line  through  A  tangent 
to  Euler's  curve  EE,     The  point  of  tangency  -5  is  at  a  distance 

from   O  (preceding  figure)  given  by  — .     Both  curve  EE  and 

straight  line  AB  have  then  a  common  ordinate  at  the  point  B. 
The  equation  of  a  straight-line  through  A  is 

y:=  S,-\-bx (i) 


The  equation  of  Euler's  curve  EE  is 


y- 


n'E 


(2) 


dy 
If  we  differentiate  (i)  and  (2),  and  equate  the  values  of  -7-,  making  x 

condition  of  a  common  tangent  at  B 


—  ,  we  have  for  the 

r 


9  27„« 


d=  - 


(3) 


If  we  equate  (i)  and  (2),  makings  =  -  ,  we  have  for  the  condition  of  a  common  ordinate  at 


^     ,  bL  _  n*Er' 


(4) 


-  ^. 
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From  (3)  and  (4)  we  find  for  the  limiting  value  of  — 

Inserting  this  value  of  b  in  (i),  and  putting>'=-^  and  J^  =-,we  have  for  the  straight-lme  formula, 

-4<"V2.  ^4.-^j] (s) 

where,  as  always,  r  is  the  least  radius  of  gyration  of  the  cross-section, 

I 
This  formula  holds  for  any  value  of  -  so  long  as 

Beyond  this  limit  we  use  Euler's  formula,  and  have, 

Values  for  E  and  S^^  will  be  given  in  Part  II. 

The  straight-line  formula  is  simple  and  easily  applied,  and  contains  no  experimental  constants 

except  5«,  E^  and  n.    • 

PI, 
It  gives  values  for  ~   for  small  values  of  -    considerably  less  than  the  average  of  experiments, 

A  r 

owing  to  the  fact  that  the  tangent  at  A  (figure,  page  336)  is  not  horizontal. 

Parabola  Formula. — This  formula  is  given  by  Prof.  J.  B.  Johnson  (Theory  and  Practice 

of  Modern  Framed  Structures — Wiley  &  Sons).      The  curve  AB  (figure,  page  336)  is  assumed  as  a 

parabola  tangent  to  Euler's  curve  at  B.     We  have  then 

y=S,  +  bx^,     . (i) 


• 


where  b  must  be  determined  by  the  condition  of  tangency.  - 

This  equation  gives  y  ■==^  S^  for  x  =  o,  and  the  tangent  at  A  is  horizontal. 
From  Euler's  formula  we  have 


n'E  , 

y=^—T- (2) 


Differentiating  (i)  and  (2),  and  proceeding  as  before,  we  have  the  parabola  formula, 

wheni<«l/f,        ^  =  s{.-^^.';\ (P) 

where,  as  always,  r  is  the  least  radius  of  gyration  of  the  cross-section. 

/ 
This  formula  holds  for  any  value  of  —  so  long  as 

Beyond  this  limit  we  use  Euler's  formula,  and  have, 

^       I  ^     JJE  P        n'Er^ 

when  -  >  «V  "e",  -i  =  — ??— . 

r  S^  A  i 

Values  for  E  and  S^  will  be  given  in  Part  II. 

The  parabola  formula  is  as  simple  and  easily  applied  as  the  straight-line  formula.     It  also 
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contains  no  experimental  constants  except  5,,  E^  and  «.     It  gives  on  the  whole  better  average 

P 

values  for  — ,  owing  to  the  fact  that  the  tangent  at  A  (figure,  page  336)  is  horizontal. 

Remarks  on  these  Formulas.  —  Both  the  straight-line  and  the  parabola  formulas  are  lines 
tangent  to  Euler's  curve  EE  (preceding  figure).  This  means,  in  the  light  of  our  remarks,  page  335, 
that  both  implicitly  assume  ideal  conditions  for  all  columns  at  and  beyond  a  certain  length  Z,  which  is 
a  different  length  for  each  formula. 

Such  an  assumption  is  of  course  incorrect.     There  is  no  one  length,  to  say  nothing  of  two 

different  lengths,  at  which  ideal  conditions  can  be  considered  as  always  existing.     Experiments, 

P 
however,  show  that  average  values  of  -j  approach  at  and  beyond  both  these  lengths  very  closely 

to  Euler's  curve  EE  (preceding  figure),  being  always,  however,  slightly  below  ;  and  hence  the 
assumption  is  practically  justified. 

The  actual  average  curve,  however,  as  we  have  seen  (page  336)  should  run  through  A  as  shown 
by  the  dotted  curve  in  the  preceding  figure,  should  have  a  horizontal  tangent  at  A^  and  should 
then  run  as  shown,  somewhat  below  Euler's  curve  EE^  and  be  tangent  to  it  at  E  at  an  infinite 
distance. 

Rankine's  Formula. — Such  a  curve  is  "  Rankine's  formula.**  Let  A  be  the  maximum  deflec- 
tion.    Then  the  maximum  moment  is  PA. 

From  the  theory  of  flexure  (page  286)  we  have  for  the  unit  stress  R<,  due  to  flexure  in  the  most 
compressed  fibre,  at  a  distance  v  from  the  axis  in  the  plane  of  bending, 

PA  =  ^,    or    R  =  '^  =  ^^. 

V  J  Ar 

P 

We  have,  in  addition,  a  direct  compressive  unit  stress  — . 

If,  then,  St  is  the  elastic  limit  unit  stress,  we  have  for  the  crippling  unit  stress 


or 


5+ 

Ax^  ~  ^' ' 

p 

_     s. 

A 

(0 


Equation  (i)  is  rational  in  form,  and  if  we  knew  A  it  would  give  accurately  the  crippling 

P 

unit  stress  -. 
A 

If  we  suppose  for  small  deflections  the  curve  of  deflection  to  be  practically  a  circle  of  radius 

of  curvature  p,  we  should  have 

A  :  I ::  I :  p  ^  A  ; 
or,  since  A  is  small  compared  to  p, 

^  =  C 

P 

In  general,  whatever  the  curve  of  deflection  may  be,  we  can  assume  A  to  be  some  function  of 
/*,  and  to  vary  inversely  as  v.     We  can  then  write 

A    cr        Av     r 

A=^—,    or    ~T  =  c-^ (2) 

Av 
Insertmg  this  value  of  —5-  in  (i),  we  have 


P 


A  ,     /•' 

I  +^-, 


(R) 
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where,  as  always,  r  is  the  least  radius  of  gyration  of  the  cross-section,  and  r  is  a  constant  to  be 
determined  by  experiment,  depending  upon  the  material  and  the  end  conditions.  Since  the 
column  bends  easiest  in  the  direction  of  its  least  dimension,  we  take  for  r  the  least  radius  of 
gyration. 

Equation  (R)  is  Rankine's  formula  for  long  columns.     It  holds  for  all  values  of  ~.     Values 

for  6g  and  c  will  be  given  in  Part  11. 

P  I 

We  see  that  Rankine's  formula  gives  —  =  5e  f or  —  =  o.     The  tangent  at  A  (figure,  page  336) 

A  r 

P  I 

is  horizontal,  and  we  have  -  =  o  for  -  =  00 .     It  therefore  complies  with  the  conditions  for  the 

average  actual  curve  given  on  page  335. 

It  is  not  so  simple  or  easily  applied  as  the  straight-line  or  parabola  formulas,  and  the  experi- 
mental constant  c  must  be  determined  before  it  can  be  used  in  any  case. 

Gordon's  Formula. — Since  r  is  a  function  of  the  least  dimension  d  of  the  cross-section,  we 
may  also  write  for  the  crippling  unit  stress 

P      '     S. 


1  +  ^^ 


(G) 


where  c  is  again  a  constant,  to  be  determined  by  experiment.     Equation  (G)  is  known  as  Gordon's 

formula  for  long  struts.     It  also  holds  for  all  values  of  -,  and  the  same  remarks  apply  as  for 

Rankine's  formula. 

Merriman's  Formula. — The  equation  of  the  curve  AB  (figure,  page  334)  has  been  assumed 
by  Prof.  Merriman  {^Engineering  News^  July  19,  1894)  as  identical  in  form  with  Rankine's  formula. 
We  have,  then, 

^       I  +  bx'' 

Instead,  however,  of  regarding  b  as  an  experimental  constant.  Prof.  Merriman  determines  b 
precisely  as  in  the  case  of  the  straight-line  and  parabola  formulas,  by  the  condition  of  tangency. 
We  thus  obtain 

PS. 

-A-^:;^^ w 


n'Er'' 


where,  as  always,  r  is  the  least  radius  of  gyration  of  the  cross^section. 

Values  for  St,  and  E  will  be  given  in  Part  II. 

Equation  (M)  is  Merriman's  formula  for  long  columns.  Like  Rankine's  formula,  it  complies 
with  the  conditions  of  the  average  actual  curve  given  on  page  335.  It  is  preferable  to  Rankine's  in 
that  it  contains  no  ,experimental  constant.  It  is  therefore  probably  nearer  the  true  curve  for  an 
average  actual  column  than  any  of  the  formulas  thus  far  given. 

Allowable  Unit  Stress. — The  preceding  formulas  give  the  crippling  unit  stress  for  long 
columns.  To  find  the  allowable  or  safe  unit  stress  cr  we  must  divide  the  crippling  unit  stress  by 
the  factor  of  safety  adopted. 

Combined  Compression  and  Flexure. — The  formula  for  this  case  has  already  been  given, 
page  313- 


CHAPTER  V. 

CONTINUOUS   GIRDER. 

In  the  following  we  shall  give  the  complete  development  of  the  general  formulas  of  Chapter 
VIII,  page  171.  As  these  formulas  include,  as  we  have  seen,  all  the  others  as  special  cases,  it  is 
sufficient  to  show  how  they  are  obtained  in  order  to  enable  the  reader  to  deduce  all  the  others. 
The  notation  adopted  is  the  same  as  that  given  on  page  173. 

Conditions  of  Equilibrium. — In  the  rth  span  of  a  continuous  girder,  whose  length  is  4, 
Fie.188  ^^8*  ^^^>  ^^^^  ^  point  0  vertically  above  the  rth  support  as  the  origin  of  co- 

,  ,    .   ordinates,  and  the  horizontal  through  0  as  the  axis  of  abscissas.     At  a  dis- 

0 Ir _£rxl  '  ... 

ri_j?__^  r         tance  x  from  the  left  support,  conceive  a  vertical  section,  and  between  the 

•  ^""^^"^V*^         i^*^*      support  and  this  section  let  there  be  a  concentrated  load  Fr ,  whose  dis- 
t^.  I  *■ — i  tance  from  the  left  support  is  a. 

I  jsr,,!  Now,  if  the  girder  is  continuous  over  any  number  of  supports,  we  have 

•  at  the  support  r  a  moment  Mr^  and  just  to  the  right  of  support  r  a  shear  Sr* 

For  any  point  of  the  girder  the  necessary  conditions  of  equilibrium  are, 
ist.  The  algebraic  sum  of  all  the  horizontal  forces  must  be  zero. 
2d.    The  algebraic  sum  of  all  the  vertical  forces  must  be  zero. 
3d.    The  algebraic  sum  of  the  moments  of  all  the  forces  must  be  zero. 
Thus  for  any  section  x  we  have  from  the  third  condition  for  the  moment  M^  at  the  section  x 

M^=  Mr—   SrX-\-  Pr^X  —  a) (l) 

If  in  this  we  make  x  =  4,  M^  becomes  i'/r+i,  and  we  have 

3/^1   =   Mr-   Srir  +  A  (^r  -  O). 

From  this  we  obtain  the  shear  Sr  in  terms  of  the  moments  at  the  two  supports,  or 

^,  =  ^ir^>  +  ^'(4_«) (2) 

This  IS  the  same  as  equation  (III.«),  page  173. 

For  an  unloaded  span  the  weight  P  disappears,  and  we  have 


^tm.    


M„  —  M„^i 


This  is  equation  (IV.),  given  on  page  173. 

For  the  shear  just  to  the  left  of  the  right  support  of  loaded  span 


_                                    J/^+i    —   Mr     .     Pra 
i-hl  —  -^   —   Or   =    -J h  -J- 
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This  is  the  same  as  equation  (111.^,)  given  on  page  173.  For  unloaded  span,  the  weight  /'dis- 
appears, and 

*^  m  —  f • 

S^^  is  the  shear  on  the  left  of  any  support  w,  and  S^  that  on  the  right.  The  reaction  at  any 
support  is 

These  are  the  formulas  already  given  in  Chapter  VIII,  page  173. 

Equation  of  the  Elastic  Line. — We  can  now  easily  deduce  the  equation  of  the  elastic  line 
for  the  continuous  girder  of  constant  cross-section,  or  constant  moment  of  inertia. 
The  differential  equation  of  the  elastic  line  is  (page  289) 

^/g:=-^, (3) 

where  E  is  the  coefficient  of  elasticity,  and  /  is  the  moment  of  inertia  of  the  cross-section. 
Inserting  the  value  of  M^,^  as  given  by  (i)  we  have 

d'^y  __'Sr^-  Prk^-  a)  -  Mr 
dx"  ""  EI 

We  can  integrate  this  expression  between  the  limits  jc  =  o,  and  Xy  upon  the  condition  that  x  is 
always  greater  than  Uy  that  is,  the  point  considered  is  always  on  the  right  of  the  weight.  When,  there- 
fore, X  =>  Oy  a  must  be  zero  also,  and  hence  (;c  —  a)  =  o.  We  must,  therefore,  take  the  integral  of 
Pr(x  —  a)  simultaneously  between  the  limits  x  -=  a,  and  x,  or  treat  {x  —  a)  as  a  variable  which  be- 
comes zero  when  a:  =  o. 

We  have,  then,  integrating  once, 

dy^  __  SrX^  -  P^{x  -  aY  -  2M,x     ^ 
dx^  '2EI  "^    ' 

dy 

where  the  constant  of  integration  C=  —  =  /,.  =  the  tangent  of  the  angle  which  the  tangent  at  the 
support  r  to  the  curve  of  deflection  makes  with  the  horizontal.     Hence 

^  _           Sy  -  PJ,x  -  aY  -  2MrX  . 

dx"  '''^  ^EI  ^^^ 

If  we  take  the  origin  at  a  distance  hr  above  the  support  r.  Fig.  188,  and  integrate  again,  the 
constant  will  be  —  hr  ,  and  hence 

,        ..^^SrX'-    Pr{x   -   aY    -    3^/r^'  ( ,^ 

which  is  the  general  equation  of  the  elastic  curve.    If  in  this  we  make^  =  4,7 becomes  —  ^r+i-    If 
also  we  put  j  =  >&,  or  ^  =  >^4 ,  and  insert  for  Sr  its  value  as  given  by  (2),  we  have  for  tr 

^^  ^    _    hr^,--hr    ^      l^^  ^^  ^^^  ^  j^^^^^  _     p^.^^^  _    ^^,  ^^.  ^,)J  ...       (5) 

We  see,  therefore,  that  the  equation  of  the  curve  of  deflection  is  completely  determined  when 
we  know  Mr  and  Afr^i ,  the  moments  at  the  two  supports  of  the  loaded  span. 
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Theorem  of  Three  Moments. — These  moments  are  readily  found  by  applying  the  "  theorem 

„.    .  of  three  moments,"  which  we  shall  now  deduce. 

In  Fig.  1 89  we  have  represented  a  portion  of 

.^^^i — , — ^'j — I « — {.nil — ^ — Lf! 4^*   a  continuous  girder,  the  spans  being  /,,  /„  etc.,  /^ 

I  j  I  L  '  «         ^^^  ^^  supports  I,  2   ....  r. 

,  1*         !*  I  I  '^  ^  I  '^"^  The  equation  of  the  elastic  line  between  P^  and 

ill  I  U_— -i^_4,         I 

1^  ^S^  !  1     i         the  r  -f-  ith  support  is  given  by  (4),  and  the  tan- 

^gj*      gent  of  the  angle  which  the  curve  makes  with  the 

horizontal  is  given  by  (3  a).     If  in  (3  a)  we  substi- 

''  tute  for  Sr  its  value  as  given  by  (2),  and  for  A  its 

dy 
value  from  (5),  and  make  at  the  same  time  x  =  Ir^  then  -^  becomesA  +  i,  or  the  tangent  at  r  +  i,  and 

we  have 

/,^,  =  -^i±i^-^[^,/,-h2.l/^.^./,-/>,/,«(>fc->?)]      ....      (6) 

Equation  (6)  gives  the  tangent  of  the  angle  which  the  tangent  to  the  curve,  at  the  support  r  +  i, 
makes  with  the  horizontal. 

If  we  were  to  suppose  a  weight /'r-i  in  the  span/r_i  at  a  distance  klr-x  from  the  support 
r  —  I,  the  origin  being  taken  at  «,  Fig.  189,  instead  of  at  o^  and  were  to  find  in  a  similar  manner  Z^, 
we  should  evidently  obtain  precisely  the  same  equation  as  (6),  only  each  of  the  subscripts  would  be 
diminished  by  unity.     Hence  we  can  write  down  at  once 

If  there  is  no  weight  in  the  span  /,_,,  equation  (7)  still  holds  good,  only  Pr-i  is  zero. 
But  equation  (5)  gives  us  /,  for  a  weight  /*,  in  the  span  Z^.     If  there  is  no  weight  in  that  span 
Pr  is  zero.     Equating  these  two  values  of  A,  we  have,  generally. 

This  is  the  general  form  of  the  theorem  of  three  moments  for  a  girder  of  constant  cross  section. 
It  gives  the  relation  between  the  moments  at  three  consecutive  supports,  in  terms  of  the  spans,  the 
load  in  the  spans  and  the  height  of  the  supports. 

The  moments  at  the  end  supports  are  of  course  zero,  when  the  girder  is  merely  supported  at  the 
ends.  For  each  of  the  piers,  then,  we  can  write  an  equation  like  the  above,  and  thus  we  have  as 
many  equations  as  there  are  unknown  moments. 

Determination  of  Moments — Uniform  Load — Supports  all  on  a  Level — Spans  all 
Equal. — When  all  the  supports  are  in  the  same  horizontal  line,  the  ordinates  Aj,  /it,  hi,  etc.,  are  all 
equal.     Hence  the  term  involving  EI  disappears,  and  we  have  simply 

if.-.,/,-»-h2il/;(/_,+  /,)  +  M,^,/,  =  +  P,^,/,'_,  {J^-^)  +Pr/r*{2k-3J^-hJif).  .  (9) 

If  the  spans  are  all  equal,  we  have 

If  we  have  the  girder  loaded  from  end  to  end  with  the  load  u  per  unit  of  length,  then  tuta  =  P 
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Substituting  this  vaJue  of  P  and  remembering  that  k  =  -j-,  and  int^prating  between  a  -^  o  and 
a  =  /y  we  have 

/»,_,/;_.  (*--?)  =  ^^-.  and  A  /*  (»  *  -  3  ^  +  *•)  =  — 

4  4 

Hence  for  level  supports,  spans  all  equal,  and  uniform  load,  our  theorem  reduces  to 


Afr^l-\-    4^r-h    il/'r+l     =    + 


«/• 


•        (II) 


Let  X  be  the  number  of  spans.     Then,  applying  equation  (ii)  and  remembering  that  JIfi  and 
Jiff  + 1  are  both  zero,  we  can  write  down  the  following  equations : 


4  il/,  +  if,  =  H , 

2 

2 


2 


2 


ilffi  +  4  ^f  +  i^i  =  +  — , 


2 


^« 


ilf,-i+  4^.=  +  "^. 


M 


The  solution  of  these  equations  can  be  best  effected  by  the  method  of  indeterminate  coefficients. 
Thus  we  multiply  the  first  equation  by  a  number  Ct,  whose  value  we  shall  hereafter  determine,  so  as 
to  satisfy  desired  conditions.  The  second  we  multiply  by  o,  the  third  by  ^4,  the  r  th  by  r,  + 1 ,  etc., 
the  index  of  c  corresponding  always  to  that  of  M  in  the  middle  term.  Having  performed  these 
multiplications,  add  the  equations  and  arrange  according  to  the  coefficients  of  J/i,  M^^  etc.  We  thus 
obtain  the  equation 


(4  ^t  +  ct)  il/,  +  (r,  +  4  o  +  ^4)  ii/;  +  (o  +  4  ^4  +  ri)  il/;  + 

+  (^.-t  +  4  <i-i  +  ^.)  ^.-i  +  (O-i  -h  4  ^.)  -^.  =  H (^«  +  O  +  .  .   .  .  C,) 


.     .     .    (13) 
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Now  suppose  we  wish  to  determine  M^.  We  have  only  to  require  that  such  relations  shall  exist 
among  the  multipliers  r,  that  all  the  terms  except  the  last  in  the  above  equation  shall  disappear.  We 
have,  then,  for  the  conditions  which  these  multipliers  must  satisfy, 

4  r,  -f  r,  =  o,         ri  -f  4  ^4  +  ^5  =  o,         <-,_,  +  4  ^f-i  +  ^.  =  o, 
^«  +  4  ^8  +  ^4  =  o,         ^4  +  4  ^1  +  '•  =  o>  etc 

Assuming  r,  =  i ,  we  find,  therefore, 

^8  =  —  4,     ^4  =  +  i5»     ^»  =  ~  S^>     ri  =  +  209,     ^1  =  —  780,     ^8  =  4-  2,911,  etc. 

The  numbers,  as  we  see,  change  sign  alternately,  and  each  is  equal  to  four  times  the  preceding, 
minus  the  one  next  preceding  it. 

From  equations  (12)  we  see  now  that 

il/,  =  -  4  ^.  -  i*/.  +  Y  =  -  4  ^.  i«^.  -  2  «/•  -  il^.  +  ^  =  r,  ^.  -  ?^. 

il/,  =  -  4  M^-  J/,  +  -^i!  =  -  4  c,  A/,+  6  ul*  -  c,M,  -  "^  +  ^=  ^,^,  +  i^. 
In  similar  manner, 


^                      44  I//"  165  u/* 

M^  ^c,M^ —^     M^  =  c,M,  +  — ^  ,etc. 

But  I,  —  3»+  12,  —  44,  +  165,  etc.,  are  the  algebraic  sums  of  r„    r,  +  r„     c^  +  c^  +  r„     r, 
+  ^t  +  ^4  +  ^i*  etc.,  respectively.     Hence  we  have  in  general  for  the  moment  at  any  support, 

M^  =  c^M^+  —^c,+  ...Cn,    ,) (14) 

Now  from  equation  (13),  since  all  the  terms  except  the  one  containing  Af,  are  zero,  we  have 

M.=  +  ^ . 

r._  1  +  4r, 

But  since,  according  to  the  law  of  the  numbers  denoted  by  r,     ^a  -  1  +  4  r,  +  r,  4- 1=  o,  we  have 
r,  -  I  +  4  ^a  =  —  ^a  +  1.     Hence 

2  r.  4. 1 

If  the  spans  are  all  equal,  the  supports  horizontal,  and  the  load  uniform  over  the  whole  girder, 
the  moment  at  the  support  s  must  be  the  same  as  the  moment  at  the  support  2,  or  M,  =  M^,    Hence 

J^f  uP(c,  +  c,+  ...,c.) 

Equation  (14)  then  becomes 


^m 


—   —  ^m  --  ^ h  — -  V^j  +  •  •  •  •  ^m-  1) (16) 

2  r,  4.  1  2 


at%^r:.%v\V5  ^mmuc 


>4% 


ft  = 


A   +    4  M 
<k   ^    4  -*5 


tbat  tlie  snn  is  in  general 


6  (wt  -f  r»  -f  •  .  •  r J  +  5  •  •  - 1  +  C  ♦  t  ^  t% 


HcBce  die  sum  of  the  first  m  nambcis  is 


(r,  -»-  r,  + 


•O  =  I  O  —  5  •^••^  ~  ^**t)     *     %    %    %    %    %    (if) 


Applying  tfab  fonnola  for  the  sum  of  the  numbers  to  equation  (i6>«  we  haxx 

(rt  +  .  .  .  r.)  =  i  (i  —  5  r, .  I  —  «%  ^  t )» 
(<t  +  .  •  .  r.-O  =  i  (i  -  5  *•-  -  *^-.  *  tV 


or,  after  reducing, 


«/• 


12  t  #  -^  1 


(««) 


This  is  the  formula  given  on  page  179. 

Determination  of  the  Moments — Supports  all  on  Lkvrl — C\>nckntratici>  I.t>Ai>— - 
Spans  all  Different. — ^When  all  the  supports  arc  on  a  level,  the  term  involving  /V  in  the  thet>rrm 
of  three  moments  disappears,  and  we  have 

Now  let  s  be  the  number  of  spans,  and  let  a  single  load  P  be  placed  in  the  r  th  npan. 
From  the  above  theorem,  since  M^  and  Af,  ^  1  are  zero,  we  may  write  down  the  following  0(|iiA* 
tions : 

2  M,  (/,    4-  /.)    I    Af,  /,  ^  O,  ^ 

Aft/i  +   2  Afi  (/,  -\-  /,)  +  Afi  /a  "■  o, 


ir..i/..,  4-  2  i!/;  (/.-,  -f-  /.)  =  o, 


(19) 
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We  can  best  solve  these  equations  by  the  method  of  indeterminate  coefficients. 

Thus  we  multiply  the  first  equation  by  r,,  the  second  by  r»,  and  so  on,  the  index  of  c  correspond- 
ing always  to  that  of  the  middle  term.  Having  performed  these  multiplications,  add  the  equations 
and  arrange  according  to  the  coefficients  of  il/i,  if/j,  etc.     We  thus  have  the  equation 

[2  ct  (A  +  /«)  +^3  /,]  M^  +  [r,  /,  +  2  r,  (/,  +  /,)  +  ^4  /i]  il/.  +   .  .  .  . , 

+  [c-iA-i  +  2  r,  (/,_!  4-  Ir)  +  r,  +  i/J  J/,  4-  .  .  .  .  , 

+    [r._,/..,+    2  r.  (/.-!+/.)]  i!/;  =   +^rr+^r,+  , (20) 

Now  suppose  we  wish  to  determine  M„  We  have  only  to  impose  such  conditions  upon  the 
multipliers  that  all  the  terms  in  the  first  member  of  the  above  equation,  except  the  last,  shall  disap- 
pear.    We  have  then  evidently,  for  the  conditions  which  the  multipliers  must  satisfy, 

2  r,  (/,  +  /«)  +  cJ^  =  o, 
c4<t  -\-  2  d  (A  +  /s)  +  Ci/t  =  o, 


^r-l/^-l    +    2    r.  (/.-,    -f   /.)    +    Cr  +  l/r   =0, 


r,-.,/.-j  +  2  r,_i  (/,_,  +  /,_i)  +  ry._i  =  o,  etc, 
while  for  M,  we  have  at  once 

If  in  similar  manner  we  multiply  the  last  of  equations  (19)  by  the  number  d^,  the  last  but  one 
by  ^3,  the  r  th  by  ^,_r  +  ,,  etc.,  then  add,  and  make  all  terms  except  that  containing  M%  equal  to  zero, 
we  should  have  the  conditions 

2^/,(/.  +  /..j)  +^,/.-,  =  o, 

dj,-x  +  2  di{l,_x  +/.-«)  +  dJ,^t=Oy 

•  •••••• 


^/._,/,  +  2  ^,.»  (/,  +  /,)  +  dj,  =  o, 

while  for  the  moment  M^  we  have 

^•-+^.:ir+ 2^.(4  +  /.)-         ^;;4        ^  ^ 

The  values  of  il/i  and  ilf,  are  thus  given  in  terms  of  the  quantities  A  and  B  and  c  and  ^. 
A  and  -^  depend  simply  upon  the  load  and  its  position  in  the  rth  span.     Thus  A^  =  PA  (2  ^  — 
3  >t*  +  >^),  Bf  =  Pyj  (k  —  >?),  as  for  the  multipliers  c  and  //,  they  depend  only  upon  the  lengths  of  the 
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spans,  and  need  only  satisfy  the  conditions  above.     Hence  assuming  i*i  =  o, «%  =  i,  and  </|  =  o,  Wt  =r 
I,  we  can  deduce  the  proper  values  for  all  the  others.     Thus 

ci  =  o,  dx  =  0, 

Ct=  I,  </i  =  i. 

r,  =  -2— — ,  «4=-2        /    ~"» 

/«  -f    /:  4  .  ,/.-l    -K   /.      ,  ./.. 

^4  =  —  2  ^8    — 5 —  ^«  T  »  a*  =  —  2  ifs  .  —  </v  ,— 


/. . 


r  J  —   —   2  ^4 J ^37,  </»  =  —  2  ^Z4  i/a  T — 

^•«  =  —  2  ^5  — 7 ^4  7, etc.,  ^.  =  —  21/,  —  //4 


,  etc. 


Now  from  equations  (19)  we  see  at  once  by  examination,  that  M^  ~  c^M,,  M^  -'■  ^i*/,,  Mi  -^ 
r»il/'«,  etc.,  or  generally  when  w  <  r  +  i 

J/«  =  r„.i!/,=  —  7-=-7(^y.-,, , +^X-r  ♦  1) (23) 

Also  taking  the  same  equations  in  reverse  order,  J/, .  i  =  ^/»if/„  il/.-i  =  //ji)/^,,  etc.,  or  generally, 
when  »i  >  r, 

M^^d..^^^M.^^^'-^-Y{A^r^  B^r^^^ (24) 

These  are  the  equations  I.  and  II.,  given  on  page  173. 

Uniform  Load. — The  above  equations  (23)  and  (24),  give  the  moment  at  any  support  for  a 
concentrated  load  in  any  span.  For  a  uniform  load  over  the  whole  of  any  one  span,  we  have  only 
to  give  a  different  value  to  A  and  B, 

Thus,  for  several  concentrated  loads,  we  should  have 

Ar  =  ^PA  (2  >J  -  3  >e  +  k^),  Br  =  ^PA  {kr  -  9fX 

For  a  uniform  load  over  the  whole  span  /„  let  w  be  the  load  per  unit  of  length,  then 

'SP  =  I    7tfda,    or  since  a  =  kl^  2  P^  j    wl4h. 

Inserting  this  in  place  of  ^P,  and  integrating,  we  have 

A  =  }  «//A 
In  similar  way  we  find 

B^\  wn. 

These  are  the  values  of  A  and  B  given  on  page  174. 

Equations  (23)  and  (24)  hold  good,  therefore,  both  for  uniform  and  concentrated  loading,  for 
any  number  of  spans  of  any  lengths,  provided  only  the  supports  are  all  on  a  level,  and  only  one  »pan 
it  loaded 


34^ 
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Uniform  Load  over  Entire  Length  of  Girder. — Let  the  uniform  load  «,  per  unit  of  length 
extend  over  the  entire  girder,  covering  all  the  spans.  Then  the  general  theorem  of  three  moments 
(page  342)  becomes 


4 

Applying  this  theorem  and  remembering  that  M^  and  M^^x  are  zero,  we  have  the  following 
equations : 

a  M,  (A  +  /.)  +  MJ,  =  -{--  (/.•  +  /.•), 

4 
u 


MJ,  +  2  M,  (/.  +  /.)   +  M,l,  =  +  -  (/.'  +  /.'), 

4 


u 


M,l,  +  2  M,  (/.  +  /J  +  MJ,  =  +  ^  (/.'  +  //), 

4 


4 


u 


iv.. ,/..,  + 2ivr.(/..  ,  +  /.)  =  +-(/♦.., +  /;). 

4 


(i) 


Let  us  solve  these  equations  precisely  as  we  have  equations  (19)  on  page  345-  Thus  if  we  mul- 
tiply the  first  by  c^i  the  second  by  ^3,  and  so  on,  and  then  add  and  arrange  according  to  the  coeffi- 
cients of  if/,,  Miy  etc.,  we  have 

[2^»(/i  4-/,)  +Cz/,]Mt  +  [cJt  +  2^8  (/,  +  /,)  +  cJ,]M, 
+  ....+  [r,_,/,_,  +  2r,»i(/, .,  +  /.-i)  +  ry,_,  J  M,^i 


u 


4 


If  we  give  these  numbers  r,  such  values  as  shall  make  each  term  in  the  left  of  this  equation,  ex- 
cept the  one  containing  M^  equal  to  zero,  we  shall  have  evidently  the  same  values  for  e  as  given  on 
page  347. 

If,  in  similar  manner,  we  multiply  the  last  of  equations  (i)  by  ^9,  the  next  by  dt,  and  so  on,  and 
add  and  arrange  as  before,  we  should  have 

+  W-t4  + 2^.(4 +  /,)  ]i«/.  =  --[(/•..,  +//)//,+  (/•.-.  +/*.-.)  ^3+ (/,*  +  4*)^.]. 

4 


If  we  give  these  numbers  ^,  such  values  as  shall  make  all  the  terms  on  the  left  except  the  ore 
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containing  M^^  equal  to  zero,  we  shall  have  evidently  the  same  values  for  d  as  on  page  346.    If  then 
we  take  these  values  for  </,  we  have 


u 


-[(//-I  +/.')'/.+  .  .  .  .  (A'  +  O'^J 


^.  =  + 


</.-!/,  +  2  </,(/.+/.) 


(2) 


But  from  equation  (i)  we  see  that 
4 '» 


or 


M,=^b,  +  ^,  iJ/,,         where  ^  =  +  M"^' 
4  '« 


In  similar  manner, 


u 


4 


» 


4 


2^ 


4 


where  ^^  =  +  '-^-pL  +  2  ^.  '-^J^, 

where  ^.  =  +  '«  T  *-  +  2  ^  -^'  +  <>.  f, 
where  *,  =  H 7 h  2  *.  — r  *,  ^, 


or  generally 


2/ 


4 


where  ^,„  =  + 


^m*  -  2  +  An  -  1 


+  2^m  - 


/«..  +  /. 


m  -1 


^m  -   1 


+  *«- 


*m  -» 
^m  -1 


Inserting  the  value  of  M^,  as  given  by  equation  (2),  we  have 


This  is  the  formula  given  on  page  179  of  the  Text. 

General  Formula  ;   all   Spans   Different,   all  Supports  out  of  Level  ;    Constant 
Moment  of  Inertia.* — The  general  theorem  of  three  moments,  already  deduced,  is,  Eq.  (8), 

For  all  spans  loaded  and  ail  supports  out  of  level,  we  have  the  series  of  equations 

2-'^,  (A  +  /,)  +  MJ,  =  +  K,  +  /J,  +  ^, , 
iVy.  +  2M,  (/,  +  /,)  +  vJ//,  =  +  K.  +  ^.  +  ^„ 
MJ,  +  2M,  {/.  +  O  +  MJ,  =  +  K.  +  ^.  +  .ff. , 


^..,/,.,  +  2i/^.  (/..,  +/.)  =  +   K.  +  //.  +  ^..,. 


►  .      .     .     (a) 


J 


*Thc  method  of  demonstration  here  given  was  first  used  by  C.  H.  L\niX^nhcr%tr,  Journal  of  Franklin  Institute, 
December.  1888, 


y 


\ 
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Multiply  the  first  of  equations  (a)  by  ^,,  the  next  by  ^,,  etc.  Arrange  the  products  according 
to  the  coefficients  of  M^^  J/,,  etc.,  and  add  the  resulting  equations,  and  we  have 

[2^(A  +  ^,)  +  V.]^,  +  [V.  +  2^(/.  +  /.)  +  V.]^.  + 

+  l^.-l/.-l  +  2^.  (/,.!  +  QW^  =  +  i1  n  +  ^.  +  Br.,)br. 

If  we  give  such  values  to  the  multipliers  ^,  that  the  coefficient  of  every  M  shall  be  zero,  except 
the  coefficient  of  M^,  we  shall  have 

M^^^  "^^ y ; (2) 

where 

it  is  required  to  find  the  values  of  b.     The  coefficient  of  any  M  in  general  is 

Z,  =  ^._i/,_»  +  2^.  (/_i  +  A)  +  i^.+i/, (4) 

For  all  values  of  n  less  than  w,  the  values  of  r,  already  found,  page  295,  will  make  the  coef- 
ficient of  M^  equal  to  zero.     We  have,  then,  for  «  <  w  or  ==  »i,  b^  =  c^. 

Now  the  values  of  //,  already  found,  page  347>  are  counted  from  the  bottom,  and  ^•_«  +  s  corre- 
sponds, therefore,  to  the  same  place  in  the  series  as  ^,.  These  values  of  d  make  the  coefficients  of  M 
zero  also.  But  d^  has  been  assumed  equal  to  i.  If  it  were  taken  equal  to  2,  all  the  ^s  would  be 
twice  as  great ;  if  3,  three  times,  etc.  If  then  we  take  it  equal  to  ^„  every  d  will  be  b,  times  greater, 
and  instead  of  ^«  _« +  1,  we  shall  have  ^X-»-Kt-     Hence  b^  =  ^^,_»^.„  for  n  =  myOr>  m.     But  when 

n  =  m^bn  and  Cm  are  identical.     Hence  c^  =  b/i,^^^  1,  or  b,  =  -z — - — .     Substituting  this  value  of  b^ 

»•—■•  +  • 

we  have,  when  n>  m. 


bn  =  J — - —  ^/.-«  +  J. 


We  have,  therefore,  from  (3), 


»#  —  «  +  « 


.     .     •    •     .     (6) 


From  the  law  of  the  multipliers  r  and  </,  page  346,  we  have  also, 

</.-«  +  i/m-i  +  2^,_^^ ,  (4_i  +  4)  •\-  d,_^j^J^  =  o 
Subtract  the  first  of  these  from  (5),  and  we  have 

~j  — c^a,-.^  +  i      ^«  +  i^#— w+j \7) 

Multiply  the  first  of  equations  (6)  by  ^,_«^,,  and  the  second  by  r«»,  and  subtract,  and  we  have 

/«-!    (<^ii.-l^.-«.  +  «  —  ^»</.-»  +  t)   +  /»  (^•,  +  l^,-»  +  «  —  ^m^^-m-l-l)   =  o  .        .        .         .        (8) 

Comparing  this  with  (7)  we  see  that  the  first  term  is  equal  to  Z^^id,^^^i,  and  the  second  term 
is  —  £;„</,_  „  +  t.     We  have,  therefore,  the  general  relation 


/' 
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Since  this  relation  holds  generally,  we  may  write 
Hence,  we  have 

ir-^.-.i.  =  ir. (lo) 

From   (lo)  and  (7)  we  have  at  once, 

-2',  =  r«,//,_,„  + 1/«  —  r,»  ^i</,_^4-i/«, (11) 

and  this  value  of  Z,  holds  good  generally  for  any  value  of  ///. 

If  we  make  in  (i  i)  //i  =  j  —  i,  we  have  Z,  =  c,^xl,-i  —  c44»^\^ .  Since  we  have 

d%— \J^}—  V^  we  have  by  substitution,  Z,  =  O-i/.-i  +  2r,  (/...i  -h  /,). 

Again,  if  we  make  w  =  2  in  (i  i),  we  have  Z,  =  </*_i/j  —  c^dj^.     Since  we  have 

rj  = ^^ — -^  we  have  by  substitution,  Z,  =  </,-i/|  4-  2</,  (/j  +  /,), 

Again,  if  we  make  /«  =  j  in  (11),  we  have  Z,  =   -  r,  ^  1/,.     If  we  make  w  =  i  in  ( 1 1),  we  have 
Z,  =  —  ^,  +  1/1.     Any  of  these  values  of  Z,  may  be  used. 

If,  now,  we  insert  in  (2)  the  value  of  Z^  given  by  (10),  we  have  for  the  moment  at  any  support, 

^/._.  , ,  :^{Y.  +  Ar  -^  Br-x)  br 

^-  =  + '^^z. 

where  ^r  =  ^r  as  long  as  r  is  less  than  /«,  or  equal  to  «i,  and  K  =  -1 ^.-r . «,  where  r  is  greater 

thiin  ///. 

We  can  therefore  write  finally  for  the  moment  at  any  support  in  general, 

M^=+ ~^7  +-^^i^^i •     •     (A) 

where,  in  general,  Z,  =  c^d^^^^i/^  —  <r«^i^,-m4 Vm-     The  values   most   convenient   for  use*   are 
Z,  =  r,_i/._i  +  2^.  (/,_i  +/,)  =  —  r. ,  ,/,  =  fl^._i/,  4-  2(/,  (/,  +/,)  =  -  d^ .  /,. 

Any  of  these  values  of  Z,  may  be  used.    The  values  of  Fr,  Ar,  and  -5^  have  already  been  given, 
as  also  the  values  of  r  and  d.     We  repeat  them  here  for  convenience  of  reference. 

For  concentrated  loads.  A,  =  ^P^*  (2>t,  -  3>p,  +  >^)  ;  Br  =  ^PJr  {K  -  J^). 
For  uniform  loading,  A,  =  Br  =  -  wji, 

4 


y;  =  tEI  P-^  ~  ^-  +  hr.,--hr\ 


rj  =  o,  r,  =  I,  r,  =  —  2  — - — ,  <:*  =  —  2Ct— r,      r.  =  —  2r„_, Cn^t  7 — , 

,           ^^                   »                       '»   "^   t»  —  \      J                      ,/,  _!   +  /,  — t          J  ^*  —  \ 
^1  =  O,  «i  =    I,  «•  =    —   2  — ^—  ,  d^,  =  —  2</s //,  I , 

««  =  —  2«ii-l  7 «»-«  7 . 

*•  —  iit«  *•  —  •  +  ! 

/     For  the  shear  at  the  left  support  of  a  loaded  span, 


r 

i   *  The  equality  of  these  values  was  first  pointed  out  by  C.  H.  Lindenbergcr,  Jour,  of  Irankliti  Insi.,  Dec,  iSSS. 
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at  the  right  support  of  a  loaded  span, 

o  r+1  —  -; r  ^  n 

If 

where,  for  concentrated  loads,      ^r  =  ^'A(i  —  ^r),    /r  =  ^Prkry 
and  for  uniform  loading,  qr  =  g  r  —  -iVrir- 


For  unloaded  spans. 


^m  —  7  »  *^  «»  —  1  • 


The  formulas  of  page  351  are  all  that  are  needed  for  the  complete  solution  of  any  case  of  con- 
tinuous girder  for  constant  moment  of  inertia. 

We  give  in  the  following  pages  a  series  of  examples  illustrating  the  use  of  the  general  formula 
(A),  which  includes  all  the  special  cases  hitherto  discussed. 

I .  Let  all  the  spans  be  equal  and  unloaded.    Find  the  moment  at  any  support  «,  due  to  a  change  of 

level  of  that  support, 

Y 

Here  the  numbers  c  and  d  are  identical,  B  and  A  are  zero,  also  y«_i  =  K,  +  i  = ^,  and  all 

2 

other  K's  are  zero. 

From  (A)  we  have  for  the  moment  at  any  support  w,  on  the  left  of  «,  or  when  n  is  greater 
than  m, 

^ft  *  H  r  1^  "1 

Since,  for  all  spans  ecjual,  we  have  c,.n^^  =  —  4^,_«,2  ■"  ^»^i«+i»  we  have,  after  inserting  this 
value  of  ^,_K+3>  and  the  value  of  Fi,  =  6El\  , "-  L 

when  //  >  ;//, 

1/"    —  —  3^^^i^H-\  "~  h^)  ^>w^j-i,f3 

which  is  the  equation  given  on  page  184. 

For  the  moment  at  the  support  //  itself,  we  have,  from  (A), 

c  Y 

But  from  (11)  we  have  Z,  =  —  0+1/ =  r„.i</,_«4.2/ —  r«^,-«+3/.     The   second  term,  therefore, 
reduces  to     ".     Reducing  as  before,  we  have, 
when  w  =  «, 

-,     __  (iEl{hn  —  hn-i)     ,    ^6EI{hn  —  hn-l)  CnC,.ni4 

J^m  — 71 1 ; — 71 . 


\ 
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For  the  moment  at  any  support  on  the  right  of  «,  we  have  m  >  n^  and  from  (A), 


2^,4-1/ 


(  +  Cn-\  —   2^^  +  ^n+l)- 


Since  r,,^^  =  —  4^„  —  Cn^i,  we  have,  after  inserting  this  value  of  c^^i^  and  the  value  of  F«, 
when  n  <  m^ 

This  equation  is  given  on  page  184. 

If  the  spans  are  all  different  we  have,  from  (A),  for  the  moment  at  any  support  on  the  left 
of  «, 

Putting  for  F„,  Fn-i,  K»+i,  their  values,  and  remembering  that  h^^i  —  K^  A»+i  —  ^.,  we  have 
when  n  >  m^ 

^"•"'  ^.+l/l  L  /n-.  ^  In  S 

For  the  moment  at  the  support  n  we  have, 
when  n  -=■  m^ 

For  the  moment  at  any  support  on  the  right  of  n  we  have, 
when  n  <  m. 

These  formulas  are  given  on  page  184. 

2.  Find  the  general  formulas  for  a  continuous  beam  of  two  spans. 
Here  J  =  2,  and  we  have,  from  (A), 

For  concentrated  loading,  ^,  =  2P^  (i  -  /J,),  ^',  =  2P^k^,^,  =  2^,(i  -  >^,),  /,  =  -S'PA- 
For  uniform  loading,  ^,  =  ^',  =  h^^J^ ,  ^'  =  ^"  =  ^V*. 

These  formulas  will  solve  any  case  of  two  spans.     For  example: 

A  plate  girder  is  continuous  over  three  supports^  /,  =  30  feet^  /,  =  50  feet^  the  supports  being  all 
on  level.  The  uniform  load  per  foot  in  the  first  span  is  «/,  =  3000  Ibs.^  in  the  second  w^  ==  35©  ^^^' 
What  are  the  moments  and  reactions  ? 

Since  the  supports  are  all  on  level,  F,  =  o  =  K,  =  F,,  and  we  have. 

In  the  present  case. 

4  4 

Hence, 

jLf  ^    ^    «^»A'+«V/   _    ,    3000  X  30'  +  .^50  X  50'  _ 

^.  -  +     8(/,  +  /.)      "  + 8(30  +  so) +  ^94921.875  foot  lbs. 
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We  have,  therefore, 

S\^  +  ^«  +  !^>  =  +  51497.39  lbs.  5,  =  +  ^.  +  ?^.  =  4.  12648.44  lbs. 

i?,  =  *S",  +  5,  =  +  64145.8  lbs. 

3.  If  the  centre  support  is  lowered  3  feet  below  the  level  of  the  others^  what  are  the  moments  and 
reactions  ?     Let  E  =  24000000  lbs,  per  sq.  in,  and  I  =  53400  for  dimensions  in  inches. 

Since  j  =  2,  we  have,  from  (A),  Af^  =  o,  Af^  =  o. 

Since  the  centre  support  is  lowered,  h^  {^greater  than  h^  and  ^„  and  we  have  >i,  —  /i,  =  A,  —  h^ 
=  —  3  feet.  If  we  take  the  span  in  feet  and  w,  and  «/,  in  lbs.  per  foot,  we  must  take  /in  feet  and 
E  in  lbs.  per  sq.  foot.  We  must  therefore  divide  the  value  of  /  given,  by  12*,  and  multiply  the  value 
of  E  by  144,  or  divide  the  value  of  -£"/,  as  given  by  144.     We  have,  therefore, 

3000  X  30'      35Q  X  5Q'  _  6  X  24000000  X  53400  /^       3^\ 

^.  -  + 2  (30  +  50) ^  "  53205078.125  ft.  lbs. 

i?»  =  ^.  =  -  ^'  +  ^  =  +  1818502.6  lbs.        i?.  =  5'.  =  -  ^«  +  ^«  =  +  1072851.56  lbs. 

/,  2  /,  2 

^,         .  iff,   .  w.L  «        ,  ii_  01    -^i  .  '^J* 

S\=-\--f^'T  1728502.6  lbs.  5^  =  +  _«  +  ^«.«  =  «  1055351-56  lbs. 

^,  =  5',  +  5,  =  -  2783854.16  lbs. 

If  the  second  support  were  3  feet  below  the  first  and  3  feet  above  the  third,  we  would  have 
^,  —  A,  =  —  3,  and  ^,  —  ^,  =  +  3.     So  for  any  differences  of  level. 

4.  How  far  must  the  second  support  be  lowered  in  order  that  the  moment  may  be  zero  ? 
Since  supports  i  and  3  are  on  level,  A,  —  ^,  =  ^,  —  A,.     Since  M^  =  o,  we  have  from  (A), 

_    I    __4 4 L-      A ^«      J  _ 


or, 


«  (A  +  /,) 


Inserting  numerical  values 

k  -h  -  -  3000  X  30*  X  50  +  350  X  50*  X  30  _ 

'*'   ''•  -    24  X  24000000  X ii^;^ — ~T ~  ~ °°°^5    ""  ~ °°^^ *"*'''• 

J^^^  (30  +  50) 

Therefore  a  sinking  of  the  second  support  of  only  0.05  inch  is  sufficient  to  make  Af^  zero. 
In  this  case  we  have 

-ff.  =  -5.  =  ^  =  +  4SOOO  lbs.  iP.  =  5'.  =  +  ^'^^  =  +  8750  lbs. 

5',  =  ^' =  +  4SOOO  lbs.  .S.  =  ?^' =  + 8750  lbs.  ^,  =  5',  +  .S.  =  +5375olbs. 
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5.  How  far  must  the  second  support  be  lowered  in  order  that  the  pressure  on  the  second  support 
may  be  zero  ? 

Here  we  have 

^,  +  ^,  =  i^,  -  O,  or  +  y  +  —  +  y    +  - - 

or, 

il/,  = '  '  \    .   \  \ '-  =  -  1007812.5  ft.  lbs. 

From  the  general  value  of  M^  in  the  preceding  case  we  have 

Hence,  since  h^  —  h^  =  h^  —  ^,, 

24^/  (/,  +  /,) 

Therefore,  a  sinking  of  the  second  support  of  only  0.7  inch  is  sufficient  to  convert  the  two 
spans  into  one  long  span. 


;e.  =  s.  =  -^«+ ^=+78593.75  lbs.      ip.  =  5'.  =  -^  +  ^«  =  + 

/,  2  /,  2 


28906.25  lbs. 


S\  =  +^'  +  ^  =  +  11406.25  lbs.  5,  =  +^'+  —  =  -  11406.25  lbs. 

/,  2  /,  2 


iP.  =  ^'.  +  5,  =  o. 

If  the  spans  /,  and  /,  were  equal,  and  the  loading  «/,  and  «/,  equal,  we  would  have  at  once 

^,  —  ^,  =  ~  ^~p/t  or  ^^^  deflection  at  the  centre  of  a  span  2/,  as  should  be,  and  M^  = ,  as 

should  be. 

6.  //  we  have  a  concentrated  load  P^  =  90,000  lbs.  tn  the  first  span,  at  a  distance  — /,  from  the  left 

4 

end.  and  P^  18000  lbs.  at  a  distance  -  /,,  what  are  the  moments  and  reactions  ? 

2 

This  case  is  precisely  like  example  2,  except  in  the  values  of  A  and  B,     We  have  now  k^  =  -' 

4 

k,  =  '-,  A,  =  pj:  {2K  -  zK  +  *,')  =  I  />,/,',    B,  =  />,/.•  (*.  -  *.•)  =  i^  />./.'. 

From  (A)  we  find,  as  in  example  2,  M^  =  o,  J/,  =  o,  and 

•    ^  =»  (A + /.)• 

Inserting  the  values  of  A^  and  -^,,  we  find  easily, 

M 

M^=  +  224121.094  ft.  lbs.  ^^  =  5,  =  -  y^  +  7^,  (i  -  h)  =  +  60029.3  lbs. 


J/  A/ 

^.  =  -^'t  =  -  -T^  +  ^A  =  +  4517.58  lbs.  S\  =  +  —'-+  P^k,   =  +  29970.7 

J/ 

^,  =  +  /-  +  ^Ji  -  ^,)  =  +   13482.42  lbs,  ^,  =  5',  +  5,  =  +  43453-^2  lbs. 


lbs 
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7.  If  the  second  support  is  louder ed  3  feet  in  this  case,  we  have  simply  to  use  the  values  of  A^  and 
B^  for  this  case,  in  the  formulas  of  example  3,  and  we  find 

M^=  —  53175878.9  ft.  lbs.       -^j  =  5,  =  +  1840029.29  lbs.         ^j  =  ^j  =  -f  1072517.57  lbs. 

•S^,  =  —  1750029.29  lbs.  ^^  =  —  1054517.57  lbs.  R^  =  5',  +  .S,  =  —  2804546.85  lbs. 

8.  To  find  t/ie  distance  the  second  support  must  be  lowered  in  order  that  M^  may  be  zero,  we  pro- 
ceed as  in  example  4,  and  place  K,  -|-  A^  -}-  ^^  =  o.  Inserting  the  new  values  for  A^  and  -^,,we 
find  ^,  —  A,  =  —  0.01259  ft.  =  —  0.151 1  inch. 

9.  To  find  how  far  the  second  support  must  be  lowered  in  order  that  the  pressure  on  the  second  sup- 
port may  be  zero. 

We  have,  as  in  example  5, 

+  ^«  +  FA  +  ^  +  A(«  -  *.)  =  0.    .'.M,=  -  -P.^. V.  +  AO  -  k,)lA  ^  _  5^^625  ft.  lbs. 
We  have  also  from  (A), 

Putting  for  F,  its  value  F,  =  6£/\  -^ — ^  +  -^ — s    ,  and  remembering  that  h^—h^^h^—  h^y 

we  have,  after  inserting  numerical  values,  A,  —  A,  =  —  0.04577  ft.  =  —  0.55  in. 

^»  =  ^,  =  +  87187  5  lbs.  K,  =  S\  =  -\-  20812.5.     S\  =  +  2812.5.  ^.  =  -  2812.5.  K  =  o- 

10.  How  much  must  the  second  support  be  raised  or  loutered  in  order  that  the  reaction  at  the  first 
support  may  be  any  required  amount  ? 

We  have,  in   genLsal,  M^  =  Rf^  —  ^/,   where  ^,  =  P^^  ~  ^,)  for   concentrated   load,  and 

^,  =  — ^-^  for  uniform  loading. 
We  have,  also. 

Inserting  the  value  of  V^  and  remembering  that  ^1  —  ^  =  ^  —  A„  we  have 

._.___  [^.  -h  ^1  -h  2  (A  4-  /Q  (Ryl,  ~  q^l,)]  hU 
^'       ^~  6^/(/, +  /,) 

This  IS  a  general  formula  for  two  spans,  whatever  the  loading. 

If  we  take  -^1  zero,  we  have  the  amount  of  elevation  of  the  second  support  necessary  to  just  lift 
the  left  end.     For  concentrated  load  in  each  span,  we  have 

.  _  .    _  _  2{lr^h)lMJ^x"Pxi^-'ki)]-^Pt{^^''Zki'^kt)lil,^P^(k^^ki)liU 
^      ^  ■"  6EI  (A  4-  /.) 

Inserting  numerical  values,  ki  =  - ^kt=^-,  as  in  example  6^  and  making  .^1  =  o,  we  have 

4  2 

^  —  ^1  =  4-  O.IOII7  ft.  ==  4-  1. 214  in.     The  second  support  must  therefore  be  reused  r.2  in.,  in 
order  that  left  end  may  just  touch. 
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In  this  case,  we  have  ilf ,  =  +  /".(i  -  ^,)A  =  +  2025000  ft.  lbs.        R^  =  o. 
i?,  =  5^,  =  -  ^'  -^PJt^  =  -  31500  lbs.  •S'.=  +  y  + A*.  =  +  90000  lbs. 

5,  =  +  -^^  +  /»,  (i  -  *.)  =  +  49500  lbs.  je,  =  y,  +  5,  =  +  139500  lbs. 

II.  />/  tf  deam  of  two  equal  spans  have  a  load^  P^  in  the  first  span  ami  Ft  in  the  second  span^ 

each   load  being  at  the  centre  of  its   span.      Let  the  second  support  be  lowered  by  an  amount. 

iP  -^  P  )l* 
/i   —  >i  =  —  v__i_  L    _iZ_-.      IVhat  are  the  moments,  shears,  and  reactions  f 

In  this  case,  ^1  =  ^t  =  ~» '^«  ^  g  -^t^'»  '^^  ~  g  ^»^*» 

'  '  /  2  32  •  ■  /  2  32 

/  2  32  /       '       2  32 

^.  =  5'.  +  5.  = 'i<^^tA). 

32 

12.  A  beam  of  one  span  is  fixed  horizontally  at  the  right  end.  What  are  the  shears  and  moments  t 
Here  we  have  j  =  2,  /,  =  o,  ^,  =  o,  r,  =  i,  ^,  =  o,  ^,  =  i,  ^,  ==  —  2,  ^,  —  ^,  =  o,  ^4,  =  o  =^,, 

From  (A),   M,  =  o,  M,=  +  ^?l+J^  ,    ^,  =  «,    5.  =  -^-  +  9,,    if .  =  +  ^  +  ^.. 


For  ends  on  level  and  uniform  loading, 


wl 


K,  =  o,    B,=  '^^wr,    ^,=  +^,    i?,  =  5.  =  ?W,     5',  =  |W. 
For  ends  on  level  and  load  P  anywhere  in  the  span, 
M,^  +  -{k-  k%     For  P  in  centre,  >&  =  j,  and  M,  =  +  ^^,     S,  =  ^Z',     S\  =  ^A 
^^^ze;  /tfr  must  the  right  end  sink  in  order  that  the  moment  may  be  zero  t 
Here  we  have  M,  =  +  ^' ^  ^'  =  o,  or  K.  =  -  i?.  =  6EI  [^^'J. 

Hence^,  —  i*,  =  —  ^^,    -S,  =  f ,,     •^'s  = /,. 

n*l  wl^ 

If  the  loading  is  uniform,  5,  =  --  =  5*,.        ^^  —  ^^  = TWj* 
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For  concentrated  load  iS  =  -P  (i  —  ^)  5^,  =  Pk.         hx  —  h%  =- 7-7-7 . 

\  P  Pl*^ 

For  load  in  centre,  >t  =  - ,  and  5i  =  —  =  5^,.       ^,  —  ^,  = t-tt^. 

-^iC?w  far  must  the  right  end  rise  in  order  that  Si  may  be  zero  ? 

Here  -^+  g,  =  o,  or  ~  ^^-^  +  ^,  =  o,  or  K,  =  -  ^.  +  2^./'  =  6^/ [^^J. 

Hence  h^  —  ht  =  ^^'  ^^  '    .     i*/,  =  +  i^,/,  S\  =  g,  +  /,. 

If  load  is  uniform,  ^'1  =  ^1  =^  — »  ^i~  —  ,  ^1  —  ^1  =  ^nT/  » -^t  =  H >  '^t  =  ^^« 

/>/»f  2  —  tit  -I-  h*) 
If  load  is  concentrated,  /.  =Pk,g,  =  P{i'-  h),  B,  -  PP  (k  -  K"),  h.-  A.  =  ^Ij  > 

M^  =  +  P/{i  -  k\S\  =  Z'. 

13.  -^/W  /^  general  formulas  for  a  continuous  beam  of  three  spans. 
Here  J  =  3,  and  we  have,  from  (A),  Mx  =  o  =  M^, 

For  concentrated  loads,  q^  =  -2?P,  (i  —  kx\  q\  =  2/"/,,   f,  =  -2P,(i  - '^t),  /,  =  -2/^/,, 

For  uniform  loading,  q^  =  /,  =  -  «/,/„  ^ ,  =  /«  =  -  «'«^«»  q%  =  ^'i  =  "  «'>^«- 

222 

These  general  formulas  will  solve  any  case  x)f  three  spans. 

14.  i4  continuous  beam  of  four  equal  spans ^  all  supports  on  levels  has  the  second  span  uniformly ^ 
loaded.      What  are  the  moments  and  shears  ? 

wl* 
Here  we  have  K,  =  K,  =  K,  =  K,  =  o,    ^,  =  ^,  =  ^4  =  0  =-5,  =  Bt^B,,    A^  =  B^  =  — , 

4 

Also,  c^  =  d^  =  o,  r,  =  ^,  =  I,    r,  =//,  =  —  4,  r^  =  <  =  +  15,  r.  =  //.  =  —  56,  J  =  4,  r  =  2 

We  have,  therefore,  from  (A), 

Jlf,=o,M,  =  o,M,  =  -^  [A^,  +  B,d.]  =  +  U^,  M.=  -^  [A,c,  +  B^.]  =  +i^. 

a^t  224  ^»*  224 


a/  •-  -•  224 


r>        o  —      -^«—       ^^^^      c#         I  ^»         .   "W'^     o        Mt  —  Mt.  wl        .   iiiwl 

/  224  '     /  '     224  /  2  224 

^  _  Aft  "Aft    1  ^^  —    1    "3«'^  c  —  -^>  "  -^4        I   ^S"'^    <y  ^M^  —  Mt  i$wl 

/  2  224  /  224         *  /  242 

/  224   '         •  •  /  224 

15.  How  much  should  the  supports  be  lowered  in  order  to  make  all  the  moments  zero  f 
Here  we  have  the  conditions  (K,  +  ^,)  <  +  B^d^  +  K^  +  K/,  =0,   (K,  +  ^,)  c,  +  ^,r, 
+  K.^.+  K/.  =0,  (K,  +  ^.V,  +  ^.^.+  nr.  +  F/,  =  0. 
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Substituting  the  values  of  c  and  d^  we  find  i^  =  —  ^4,,  i^  =  —  i?,,  i  4  =  o  ;  that  is,  the  fourth 
support  is  on  level  with   the  third  and   fifth,  and  we  must  have  ^i  =  ^4  =  ^t.     Wo  have,  then, 

F,  =  6EI     — - — ^  +  -^—. — -     =  6-£7    — - — ■'   ,  and  hence  At  —  ^i  =  —  r>>»   'I'hc  minus  sign 

shows  that  the  third  support  is  below  the  second. 

We  also  have  Ft  =  ^^^     -^— 1 —  H 7 —      =  —  -^t-     Inserting  the  value  of  h%  —  k%^  we 

have  ^1  —  A,  =  —      *f.pr* — >  *^^  ^^*^  second^support  is  below  the  first. 

Let  /  =  50  feet,  B  =  24000000  lbs.  per  square  inch,  /  =  53400  for  dimensions  in   inches. 

r>r  24000000     X     C  ^400 

Then,  if  we  take  dimensions  m  feet,  £/  =  --^ ^  =  8900000000.     Take  «'i  =  3000 

144 

H)s.  per  foot. 

Then  At  =  —  =  1 18750000  =  ^„  and  Aj  ~  A,  =  —  0.226  feet  =  —  2.7   inches,    ^  —  ^ 

4 

=  —  0.1 13  feet  =  —  1.35  inches. 

In  order  to  make  the  moment  at  the  second  support  only  equal  to  zero,  we  have 

(r,  +  ^.)^4  +  i?.^s+  Y.d.  =  o,  and  K.  =  6£/  ['  ^^'^  ^'^],    K,  =  -  6^7  f-'-^'*?]. 
Hence, 

^1  —  A,  =  —  377^7=  ""  ^'^^4  »cet  =  —  3.4  inches. 

16.  ^  ^^tf«  continuous  over  seven  spans  has  a  load  in  every  span.     Find  the  moment  and  shear  at 
the  fourth  support. 

We  have  from  (A),  since  s  =^  t, 

-  h  t(n  +  ^.  +  i?;^  +  (K.  +  A,  +  £,)d,  +  (K,  +  ^,  +  ^.KL 


M,=  - 


^[(y.  +  ^.  +  A)^.  +  (F.  +  ^.  +^.)  ..  +  (K.  +  ^.  + A) <:«  +  (K. +  -<.  +  -»«) r.], 


-  ^  [( J'.  +  ^.  +  A)  ^.  +  {Y,  +  ^,  +  -ff.)  ^J. 


5,  =  ^'--^ 


S '  +  f«»    ^4  =  ^-^4(1  —  ^4)  ^or  concentrated  loads,    g^  =  ^^  for  uniform  load. 

*«  2 

Suppose  the  supports  are  all  on  level,  all  spans  equal,  /  =  80  feet,  and  only  the  first,  third,  and 
sixth  spans  are  uniformly  loaded,  with  a  load  a;  =  2  tons  per  foot. 

ThtnA,z^A=A^=A,=  o,    B,=  B^  =  B,  =  B,=  o,    j4,=^  A,=  A.=  — =  B,  =  B,  =  B., 

4 

c^  —  d^  —  o,    ^,  =  y,  =  I,    c^^  d^^^  ^    r,  =  <  =  +  15,     /-,  =  //^  =  -  56,    r,  =  ^,  =  +  209 
^1  =  ^i  =  —  7^f    ^,  =  ^,  =  +  291 1,    and  every  K  is  zero. 

^.  =  -  ^[i?/.  +  ^•.  +  ^•J  -  ^[.*/.  +  i?X]  =  +  7J:^*  =  +  788., 8  ft.  ton. 
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^»  =  ~  ^f^''^*  +  ^•^'  +  ^^^  ~  dj^^*"^*  +  '^•''•^  =  ~  Tll^*  =  -  38*55  ft.  tons. 
5^  =  +  14.63  tons. 

Suppose  the  supports  are  all  on  levels  all  spans  equal,  /  =  80  feet,  and  only  the  second,  fifth,  and 
seventh  spans  are  uniformly  loaded,  with  a  load  re/  =  2  tons  per  foot. 

wl* 
Then  ^,  =  ^,  =  ^,  =  ^,  =  o  =  ^,  =  ^,  =  ^,  =  ^.,     ^,  =  ^,=  ^,  =  "l-  =  ^,=  B^  =  B^, 

4 

^«  =  -  ^[^.^.  +  ^.^.]  -  ^i  [^.<  +  ^.'^.  +  ^y.]  =  -  ^^  =  -  382.55- 

.K  =  -  ^[A^,  +  i?^.  +  /f/.]  -  ^[A-^.  +  ^/.]  =  +  ^//^'  =  +  788.18  ft  tons. 

S^=  —  14.63  tons. 

Suppose  a  load  /*,  =  20  /owj  «'«  the  fourth  span  only. 

Here  all  K's  are  zero,  and  all  A's  and  ^'s  are  zero,  except 

A^  =  PJ\2k  -  3**  +  k\    B^  =  Py  (>i  -  *•),    and  we  have 

^^^-  ^[^'''l  "  it^'^^'l  =  +  ^^97*  -  i68>i'  +  71*'). 
M,=  -  ^lA,c,  +  B^cJ]  =  +  ^^^(26*  +  45*'  -  71*'). 

S,  =  I^  {jlh  -  2IXJ^  +  142*')  +/'(!-  *). 
29II  *•  "  ' 

Suppose  a  uniform  load  w  per  foot  over  the  whole  girder. 
Then 


or 


or, 


-  (A,  +  ^.)^.  -  (^,  +  ^.)^.] ; 


If  the  spans  are  all  equal,  /=  Zo  feet,  uniform  load  w  =  4000  lbs,  per  ft,  over  the  7vhole  girder, 
haw  far  must  the  fourth  support  be  lowered  below  the  level  of  the  others  in  order  that  the  moment  at 
the  fourth  support  may  be  zero  f 

wr 

Here,  we  have  M^  =  o,  h,  —  h^  =  h^  —  h^,  all  the  ^'s  and  A's  are  equal  to  - —  =^  A  ; 

4 

K.=o,     F.  =  o,     K.=  6^7[^-^],     y.  =  6^/[*-^^)]  =  -2y.. 


F.  =  6^7  [^i-^]  =  -  y. ,     K.  =  o. 
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Also,  since  ^  =  o,  we  have 
d^{Y^%-  2  Y^c^  +  A  (2^,  4-  2r,  +  2^4)]  +  ^4  [-  Kgfli  +  ^  (  +  2^4  +  2^  +  2^,)]  =  o. 

Hence  K,  =  6^7  [^^^^1  =  ^^  ^^^^  "^  ^^'  ""^'^^  ""  :J  ^'^^^  2^3 -h  20^.)  ^  _  g46gV'  ^^^ 

L  /  J  2^4^t   +    ^4^4  —   Ctd^  1395 

If  -£*  =  24000000  lbs.  per  square  inch,  and  I  =  53400  for  dimensions  in  inches,  Ai  —  ^4  =  — 
0.541  ft.  =  —  6.5  inches. 

11  „  A  beam  of  one  span  is  fixed  horizontally  at  the  ends.     What  are  the  end  moments  and  shears  f 

Here  J  =  3,  A  =0,  /|  =  o,   Bi  =z  Ai=z  Bt  =  A^  =  o.        ci  =  di  =  o,  ei  =  di=  1,   Ct  =  dt=  ^  a. 
We  have,  from  (A), 

•~  3/ 

^  /^  ^«</x  ar^  on  level,  K,  =  J',  =  o,  and 

3^  '  •  3^ 

-^<;r  concentrated  locul  and  ends  levels 

M,=zJ^Pl{k''2k'  +  k\        M,^+Fl{k'^k\        S^  =  P{i^:^k'  +  2k').    • 
For  uniform  load  and  ends  levels 

il/,  =  if/,  =  +  — ,         5,  =  — . 

12  2 

-^(^r  uniform  locul  and  ends  out  of  levels 

/^(MW  m»^A  ««»j/  the  left  end  be  lowered  to  make  5,  zero  t 
Here,  we  have, 

—^+  —  =  0,    or     y.-K.=  -_. 

Since  K,  =  —  K,,  we  have 

n  =  - -^^  =  6^/ [^-^].    „e„„,..-*.  =  --^^. 

-^iTW  /«i^^  must  the  left  end  be  lowered  to  make  M^  =  o  ? 

««"  -  '-F  -  rr  +  7  =  ->•  >'■  =  -''.•  """•  >-■  =  -  ^" = "^E^-]. 


PART  11. 


DETERMINATION    OF    DIMENSIONS   AND 

DESIGNING  OF  DETAILS. 


IL     DETERMINATION    OF     DIMENSIONS. 


CHAPTER   I. 

ULTIMATE   STRENGTH.— ELASTIC   LIMIT.— OLD   AND   NEW   METHODS   OF 

DIMENSIONING. 

In  Part  I.  we  have  learned  how  to  find  the  stresses  in  the  various  members  of  any 
framed  structure  due  to  the  action  of  assumed  outer  forces.  In  Chapter  VIII.  of  this  Part 
we  shall  see  how  to  estimate  the  intensity  of  these  outer  forces,  viz.:  snow  and  wind  load, 
live  and  dead  load. 

It  is  evident  that  having  then  properly  assumed  our  outer  forces,  and  then  having 
calculated  the  resulting  stresses  in  the  members,  as  directed  in  Part  I.,  only  one-half  of  our 
problem  is  solved.  The  other  half  is  to  properly  determine  the  cross-section  of  any  member 
in  order  that  it  may  resist  the  stress  that  comes  upon  it.  This  is,  in  fact,  the  most  impor- 
tant part  of  our  problem,  as  upon  it  depends  the  safety  and  efficiency  of  the  structure.* 

Its  proper  solution  requires  a  thorough  knowledge  of  the  strength  of  materials.  This 
is  in  itself  a  subject  for  special  treatises.  That  which  is  necessary  to  be  known  has  been 
given  in  the  Appendix,  Part  I.,  page  270.  We  shall  content  ourselves,  therefore,  in  the 
present  Chapter,  with  giving  the  results  of  the  best  modern  practice  as  regards  wood,  iron, 
and  steel,  referring  the  student  to  other  works  which  treat  of  the  subject  specially  for  fuller 
information.  This  part  of  our  problem  is  still  in  process  of  development,  as  our  knowledge 
of  materials  is  continually  being  increased  by  experiment,  and  the  student  will  therefore 
bear  in  mind  that  the  practice  of  to-day  may  be  modified  by  future  knowledge. 

Ultimate  Strength  and  Elastic  Limit. — The  smallest  quiescent  load  per  square 
inch  which  causes  rupture  of  a  member,  we  call  the  breaking  load,  or  the  ultimate  strength 
of  the  material. 

It  is  found  by  experiment  that  if  a  member  of  any  material  be  subjected  to  pure  tension 
or  pure  compression,  the  change  of  length  is,  within  certain  limits,  very  nearly  proportional 
to  the  load.  That  is,  a  double  load  causes  a  double  elongation  or  compression,  three  times 
the  original  load  causes  three  times  the  original  elongation  or  compression,  and  so  on. 

*  In  the  words  of  Theodore  Cooper,  '*  A  successful  bridge  engineer,  from  the  American  point  of  view,  mum  be 
something  more  than  a  mere  calculator  of  stresses.  That  is  the  most  elementary  part  of  the  duty,  and  does  not  romr 
within  the  province  of  designing.  After  the  selection  of  the  skeleton  form  and  relative  proportion  of  panels,  drptlm, 
and  widths  of  spaas  a  very  moderate  knowledge  of  mechanical  mathenraiics  would  enable  any  one  to  determine 
the  stresses  in  an  American  bridge.  He  must,  in  addition  to  his  knowledge  as  to  the  effects  of  varying  forms  and 
proportions,  have  a  full  knowledge  of  the  capacity  of  his  forms  and  their  connections,  and  also  of  the  practical 
processes  of  manufacture  and  erection.  He  must  know  how  his  design  can  be  made  and  put  together,  and  whether 
it  is  so  harmonized  in  all  its  parts  and  connections  that  each  part  may  do  its  full  duty  under  all  possible  conditions 
of  service. 

''  In  addition  to  knowing  all  the  elements  that  make  up  a  perfect  design,  he  must  have  the  instinct  of  designing 
or  the  power  of  adapting  his  knowledge  to  any  individual  case,  in  order  to  obtain  the  best  or  desired  result. 

"Then  experience,  observation,  and  a  sharp  competition  with  men  of  like  knowledge  and  instinct,  will  gWr 
bim  his  position  as  a  bridge  engineer. "— TVtfif/.  Am,  Soc,  C.  E.,  July,  1889. 
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This  law  is  not  exactly  true,  but  within  certain  limits  is  approximately  so.  Thus,  for  any 
material,  the  curve  denoting  the  relation  between  change  of  length  and  acting  load,  is  within 
these  limits  approximately  a  straight  line.  This  limit  is  called  the  "  elastic  limits  We 
may,  therefore,  define  the  elastic  limit  as  that  point  at  which  the  law  of  proportionality  of 
change  of  length  to  acting  force  ceases  to  hold  good.  (See  Part  I.,  p.  283.)  The  load 
corresponding  to  this  point  will  evidently  be  much  less  than  the  breaking  load. 

We  give  in  the  following  Table  a  few  mean  values  of  the  ultimate  strength  and  elastic 
limit  for  wood,  iron,  and  steel.  These  values  will  of  course  vary  considerably  with  the 
quality  of  the  material,  mode  of  manufacture,  etc.  In  any  special  case  the  only  reliable 
knowledge  for  the  engineer  to  build  upon  is  actual  experiment.  Such  values  as  we  give 
are  useful  only  for  preliminary  calculations.  Much  more  detailed  knowledge  may  be  found 
in  those  works  which  treat  specially  of  the  strength  of  the  materials,  as  well  as  in  the 
Appendix,  Part  I.,  page  270,  and  the  student  should  read  and  constantly  refer  to  the  speci- 
fications at  the  end  of  this  work. 


TABLE  OF   ULTIMATE  STRENGTH   AND   ELASTIC   LIMIT    IN    POUNDS   PER   SQUARE   INCH. 


Wood, 

Oak,  parallel  to  fibre. . . 

"       transverse  to  6bre . 

Pine,  parallel  to  fibre. . . 

**       transverse  to  fibre. 

Beech,  parallel  to  fibre . . 

**      transverse  to  fibre 

Iron, 

Cast  iron   

Wrought  iron 

Plate  iron 

Wire 

SrEEL. 

Soft  steel 

Plate 

Wire 

Hard 

Cast  steel — soft 

"       "         hard 

"       "        wire 


ULTIMATE  STRENGTH. 


Ccmp, 


10,000 

5»ooo 
8,600 
3,000 
9,400 

5,000 

100,000 
60,000 

43,000 


80.000 
70,000 


107,000 
143,000 


Tens. 


11,400 
700 

10,000 
640 

'4»300 
1,000 

18,600 
57.000 
47,000 
86,000 

71,400 
71,400 
130,000 
107,000 
114,000 
143,000 
160.000 


Shear, 


1. 140 
2.300 

860 
1,860 

940 


15,000 
45,700 
37,000 


57,000 
57,000 

85,700 

91,400 

114,300 


LIMIT  OF  ELASTICITY. 


Cotnpm 


2,570 


21,400 
20,000 
20,000 


28,600 
36,000 

38,600 
71,400 


Tens, 

3,000 
3,000 
2,300 


10,700 
20,000 
20,000 
31,400 

28,600 
36,000 
64,300 
38,600 
53.600 
95fOoo 


Shear. 


300 


300 


8,600 
16,000 
16,000 


23,000 
28,600 


30,860 
40,000 
76,140 


COKFF.  OF 
ELASTICITY 


1,070,000 


14,000,000 
28,700,000 
26,000,000 
31,300.000 

29,000,000 


32,000,000 
34,000,000 


43,000,000 


ALLOWABLE    STRESS    PER    SQUARE    INCH— FACTOR    OF    SAFETY.— The    elastic    limit 

marks  the  point  beyond  which  the  material  should  never  be  strained.  In  practice  the 
working  stress  should  be  well  within  this  limit,  say  i  or  |ds  of  it  at  most  for  quiescent  loads. 

When  this  limit  is  not  known,  it  is  sometimes  customary  to  take  a  certain  fraction  of 
the  ultimate  strength  as  the  safe  load  as,  for  instance,  ^th  or  {th.  In  such  case  we  call  5 
or  6  the  ^^  factor  of  safety''  that  is,  it  will  take  five  or  six  times  the  working  load  to  break 
the  member.  Evidently  the  ultimate  load  divided  by  the  factor  of  safety  ought  to  give  a 
result  well  within  the  limit  of  elasticity.  Also  we  may  evidently  take  this  factor  less  for  qui- 
escent loads  than  for  intermittent  and  oft-repeated  loading  accompanied  by  shock. 

If  a  is  the  allowable  stress  per  square  inch,  and  /i  is  the  ultimate  strength,  and  n  the 
factor  of  safety,  then  we  have 

/^ 
cr  =  — . 
n 


We  give  in  the  following  Table  the  factor  of  safety  n  according  to  good  practice : 
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TABLE  OF  FACTOR  OF  SAFETY. 


MATERIAL. 


Wood 

Cast  iron 

Wrought  iron. 
Iron  plate. . . . 
Ordinary  steel. 
Bessemer  steel 

Cast  steel 

Stone 


TEMPORARY  CON- 
STRUCTIONS. 


'6 

•    •    • 

3 


10 


BUILDINGS   IN 
GENERAL. 


BRIDGE  AND  ROOF 
CONSTRUCTIONS. 


9 
6 

4 
4 


•    ■    •    • 


20 


10 

7 


►    5  to6 


30 


MACHINES  AND 

STRUCTURES  SUB- 

JECT  TO  SHOCK. 


15 
10 


7  to  8 


^35 


We  have  accordingly  for  the  allowable  stress  in  pounds  per  square  inch  for  average 

materials,  o*  =  ^ ,  the  following  Table : 

n 

TABLE  OF  ALLOWABLE   STRESS  IN   POUNDS   PER   SQUARE   INCH. 


MATERIAL. 


! 


Direction  of  fibre. 


Oak 
Pine 
Cast  iron 

Wrought  Iron 

Iron  plate 

Iron  wire 

Ordinary  steel  (soft). 
Steel (hard). ....... 


TEMPORARY  CON- 
STRUCTION. 


Tens. 


1.860 
1,710 
4,300 


Comp. 


1,710 

1430 

10,700 


17,100  17,100 


Shear. 


210 

140 

3,40oj 

14.300 


BUILDINGS  IN 
GENERAL. 


Tens. 


1,300 
1. 143 

3,600 
14.300 
11,430 


Comp. 


1. 143 
1,000 

8,600 

14.300 

11,430 


Shear. 


143 
100 

2,860 

"430 
8,600 


BRIDGE   AND   ROOF 
CONSTRUCTIONS. 


Tens. 


Comp. 


1. 143 
1,000 
2,860 

11,430 
10,000 
17,140 
14,300 

21.430 
28,600 


1,000 

860 

7,140 

11,430 
10,000 

•    •   •  • 

14,300 
21.430 
28,600 


Shear. 


114 

86 

2,140 

9,140 

8,000 

•    •    •   • 

".43oi 
17,140 
23,000 


MACHINES   AND 

STRUCTURES    SUBJECT 

TO  SHOCK. 


Tens. 


860 

714 
1,860 

7,140 

4.300 

II  430 

10,000 

14,300 

20,000 


Comp. 


714 
600 

4.300 
7,140 
4,300 

■   •   •   • 

10,000 
14,300 
20,000 


Shear. 


86 

60 

1.430 

5»7io 
3.430 

•  •  •  • 

8,000 
",430 
15,71c 


Under  temporary  constructions  we  include  scaffoldings,  arch  centreings,  etc.,  as  well 
as  trusses  for  quiescent  loading.  Under  constructions  in  general,  such  structures  as  are 
subjected  to  but  little  shock  and  whose  load  can  be  exactly  determined. 

From  A  Mantial  of  Rules,  Tables  and  Data  for  Mechanical  Engineers,  by  D.  K.  Clark, 
London,  1877,  page  625,  we  extract  the  following: 

"  The  elastic  strength  of  materials,  cast  iron  excepted,  is,  in  general  terms,  half  of  its 
ultimate  or  breaking  strength.  For  cast  iron,  though  there  is  no  already  defined  elastic 
limit,  the  same  measure  may  be  adopted.  If  a  working  load  of  half  the  elastic  strength, 
or  one-fourth  of  the  ultimate  strength,  be  accepted,  equal  range  for  fluctuation  within  the 
elastic  limit  is  provided.  But,  as  bodies  of  the  same  material  are  not  uniform  in  strength, 
it  is  necessary  to  observe  a  lower  limit  than  a  fourth  where  the  material  is  exposed  to 
great  or  to  sudden  variations  of  load." 

Cast  Iron. — Stoney  recommends  one-fourth  of  the  ultimate  tensile  strength,  for  dead 
weights ;  one-sixth  for  cast-iron  bridge  girders ;  one-eighth  for  frame  posts  and  machinery. 
In  compression,  free  from  flexure,  according  to  Stoney,  cast  iron  will  bear  8  tons  per 
square  inch ;  for  cast-iron  arches,  3  tons  per  square  inch  ;  for  cast-iron  pillars,  supporting 
dead  loads,  one-sixth  of  the  ultimate  strength ;  for  pillars  subjected  to  vibration  from 
machinery,  one-eighth ;  and  for  pillars  subjected  to  shocks  from  heavy  loaded  wagons  and 
the  like,  one-tenth,  or  even  less  where  the  strength  is  exerted  in  resistance  to  flexure. 
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Wrought  Iron. — For  bars  and  plates,  5  tons  per  square  inch  of  net  section  is  taken 
as  the  safe  working  tensile  stress;  for  bar  iron  of  extra  quality  6  tons.  In  compression, 
where  flexure  is  prevented,  4  tons  is  the  safe  limit ;  in  small  sizes,  3  tons.  For  wrought- 
iron  columns,  subjected  to  shocks,  Stoney  allows  a  sixth  of  the  calculated  breaking 
weight ;  with  quiescent  loads,  one-fourth.  For  machinery,  an  eighth  to  a  tenth  is  usually 
practised ;  and  for  steam  boilers,  a  fourth  to  an  eighth. 

Mr.  Roebling  says,  **  Long  experience  has  proved,  beyond  the  shadow  of  a  doubt,  that 
good  iron,  exposed  to  a  tensile  stress  not  above  one-fifth  of  the  ultimate  strength,  and  not 
subjected  to  strong  vibration  or  torsion,  may  be  depended  upon  for  a  thousand  years.* 

Steel. — A  committee  of  the  British  Association  recommended  a  maximum  working 
tensile  stress  of  9  tons  per  square  inch.  Mr.  Stoney  recommends,  for  mild  steel,  a  fourth 
of  the  ultimate  strength,  or  8  tons  per  square  inch.  The  limit  for  compression  must  be 
regulated  very  much  by  the  nature  of  the  steel,  and  whether  it  be  unannealed  or  annealed. 
Probably  a  limit  of  9  tons  per  square  inch,  the  same  as  the  limit  for  tension,  would  be  the 
safe  maximum  for  general  purposes.  In  the  absence  of  experience,  Mr.  Stoney  recom- 
mends that,  for  steel  pillars,  an  addition  not  exceeding  50  per  cent,  should  be  made  to  the 
safe  load  for  wrought-iron  pillars  of  the  same  dimensions. 

Timber. — One-tenth  of  the  ultimate  stress  is  an  accepted  limit.  Timber  piles  hav^ 
in  some  situations,  borne  permanently  one-fifth  of  their  ultimate  compressive  strength. 

Foundations. — According  to  Professor  Rankine,  the  maximum  pressure  on  founda- 
tions in  firm  earth  is  from  17  lbs.  to  23  lbs.  per  square  inch;  and  he  says  that,  on  rock,  it 
should  not  exceed  one-eighth  of  the  crushing  load. 

Mason  Work. — Mr.  Stoney  says  that  the  working  load  on  rubble  masonry,  brick- 
work or  concrete,  rarely  exceeds  one-sixth  of  the  crushing  weight  of  the  aggregate  mass  ; 
and  that  this  seems  to  be  a  safe  limit.  In  an  arch,  the  calculated  pressure  should  not 
exceed  one-twentieth  of  the  crushing  pressure  of  the  stone. 

Ropes. — For  round  ropes,  the  working  load  should  not  exceed  a  seventh  of  the  ulti- 
mate strength,  and  for  flat  ropes,  one-ninth. 

Professor  Rankine  gives  the  following  data  as  factors  of  strength  : 

Dead  Load.       Live  Load. 

Factors  of  safety  for  perfect  materials  and  workmanship 2  4 

For  good  ordinary  materials  and  workmanship : 

Metals 3  6 

Timber 4  to  5  8  to  10 

Masonry 4  8 

A  dead  load  on  a  structure  is  one  that  is  put  on  by  imperceptible  degrees,  and  that 
remains  steady ;  such  as  the  weight  of  the  structure  itself. 

A  live  load  is  one  that  is  put  on  suddenly,  or  is  accompanied  with  vibration  ;  such  as 
a  swift  train  travelling  over  a  railway  bridge,  or  a  force  exerted  in  a  moving  machine." 

Allowable  Stress  for  Wrought-Iron  Bridge  Members. — Evidently,  the  allow- 
able stress  per  square  inch,  even  for  the  same  material,  must  be  varied  according  to  the 
mode  of  action  of  the  stress,  whether  quiescent,  or  intermittent,  etc. 

In  bridge  construction  the  quality  of  the  iron  used  is  carefully  covered  by  specifica^ 
tions  stating  in  detail  the  tests  it  must  satisfy.  We  refer  the  student  to  the  specifications 
at  the  end  of  this  work  for  information  as  to  current  practice  on  this  point. 

For  wrought  iron,  which  shows  an  ultimate  strength  of  52,000  lbs.  per  square  inch  and 
stretches  18  per  cent,  in  a  distance  of  8  inches,  the  allowable  tensile  stresses  adopted  by 
our  leading  railroads  are  about  as  follows :  \ 

•  Engineerings  August,  1867. 

t  Specifications  vary  in  these  valnes.    In  any  case  the  designer  must  be  goremed  by  the  specifications  adopted. 
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Tensile  Working  Stresses  for  Wrought-iron  Bridge  Members. 

cr 
Lbs.  per  square  inch. 

On  lateral  bracing 1 5,000 

On  solid  rolled  beams,  used  as  floor  beams  and  stringers 10,000 

On  bottom  chords  and  main  diagonals 10,000 

On  counter  rods  and  long  verticals 8-9,000 

On  bottom  flanges  of  riveted  floor  beams,  net  section 8,000 

On  bottom  flanges  of  riveted  longitudinal  plate  girders,  over  20  feet  long   . .   8,000 

On  bottom  flanges  of  riveted  longitudinal  plate  girders,  under  20  feet  long 7,000 

On  floor  beam  hangers  and  other  members  liable  to  sudden  loading 5-6,000 

The  allowable  compressive  stresses  are  as  follows  :  o" 

Lbs.  per  square  inch. 

On  rolled  beams  used  as  floor  beams  and  stringers   10,000 

On  riveted  plate  girders  used  as  floor  beams 6,000 

On  riveted  longitudinal  plate  girders  over  20  feet 6,000 

On  riveted  longitudinal  plate  girders  not  over  20  feet 5,000 

For  Steel,  see  Specifications  at  the  end  of  this  work. 

The  formula  for  Beams  will  be  found  on  page  295,  et  seq. 

Long  Members  in  Compression. — In  general,  when  the  length  of  a  member  is  more 
than  ten  times  its  least  dimension,  it  is  called  a  **long  member."  When  such  a  long  mem- 
ber is  in  compression,  it  is  subject  to  flexure,  and  requires  more  material  than  would  be 
necessary  for  the  compressive  stress  alone.  The  formula  in  general  use  for  finding  the 
ultimate  or  crippling  load  in  pounds  per  square  inch,  is  Rankine's,  as  deduced  in  the  Ap- 
pendix, Part  I.,  page  337  : 

P  S,       i 

■4  ~ ^^  j  P^''^  ^''  cross-sections  in  general 

I  +  ^    ,  ]  except  hollow  round. 

where  P\s  the  crippling  load  in  lbs.,  A  the  area  of  the  cro'ss-section  in  sq.  inches,  /=  length 
of  strut  in  inches,  and  r  =  least  radius  of  gyration  of  the  cross-section  in  inches.  This  for- 
mula is  a  modification  of  that  known  as**  Gordon s  formula," as  deduced  from  Hodgkinson's 
experiments  upon  long  struts,  and  is  intended  to  apply  in  general  to  all  forms  of  cross- 
section  except  hollow  round.  For  hollow  round  cross-sections  we  put  the  exterior  diameter 
d  in  place  of  r. 

The  value  of  the  elastic  limit  unit  stress  5,  depends  upon  the  material,  and  the  value 
of  c  upon  the  end  conditions  of  the  strut.* 

,^,  ,  P,  ,      J  Both  ends     One  end  flat. 

Thus  for  WROUGHT  IRON  ^^^^  ''''^''  pinned,     one  end  pinned. 

AND  STEEL,  S^  =  4OOOO,  C  =  ^i^^thT'  TyoTrO>  24I0O 

For  CAST  IRON,  the  crippling  strength  may  be  taken  at  twice  as  much  as  for  wrought 
iron. 

For  hollow  cylindrical  struts 

of  WROUGHT  IRON,       r  =  d,  5,  =  4OOOO,  C  =   ^^^^  y^,  ^^ 

of  CAST  IRON,  r  =  d,  5,  =  80000,  C=     j^,  ^,  T^ 

For  rectangular  struts 

of  WOOD,  r  =  d,        S,=    5600,         c=    ^^^,  ^,  t//. 


*  Other  values  will  be  found  in  general  specifications,  end  of  this  work.     The  values  given  here  arc  recommended. 
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Factor  of  Safety  for  Long  Struts. — The  preceding  formulas  will  enable  us  io 
find  the  "  crippling  strength"  in  pounds  per  square  inch,  for  struts  of  any  cross-section  and 
length,  of  wood  or  iron. 

In  practice,  only  a  portion  of  the  crippling  strength  is  taken  as  the**^<2/>  stress.'* 
This  portion  is  called  the  ^*  factor  of  safety^  For  quiescent  loads  (buildings,  etc.),  this 
factor  is  taken  at  4  for  wrought  iron  and  steel  and  6  for  cast  iron  and  wood  struts. 

For  variable  loads  (bridges,  etc.),  a  sliding  factor  of  safety  is  used  equal  to  4  -f  — -^ 
for  all  WROUGHT  IRON  Struts  of  any  cross  section  except  hollow  round,  and  7  H -y  for  all 


20  d 


CAST  IRON  struts  of  any  cross  section  except  hollow  round. 


For  hollow  round  cross  sections^  we  have  3  -I-  -^^^^-^  for  WROUGHT  IRON,  and  6  -f 


\od 


lod 


for 


CAST   IRON. 


For  WOOD  we  have  6  + 


\od' 


In  all  these  expressions,  /=  length  in  inches  and  d  =  least  dimension  of  the  rectangle 
which  encloses  the  given  cross  section. 

Special  Forms  of  Cross  Section. — The  forms  of  wrought  iron  column  in  general 
use  in  American  bridge  construction  are  as  follows : 


SQUARE  COLUMN. 


B  C 

PHCTNIX  COLUMN.       AMERICAN  COLUMN. 


COMMON  COLUMN.       COMMON  CHORD  5ECTI0W. 


•tti 


I 

4^ 


FiK.901 


^  zz:::^:^^-*^'^'^^^^ 


•«; 


FiK.201 


JKtiil 


fy/ 


aoi 


'/A 


^ 


I 


'mf>fln}>iA>fwwfr. 


I 

4 


'■'■'■"  j'j'--»* 


& 


^   t 


Fisr.SOl 
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For  these  forms,  the  following  special  formulas  have  been  recommended  by  C.  Shaler 
Smith  for  wrought  iron ;  where  d  is  the  least  dimension  of  the  rectangle  enclosing  the  cross 
section,  and  /  is  the  length,  both  in  inches. 
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The  pin  being  so 
placed  that  the  mo- 
ment of  inertia  is, 
as  near  as  practica- 
ble, equal  on  both 
sides  of  same,  use 
formula  for  square 
column. 


The  safe  working  stress  is  found  by  dividing  the  **  crippling  stress,"  as  determined  by 

the  above  formula,  by  4  H >,  where  /  is  length  in  inches,  and  d  is  least  dimension  of 

20  a 

enclosing  rectangle. 
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To  these  we  may  add,  for  open  latticed  channel  strutSy  consisting  of  two  channel  bars, 
latticed  at  sides,  the  distance  between  the  channels  being  not  less  than  their  depth : 

Flat  ends.  One  pin  end.  Two  pin  end. 

p_         385QQ  38500  38500 


4880  rf*  3260  rf^  2440  rf* 

also,  for  single  I  bars. 

Flat  ends.  One  pin  end.  Two  pin  end. 

n_         38500  38500  38500 

1+    .                     I-h ^  1  + 


172010^  I  ISO  11^  860  «;* 

where  w  is  the  width  of  the  flange  at  top  and  bottom. 

Old  Method  of  Dimensioning. — The  method  of  dimensioning  still  customary  with 
many  engineers  is  as  follows : 

Let  A  be  the  cross-section  of  the  member,  max.  5  the  greatest  stress  which  ever  comes 
upon  it,  and  cr  the  allowable  stress  per  square  inch.     Then 

max.  S 

A=i . 

a 

Max.  5  is  found  by  calculation  of  stresses,  a  is  taken  in  accordance  with  the  preceding 
remarks,  varying  with  the  action  of  the  stress,  whether  quiescent  or  intermittent. 

If  a  is  the  nth  part  of  the  ultimate  strength  of  the  piece  it  is  said  to  have  a  factor  of 
safety  of  //,  or  «-fold  security.  This,  however,  is  not  really  the  case  except  for  quiescent 
loading.  For  intermittent  loading,  especially  accompanied  by  shocks,  the  factor  of  safety 
is  really  less. 

The  above  method  gives  the  cross-section  for  pure  tension  or  pure  compression.     If 

a  member  is  sometimes  in  compression  and  sometimes  In  tension,  it  is  customary  to  take 

the  area  equal  to  the  sum  of  the  area  which  would  be  required  for  each  stress  separately, 

max.  tens.  +  max.  comp.  . ,    ,    ,  ,        .  ,  ,         , 

or  -^  =  — — ■ provided  the  member  is  so  short  that  the  compression 

docs  not  cause  flexure  as  in  the  case  of  long  struts.     In  this  latter  case  we  have 

max.  tens.    ,       max.  comp. 

A  = h 


column  strength* 


where  "column  strength"  is  to  be  found  from  the  formula  already  given  for  long  struts, 
viz. : 

P  1/5, 


A^      ,     I   /(     ,    P) 


20^ 

For  combined  flexure  and  tension  or  compression,  we  have  the  formula  deduced  in 
the  Appendix,  Part  I.,  page  313  : 

.     My  .  5 
A  =  — i^  H — , 

where  M  is  the  maximum  moment  due  to  flexure,  v  the  distance  to  outer  fibre  from 
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centre,  5  the  tensile  or  compressive  stress,  r  the  radius  of  gyration  of  the  cross  section, 
and  (T  the  allowable  working  stress  for  tension  or  compression  as  given  on  page  369,  or  as 
found  from  the  formula  for  **  column  strength  "  according  to  whether  flexure  is  to  be 
feared  or  not. 

New  Method. — We  have  called  the  method  just  explained  the  "old  method,"  not 
because  it  is  in  any  sense  antiquated,  for  it  is  still  used  by  many  if  not  most  of  our  best 
engineers,  but  in  order  to  distinguish  it  from  a  later  method,  based  upon  the  experimental 
results  of  Wohler  and  Spangenberg,  and  developed  mainly  by  Weyrauch,  Launhardt  and 
Winkler.  This  method  we  shall  therefore  call  the  "  new  method."  It  affords  a  more 
satisfactory  and  rational  means  of  allowing  for  the  effect  of  oft-repeated  stress  than  the 
**  old  method,"  where  such  allowance  is  made  simply  by  an  arbitrary  change  in  the  value 
of  cr,  which  resembles  a  gttess,  based  upon  experience,  to  be  sure,  but  liable  to  vary  con- 
siderably with  different  engineers.  In  1858,  Wohler  called  attention  to  the  necessity 
of  experiments  made  with  oft-repeated  stress,  in  order  to  obtain  a  more  rational  basis  for 
a  method  of  dimensioning.  In  the  years  1859-1870  he  made  many  very  careful  experi- 
ments, under  the  appointment  of  the  Prussian  Minister  of  Public  Works,  upon  tension, 
flexure  and  torsion.  In  these  experiments,  the  specimens  were  rapidly  strained  and  re- 
leased within  fixed  limits,  by  means  of  an  apparatus  driven  by  a  steam  engine,  and  the 
number  of  deformations  registered.  In  the  years  1871-1873,  these  experiments  were  con- 
tinued by  Prof.  Spangenberg  at  Berlin. 

From  these  experiments  the  following  conclusions  were  drawn  : 

1.  Rupture  may  be  caused  not  only  by  a  stress  equal  to  the  so-called  "  breaking  load  " 
once  and  gradually  applied,  but  by  a  very  much  smaller  stress  than  this,  if  it  is  often 
enough  repeated. 

2.  The  injurious  effect  of  repeated  vibration  or  change  of  stress  is  least  near  the  position 
of  zero  strain,  and  increases  as  the  deformation  departs  from  this  position  and  approaches 
the  allowable  limits  for  quiescent  load. 

3.  When  the  maximum  stress  is  less  than  a  given  amount,  depending  upon  the  ma- 
terial, rupture  will  take  place  only  after  an  infinite  number  of  repetitions. 

4.  This  given  amount  is  less  for  alternating  stress  (alternately  compression  and  ten- 
sion) than  for  repeated  stress  of  one  kind   only,  and  less  for  repeated  stress  of  one  kind 

only,  than  for  quiescent  stress. 

Launiiardt's  Formula. — Let  us  now  seek  to  determine  the  allowable  stress  a  per 
unit  of  area,  from  the  given  working  strength. 

According  to  Wohler's  conclusions,  the  number  of  repetitions  may  be  greater  the 
less  the  loading,  so  that  when  the  loading  sinks  to  a  certain  amount,  rupture  will  take 
place  only  after  an  infinite  number  of  repetitions.  If  then,  we  denote  the  stress  per  unit 
of  area,  for  which,  after  removal,  the  member  would  always  return  to  its  originally  unstrained 
condition,  by/,  then  /  will  correspond  to  the  unit  load  for  an  infinite  number  of  repeti- 
tions. If,  however,  the  unit  stress  is  greater  than  /,  then,  for  an  infinite  number  of  repe- 
titions, the  member  will  not  continue  to  return  to  the  unstrained  condition,  but  will  have 
eventually  a  certain  set  or  residual  strain.  Such  a  stress,  greater  than  /,  which  would 
therefore  eventually  cause  rupture,  if  applied  a  sufficient  number  of  times,  we  call  the 
** crippling  stress,"  and  denote  it  by  Cy  while  the  stress/  we  call  the  "primitive  safe  stress," 
"safe,"  because  it  admits  of  an  infinite  number  of  repetitions,  and  "primitive,"  because  at 
«ach  repetition  the  load  is  wholly  removed  and  the  piece  returns  to  its  primitive  ^unstrained 
condition. 

Now  let  the  "crippling  stress"  ^,  as  above  defined,  consist  of  two  parts,  a  portion 
p  which  always  acts,  and  which  we  may  call  the  "  residual  stress,"  and  a  portion  s  which 
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may  be  repeated  an  infinite  number  of  times  without  rupture,  the  piece  after  each  repeti- 
tion returning  to  the  residual  stress.  We  may  then  call  s  the  "  safe  stress  "  simply,  while 
/  is  the  "  primitive  safe  stress."     Then  we  have  the  relation  j  =  ^  —  p,  and  hence, 

c  =  s  +  p (I) 

We  see  then  that  the  crippling  stress  c  is  some  function  of  s,  or  in  general, 

c  =^  ksy (2) 

where  k  denotes  some  unknown  coefficient. 

In  order  to  determine  ky  we  have  for  the  Hmiting  values  of  Cy  when  the  residual  stress 
p  =  o,  ^=^  =  j;  when  the  difference  j  =  o,  ^  =  p  =  /i  =  ultimate  strength  for  quiescent 
load. 

Thus  ultimate  strength  and  primitive  safe  strength  are  special  cases  of  working 
strength. 

Since  now,  for  j  =  o,  ^  =  /i,  we  see  from  (2)  that  for  this  limit,  >t  =  00 .  Since  also  for 
5  =/,  we  have  ^  =  j,  we  see  from  (2)  that  for  this  limit  k  =z  i. 

These  conditions  satisfy  perfectly  the  expression  wh>ch  Launhardt  gives,  viz.. 


k  = 


^l^-  P 


fX-C 


This  expression  we  have  still  to  test  by  experiment  for  intermediate  values,  of  course, 
before  we  can  accept  it  finally  as  correct.  Assuming  its  correctness  at  present,  we  have 
from  (2) : 


c  =  ^- — -<- J. 


Or  putting  for  s  its  value  from  (i) : 


Reducing : 


=4'+^'f) « 


If  we  denote  by  const.  5  the  constant  and  by  total  5  the  total  stress  on  the  member, 
then  we  have  evidently 

p  __  const.  5 
7  ~  total  5  * 

and  hence  the  crippling  stress 

^L    ^      P       total  5  J ^^^ 

This  is  Launhardt's  formula.  We  see  from  equation  (i)  that  it  manifestly  holds  good 
only  for  the  case  where  min.  5  and  max.  5  have  the  same  sign,  that  is,  only  for  repeated 
tension  or  repeated  compression.  Also  in  the  latter  case  it  is  understood  that  there  is  no 
tendency  to  flexure. 

The  value  of/  for  compression  has  not  yet  been  satisfactorily  determined.  We  there- 
fore take  the  values  of  ^  and  /  the  same  for  compression  as  for  tension,  a  practice  which 
seems  justified  by  certain  observations,  and  which,  as  regards  //,  has  always  been  the  custom 
heretofore. 
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We  have  yet  to  show  that  Launhardt's  expression  for  the  coefficient  k  holds  good  for 
intermediate  values  of  p  and  fx.  For  this  purpose,  we  solve  (3)  with  reference  to  r,  and 
obtain 


'=fV(i)' 


+  p(/^-/>)» 


where  we  must  have  +  before  the  radical,  because  c  must  be  positive  and  greater  than  p. 
According  to  the  method  of  loading  and  the  kind  of  material,  /i  and/  vary,  as  also  c,  for 
any  given  p.  Hence,  in  order  that  an  experiment  may  possess  any  value,  the  results 
must  all  be  obtained  in  the  same  manner  and  with  the  same  material.  The  results  best 
suited  for  comparison  are  beyond  doubt  those  obtained  by  Wohler  with  Krupp  cast  steel, 
and  it  may  be  said  for  Launhardt's  formula  that  it  agrees  excellently  well  with  them. 
Thus  Wohler  found  //  =  1,100  centners,/  =  500  centners,  hence 


c  =  250  +  V62,soo  4-  600  p. 

Below  we  give  the  comparison  of  the  formula  with  the  experimental  results  of 
Wahler : 

For  p  =      o  250            400  600             1,100 

c  by  experiment  =  500  700             800  900             1,100 

c  by  formula  =  500  711             800  900             1,100 

According  to  previous  views,  the  single  quiescent  stress  of  1,100  is  that  necessary  for 
rupture,  but  we  see  from  the  above  that  a//  stresses  down  to  500  may  cause  rupture^  if  re- 
peated  often  enough. 

Weyrauch's  Formula. — It  frequently  happens  that  a  member  may  be  subjected  to 
alternate  compression  and  tension.  Since  the  formula  of  Launhardt  no  longer  holds  good 
in  such  case,  we  must  deduce  one  which  does.  Such  a  formula  is  Weyrauch's.  Wohler 
has  shown  that  the  crippling  strength  is  much  less  than  when  the  repeated  stress  is  always 
of  one  kind.  He  has  also  investigated  the  case  in  which  the  opposite  stresses  are  equal. 
The  strength  in  this  case  we  call  the  "  vibration  safe  strength^'  and  denote  it  by/'.  Thus 
if  the  stress  in  one  direction  is  zero,  /'  becomes  /,  the  primitive  safe  strength.  Here  then 
are  two  limits  given. 

Let  now,  a  member  of  one  square  unit  cross-section  be  subjected  to  alternate  com- 
pression and  tension.  Then  for  any  value  c  for  the  greater  of  these  two  stresses,  there  will 
be  a  corresponding  value  c'  for  the  less,  so  that  for  the  greatest  number  of  alternations 
which  can  ever  occur  between  ±  c  and  ^  c\  the  material  remains  uninjured.  The  differ- 
ence of  the  stresses  is  then 

s  ■=  c-\-c\ 

\ (5) 

where  simply  numerical  values  are  inserted  without  regard  to  sign  or  character  of  stress. 

Now,  according  to  Wohler's  law,  c  decreases  as  s  increases;  and,  in  general,  r  is  a  func- 
tion of  s.     We  can,  therefore,  put 

c^ks (6) 

But  from  (5)  we  have 

when  ^'  =  o,         c  ^^  p  =^  s, 

when  c  =^  c\         c  =^  p^  =^  \s. 
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We  have  also,  from  (6), 

when  c  =: p^  >t  =  i, 

when  c  ^=-  p\  k  =  i. 

These  conditions  art  satisfied  by 


Ji  = 


2p  —  p'  —c' 

hence 

p-pf 


^-  2p-~p'  -  C^' 


or  since 


we  have 


If  now,  for  any  member,  max.  sS  is  the  greatest  stress  whether  of  tension  or  compres- 
i,  and  max.  5'  the  greatest  stress  of  the  opposite  kind  (less  than  max.  5),  we  have 


sioni 

c^      max.  5' 


c       max.  5' 
and  hence 

^r        />-/niax.  5^-]  ,  . 

This  is  Weyrauch's  formula.  All  quantities  are  simply  to  be  inserted  numerically 
without  reference  to  their  signs  before  insertion. 

The  primitive  safe  strength  is  /,  the  vibration  safe  strength  p\  and  c  the  crippling 
strength  in  the  direction  of  the  greatest  of  the  two  stresses,  max.  5.  Since  p  is  not  yet 
known  for  compression,  we  may,  as  in  Launhardt's  formula,  for  the  present,  use  its  value 
for  tension,  which  is  rather  too  small  if  any  thing. 

In  many  constructions,  the  alternations  occur  between  the  limits  c  and  c^  for  primitive 
stress  of  zero.  In  others,  we  have  a  previous  stress  of  p,  in  most  cases  due  to  the  dead 
weight.  However  we  may  conceive  it  to  be,  the  action  of  each  complete  alternation  must 
bje  similar,  nor  can  it  be  changed  by  the  long  continued  action  of  p,  which  lies  far  within 
the  elastic  limits. 

If  then  generally,  we  denote  by  </>  the  ratio  of  the  two  limiting  stresses  of  a  member, 
the  less  to  the  greater,  without  reference  to  sign,  our  formulas  become: 

For  repeated  stress  of  one  kind  only 


For  repeated  stresses  of  alternate  kinds 
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New  Method  for  the  Determination  of  the  Allowable  Unit  Stress. — As 

soon  as  we  have  determined  the  maximum  stresses  in  any  member  by  statical  calculation, 
as  detailed  in  Part  I.,  we  can  find  from  the  preceding  equations,  as  soon  as  the  proper  values 
of  //, /,  and/'  are  known,  that  stress  c  per  unit  of  area,  which  will  cause  rupture  only  after 
an  infinite  number  of  repetitions.  These  values  of  /^, /,  and /' for  various  materials,  will 
presently  be  given  in  the  Recapitulation  which  follows. 

It  must,  of  course,  be  understood  that  thus  far  flexure  has  not  been  considered,  that 
is,  all  struts  are  supposed  very  short,  and  the  equations  above  apply  therefore  to  pure 
compression  or  tension.  No  account  has  also  been  taken  of  those  prejudicial  influences 
which  do  not  admit  of  precise  estimation,  such  as  sudden  shocks,  impact  of  moving  loads, 
lack  of  homogeneity  of  materials,  action  of  the  atmosphere,  rust,  changes  of  temperature, 

etc.     Of  these,  impact  may  be  included  by  properly  modifying  the  values  of and 

P 

in  the  above  formulas,  and  the  others  may  be  allowed  for  by  means  of  a  factor  of 


safety. 

If,  then,  const.  5  is  the  constant  steady  tension  or  compression,  and  total  5  the 
greatest  total  stress,  and  ;/  the  factor  of  safety,  we  have  for  the  allowable  stress  o",  per 
unit  of  cross-section,  for  repeated  stress  of  one  kind  only, 

^^/fi    I   /^-/const.  5"]  - 

and  for  alternating  stress  of  opposite  kinds y 

,^/r_/-/max.5n 

n[_  p       max.  5 J  ^     ^ 

where  max.  S  is  the  greatest  stress,  whether  of  tension  or  compression,  and  max.  S'  the 
greatest  stress  of  opposite  kind,  less  than  max.  S.  That  is,  the  greatest  of  the  two  maxi- 
mum stresses  is  always  to  be  put  in  the  denominator. 

The  difference,  then,  between  the  old  and  new  methods,  is,  that  while  in  the  former 
a  portion  of  the  ultimate  strength  is  taken,  in  the  latter,  a  portion  of  the  "  crippling 
stress**  is  taken  as  the  allowable  stress.     This  portion  is  constant  for  the  new  methodi 


RECAPITULATION.^OLD  METHOD.  ^^^ 

and  the  allowable  stress  varies  according  to  the  action  of  the  repeated  loading,  while  to 
accommodate  the  old  method  to  such  action,  the  factor  of  safety,  or  the  allowable  unit 
stress,  is  rather  arbitrarily  chosen,  and  varies  greatly  in  individual  practice. 

New  Method — Application  to  Long  Struts.— The  method  just  given  applies  to 
pieces  in  pure  compression  or  tension,  but  does  not  take  into  account  the  extra  material 
required  for  stiffening,  in  the  case  of  long  struts.  This  may  easily  be  done,  in  a  method 
similar  to  that  adopted  in  the  old  method.     Thus  we  have  for 


,  .  .  (III.) 


repeated  compression^  taking  flexure  into  account^ 

allowable  stress  =  — ^.  =         ^  [i  +  '^^ .  ^-^^j 

and  for 

alternating  stress^  taking  flexure  into  account^ 

allowable  stress  =  -^,=  --A_[,_^^^'^gl|l],.     .     .     (IV.) 

where  max.  5  is  the  greatest  of  the  two  stresses. 

In  these  equations,  c  has  the  same  value  as  in  the  old  method,  /  is  the  length  in  inches, 
and  r  the  least  radius  of  gyration  of  cross-section  in  inches. 


RECAPITULATION- OLD    AND    NEW    METHODS  OF    DIMENSIONING.— VALUES 

OF  ^,     ^,  AND   ^^< 

OLD    METHOD, 

Let  A  be  the  cross-section  of  the  member,  max.  5  the  greatest  stress  which  can  ever 
come  upon  it,  and  a  the  allowable  stress  per  square  inch.  Then  for  simple  tension  or  com- 
pression, when  flexure  is  not  to  be  apprehended, 

-       max.  S 

A  = 

The  customary  values  of  a  for  the  various  members  we  have  to  deal  with,  for  simple 
tension  and  compression  (without  flexure),  are  given  on  page  369.  These  values  are  differ- 
ent for  different  members,  in  order  to  allow  for  the  effect  of  repetition,  shock,  etc. 

If  the  member  is  subjected  to  alternating  stress^  i.  e.,  sometimes  tension  and  sometimes 
compression,  then  if  flexure  is  not  to  be  guarded  against,  we  have 

^  _  max.  tension  -f-  max.  compression 
The  values  of  <r  being  taken  from  page  369. 
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If  the  member  is  so  long  that  flexure  has  to  be  guarded  against,  that  is,  in  general  when 
—  is  greater  than  30,  or-  is  greater  than  10,  we  have 

.  _  max.  compression  max.  compression      max.  tension 

^r  or  -^  I  -  , 

where  cr  is  as  before,  given  on  page  369,  and  cr,  is  given  by  Gordon's  formula. 


^.  =  - 

4  +  A'-. 


/  being  the  length,  d  the  least  dimension,  and  r  the  least  radius  of  gyration  of  cross-section 
in  inches,  and  yw  being  taken  as  given  on  page  369. 

For  a  member  in  longitudinal  tension  and  at  the  same  time  acting  like  a  beam  to  sup- 
port a  transverse  load,  we  have  (Appendix,  Part  I,  page  313), 

err'    '   (T 

where  cr  is  given  on  page  369,  5  is  the  longitudinal  tension  in  lbs.,  and  M  the  greatest 
moment  in  inch  lbs.  due  to  the  transverse  load,  v  is  the  distance  from  the  neutral  axis  to  the 
outer  fibre,  and  r  the  radius  of  gyration  with  reference  to  the  neutral  axis,  in  inches. 

For  a  piece  in  longitudinal  compression  and  at  the  same  time  acting  like  a  beam  to  sup- 
port a  transverse  load, 

flr,r«  ^  cr, 
where  5  is  the  longitudinal  compression,  and  cr,  is  given  by  Gordon's  Formula. 


NEW  METHOD. 

By  the  new  method^  we  have  in  all  cases, 

J,       max.  5  max.  5 

A  = or    

a  cr,      ' 

but  instead  of  the  values  of  cr  and  cr,  used  in  the  old  method,  we  have, 

For  repeated  stress  of  one  kind,  without  flexure. 


^Pr^i^—P  const^"] 
»  L    "^       p       total  5  J' 


For  repeated  stress  of  one  kind,  with  flexure. 


<r.=  -^ 


P  r,   ,   /^  — /  const.  5  "I 


The  values  of  -  and  ^  will  be  given  presently  (or  different  materiaLk     Const,  5 

b  the  steady  stress,  if  any,  acting  all  the  time  upon  the  piece :  total  S.  the  greatest  total 
stress  (imclMJiftg  const.  S  and  also  any  repeated  stress),  which  acts  upon  the  member* 

For  altimatimg  stress^  TcithoHt  flexure^ 

o-  —        I -r   . 

» L  /      max.  ^  ^ 

Far  alternating  stress,  with  flexure y 


■  /         W       /-/max.  6^n 


where  max.  S  is  always  the  greatest  of  the  two  opposite  maximum  stresses. 

For  a  piece  subjected  to  longitudinal  tension  and  at  the  same  time  acting  as  a  beam 
to  sustain  a  load,  we  have  as  before, 

.       Mr    .   S 

A  =  — -iH , 

err        <T 

or  if  subjected  to  longitudinal  compression, 

(T^r       cr, 
where  cr  and  cr^  are  as  just  given  above. 

The  values  of  r,  )w,  and  j^  in  all  these  formulas  have  been  given  on  page  369. 

r 

It  is  unnecessary  to  repeat  them  here.     Finally,  for  the  values  of  ~, ^,  and  ^- ^ 

to  be  used  in  the  7iew  method,  we  have, 

H  P  P 

Wood 400   2  \ 

*  Wrought  iron,  double  rolled  (links  or  rods),  in  tension.  75CX)  .....  i  

Wrought  iron  plates  in  tension 70CX)   i  

Wrought  iron  in  compression 6500   I  

Cast  iron icxxx)  \  

Ordinary  steel  (soft) 9530   \  

Soft  cast  steel 1 7870   i  

Iron  wire  rope 1 1400 3 

Steel  wire  rope 26700   i 

For  shear,  for  iron  and  steel,  we  may  take  \(t  as  the  allowable  stress,  where  (t  is  to  be 
found  as  above. 

♦  The  values  for  wrought  iron  are  those  adopted  by  Joseph  M.  Wilson,  C.  E.,  in  bis  specificationi.     **  Si^clfica* 
tions  for  Strength  of  Iron  Bridges,'*  Trans.  Am.  Soc.  Civil  Engineers,  June,  1886,  also  page  455. 


.'5 


38o 
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Prof.  Merriman  has  deduced  {**  Mechanics  of  Materials**  Wiley  &  Sons,  1885)  the   single  formula,  both  for 
repeated  stress  of  one  kind  and  for  alternating  stress  also, 


where  R  stands  for  the  ratio  of  the  least  limiting  stress  to  the  greatest  limiting  stress,  or  what  we  have  called 

r^r  for  repeated  stress  of  one  kind,  and  '—-^  for  alternating  stress,  only  regard  is  paid  to  the  character  or 

total  S  ^  max.  S  ^  *       j      b  r 

sign  of  the  stress.  Thus,  if  both  limiting  stresses  are  tension  or  both  compression,  R  is  positive  ;  if  one  is  tension 
and  the  other  compression,  R  is  negative.  With  this  understanding,  the  single  formula  of  Prof.  Merriman  replaces 
Launhardt's  and  Weyrauch's. 


To  apply  it  to  long  struts  we  have  simply  to  put 


p  p 

-7j-  in  place  of  — . 


'(■+<3 


The  values  of  the  coefficients  are  as  follows : 


«> 


»*+/'-'> 


Wood 400 f f 

Wrought  iron,  double  rolled  (links  or  rods,  in  tension) 7500     f i 

Wrought  iron  plates  in  tension 7000     } i 

Wrought  iron  in  compression 6500 }     \ 

Cast  iron loooo {{ ^ 

Ordinary  steel  (soft) 9530 J{ li 

Soft  cast  steel 17870 jj ^ 

Iron  wire  rope 11400 } } 

Steel  wire  rope 26700 i i 

The  Straight-line  Formula.— Instead  of  the  Rankine  formula  the  straight-line 
formula  (given  by  Thomas  H.  Johnson,  C.  E.,  Trans.  Am.  Soc.  C.  £.,  July,  1886)  is  often 
used.     This  formula  has  been  given  in  Part  I.,  page  335. 

It  is  as  follows : 


^      /  /j£         P  V  2i^     /-I 


P  . 

where  P  is  the  crippling  load,  A  the  area  of  cross-section,  so  that  -^  is  the  crippling  unit 

stress,  St  is  the  elastic  limit  unit  stress,  E  the  coefficient  of  elasticity,  /  the  length  and  r  the 
least  radius  of  gyration.     The  same  factors  of  safety  are  used  as  for  Rankine's  formula. 
The  values  of  n  as  given  Part  I.,  page  334,  are  as  follows: 


Two 
Pin  Ends 


5 
3 


One  Pin, 
One  Flat  End. 

5^ 


24/3 


Two  Flat 
Ends. 


Beyond  the  value  of  —  given  above  we  have  Euler's  formula  (Part  I.,  page  333). 
Hence 


For  -- 


P      n*Er* 
A~     P   ' 
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Mr.  Johnson  has  given  the  following  values  for  different  materials. 

JOHNSON'S  STRAIGHT-LINE   FORMULA   FOR  VARIOUS    MATERIALS  AND   END   BEARINGS. 

wrought  iron  =  4 


Factor  of  safety, 


quiescent  loading  \ 

I   variable  loading  4  +  -tj 


cast  iron  =  6 


/  =  length  in  inches,  d  =  least  dimension  in  inches,  A  =  area  of  cross-section  in  square 
inches,  P  =  crippling  load  in  lbs. 
5,  =  elastic  limit  unit  stress. 
r  =  least  radius  of  gyration  of  cross-section  in  inches. 

For  round  ends  n  =z  7t;  for  hinged  ends  n=^  ttV  -  ;  for  one  pin  one  flat  end  n  =  — 7=  ;  for 

flat  ends  n  =  ni^  -. 

2 


MATERIAL. 

• 

inlbe. 

in  lbs. 

SND 
BEARING. 

when-<«  V  V 

r                o# 

/=«^? 

P       M^Er* 

A  "    n 

when  -  >  «  V  -jr 

r                Sg 

Flat. 

—  =  42000  —  128  — 

A                               f 

218. 1 

P                          r* 
--  =  666090000  T| 

Wrought  Iron. 

27000000 

42000 

Hinged, 

P                                I 
-  =  42000  -  157- 

178. 1 

P                         r» 
-J  =  444150000  ^ 

Round, 

P                                I 

-T  =  42000  —  203  - 

A                              r 

138. 1 

P          ^^               r* 

—  =  266490000  -p 

Flat. 

P                               I 
-  =  52500  -  179  - 

195. 1 

P                            r» 
A       666090000^, 

Mild  Steel 
(Carbon  =0.12). 

27000000 

52500 

Hinged, 

P                               I 
-   =  52500  —  220  — 

1593 

P                           r« 
-  =  444150000  25 

Round, 

-  =  52500  -  284  - 

123.3 

P         ^^             r» 
—  =  266490000  rj 

( 

Flat, 

P       .                       I 
-  =  80000  -  337  - 

158 

P                           r* 
—  =  666090000  -= 

Hard  Steel 
(Carbon  0.36). 

27000000 

80000 

Hinged, 

P       0                      I 
—  =  80000  —  414  - 

A                                  r 

129 

P                           r» 

-  =  444150000^ 

Round, 

P        0                         I 
-  =  80000  -  534  - 

99-9 

-  =  266490000  ^ 

FUt. 

P           r.                               0     I 
-  —  80000  —  438  — 

A                                 r 

121. 6 

P                           r» 
A   =  394720000  j^ 

Cast  Iron. 

16000000 

80000 

Hinged, 

P        0                        ^ 
-  -  80000  -  537  - 

99-3 

P         ^                "^ 

-r  =  2632OOCOO  75 

A                          r 

1 

Round, 

P             0                           A     ^ 
—  —  80000  —  693  — 

77 

P                          r» 

-  =  157920000  ^ 

Oak. 

1200000 

5400 

Flat, 

P                            p  ' 
-=  5400-  28- 

128. 1 

P           ^          ^ 
-  =  29604000  y^ 
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Theodore  Cooper,  C.  E.,  has  adopted  the  straight-line  formula  in  his  specifications,* 
but  varies  somewhat  the  constants  employed. 

He  makes  the  limit  of  length  of  any  compression  member  45  times  its  least  width. 
Within  this  limit,  for  wrought  iron  he  gives  the  following  formulas,  for  allowable  compres- 
sion per  square  inch  of  cross-section. 

For  chords^ 

I 
a  =    8000  —  30  -  for  live  load  stresses. 


For  all  posts, 


For  lateral  struts 


a  =  16000  —  60  —  for  dead  load  stresses. 

r 


I 
<T  =    7000  —  40  -  for  live  load  stresses. 

/ 
a  =  14000  —  80  -  for  dead  load  stresses. 

/ 
c  =.  10500  —  60  -  for  wind  stresses. 


cr  =    9000  —  50  -  for  assumed  initial  stress. 


Parabola  Formula. — This  formula  (given  by  Prof.  J.  B.  Johnson,  Theory  and  Prac- 
tice of  Modern  Framed  Structures,  Wiley  &  Sons)  has  been  given.  Part  I.,  page  336. 
It  is  as  follows  : 


17  /       /^£     ^    c  r     s^  'n 


p 
where,  as  before,  P  is  the  crippling  load,  A  the  area  of  cross-section,  so  that  —  is  the  crip- 

pling  unit  stress  ;  5^  is  the  elastic  limit  unit  stress,  E  the  coefficient  of  elasticity,  /  the 
length,  and  r  the  least  radius  of  gyration  of  the  cross-section.  The  same  factors  of  safety 
are  used  as  for  Rankine's  formula.     The  values  of  n  are  the  same  as  already  given  for  the 

straight-line   formula.      Beyond  the  value  of  -   given   above  we  have   Euler's   formula. 

r 

Hence 

P      n^Er^ 


For  - 


/  I2E 


A      r 

Prof.  Johnson  has  given  the  following  values  for  different  materials : 


For  Wrotight'iron  Columns,  Pin  Ends,   ■< 


For  Wrougki'iron  Colutmis,  Flat  Ends, 


I  ^  P  r 

-<  ^70  -^=34000-0.67-. 

/_  P  __  4320ooooor* 

/  -  210  -^  =  34000  -  0.43-^ 


/  r  210    - 


P  __  675oooooor* 


> 


A  r 


*  General  specifications  for  Iron  and  Steel  Railroctd  Bridges  and  Viaducts,     1888,  Engineering  News  Publishing 
Company,  end  of  this  work. 


x£^^riri2Jir/<x\\S'£9r  mstjf^ik 


^s^ 


Fi9^  Jii2J  S:^  OiMmms^  Pirn  Emb. 


For  Cast  Irom^  Rumnd  Ends^ 


Far  Cast  Iron^  Flat  Eftds, 


For  White  Pine,  Flat  Ends, 


r 


At  MiU  SuH  Ctbumms,  Fltt  Ends,      4 


r 
I  _ 


P  T^ 

ISO    ^  =  4»»  -  cvc^r^. 

P     4s6xvxvvV 

,50     ;i=--;* 


->«90    .^  =  '—71-     - 


,  / 

r 


-<    70     -3  = 


P 
.-I 


/ 

r 


-  C    >>     -I  = 


P 
A 


6OCWO  -  *^'- 


/ 

r 


/» 


i:  I  JO       -:  =f<0000  — 


.•I 


4'* 


/  _ 

-  C  IJO 


/*     40CKXXXXXV' 


.■I 


/• 


For  Short-leaf  Yellow  Pine,  Flat  Ends,      ^  <    60     ^*  =  3^00  -    -^jf 


For  Long-leaf  Yellow  Pine,  Flat  Ends,       ^  ^ 


For  White  Oak,  Flat  Ends, 


P 

A- 


-:  r    60         i--  4000  - 


0.8/' 


5<  ^"^   j=-3S°°-  ,/. 


Merriman's  Formula.— This  formula  (given  by  Prof.  Mcrrimuii,  liMn^inetriNjf  Nfws^ 
July  19,  1894,  has  been  given,  Part  I.,  page  338. 
It  is  as  follows  : 


where,  as  before.  Pis  the  crippling  load,  A  the  area  of  cro8»-»cction,  ho  that  .  Im  the  crip- 
pling unit  stress;  5,  is  the  elastic  limit  unit  stress,  E  the  coefficient  of  clanticity,  /  the 
length,  and  r  the  least  radius  of  gyration  of  the  cross-section.  The  name  factors  of  Hafrty 
are  used  as  for  Rankine's  formula.  The  values  of  n  arc  the  same  an  already  given  for  the 
straight-line  formula. 

We  have  then  for  different  materials  the  following  formulae  : 

For  Wrought'iron  Columns,  Pin  Ends^      -    =  —  34«w^   _ 
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For  Wrought'iron  Columns,  Flat  Ends,     -  = -,i 


acxxxjr* 


For  Mild  Steel  Columns,  Pin  Ends, 


42000 


1  + 


/• 


io825r' 


For  Mild  Steel  Columns,  Flat  Ends, 


42000 


For  Cast  Iron,  Round  Ends, 


For  Cast  Iron,  Flat  Ends, 


For  White  Pine,  Flat  Ends, 


P_ 

A 

P 

A 

P 
A 


^   \JOO0r 
60OCX) 


1  + 


/' 


2400r 


6<x)00 


1  + 


/' 


6666r* 


_         2500 


1  + 


/' 


lOOOrf' 


For  Short-leaf  Yellow  Pine,  Flat  Ends,    -  = 


1    + 


3300 


iiSorf* 


For  Long-leaf  Yellow  Pine,  Flat  Ends,     - 


p  __      4000 


1  + 


/' 


1250^' 


For  White  Oak,  Flat  Ends, 


P 
A 


_        3500 


1  + 


logod* 


Tables  for  Long  Struts.— To  lessen  the  labor  of  computation  by  Rankme's  formula 

we  shall  now  give  a  number  of  tables,  from  which  we  can  find  for  any  ratio  of  -  or  -^  the 

crippling  stress,  in  accordance  with  the  formulas  already  given.  As  the  factor  of  safety  is 
given  by  itself,  and  the  crippling  strength  by  itself,  the  working  stress  for  any  desired  factor 
of  safety  can  be  obtained  if  desired.  The  tables  for  ** Square,"  **  Phoenix,"  "American," 
and  "Common"  columns  (page  388)  vvere  given  by  C.  Shaler  Smith  in  Trans.  Am.  Soc,  of 
Civil  Engrs.,  for  October,  1880.     Similar  tables  can  be.  made  out  for  Merriman's  formulas. 

The  values  of  71  or  j,,  to  be  used  in   the   formulas  for  the  new  method. 


I  +0 


i+^> 


r-  ■     d' 

may  be  easily  taken  from  these  tables,  by  dividing  the  crippling  strength  given  in   the 
table  by  the  value  of  /i  or  ultimate  strength  taken  in  any  case. 

The  straight-line  formulas  of  Johnson  or  Cooper  require  no  Tables,  are  easily  applied, 
and  are  coming  into  general  use.  We  have  thus  several  methods  for  finding  the  crippling 
strength  for  long  struts — the  old  method,  by  means  of  the  following  Tables,  the  new 
method,  also  by  use  of  the  following  Tables  and  the  formulas  already  given,  and  the 
**  straight-line  formula." 
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TABLE   I. 

Strkngth  of  Wrought  Iron  Struts  of  any  Cross  Section— except  Hollow  Round.    (For  Cast 
Jr&n,  take  twice  the  tabular  values.    For  Steel,  see  Carnegie^ s  Hand-Book,") 

I  =  length  in  inches. 

r  =  least  radius  of  gyration  in  inches. 

d  =  least  dimension  of  rectangle  enclosing  the  given  cross  section,  in  inches. 


Factor  of  safety 


1 


for  wrought  iron  =  4  +  -^ 


for  cast  iron 


=  '+55S 


Intermittent 
Loading; 


for  wrought  iron  =  4 
for  cast  iron         = 


" 


Quiescent 
Loading. 


Strut. 

Flat  ends, 

40000 


Strut. 

Pin  and  Jlat  end. 

40000 


I  + 


36ooor* 


I   + 


Strut. 
Pin  ends.- 
40000 


24000r* 


I   + 


iSooor* 


£ 

Criming  StremgiA  in  tons  (9000  lbs.)  per  square  inch. 

r. 

Crippling  Strength  in  tens  (aooo  ^.)  per  square  inch. 

r. 

Flat  ends. 

Pfnand  flat. 

Pin  ends. 

Flat  ends. 

Pfnand  flat. 

Pin  ends. 

30 

19.510 

19.275 

19.050 

90 

16.325 

14.955 

13.800 

32 

19- 455 

19.180 

18.925 

92 

16. 195 

14.785 

13.605 

34 

19.380 

19.080 

18.795 

94 

16.060 

14.620 

13.415 

36 

19  305 

18.975 

18.655 

96 

15.925 

14.450 

13.230 

38 

19.230 

18.865 

18.515 

98 

15.790 

14.285 

13.040 

40 

19.150 

18.750 

18.365 

100 

15.650 

14.120 

12.855 

42 

19.065 

18.630 

18.215 

102 

15.515 

13.950 

12.675 

44 

18.980 

18.510 

18.060 

104 

15.380 

13.790 

12.495 

46 

18.890 

18.380 

17-895 

106 

15.245 

13.625 

12.315 

48 

18.795 

18.250 

17.730 

108 

15.105 

13.460 

12.135 

50 

18.700 

18. 115 

17.560 

no 

14.970 

14.835 

13.300 

11.960 

52 

18.600 

17-975 

17.390 

112 

13.135 

11.785 

54 

18  500 

17.835 

17.210 

114 

14  695 

12.975 

11.615 

56 

18.400 

17.690 

17.035 

116 

14.560 

12.815 

11.445 

58 

18.290 

17  540 

16.850 

118 

14.425 

12.655 

11.275 

60 

18.180 

17.390 

16.665 

120 

14.285 

12.500 

II. no 

62 

18.070 

17.240 

16.480 

1^2 

14.150 

12.355 

10  950 

64 

17.955 

17.035 

16.300 

124 

14.015 

12.190 

10.785 

66 

17.840 

16.930 

16.  no 

126 

13.880 

12.035 

10.625 

68 

17.725 

16.770 

15.930 

128 

13.745 

11.885 

10.470 

70 

17.605 

16.610 

15.725 

130 

13.610 

11.735 

10.315 

72 

17.485 

16  450 

15.535 

132 

13.475 

11.590 

10.165 

74 

17.360 

16.285 

15.340 

134 

13-345 

11.440 

10.010 

76 

17.255 

16.120 

15.150 

136 

13.210 

11.295 

9.865 

78 

17.  no 

15.955 

14  955 

138 

13.080 

II. 150 

9.720 

80 

16  980 

15.790 

14.760 

140 

12.950 

II. 010 

9.575 

82 

16  855 

15.620 

14.565 

142 

12.820 

10.870 

9.435 

84 

16.720 

15  455 

14  375 

144 

12.690 

10.730 

9-295 

86 

16.590 

15  290 

14.180 

146 

12.560 

10.590 

9.155 

88 

16.460 

15-120 

13.985 

148 

12.435 

10.455 

9.020 

New    Method.— /iv  repeated   compression  :    For  wrought  iron,  fi   = jh    I  i   +  —^  1 ;   fo 


r  cast  iron 


l+<:  — 


T-,    11+-  '°*°'  ^\ .    The  crippling  strength  in  pounds,  divided  by  40000,  gives  the  nluc  of  j^ 

i+^_     L  3  max.  .^ J  j^^  — 


for  wrought  iron,  and  divided  by  80000  for  cast  iron. 
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RECAPITULATION,— NEW  METHOD. 


TABLE   II. 

Strength  of  Hollow  Cylindrical  Cast  and  Wrought  Iron  Struts. 

/  =  length  in  inches. 

d  =  least  diameter  in  inches. 


Factor  of  safety 


for  wrought  iron  =  3  +  "~^ 


for  cast  ir6n 


\Qd 


Intermittent 
Loading  ; 


for  wrought  iron 

for  cast  iron  =  6 


=  4  I  Quiescent 
Loading. 


Flat  ends. 
80000 


I  + 


8ooc/' 


Cast  Iron. 
Pin  and  flat. 
80000 


I  + 


3/' 


1600/' 


Pin  ends, 
80000 


I  -f 


40a/' 


Flat  ends. 
40000 


I  -f 


4500^^*' 


Wrought  Iron. 
Pin  and  flat. 
40000 


I  + 


yxod' 


Pin  ends, 
40000 


I  + 


225a/* 


I 

Crippling  Strength  in  tons  (2000 

lbs.)  per  sq.  in. 

6^.    ' 

/ 

Crippling  strength  in  ion*  (aooc 

I6s.)  per  sq.  in. 

/ 

d 

^   \od 

d 

^^  xod 

Flat  ends. 

Pin  and  flat. 

Pin  ends. 

Flat  ends. 

Pin  and  fiat. 

Pin  ends. 

10 

35-555 

33.685 

32.000 

7. 

10 

19  565 

19.354 

19-150 

4 

II 

34-745 

32.603 

30.710 

71 

II 

19.476 

19- 225 

18.980 

4-1 

12 

33-895 

31.496 

29  412 

7.2 

12 

19  380 

19.084 

18.797 

4 

2 

13 

33 .  024 

30.375 

28.120 

7-3 

13 

19.276 

18.933 

18.603 

4 

3 

14 

32.128 

29  250 

26.846 

7.4 

14 

19.165 

18.774 

18.397 

4 

4 

15 

31.220 

28.132 

25.600 

7.5 

15 

19.048 

18.605 

18.182 

4 

5 

16 

30.303 

27  027 

24.390 

7.6 

16 

18.924 

18.427 

17  957 

4 

.6 

17 

29.385 

25.943 

23.223 

7.7 

1       17 

18.793 

18.270 

17.724 

4 

7 

18 

28 . 470 

24.883 

22.099 

7  8 

;  18 

18.657 

18.051 

17.4^3 

4 

8 

19 

27  563 

23.854 

21.025 

7-9 

i    ^9 

18.514 

17.852 

17.235 

4 

9 

20 

26.667 

22.858 

20.000 

8.0 

'   20 

18.367 

17.647 

16.981 

5 

0 

21 

25.786 

21.895 

19.025 

8.1 

21 

18.215 

17.436 

16.723 

5 

.1 

22 

24 . 922 

20.970 

18   100 

8.2 

22 

18.058 

17.222 

16.459 

5- 

2 

23 

24.078 

20.082 

17.223 

8.3 

1   23 

17.896 

17.000 

16  ..193 

5" 

3 

24 

23.256 

19.230 

16.393 

8.4 

24 

17   731 

16.778 

15-924 

5 

.4 

25 

22.456 

18  418 

15.625 

8.5 

25 

17.561 

16  552 

15.652 

5. 

'5 

26 

21.680 

1 7 . 640 

14.870 

8.6 

26 

17-388 

16.322 

15-379 

5< 

.6 

27 

20.928 

16.900 

14. 171 

8  7 

27 

17    212 

16.090 

15.106 

5 

•7 

28 

20.202 

16  195 

13.513 

8.8 

28 

17   032 

15.856 

.14-832 

5  8 

29 

19.500 

15.523 

12.893 

8.9 

29 

16.851 

15.621 

14.558 

5  9 

30 

18.823 

14.884 

12.306 

g.o 

30 

16  666 

15.385 

14.286 

6.0 

31 

18. 172 

14.276 

11.756 

9.1 

31 

16.481 

15.148 

14.014 

6.1 

32 

17-544 

13  698 

11.236 

9.2 

32 

16.292 

14. 911 

13-745 

6.2 

33 

16.940 

13.149 

10.745 

9.3 

33 

16 .  103 

14.674 

13.477 

6-3 

34 

16.360 

12    628 

10.283 

9  4 

34 

15.912 

14.437 

13.212 

6.4 

35 

15  803 

12.133 

9.846 

9.5 

35 

15.720 

14 . 202 

12.950 

6.5 

36 

15.267 

11.662 

9.434 

9.6 

36 

15.528 

13-966 

12  690 

6.6 

37 

14.754 

II. 215 

9.044 

9-7 

37 

15-335 

13  733 

12.435 

6.7 

38 

14.260 

10.789 

8.677 

9.8 

38 

15  141 

13.501 

12.182 

6.8 

39 

13- 787 

10.385 

8.329 

9.9 

'    39 

14.947 

13.271 

11-933 

6.9 

40 

13.333 

10.000 

8.000 

10. 0 

40 

14-754 

13.043 

11.688 

7.0 

New  Method. ^.Fi^r  repeated  compression  :    For  wrought  iron  fi  = 


/8  = 


lOOOO 


I  + 


4  min.  B~l 
3  max.  B_j' 


of 


'^'Z" 


■J*  for  wrought  or  cast  iroiu 


_65oo_ 


I   -»- 


min.  B~^ 
max.  B^  '• 


for    ca.<%t    iron. 


The  crippling  strength  in  pounds,  divided  by  40000  or  80Q00  gives  the  value 


£tECAPtTULAriON',-^NBlV  METHOD, 
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TABLE  III. 


Strength  of  Rectangular  Timber  Struts. 


/  =  length  in  inches. 
d  =  least  side  in  inches. 


Flat  ends, 
5600 


I  + 


550^' 


Pin  and  flat, 
5600 
1.5/' 


Pin  ends, 
5600 


I  + 


275</« 


Factor  of  safety  6  +  — ^  for  intermittent  loading  and  6  for  quiescent  loading. 


Crippling  Strength  in  lbs.  per  square  inch. 

Crippling  Strength  in  Us.  per  sqnare  inch. 

/ 

I 

•xod 

d 

d 

Flat. 

Pin  and  flat. 

Pin. 

Flat. 

Pin  and  flat 

Phi. 

12 

4440 

4020 

3680 

7-2 

30 

2120 

1620 

1310 

9 

132 

4250 

3800 

3430 

732 

312 

2020 

1530 

1230 

9.  12 

14.4 

4070 

3580 

3190 

7-44 

32.4 

1930 

1450 

I160 

9.24 

15.6 

3880 

3370 

2970 

7.56 

33.6 

1830 

1370 

IIOO 

9- 36 

16.8 

3700 

3160 

2760. 

7.68 

34.8 

1750 

1300 

1040 

9.48 

18 

3520 

2970 

2570 

7.8 

36 

1670 

1230 

980 

9.6 

19.2 

3350 

2790 

2390 

7.92 

37-2 

1590 

1 170 

930 

9.72 

20.4 

3190 

2620 

2230 

8.04 

38.4 

1520 

II20 

880 

9.84 

21.6 

3040 

2470 

2080 

8.16 

39.6 

1450 

1060 

840 

9.96 

22.8 

2890 

2320 

1940 

8.28 

40.8 

1390 

lOIO 

790 

10.08 

24 

2740 

2180 

1810 

8.4 

42 

1330 

960 

760 

10.2 

25.2 

2600 

2050 

1690 

8.52 

43-2 

1270 

920 

720 

10.32 

26.4 

2470 

1930 

1580 

8.64 

44  4 

1220 

880 

690 

10.44 

27.6 

2350 

1820 

1490 

8.76 

45.6 

II70 

840 

650 

10.56 

28.8 

2230 

1720 

1400 

8.88 

46  8 

1 120 

800 

620 

10.68 

' —  •  D — I 

New  Method. — For  repeated  compression:  fi  = j%        i-f-2 '—n  y       Crippling    strength    in    pounds 


divided  by  5600  gives 
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kECAPtTULATION.—NBW  METHOD. 


TABLE   IV. 


Stkxngth  op  Wrought  Iron  Steuts. 


Square  Column. 
Fig.  201,  page  370. 

Phcenix  Column. 
Fig.  201,  page,  370. 

Flat  ends. 
38500 

Pin  and  flat, 
38500 

Pin  ends, 
37500 

Flat  ends, 
42500 

Pin  and  flat. 
40000 

Pin  ends, 
36600 

n 

n 

*  ^  5820/" 

'  ^3000/' 

^  ■*■   190a/' 

'   4500/' 

/  =  length  in  inches. 

d  =  least  dimension  in  inches. 

Factor  4  +  -^^t 


Grilling  Strtngih  in  torn  0 

KX)o/ftr.)/rr 

Criming  Strength  in  tent  (aooo  the.)  per 

I 

square  tmch. 

I 

I 

square  tnch. 

I 

m 

^^^ 

d 

4  ■^  — T 

d 

90d 

Flat  ends. 

Pin  and  flat. 

Pin  ends. 

Flat  ends. 

Pin  and  flat. 

Pin  ends. 

15 

18.533 

17.907 

16.899 

4.75 

15 

20.238 

18.182 

15.913 

4.75 

16 

18.438 

17  730 

16.641 

4.80 

16 

20  106 

17.948 

15.619 

4.80 

17 

18.340 

17.552 

16.384 

4.85 

17 

19.967 

17.713 

15.327 

4.85 

18 

18.235 

17.374 

16.127 

4.90 

18 

19.823 

17  479 

15.034 

4.90 

'9 

18.126 

17.180 

15.869 

4.95 

19 

19.672 

17.230 

14.741 

4.95 

90 

18.012 

16.986 

15.613 

5.00 

20 

19.515 

16.981 

14.447 

5.00 

21 

17.893 

16.783 

15.339 

5.05 

31 

19-353 

16.723 

14.142 

5.05 

22 

17.772 

16.576 

15.063 

5.10 

22 

19.187 

16.459 

n  835 

5.10 

23 

17.646 

16.365 

14.784 

5.15 

23 

19.014 

16.193 

13  529 

5.15 

34 

17   517 

16.150 

14.504 

5.20 

24 

18.838 

15.924 

13.222 

5.20 

25 

17.384 

15.931 

14.222 

5.25 

25 

18.658 

^5.652 

12.917 

5.25 

26 

17.246 

15.710 

13  940 

5.30 

26 

18.474 

15 -379 

12.615 

530 

27 

17.106 

15  487 

13  659 

5.35 

27 

18.287 

15.106 

12.315 

5.35 

28 

16.965 

15.262 

13-379 

5.40 

28 

18.096 

14.832 

12.018 

5.40 

29 

16.820 

15035 

13.101 

5.45 

29 

17.904 

14.554 

11.726 

5.45 

30 

16.672 

14.808 

12.825 

5.50 

30 

17.712 

14.286 

11.437 

5.50 

31 

16.522 

14  577 

12.552 

5.55 

31 

17. 5" 

14.014 

II. 154 

5-55 

32 

16.370 

14.352 

12.281 

5.60 

32 

17.311 

13  745 

10.875 

5.60 

33 

16.216 

14.123 

12.014 

5  65 

33 

17.105 

13.474 

10.602 

5  65 

34 

16.060 

13.897 

"751 

5.70 

34 

16.907 

13.212 

10.335 

5.70 

35 

15.903 

13.668 

II. 491 

5  75 

35 

16.703 

12.949 

10.073 

5.75 

36 

15  743 

13  443 

11.236 

5.80 

36 

16.498 

12  691 

9.818 

5.80 

37 

15  582 

13.212 

10.985 

5.85 

37 

16.292 

12.435 

9.568 

5.85 

38- 

15.422 

12.995 

10.738 

5.90 

38 

16.072 

12.182 

9  324 

5.90 

39 

15.261 

12.779 

10.497 

5  95 

39 

15.866 

"933 

9.086 

5-95 

40 

15.099 

12.555 

10.260 

6.00 

40 

15.676 

11.689 

8.854 

6.00 

45 

14.281 

11.493 

9.149 

6.25 

45 

14.655 

10.527 

7  787 

6.25 

50 

13.466 

lo.  503 

8.163 

6.50 

50 

13.661 

9-474 

6.862 

6.50 

55 

12.666 

§•585  • 
8.750 

7.292 

6  75 

55 

12.708 

8.531 

6.066 

6.75 

60 

11.894 

6.529 

7.00 

60 

11.806 

7.675 

5  383 

• 

7.00 

New 


Method.— /i^  repeated  compressitm  :  fi  =  — ^^,     fi  +  ~^  | .     Crippling  strength  in  ponnds  divided 


br  the  numermtors  of  the  respective  formulas,  as  given  at  the  top  of  the  Table,  ^ives  the  value  of 


i  +  *7t% 


n 
d' 


ksCAPlTULA  TION.—NE  W  ME THOD. 
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TABLE   V. 


Strength  of  Wrought  Iron  Struts. 


Ambrican  Column 

Fig.  201,  page  370. 

Flat  ends. 

Pin  andjiat. 

36500 

36500 

I  + 


3750^' 


I  + 


Pin  ends, 
36500 


yxxki* 


I  + 


iqood* 


/  =  length  in  inches. 

d  =  least  dimension  in  inches. 

Factor  4  +  — -J 
2od 


Plat  ends, 
36500 


Common  Column. 
Fig.  201,  page  370. 

Pin  and  flat, 
36500 


Pin  ends, 
36500 


I  + 


27O0d* 


I  + 


iSOod* 


I  + 


IQOOd* 


Criming  Strength  in  ton*  (aooo 

lis.)  ^er  tqnart 

Crippling  Strength  in  tone  (aooo 

U*.)Per»fnmre 

I 

inch. 

/ 

d 

inch. 

-;£r 

4 

Flat  ends. 

Pin  and  flat. 

Pin  ends. 

Flat  ends. 

Pin  and  flat. 

Pin  ends. 

15 

17.217 

16.591 

16. 171 

4.75 

15 

16.847 

15.869 

15.333 

4.75 

16 

17  084 

*    16.377 

15.908 

4.80 

16 

16.669 

15.582 

15.004 

4.80 

17 

16.944 

16.163 

15.645 

4.85 

17 

16.486 

15.295 

14.675 

4.85 

18 

16.799 

15-949 

15.382 

4-90 

18 

16.295 

15.008 

14.346 

4.90 

19 

16.647 

15.723 

15. 119 

4.95 

19 

16.098 

14.707 

14.017 

4.95 

20 

16.491 

15.496 

14  854 

5.00 

20 

15.895 

14.407 

13.688 

5.00 

21 

16.329 

15.259 

14.577 

5-05 

21 

15.688 

14.104 

13.317 

5.05 

22 

16.164 

15.019 

14.296 

5.10 

22 

15.476 

13.798 

13.005 

5.10 

23 

15994 

14.776 

14.014 

5.15 

23 

15.260 

13.492 

12.666 

5.15 

24 

15.820 

14.531 

n.731 

5.20 

24 

15.041 

13.187 

12.331 

5.ao 

25 

15  643 

14.283 

13.448 

5.25 

25 

14.819 

12  883 

12.000 

5.25 

26 

15-413 

14.034 

13-165 

5.30 

26 

14  596 

12.581 

11.674 

5.30 

37 

15.279 

13.784 

12.883 

5.35 

27 

14.370 

12.282 

11.353 

5. 35 

28 

15.094 

13.534 

12.605 

5.40 

28 

14.143 

11.986 

11.039 

5.40 

39 

14.907 

13.285 

12.327 

5.45 

29 

13.916 

11.694 

10.730 

5*45 

30 

14.718 

13.036 

12.052 

5.50 

30 

13.688 

11.406 

10.428 

5.50 

31 

14.527 

12.788 

11.781 

5.55 

31 

13.459 

II. 124 

10.134 

5.55 

3a 

14.336 

12.542 

11.513 

560 

32 

13.232 

10.846 

9.847 

5.60 

33 

14.143 

12.295 

11.249 

5-65 

33 

13.005 

10.574 

9.568 

5.65 

34 

13.949 

12  056 

10.990 

5.70 

34 

12.779 

10.307 

9.296 

5.70 

35 

13  756 

II. 818 

10.736 

5.75 

35 

12.554 

10.046 

9.031 

5.75 

36 

13  563 

11.580 

10.485 

5.80 

36 

12.435 

9.791 

8.774 

5.80 

37 

13-370 

11.347 

10.240 

5  85 

37 

12.316 

9.542 

8.525 

5.85 

38 

13.177 

II. 116 

9.999 

5.90 

38 

12.197 

9-298 

8.283 

5.90 

39 

12.984 

10.889 

9.764 

5.95 

39 

12.078 

9.062 

8.049 

5.95 

40 

12.792 

10.666 

9.534 

6.00 

40 

11.959 

8.831 

7.822 

6.00 

45 

II. 851 

9.605 

8.460 

6.25 

45 

10.429 

7.766 

6.791 

6.25 

50 

10.950 

8.645 

7.515 

6.50 

50 

9.476 

6.844 

5.919 

6.50 

55 

10. 102 

7.785 

6.689 

6.75 

55 

8.607 

6.050 

5.184 

6.75 

60 

9.311 

7.019 

5.969 

7.00 

60 

7.822 

5.369 

4.563 

7-00 

New  Method.— /nw  repeaUd  compression  :  fi  = ^,     f  j  +  mm^  j      ^^ppUng  strength  in  pounds  divided 
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CHAPTER   II. 

CROSS-SECTIONING,  DETERMINATION   OF   DIMENSIONS. 

A.    TENSION    MEMBERS. 

We  shall  make  constant  use  of  the  Tables  and  methods  of  Chapter  I.,  in  finding  the 
proper  cross  section  and  size  of  the  various  members  which  we  have  to  design.  The  stu- 
dent, before  proceeding  further,  should  read  over  carefully  the  general  specifications  at  the 
end,  look  over  all  the  plates  and  illustrations  of  various  members  given  in  the  following 
pages,  and  familiarize  himself  at  all  times  and  at  every  opportunity  with  the  way  in  which 
various  members  are  made  up  and  put  together,  by  careful  examination  of  actual  structures. 

Carnegie's  Pocket  Book  of  Shapes. — The  various  members  we  have  to  design  are 
made  up,  broadly  speaking,  of  I  bars  and  channel  bars,  combined  with  plates  and  rectan- 
gular bars  by  means  of  pins  and  rivets.  When  the  requisite  area  of  cross  section  has  been 
found,  according  to  the  principles  of  the  preceding  chapter,  it  might  seem  that  any  di- 
mensions which  would  give  the  required  area  would  be  equally  good.  But  such  is  not 
the  case.  Eye  bars,  channels,  plates,  angle  irons,  etc.,  are  produced  by  the  various  mills 
and  rolling  companies  of  certain  sizes.  These  sizes  are  sufficiently  numerous  and  cover  a 
range  sufficiently  great  to  answer  all  practical  requirements.  But  if  in  our  design  we 
specify  sizes  which  are  not  rolled,  such  requirements  evidently  cannot  be  filled  without 
the  expense  of  making  new  rolls  for  the  special  purpose.  We  are  limited,  therefore,  in 
our  choice  to  the  sizes  actually  produced  by  the  various  mills  and  rolling  companies,  and 
must  choose  such  sizes  as  can  be  readily  ordered  and  bought  in  the  market. 

For  the  purpose  of  facilitating  such  choice,  the  various  mills  issue  for  the  use  of  thtir 
patrons,  "  Pocket  Books,"  which,  besides  much  valuable  miscellaneous  information,  contain 
detailed  lists  of  all  the  various  sizes  of  iron  which  they  roll,  giving  for  each  size  and  shape 
the  weight  per  foot,  area  of  section,  dimensions,  moment  of  inertia  of  cross  section,  radius 
of  gyration  of  cross  section,  etc.,  etc.  In  short,  all  the  information  that  can  be  desired  in 
order  to  facilitate  designing  is  given.  Among  the  best  of  such  pocket  books  are  those  of 
the  Pencoyd  Iron  Works  (John  Wiley  &  Sons),  and  the  Carnegie  Steel  Company, 

Phipps  &  Co.,*  Pittsburg,  Pa.  These  works  are  readily  procured,  and  all  our  future  calcu- 
lations will  be  based  upon  the  Tables  given  by  the  latter.  The  student  who  would  intelli- 
gently read  what  follows,  should  always  have  "  Carnegie's  Pocket  Book  "  within  reach.  All 
our  references  to  it  refer  to  the  edition  of  1893.  We  shall,  whenever  necessary,  simply  refer 
to  this  edition  by  page,  and  thus  avoid  the  incorporation  in  this  work  of  extensive  Tables. 
The  principles  of  designing  once  understood,  the  reader  can  patronize  any  company  whose 
Tables  furnish  him  with  the  necessary  information. 


♦  Pocket  Companion  of  Useful  Information  and  Tables  Appertaining  to  the  Use  of  Steel  as  manufactured  by  the 
Carnegie  Steel  Company.  Edited  by  F.  H.  Kindl,  C.  E.,  Pittsburg,  Pa.,  1893.  This  book  is  indispensable  to  stu- 
dents wishing  to  read  this  section.  Designers  will  also  find  a  very  serviceable  help  in  Tables  of  Moments  of  Inertia 
by  Frank  C.  Osborne,  C.  E.     Eng.  News  Pub.  Co.,  New  York,  1889. 
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We  shall  now  illustrate  the  methods  of  designing,  by  means  of  a  series  of  selected 
examples,  and  shall  take  up  first  the  subject  of  Tension  Members. 

A.   TENSION    MEMBERS. 

The  lower  chords  of  ordinary  bridges,  the  main  and  counter  diagonals  of  trusses,  and 
the  diagonals  in  the  upper  and  lower  horizontal  wind  bracing,  and  the  vertical  sway  brac- 
ing, are  all  ordinarily  in  tension,  and  never  take  compression. 

Sometimes  one  or  more  cross  ties  rest  directly  upon  the  lower  chord,  between  the 
panel  points,  in  which  case  the  panel  in  question  acts  as  a  beam,  and  at  the  same  time  has 
a  tensile  stress.  This  case  is  rare,  as  ordinarily  the  cross  ties  rest  upon  stringers,  which  in 
turn  rest  upon  floor  beams  at  every  panel  point.  There  is  thus  usually  no  transverse 
stress  upon  a  lower  panel,  but  a  stress  of  tension  only.  Let  us  now  apply  both  the  "  old  ** 
and  "new  methods'*  to  the  designing  of  tension  members.  In  every  case  the  stresses  in 
the  member  considered  are  supposed  to  have  been  found  by  statical  calculation,  according 
to  the  principles  of  Part  I.  of  this  work. 

Values  of  a  for  Tension  Members. — For  wrought  iron,  the  value  of  the  allowable 
working  stress  a  for  tension  is  for  the  "  old  method  :'' 

Lbs.  per  sq.  in. 

On  lateral  bracing, <r  =  15,000 

On  bottom  chords  and  main  diagonals, 10,000 

On  counters  and  long  vertical  rods, 8,000  to  9,000 

For  the  "  new  methody*  we  have  for  wrought  iron,  for  links  or  rods  of  double  rolled  iron, 
page  381, 


a  =  7500 


/     ,  const.  5  \ 


where  const.  S  is  the  dead  load  or  constant  tension  and  total  5  is  the  greatest  tension  which 
ever  acts  upon  the  piece. 

Example  I.  Om  of  the  loiver  panels  of  a  bridge  truss  is  subjected  to  a  tension  of  132,200  lbs.  due  to  the  dead  load^ 
which  iSf  therefore,  the  least  tension  which  ever  acts  upon  the  panel  in  question.  The  live  load  stress  is  lie. 600  lbs* 
The  total  tension  is,  therefore,  247,800  lbs.      What  should  be  the  area  of  cross-section  ? 

By  the  **  old  method,"  we  have  for  the  area  required 

.   max.  S      274800      ^      .  , 

A  = =  =  24. 78  square  mches. 

(T  loooo  ^ 

If  the  panel  is  an  end  panel,  we  should  probably  distribute  this  area  among  two  chord  bars.     Each  bar  should  then 
have  an  area  of  12.39  square  inches. 

A   BAR  OF   IRON  ONE  YARD   LONG  AND   ONE  SQUARE  INCH    IN   CROSS-SECTION   WEIGHS   TEN   POUNDS. 

The  student  should  make  a  note  of  this  once  for  all,  as  we  shall  hereafter  apply  it  without  comment. 

Each  bar  in  question  then  will  weigh  — ^  =  41.3  lbs.  per  foot,  whatever  the  shape  of  cross-section. 

3 

If  each  bar  is  to  be  a  Union  Iron  Mills'  channel,  we  see.  by  reference  to  Carnegie,  page  100,  that  only  three  sizes 
rolled  will  suit  us,  viz.,  a  15-inch,  a  13-inch  or  a  12-inch  channel.  If  we  decide  on  a  15-inch  channel,  then  we  see 
from  the  Table,  its  thickness  of  web  would  be  0.566  inch,  and  its  width  of  flange  3.566  inches. 

If  we  decide  upon  aT2-inch  channel,  its  thickness  of  web  would  be  0.79  inch,  and  width  of  flange  3.39  inches. 

The  sizes  can  be  specified  and  will  be  rolled  and  furnished  of  these  dimensions. 

If  we  decide  upon  a  flat  rectangular  bar,  as  we  probably  would  if  the  panel  were  not  an  end  panel,  we  see  from 
Carnegie,  page  202,  that  the  nearest  bar  rolled  will  be  about  11  inches  by  i-jV  inches,  and  that  such  a  bar  weighs 
41.54  lbs.  per  foot. 

The  reason  why  we  should  probably  use  a  channel  bar  for  an  end  panel  and  a  flat  bar  for  other  panels,  is  that 
the  stresses  in  the  horizontal  wind  bracing,  when  the  bridge  is  empty,  might  cause  a  slight  compression  in  the  lower 
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end  panel.      If  so,  a  channel  bar  would  better  resist  such  stress,  and  would  admit  of  being  laced  to  its  fellow  so  as  to 
prevent  lateral  deflection. 

By  the  **  new  method,**  our  results  would  be  somewhat  different.     For  or  we  should  have 


=  H'+SI^)  ""'"**""•' 


and  the  necessary  area  would  be 


247800  .    . 

A  =  -^ =  21.55  sq.  mches. 

1 1 500  ^ 


107  3 
Each  bar  should  then  have  an  area  of  10.73  sq*  inches,  and  would  weigh  — --^  =  35*76  lbs.  per  foot.    We  see 

3 
from  Carnegie,  page  100,  that  a  1 2-inch  channel  will  suit  our  purpose.     The  thickness  of  web  of  such  a  channel  is 

0.657  inch,  and  width  of  flange  3.257  inches. 

We  see  also  that  we  obtain  by  the  *'  new  method  *'  in  this  case  a  lighter  bar  than  by  the  old  method.    This  is  as 

it  should  be.     The  "old  method  "  only  takes  account  of  the  action  of  a  repeated  stress  by  its  specification  of  a  differ- 

const   S 

ent  O"  for  different  members.      But  we  see  from  our  formula  that  or  should  vary  with  the  ratio  of  i—-.     If  the 

^  toul  S 

dead  load  were  equal  to  the  maximum  stress,  or,  in  other  words,  if  there  were  no  live  load  at  all.  we  should  have  the 

case  of  a  steady  stress,  and,  of  course,  could  take  o"  the  largest  allowable.     This  largest  allowable  stress  is,  we  see 

from  the  formula,  15000  lbs.,  which  corresponds  with  the  largest  allowable  stress  by  the  old  method,  for  lateral 

bracing,  which  is  seldom  called  into  action       On  the  other  hand,  if  there  were  no  dead  load  stress  at  all,  we  shouk) 

have  by  our  formula    c  =  7500  lbs.,  which  agrees  well  with  the  value  of  or  according  to  the  old  method,  for 

counters,  which  are  strained  by  every  passing  load,  but  not  by  dead  loads.     Between  these  limits,  then,  of  7500  and 

15000,  our  values  of  a  will  range,  according  to  the  ratio  of  f-^  ,  and  our  single  formula  replaces  all  the  specifi- 

total  S 

cations  of  the  old  method.  The  value  of  loooo  lbs.  for  O",  prescribed  by  the  old  method  for  chords,  corresponds  to  a 
ratio  of  j-^  =  -.  For  bridge  construction,  this  is  a  good  average  value,  but  as  this  value  is  really  not  a  con- 
stant the  new  method  gives  the  most  rational  means  of  taking  it  into  account. 

Combined  Tension  and  Flexure. — The  lower  panel  may  have  a  weight  resting  upon 
it,  due  to  a  cross  tie  between  the  panel  points.  In  this  case  it  acts  as  a  beam,  and  at  the 
same  time  is  in  tension.     This  case  has  already  been  discussed.  Part  I.,  page  313. 

Example  2.  — If  the  panel  in  the  preceding  example  is  20  feet  long,  and,  besides  the  longitudinal  tension  already  given, 
has  a  weight  of  2  tons  at  the  centre,  what  should  be  the  area  f 

For  this  case  we  have,  page  379, 

o-r*     '   O" 


By  the  old  method,  a  =  loooo  lbs.;  by  the  new  method  we  have  just  found  for  this  case  or  =  11500  lbs. 

We  cannot  tell  what  value  to  take  for  r,  however,  unless  we  assume  the  depth  of  the  bar  required.  Guided  by 
the  preceding  example,  we  should  choose  a  is-inch  channel,  because  a  15-inch  is  the  largest  channel  we  can  have  by 
Carnegie's  Table,  and  the  area  in  the  present  case  must  be  fi:realer  than  in  the  previous  case.  If,  then,  we  can  have 
two  bars  at  all,  we  shall  need  t 5-inch  channels.  We  may  have  to  use  more  than  two  bars.  From  Carnegie, 
page  100.  we  see  that  the  value  for  r  varies  for  1 5-inch  channels  between  5.60  and  5.13  inches.  Let  us  assume 
5.3  for  r  therefore.     We  have,  then, 

M=i  2000  X  10  X  12  =  240000 inch  lbs.,  r  =  7-5  inches,  S  =  247800  lbs. 


Hence,  by  the  old  method. 


^  240000X7  5  +  !478oo  ^  g ^       ,9       ^^^^^ 

10000X38.09       lOOOO  "•     '  -• 
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by  the  new  method, 

240000  X  7.5  ,  247800   ^   ,  .  , 

A  =  —^ ~=  4-        _,   =  5«57+  21.55  =  27.12  sq.  inches. 

11500X28.09^11500        ' ''  '        '^  ^ 

In  the  first  case,  if  we  have  two  t>ars,  the  area  of  each  bar  will  be  15.59  ^q.  inches,  and  its  weight  ^^^  =  51.96  lbs. 

3 
per  ft.    .From  Carnegie »  page  100,  this  calls  for  thickness  of  web  0.78  inch,  and  width  of  flange  3.78  inches.     This 

corresponds  to  a  Talue  of  r  of  5.2  inches,  which  is  sufficiently  close  to  our  assumed  value  of  5.3  inches,  not  to 

necessitate  another  calculation. 

In  the  second  case,  we  have  for  the  area  of  each  bar  13.51  square  inches,  and   -^^^  =  45  03  lbs.  per  ft.    From 

Carnegie^  page  142,  this  calls  for  thickness  of  web  of  0.64  inch,  and  width  of  flange  of  3.64  inches.     The  corre- 
sponding value  of  r  is  5.34,  which  agrees  sufficiently  well  with  our  assumed  value  of  5.3  inches. 

If  we  wish  a  flat  bar  instead  of  a  channel,  we  may  assume  the  depth  of  bar  at,  say,  12  inches.     Then, 


Hence,  by  the  old  mediod. 


and  by  the  new  method. 


,      /        bd^       d* 
r*  =  -  =  — rj  =  —  =12. 
A       i2bd       12 


^^?40000><6       ,47800^, 
loooo  X  12        lOCOO 


240000  X  6  ,   247800  , 

A  —  — =  10.404-21.55  =  31.95. 

II50OX  12  II5OO  ^      '  :}^       J     y^ 


In  the  first  case,  if  we  have  two  b.irs,  each  will  have  an  area  of  18.39  '9*  inches,  and  will  weigh  — —  =  61.3  lbs. 

3 
per  ft.     From  Carnegie,  page  202,  the  nearest  size  is  11^  inches  by  i^  inches. 

In  the  second  case,  each  bar  has  an  area  of  15.93  sq.  inches,  and  will  weigh  -^^  =  53.1  lbs.  per  ft.     This  calls 

for  a  bar  ii^  inches  by  if  inches. 

An  increase  in  the  assumed  depth  would,  of  course,  diminish  the  material  required,  but  as  12}  inches  is  the  limit 
in  depth  of  the  uble,  we  have  taken  nearly  the  greatest  depth  procurable. 

Secondary  Stresses. — The  members  at  an  apex  should  be  loaded  in  their  axes,  and 
these  axes  should  meet  in  a  point.  If  these  conditions  are  not  complied  with,  we  have 
secondary  stresses  due  to  bending,  and  the  unit  stress  must  be  determined  as  directed, 

page  313- 

Initial  Tension. — Many  of  the  tension  members  are  made  adjustable  by  means  of 
turn-buckles  or  sleeve  nuts.  The  screwing  up  of  these  may  bring  a  strain  upon  the  mem- 
ber independently  of  the  stress  which  comes  upon  it  from  the  loading.  To  allow  for  this  we 
may  add  i  ton  for  a  rod  i"  in  diameter,  and  J-  of  a  ton  for  each  increase  of  J"  in  the  diameter. 
That  is  /or  round  bars^ 

Initial  tension  in  tons  =  2^/  —  i, 

where  ^is  the  diameter  in  inches.     Flat  bars  are  to  have  the  same  allowance  as  round  rods 
of  equal  sectional  area  ;  or  for  flat  bars^ 

Initial  tension  in  tons  =  2.25  ^~A  —  i 

where  A  is  the  area  of  cross-section  in  sq.  inches. 

Example. — The  maximum  tesnion  in  a  flat  bar  is  90000  Ibs,^  and  the  working  stress  is  found  to  be  lOOOO  lbs.  fer 
sq,  inch.     If  the  bar  is  adjustable,  what  should  be  the  area  f 

The  area,  without  allowance  for  initial  tension,  is  2ziz?  =  gsq.  inches.     This  area  would  give  ns  5.75  tons  initial 

loooo  ^ 

tension.     Let  us  take  6.25  tons,  or  12500  lbs.,  for  the  mitial  tension.     Then  the  maximtmn  tension  woold  be  100500 

lbs.,  and  area  required  would  be   — ~ —  =  10.25  sQ*  inches.     This  area  substituted,  gives  ns  6.2  tons  initial  tension, 

^  loooo 

which  is  near  enough  to  the  initial  tension  assumed.     The  area  required  is  then  10.95  iqtiftre  inches,  instead  of  9 
square  inches,  called  for  by  the  loading  alone. 
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Compression  in  End  Lower  Panels. — The  lower  panels  are  all  intension  by  reason 
of  the  live  and  dead  load.  But  the  wind  blowing  upon  one  side  bends  the  truss  laterally,  and 
acts  as  a  horizontal  load.  The  stresses  due  to  wind  must  then  be  resisted  by  the  horizontal 
bracing,  and  it  may  happen  that  in  one  or  more  of  the  end  panels  there  will  be  a  compression 
due  to  wind,  greater  than  the  tension  due  to  dead  load,  or  even  to  dead  and  live  loads 
combined.  In  such  case  the  difference  between  wind  compression  and  dead  load  tension, 
or  dead  and  live  load  tension,  will  come  as  a  stress  of  compression  upon  the  lower  end  panels. 
The  end  panels  should  be  able  to  take  such  excess,  and  must  be  treated  for  it  as  long  struts 
in  compression.  It  is  for  this  reason  that  in  the  preceding  examples  we  have  taken  chan- 
nel bars  in  pairs  when  the  panel  was  supposed  to  be  an  end  one.  Such  bars  can  be  joined 
to  one  another  by  lattice  bars  riveted  to  the  flanges,  and  thus  made  to  act  together  as  a 
strut  with  a  much  greater  least  radius  of  gyration  than  either  would  have  acting  sepa- 
rately. Thus  made,  they  will  require  no  extra  material  to  resist  the  slight  compression 
which  they  may  be  called  upon  to  sustain,  as  the  area  called  for  by  the  tensile  stress  will 
be  ample,  provided  the  radius  of  gyration  is  thus  secured  sufficiently  large.  As  in  general 
the  chord  bars  go  in  pairs  at  the  end,  they  may  be  spaced  apart  a  distance  always  greater 
than  their  depth,  and  therefore,  when  latticed  to  each  other,  their  least  radius  of  gyration 
will  be  when  the  neutral  axis  is  perpendicular  to  the  web  at  centre.  If  not  so  latticed,  we 
should  have  to  take  the  radius  of  gyration  for  the  axis  coincident  with  tentre  line  of  web, 
which  would  of  course  be  very  small,  and  extra  material  might  be  required.  As  flat  bars 
cannot  easily  be  thus  latticed,  we  see  the  propriety  of  making  the  end  panels  of  channel 
bars,  when  compression  due  to  the  wind  is  to  be  feared. 

Choice  of  Depth  of  Lower  Chord  Bars. — The  maximum  stress  at  any  panel  will 
determine  the  area  required.  According  to  the  depth  assumed  for  chord  bars,  the  num- 
ber required  in  each  panel  will  vary.  As  the  bars  should  go  in  pairs,  and  increase  in 
number  towards  the  centre,  without  increasing  much  in  depth,  a  little  preliminary  figuring 
and  judgment  is  required  in  order  to  assume,  in  any  given  case,  such  a  depth  as  will  allow 
of  the  requisite  number  of  bars  at  each  panel,  without  causing  the  depth  to  vary  too 
greatly,  or  necessitating  undue  thickness.  For  this  purpose,  we  may  first  find  the  area 
required  in  the  end  panel  and  centre  panel.  Then  we  may  choose  such  a  depth  for  the  end 
panel  bars  as  shall  give  the  required  area  for  a  medium  thickness,  and  at  the  same  time 
will  give,  for  about  the  same  depth  and  thickness,  the  required  number  of  bars  at  the 
centre.     The  bars  in  a  panel  need  not  have  the  same  thickness  necessarily. 

Example. —  The  lower  centre  panel  in  a  bridge  truss  has  a  tension  of  S^^>ooo  lbs.  due  to  dead  load  and  427000  lbs. 
due  to  live  load.  In  the  first  end  panels  in  which  fiat  bars  are  used^  we  have  igiboo  lbs.  due  to  dead  locul  and  166400 
due  to  live  load.      To  choose  a  good  depth  for  chord  bars. 

We  shall  use  the  **  new  method  "  in  our  calculation.     To  apply  the  old  method,  we  simply  take  or  =s  loooo  lbs. 

By  the  new  method,  then,  we  have  for  centre  panel, 

crs75oo  {   I  ■><■— )  =  Ii6381b8., 

\    953000/ 

and  for  the  end  panel 

•^  =  "oo  (  I  + 15|^)  =  11514  lbs. 

The  area  required  in  the  centre  panel  is  then       I  ^  =  about  82  square  inches,  and  in  the  end  panel  =  about 

31  square  inches. 

If  we  are  to  have  four  bars  at  the  end,  each  bar  will  have  an  area  of  7.75  square  inches.  A  number  of  sizes  may  be 
chosen  which  will  give  this  area.  For  such  a  heavy  bar,  we  should  not  have  less  than  I  inch  thickness.  From  Car- 
f^gi^i  page  194,  we  see  that  7^  inches  by  i-^  inches  will  be  ample  for  the  end  panel.     If  we  take  the  same  depth  for  the 
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centre  pailel  and  t}  inches  thickness,  we  should  have  lo  have  4  bars  7I"  by  Ii'e"  and  4  moie  7}'  by  i|",  or  B  ban  alto* 
gethei  in  the  centre  panel.  If  this  is  not  judged  to  be  too  many,  we  nuy  then  take  7J"  for  the  depth.  For  a  long 
truss,  such  as  we  have  supposed,  it  would  not  be  too  many.  We  could  not  lake  tlie  depth  much  greater  than  7t"  with- 
out  gelling  too  small  a  thickness  for  the  end  bars,  nor  much  less  than  7^"  without  getting  too  many  bars  in  the  centre 
pwiel.  For  constructive  reasons,  it  is  preferable  to  have  all  the  eye-bars  of  the  same  depth  and  as  near  as  may  be  ot 
the  same  thickness,  and  to  increase  the  number  as  required.     A  depth  of  7^"  will  then  be  satisfactory. 

Counters. — The  main  diagonals,  lower  chord,  and  vertical  suspenders  are  generally- 
made  of  forged  eye-bars.  All  that  is  necessary  for  these  is  that  the  design  of  the  head 
shall  be  such  that  upon  being  tested  to  destruction,  the  breaic  shall  occur  in  the  bar,  not  in 
the  head. 

For  the  counter  rods,  square  bars  are  preferably  used.  These  have  square  loop  eyes 
around  the  pin,  and  turn  buckles  for  adjusting.  If  round  bars  are  used  with  square  loop 
eyes  and  turn  buckles,  they  are  more  expensive. 

Round  bars  are  sometimes  used  for  counters  without  turn  buckles,  but  with  loop 
swivels  on  the  ends. 

Details  of  Lower  Chord. — The  cross  section  is  generally  increased,  as  shown  in 
Fig.  205,  PlaJe  8,  by  increasing  the  number  of  eye-bars,  and  it  is  rarely  that  the  dimensions 
are  increase' without  increasing  the  number,  or  still  more  rarely  that  number  and  dimen- 
sions are  both  increased.  A  uniform  size,  as  near  as  may  be,  at  least  in  depth,  is  less 
expensive.  This  principle  holds  for  all  duplicated  parts  generally.  In  Fig.  205,  Plate  8, 
we  have  shown  the  arrangement  of  eye-bars  and  ties  at  two  panel  points.  The  ties  are 
distinguished  by  having  their  partly  visible  upturned  ends  shaded. 

In  Fig.  206,  Plate  8,  we  have  given  an  isometric  drawing  showing  the  details  of 
bottom  chords,  etc.  It  will  be  seen  in  Fig.  206  that  provision  is  made  for  an  auxiliary  tim- 
ber stringer  to  support  ends  of  ties  in  case  of  derailment.  It  is  generally  customary  to  use 
a  light  iron  stringer  for  this  purpose,  or  else  tu  space  the  main  stringers  in  such  a  manner  as 
to  accomplish  the  same  purpose.'  There  aie  many  other  points  about  Fig.  206  which  will  re- 
pay study,  such  as  the  connection  of  lower  wind  braces,  the  construction  of  posts  and  details 
at  bottom  ot  posts,  etc.  No  cast  iron  is  allowed  in  a  bridge  at  the  present  time  for  any  pur- 
pose except  for  bed  plates  and  for  the  machinery  of  draw  spans.  Figs.  205,  206,  220,  and  221 
represent  modern  American  practice.  The  other  figures  are  specimens  ol  riveted  work. 
Foreign  bridges  consist  largely  of  riveted  work.  Though  eye-bars  and  pins  are  sometimes 
used,  it  is  rare,  comparatively,  Thi.s,  and  the  necessary 
details,  constitute  the  chief  distinction  between  foreign 
and  American  practice.  American  engineers  use  eye- bars 
and  pins  almost  exclusively  for  the  bottom  chords  ot 
bridges  of  any  ordinary  span. 

The  figures  thus  far  given  require  but  little  cxplana- 
^r"\  \  'y^^?4if=^  tion.  Tlie  student  can  acquire,  by  a  careful  study  of 
'^•fJE-  ^,  lIL.-.^^  them,  a  good  knowledge  of  the  system  of  forming  lower 
chord  and  connections.  For  olher  illu-strations  he  can 
consult  the  illustrated  albums  of  our  various  bridge  companies,  and  better  still,  should  seize 
every  opportunity  to  study  existing  structures  on  the  spot. 

In  Figs.  210  to  2ig,  Plates  g  and  10.  we  have  given  illustrations  of  bottom  chord  riveted 
work,  mostly  foreign  examples.  We  shall  treat  of  riveted  work  hereafter  in  detail,  and 
much  information  will  be  found  in  the  specifications  at  the  end  of  this  work.  Although 
riveting  i.s  but  little  used  in  the  main  trus.=ies  in  American  bridges,  still  it  is  of  great  impor- 
tance, and  a  study  of  Its  application,  as  set  forth  in  our  illustrations,  will  be  profitable. 

In  Fig.  210  we  see  how  the  area  of  the  bottom  chord  may  be  increased  by  adding 
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plates  one  over  the  other,  as  also  the  connection  of  the  braces.  Fig.  21 1  show  show  the  depth 
of  bottom  chord  may  be  increased,  as  well  as  the  use  of  an  auxiliary  plate  to  give  greater 
area  for  riveting.  Fig.  212  shows  the  introduction  of  a  post,  and  Fig.  213  the  same  with 
auxiliary  plate,  when  the  depth  of  chord  is  not  sufficient,  to  attach  the  braces  directly  to  it. 
Figs.  214,  215,  216,  217,  218,  219  give  different  styles  of  end  connections. 
Fig.  220  shows  the  details  for  inclined  end  posts  or  "  batter  braces.*' 
Plate  iitf,  page  401,  gives  an  isometric  view  of  a  double  intersection  Pratt  Truss  R.  R. 
bridge,  taken  by  permission  from  "  A  System  of  Railroad  Bridges  for  Japan,"  by  Prof.  J.  A. 
L.  Waddell  (Memoirs  of  the  Tokid  Daigaku,  No.  ii).  The  names  of  the  various  members 
are  written  upon  the  drawing,  and  by  inspection  of  the  drawing  and  of  actual  bridges  the 

student  should  familiarize  himself  with  the  name, 
duty,  and  connection  of  every  member. 

An  excellent  detail  for  the  attachment  of  the 
upper  lateral  rods  to  the  top  chord  is  given  by 
Professor  ^Mrr^  Stresses  in  Bridge  and  Roof  Trusses^ 
Wiley  &  Sons,  New  York,  1886,  and  shown  in  the 
accompanying  figure.  At  ^  a  piece  of  angle  iron 
6"  by  4",  with  the  6"  leg  lying  on  the  chord,  carries 
two  pieces  of  angle  iron  3"  by  3",  with  their  edges  parallel  to  the  axis  of  7"^.  One  end  of 
each  of  the  latter  angles  rests  squarely  against  the  vertical  4"  leg  of  the  6"  by  4"  angle. 
The  tie  7",  passes  through  the  4"  leg  of  the  heavy  angle,  between  the  3"  angles,  and  is  ad- 
justed by  nut  at  the  end. 

The  arrangement  is  effective,  cheap,  and  the  a^ces  of  the  ties  can  be  made  to  meet  at 
the  neutral  axis  of  the  chord.     The  student  can  compare  this  detail  with  that  on  Fig.  221. 
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CHAPTER  III.  V 

CROSS-SECTIONING,  DETERMINATION  OF  DIMENSIONS. 

B.    COMPRESSION    MEMBERS. 

We  have  represented  in  Fig.  221,  Plate  11,  the  ordinary  method  of  forming  compres- 
sion members.  It  will  be  seen  that  both  post  and  chord  are  composed  of  channels.  The 
post  is  composed  of  two  channels,  united  by  lattice  or  lacing  bars.  When  there  is  a  single 
system  of  bars,  the  channels  are  said  to  be  *'  laced''  When  there  is  a  double  system,  as  in 
Fig.  221,  they  are  said  to  be  "  latticed''  The  upper  chord  is  also  composed  of  two  chan- 
nels, latticed  or  laced  on  the  under  side,  and  with  a  top  plate.  This  constitutes  the 
**  common  chord  section."  Sometimes,  for  short  compression  members,  instead  of  lattice 
or  lacing  bars,  we  may  have  a  rectangular  strip  or  plate,  riveted  on  at  intervals,  these  plates 
or  strips  answering  the  same  purpose  as  the  lattice  or  lacing  bars,  viz.,  to  unite  the  chan- 
nels,  and  make  them  act  together  to  resist  lateral  flexure.  Without  such  lateral  connec- 
tions each  channel  would  evidently  bend  more  easily,  and  the  resisting  power  of  the  com- 
bination is  much  greater  than  the  sum  of  each  channel  acting  separately.  The  strut  for 
the  over-head  horizontal  wind  bracing  is  also  shown  in  Fig.  221,  composed  of  two  angle 
irons  riveted  to  a  central  plate.  We  also  see  the  method  of  connection  of  the  various 
pieces  at  the  panel  point  or  pin.  The  post  channels  are  shaved  off  at  the  end,  and  the  web 
strengthened  at  top  and  bottom  by  plates  called  ^' reifif ore i?ig  plates,"  The  pin  goes 
through  these  plates  and  the  web  of  the  post  channels,  as  well  as  through  the  web  of  the 
chord  channels.  The  object  of  the  reinforcing  plates  is  not  only  to  strengthen  the  ends  of 
the  posts,  but  also  to  give  a  sufficient  bearing  upon  the  pin.  Each  post  has  also,  upon 
each  side,  at  top  and  bottom,  plates  just  between  where  the  lacing  or  latticing  ends  and 
the  pin,  called  "  stay  plates." 

The  channels  composing  the  struts,  whether  posts  or  chords,  are  generally  spaced 
farther  apart  than  the  depth  of  channel,  so  that  the  least  radius  of  gyration,  when  the 
channels  are  laced  or  latticed,  is  with  reference  to  the  axis  perpendicular  to  the  web,  and 
not  coincident  with  the  web  of  the  channels. 

Radius  of  Gyration. — We  see  from  Chapter  I.,  page  371,  that  in  order  to  find  the 
strength  of  a  long  strut  we  need  to  know  r^,  or  the  square  of  the  radius  of  gyration.  The 
radius  of  gyration  of  two  post  channels  is,  in  general,  the  same  as  the  radius  of  gyration 
of  a  single  channel,  when  the  axis  is  at  right  angles  to  the  web. 

We  have  in  general, 

where  r  is  the  radius  of  gyration, /is  the  moment  of  inertia  of  the  cross  section  with  refer 
ence  to  the  required  axis,  and  A  is  the  area  of  the  cross  section. 

For  two  post  channels,  the  area  is  twice  that  for  one,  and  the  moment  of  inertia  is 
also  twice  that  for  one,  for  axis  at  right  angles  to  the  web.  So  that  the  radius  for  the 
two,  if  they  are  connected  by  lattice  or  lacing  bars,  and  spaced  farther  apart  than  their 
depth,  is  the  same  as  for  one.  40T 
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But  for  the  chord  cross  section,  composed  of  two  channels  and  a  top  plate,  we  must 
take  into  account  the  moment  of  inertia  of  this  plate,  with  reference  to  the  axis  perpen- 
dicular to  the  web  of  the  channels. 

The  moment  of  inertia  of  a  rectangular  cross  section  with  reference  to  the  axis  through 
its  own  centre  of  gravity  parallel  to  its  breadth  is,  ^  bd^,  where  b  is  the  breadth  and  d  is 
its  depth. 

The  moment  of  inertia  of  any  cross  section  with  reference  to  an  eccentric  axis  outside 
of  it,  is  equal  to  the  moment  of  inertia  with  reference  to  a  parallel  axis  passing  through 
the  centre  of  gravity,  plus  the  area  into  the  square  of  the  distance  between  the  two  axes. 
Or, 

where  /'  is  the  moment  of  inertia  with  reference  to  the  eccentric  axis,  /is  the  moment  of 
inertia  with  reference  to  the  parallel  axis  through  the  centre  of  gravity,  A  is  the  area  of 
cross  section,  and  D  is  the  distance  between  the  two  axes.  Carnegie's  Tables  give  us  the 
moment  of  inertia  of  channel  cross  sections  with  reference  to  axes  through  the  centre  of 
gravity,  perpendicular  to  the  web,  and  an  application  of  the  preceding  principle  will  enable 
us  to  find  the  moment  of  inertia  and  the  radius  of  gyration  of  any  compound  cross  section 
with  reference  to  any  given  axis. 

Example. — Suppose  a  top  chord  is  composed  of  two  6  inch  lo  Ih.  channels^  spaced  say  7  inches  apart,  hack  to  hack^ 
with  a  top  plate  \  inch  thick. 

Since  the  channels  are  spaced  farther  apart  than  their  depth,  flexure,  if  any  will  be  in  the  direction  of  their  depth, 
and  we  must  find  the  moment  of  inertia  and  radius  of  gyration  for  an  axis  perpendicular  to  the  web,  passing  through 
the  centre  of  the  channel  cross  section. 

From  Qtrncgiey  page  100,  we  see  that  the  widih  of  flange  is  2  inches.  Hence  the  breadth  of  plate  is  7  +  4  = 
II  inches. 

The  moment  of  inertia  of  the  plate  with  reference  to  the  required  axis  is  then 

/-  =  /+  ^/T*  =  ^  +  W  X  (3i)'  =  "•'^„^^^^'  +  11.08  X  J  X  (3i)'. 

or,  /'  =  27.45. 

The  moment  of  inertia  of  the  two  channels  is,  from  Carnegie,  page  100,  15  X  2  =  30.     Hence  toUl  moment  of 

inertia  is  57.45,  and  since  the  total  area  is  6  -+-  2.77  =  8.77,  we  have  r*  =  — -^ —  =  6.57  inches,  or  r  =  2.58  inches. 

0.74 

In  this  way  we  find  /*,  or  the  square  of  the  radius  of  gyration,  for  any  cross-section.     Then  from  our  formulas, 

Chapter  I.,  page  369,  or  from  the  Table,  page  385,  we  can  find  the  load  which  the  strut  will  bear.     Many  compound 

sections  will  be  found  thus  worked  out  in   Tables  of  Moment  of  Inertia  by  Frank  C.  Osborne,  C.E.,  Eng.  News 

Pub.  Co.,  New  York,  1889. 

Value  of  o-  for  Compression  Members. — For  wrought  iron,  the  value  of  the 
allowable  working  stress  o",  for  compression,  is,  for  the  ''  old  method*'  given  by  the  formulas 
on  page  369  or  at  the  top  of  the  Tables  at  the  end  of  Chap.  I.,  when  we  take  the  proper 
factor  of  safety,  as  given  at  the  head  of  every  Table.  The  use  of  these  Tables  will  greatly 
abridge  the  labor  of  calculation.  Table  I.  applies  generally  to  any  form  of  cross-secction 
except  hollow  round,  but,  as  we  have  just  seen,  it  requires  some  little  calculation  to 
find  r  for  compound  cross-sections,  it  will  ordinarily  be  more  convenient  to  make  use  of  the 
other  tables,  which  only  require  d,  or  the  least  depth,  to  be  known.  We  shall,  therefore,  in 
general,  only  apply  Table  I.  in  those  cases  where  r  can  be  taken  at  once  from  Carnegie's 
Tables,  and  in  other  cases  may  make  use  of  one  of  the  other  tables  of  Chap.  I. 

The  "  straight-line"  formulas,  page  380,  can  be  at  once  applied  without  Table, 

By  the  "  new  met/iod" 

6500  r      const.  sr\ 


cr  = 
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where  the  value  of  r,   in  any  case  may  be  found  from  Table  I.,  by  dividing  th 

r 

crippling  strength  in  pounds,  as  found  from  the  Table,  by  40CXX).     When  we  use  one  of  the 
other  Tables,  we  have 

6500 


(T  = 


/" 
'-^'d^ 


const.  51 
'  +  total  5  J' 


where  the  value  of  j^  may  be  found  by  dividing  the  crippling  strength  in  pounds, 

as  found  from  the  Table,  by  the  ultimate  strength  taken  for  the  case,  as  indicated  by  the 
formulas  given  at  the  head  of  each  Table. 

Example. — A  post  in  a  bridge  truss  is  subjected  to  a  compression  of  46900  lbs.  due  to  the  dead  load,  and  64100  lbs. 
due  to  the  live  load.      The  post  is  yi  feet  long.      IV hat  should  be  its  area  of  cross-section  ? 

Let  us  suppose  that  the  post  is  composed  of  two  channels  latticed  or  laced.     Then  we  should  use  Table  I., 

Chapter  I.,  page  385.    We  cannot  enter  the  Table  until  we  first  know  r,  and  therefore  the  value  of  -,  and  we  cannot 

tell  r  until  we  first  assume  some  size  for  the  channels.  Here  judgment  and  experience  will  aid  in  making  a  suit- 
able choice.     Whatever  choice  we  make  we  can  soon  test,  however,  and  n?.ake  another  if  not  suitable. 

Let  us  take  two  io-inch  channels  between  20  and  35  lbs.  per  foot,  and  space  these  channels  at  least  10  inches 
apart,  so  that  r  must  be  taken  for  an  .axis  at  right  angles  to  the  web  of  the  channels. 

From  Carnegie,  page  100,  we  see  that  r  varies  between  3.85  and  3.40.     Let  us  assume  r  then  at  3.6.     Then 

/       360 

-  =  —T  =  100. 

r       3.6 

Suppose  the  post  to  be  pinned  at  both  ends. 

Then,  by  the  "old  method,"  we  have  from  Table  L,  the  factor  of  safety,  4  -\ -.  =  4  -f  - —  =  5.8,  and  the 

20d  200 

25710 

crippling  strength  =  ia.855  tons,  or  25710  lbs.  per  sq.  inch.     The  allowable  working  stress  is  then =  4433  lbs. 

5.0 

III  QQQ 

per  sq.  in.  =  a.     The  area  required  is  chen   =  about  25  sq.  inches.     Each  channel  will  weigh  therefore 

4433 

250 

=  41.66  lbs.  per  foot.     We  see  from  Carnegie  that  there  is  no   10  inch  channel  rolled  as  heavy  as  this,  but 


3X2 

that  the  size  required  will  evidently  come  between   12  inch  20  lb.  and  12  mch  44  ib.     Taking  for  this  size  r  =  4.2 

/       360  360 

inches,  we  have   -  =  —  =  85.7,  and  factor  of  safely  =  4  H =  5.5.     From  Table  I.,  therefore,  we  have 

r      4.2  "^       ^       20  X  12 

28360 
the  crippling  strength  =  14.180  tons  =  28360  lbs.  per  sq.  inch,  and  the  allowable  working  stress  is  —      =5156  lbs. 

5»5 

per  sq.  in.  =  a.     The  area  required  is  then  7-  =  21.52  sq.  inches. 

5156 

This  will  give  for  each  channel  a  weight  of  ?i^  =35.86  lbs.  per  foot.     This  comes  well  within  the  limits  for 

3x2 

12  Inch  channels.     The  12  inch  channels  required  will  then  weigh  35.86  lbs.  per  ft.  each,  the  thickness  of  web  will 

l)e  0.66  inch,  and  width  of  flange  3.26  inches.     The  corresponding  value  of  r  is  4.14  inches,  which  is  near  enough 

to  our  assumed  value. 

I  28360 

By  the   **new  method,"  we  have  from  Table  L,  for  r..  for  the  la  inch  channels, =0.700;  hence 

^  ,     I*  40000  ^ 

or  =  0.709  X  6500     I  H ^—      =  6545  lbs.  per  sq.  inch. 

The  area  required  is  therefore  -r =  about  17  sq.  inches.     This  gives  for  each  channel  — — —  =  28.33  lbs. 

6545  ^  3X2 

per  ft.     We  see,  from  Carnegie,  that  this  calls  for  12-inch  channels,  28.3  lbs.  per  It.,  0.47  inch  thickness  of  web, 

and  3.07  inches  width  of  flange.     The  corresponding  value  of  r  is  4.43  'nches;  our  assumed  value  of  4.2  inches  is 

near  enough  not  to  require  recalculation,  and  is  on  the  side  of  safety. 

If  we  use  the  *' straight- line'*  formula,  with  Cooper's  values,  page  382,  we  have,  taking  r  =  4.3,  for  the  live  load, 

x6o  ^^60 

or  =  7000  —  40  ^—  =  3651,  and  for  the  dead  load  or  =  14000  —  80^^ —  =  7302  lbs.     The  area  required  is  therefore 

4  3  4.3 

1I60OO  ^/4IftO  2'3Q  7 

— ^--  -h  -^ —  =  23.97  sq.  inches.      This  will  jrive  for  each  channel  — ^^  =  39  95  lbs.  per  ft, 
7302         3651  ^^'    ^  R  3X2^^^ 
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Spacing  of  the  Lattice  or  Lacing  Bars.— The  object  of  the  lacing  or  lattice  bars 
is  to  join  the  two  channels  composing  the  post  or  chord,  and  thus  cause  them  to  act 
together.  Evidently,  the  principle  which  applies  here  is  that  the  bars  should  be  attached 
at  intervals  so  close  that  there  shall  be  no  danger  of  failure  of  the  channels  between  the 
points  of  attachment.  In  other  words,  the  length  of  a  single  channel  between  the  points 
of  attachment  of  the  bars,  shall  be  as  strong  at  least,  considered  as  a  short  post,  as  the 
whole  post  or  chord  itself. 

If  then  /  is  the  distance  in  inches  between  the  points  of  attachment  of  the  bars,  and 
r  is  the  least  radius  of  gyration  of  the  channel  cross  section  in  inches,  and  L  is  the  length 
of  the  whole  post  or  chord  in  inches,  and  R  its  least  radius  of  gyration  in  inches,  we  have 

I       L        ,       Lr 
^-^,or/  =  -^. 

The  distance  between  the  ends  of  bars  cannot  then  be  greater  than  the  value  of  /  thus  de- 
termined. 

Practice  has  made  this  distance  much  less,  viz.,  never  more  than  0.6/.  Also,  in  order 
to  avoid  having  the  bars  make  too  small  an  angle  with  the  flanges,  which  would  impair 
their  action,  lacing  bars  are  not  allowed  to  make  an  angle  of  more  than  60""  with  each 
other,  or  less  than  60°  with  the  flanges.  If  then,  the  value  of  0.6/  comes  out  less  than  d 
or  equal  to  rf,  where  d  is  the  distance  between  the  channels  in  inches,  wc  can  use  lacing 
bars  with  a  distance  of  d  between  the  points  of  attachment.     If  0.6/  is  greater  than  d^  we 

/  4 

must  use  lattice  bars.      In  case  lattice  bars  are  used,  the  ratio    ,  must  not  exceed  -.     The 

d  3 

value  of  the  0.6/  simply  determines  then  whether  lacing  or  lattice  bars  shall  be  used.  This 
point  settled,  we  take  rf  for  the  distance  between  points  of  attachment  for  lacing  and  \dlox 
lattice  bars. 

Least  Radius  of  Gyration  for  Single  Channels. — The  application  of  the  pre- 
ceding requires  us  to  know  the  radius  of  gyration  r  for  channels  for  axis  parallel  to  the 
web,  through  the  centre  of  gravity.  This  value  of  r  is  not  given  in  Carnegie  for  the  different 
sizes  on  page  109.  We  therefore  give  here  these  values  of  r,  for  the  sizes  in  Carnegie's 
Pocket  Book,  wiih  sufficient  accuracy  for  use  in  the  preceding  formula: 


No.  of  shape 


Designation. 


Radius  of  gyration,  axis  parallel  to  web.     r  \ 
in  inches ' 


25              26 

27 

28 

1 

15 

Light. 

15 

Heavy. 

12 

12  ' 

Lifrht. 

12 

Heavy. 
0.S2 

12 
Liirhi. 

0  74 

12 
Heavy. 

«.75 

o.ga 

0.90 

0.85 

0.84 

2<) 


10 


30 


10 

Light. 


0.O7  ,  0.68 


10' 
Heavy. 


o.f3Ky 


No.  of  shape. 


Designation 


31 


Radius  of  gryration. 
axis  parallel  to  web 
r  in  inches 


;i 


10 
Light. 


0.72 


10 
Heavy. 


32 


0.71     o.6g 


33 


34 


9 
Lifi^ht. 


0.68 


9"     ,     8' 
Heavy.   Light. 


0.68 


35 


8" 
Heavy.!  Light. 


8" 
Heavy. 


0.55   !  0.65   :  0.66  '  0.56 


I 


7       I     7 
Light.    Heavy. 


0.55      0.64 


0.65 
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No.  of  shape . . . 

38 

39 

40 

41 

42 

43 

44 

Designation. . . . 

6" 
Light. 

6" 
Heavy. 

6" 
Light. 

6" 
Heavy. 

5" 
Liffht 

5" 
Heavy. 

5" 
Light. 

5" 
Heavy. 

4" 
Light. 

4" 

Heavy. 

4" 
Light. 

r  f 

4 
Heavy. 

3' 
Light. 

3" 

Heavy. 

RadiusofgyraO 
tion.axis  par-  1 
allel  to  web.  | 
r  in  inches.  .  J 

0.51 

0.50 

0.58 

0.58 

0.47 

0.46 

0.55 

0.52 

0.46 

0  46 

0.50 

0.51 

0.45 

0.46 

Example. — Suppose  the  post  channels^  as  determined  in  the  last  example^  are  12  inch  28, j^  ib,  channels ^  spaced  /j 
inches  apart,  hack  to  hack,  what  should  be  the  distance  between  the  ends  of  bars,  and  shall  we  use  lacing  or  lattice  bars  ? 

Here  we  have  from  Carnegie,  page  100,  A* =4.47,  and  since  L  =  360  inches  and  r  =:  0.84  from  our  Table,  we  have 

/  =  3^^1.0^  ^  ^8  inches. 
4.37 

Hence  0.61=  41  inches.      This  is  greater  than  d=  1$  inches,  so  we  should  use  lattice  bars,  and  space  f  x  15  =r  20 
inches  apart. 

If,  however,  the  post  were  only  10  feet  long,  instead  of  30  feet,  we  should  have 

,       120  X  0.84  .     - 

/  = —  23  mches, 

4.47 
and  06/=  13.8  inches.     As  this  is  less  than  d=  1$  inches,  we  could  use  lacing  bars,  and  space  15  inches  apart. 

Size  of  Stay  Plates. — Every  compression  member,  composed  of  channels  united  by 
lacing  or  lattice  bars,  should  have  **stay  plates**  at  the  ends,  as  shown  in  Fig.  221,  Plate 
II,  page  400.  Lacing  or  lattice  bars  should  never  be  used  without  such  plates  at  the 
ends.     No  general  principles  can  be  laid  down  for  determining  the  size  of  such  plates. 

In  accordance  with  practice,  we  may  be  guided  by  the  following  rules : 

Thickness  of  Stay  Plates. — 

For  all  depths  of  channel  less  than  8" /  =  \  inch. 

From  8  to  10"  inclusive ^  =  A     " 

Above  10" /  =  %      ** 

Length  of  Stay  Plates, — Let  D  =  depth  of  channel  in  inches,  d  =  distance  between 
inner  faces  of  the  channels  in  inches.  /  =  length  of  stay  plate  in  inches.  Then,  for 
latticing  or  double  riveted  lacing, 

/  =  0.5/?  +  ^+  1.5; 


for  single  riveted  lacing, 


D 


/  =  /?  +  ^  +  2. 


ExABfPLE. —  Thus  in  the  preceding  example^  for  tivo  12  inch  channels^  ij  inch  spacing^  what  should  be  the  size  of 
Uay  plates  for  lattice  bracing? 

We  have,  according  to  the  above  rules,  the  thickness  of  stay  plate,  /  =  S  inch,  and  for  the  length  of  plate, 

/  =  6  4-  —  4-  1.5  =  8.75  inches. 
12 

Size  of  Lacixg  or  Lattice  Bars. — We  can  give  no  general  principles  for  determin- 
ing the  sizes  of  the  lacing  or  lattice  bars,  but  the  following  rules  are  in  accord  with  estab- 
lished practice: 


4o6 
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Thickness  of  Lattice  or  Lacing  Bars, — The  same  rule  as  for  the  thickness  of  stay  plate 
holds  good,  viz. :  For  all  depths  of  channel  less  than  8  inches,  /  =  i  inch.  From  8  inches 
to  ID  inches  inclusive,  /  =  jV  inch.     Above  lO  inches,  /  =  |  inch. 

Width  of  Lattice  or  Lacing  Bars. — Let  D  =  the  depth  of  channel,  d  =  the  distance 
between  the  inner  faces  of  the  channels,  and  w  =  the  width  of  the  bar,  all  in  inches. 
Then,  for  lattice  barSy 


88 


37. 


-h 


for  lacing  barSy 


W  =  -     D  -^ =;    -f    - 

88  2Z>       88 


The  ends  of  lattice  and  lacing  bars  are  made  semicircular,  the  centre  being  taken 
a  little  outside  of  the  outer  edge  of  the  rivet  hole. 

Example. — For  two  12  inch  channels^  /j  inch  spctcing,  what  should  be  the  siu  of  lattice  bars  adopted  f 
According  to  our  rules,  we  have  for  the  thickness  of  bars,  /  =  f  inch,  the  same  as  for  the  stay  plates. 
For  the  width  of  bars  we  have : 


9  ^5 

w  —  ---  X  12  4-    — - — 

88  4  X   12 


37 
-»-—-  =  about  2if  inches. 

44 


The  dimensions  and  weight  of  lattice  bars  may  be  figured  from  the  following  table 
adopted  by  the  Phoenix  Bridge  Company : 

LATTICE    BARS    FOR    POSTS   AND   CHORDS. 

THE   DIMENSIONS   OF   SINGLE   LATTICK   BARS   SHALL   GENERALLY    BE   AS   FOLLOWS  : 


For    6"  Rolled  or  Bu 


tt 


4t 


8 


"  9 

"  10 

"  II 

"  12 

"  13 

'*  14 

"  15 

"  16 

'•  18 

"  ai 

«  24 

«.  ay 

30 


If 


<« 


4( 


t€ 


« 


<« 


(C 


« 


tt 


tt 


t* 


tt 


tt 


tt 


it 


wt.  V  ft.  1 

It  Channels i}xA  1-82 

••         iJxtV  1.82 

i}xA  1.82 

♦* 2    X  I  2.50 

"  2    X  i  2 .  50 

"  2    xf  2.50 

"  2ix   I  2.81 

"  2lx}  3.13 

•'  2^x1  3.13 

3    X  f  3-75 

"         3    X  i^  3.75 

"         3    xi  3.75 

3    XT?ff  4  38 

3   xA  4  38 

•*        3   xi  5.00 

4   xtV  5.83 


i 


m 


.=  '*!- 


n 


b 

for     if 

li 

2 

2i 


a 

l" 

1* 

li 

It 
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LENGTHS  OF   LATTICE   BARS   FOR   ORDINARY  CHORDS   AND   POSTS. 


DUTWC* 

C1ST.NC1. 

mSTAHtK 

i.r!n-A"« 

OHTAKCK 

niSTMC 

H-^, 

-x'- 

"?" 

(lUC 

"j" 

"/" 

ftOf 

Tl    ^\^ 

,,-^1 

jk^>^ 

5 

6 

6 

7i 
7(i 

14i 
'5 

Si 
3* 

16  H 
i7i 

^ 

5t 

6) 

8i 

'5* 

9 

'7H 

'■kS^ 

-j- 

6 

&* 

SI! 

i6 

9i 

I  St 

Ir^I-^ 

T 

64 
7 

64 
6J 

.6i 

17 

9t 
9i 

^^ 

7l 

61 

^\% 

'7* 

lO 

soft 

<^>^ 

--f- 

S 

io9 

i8 

lOl 

=oH 

>^^^'^<^ 

8i 

nji 
'Mi! 

IB) 
I? 

:9i 

111 
■'i 

a.  A 

=3,'« 

a-^ 

-L 
1 

g 

« 

-■ 

7i 

13ft 

=r 

.2 

»4A 

\ 

$ 

IS 

■4A 

23 

12] 

=5,^, 

K^ 

<-  -«--H 

uft 

'3 

lb 
26A- 

'-''+- 

I3i 

15,'. 

23* 

i3l 

.71 

M 

14 

■33 

b,  ■  I... 

LENGTHS  OF   LATTICE 

BARS   FOR 

SMALL   POSTS. 

DISTANCl 

BISTAKCE 

DI5TANC1 
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"X" 
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ftOf 
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1 
1 
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fl 

^ 

4i 

7J 

8H 

b' 

I3i 
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r 

S 

at 

9l 
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I4i 

'7^ 

Vt 
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9i 

loH 

9 

>5i 

>8i 

1 

v\ 

6 

"1 

13 

91 

i6i 
I7l 

18*1 
I9it 

- 

1 
I 

\ 

\^ 

1 

L 

»-  -^ 

L— 

7 

.2 

13S 

loi 

1 81 

aiA 

' 

7i 

13 

15 

■■ 

19 
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Upper  Chords. — The  common  chord  section  consists  of  two  channels,  latticed  or 
laced  on  the  under  side,  with  a  top  or  "  cover  plate."  The  same  principles  apply  to  this 
case  as  those  already  applied  to  posts.  The  size  and  spacing  of  lattice  or  lacing  bars  is  the 
same,  and  the  same  rules  hold  good  for  stay  plates. 
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For  the  common  chord  section,  we  may  make  use  of  Table  IV.,  Chapter  I.,  which  gives 
the  strength  when  the  depth  is  known.  We  are  thus  saved  the  necessity  of  finding  the 
radius  of  gyration,  as  described  on  page  403. 

EXAMl'LE. —  The  Upper  chord  of  a  bridge  truss  is  25  fee/  long^  and  is  subjected  to  a  stress  of  292700  lbs.  due  to  the 
dead  load ^  and  253100  lbs.  due  to  the  live  load.      What  should  be  the  area  of  cross-section  ? 

We  suppose  each  chord  member  to  be  in  the  condition  of  a  strut  fixed  at  both  etids,  owing  10  the  action  of  the  splic- 
ing plates,  etc.  We  must  also  assume  the  depth  of  chord.  Here  judgment  and  experience  must  aid  us  to  make  a 
good  choice  the  first  time,  though  any  choice  can  be  tested  and  its  suitability  determined. 

Suppose  we  take  the  depth  in  this  case  at  15  inches,  that  being  the  greatest  depth  of  channel  rolled. 

/         "^OO 
Then  we  have  -  =  - —  =20,  and  from  Table  IV., Chapter  I.,  page  389, we  have  for  flat  ends,  the  crippling  strength 
d        15 

/                   300 
=  36024  lbs.     The  factor  of  safety  is  4  -f  ---     =  4H =  5-     Hence,  by  the  "old  method,"  the  safe  working 

stress  is  (7  =  >4jf4  =  7205  lbs.  per  square  inch.      The  total  area  required  is  then  ^iSi^  —  75-75  square  inches. 

If  the  channels  are  spaced  20  inches  apart,  back  to  back,  and  the  cover  plate  is  {  inch  thick,  then,  since  by 
reference  to  Cirnegie,  page  100,  we  see  that  the  width  of  flange  will  not  be  far  from  3.6  inches  for  a  15-inch  channel, 
the  width  of  cover  plate  will  not  be  far  from  20-}-  7*2  =  27.2  inches,  and  its  area  will  be  about  27.2  X  |  =  10.2  square 
inches. 

This  will  leave  for  the  required  area  of  the  two  channels  75.75  —  10.2  =  65.55  square  inches,  or  for  each  channel 
32.77  square  inches. 

From  Carnegie  we  see  that  this  is  far  heavier  than  the  heaviest  single  channel  rolled.  We  must  therefore  build 
up  our  chord  section  in  this  case,  by  means  of  plates  and  angle  irons.*  In  this  we  may  be  guided  by  the  principle 
of  not  having  any  plate  less  than  \  inch  or  greater  than  J  inch,  or  at  most  |  inch  in  thickness. 

We  shall  also  find  it  advantageous  to  have  a  greater  depth,  and  thus  save  material. 

Let  us  take,  therefore,  the  depth  at  20  inches,  then   -    —  —  =  15,  and  from  Table  IV.  we  have  the  crippling 

17066 
strength  37066  lbs.     The  factor  of  safety  is  4.75,  and  hence  cr  = =  7803  lbs.  per  square  inch.     The  area  re- 

4-75 

quired  now  is  therefore  '|88S^  =  about  70  square  inches.   . 

If  the  spacing  is  as  before,  20  inches,  and  our  flanges  4  inches,  we  have  width  of  top  plate  28  inches,  and  area 
=  28  X  t  =  10.6  square  inches.  This  leaves  for  the  built  channels  70  —  10.5  =  59.5  square  inches,  or  for  each 
channel  29.75  square  inches. 

Let  us  take  for  the  flanges  equal-leg  angle  irons,  4"  by  4''  by  |  inch.  The  area  of  each  is  from  Qirnegie,  page  106, 
4.61  square  inches.  For  two,  we  have  9.22  square  inches.  This  leaves  for  the  web  about  20  square  mches. 
For  a  depth  of  20  inches  and  thickness  of  %'\  the  web  would  be  12.5  square  mches.  We  have  then  7.5  square  inches, 
remaining.  We  may  rivet  a  flat  plate  to  the  bottom  angle  and  make  it  4"  by  J".  This  would  give  2  square 
inches  more  area,  and  leave  5.5  remaining.  If  now  we  add  a  side  plate  12  inches  by  yV,  it  will  make  up  fhe  area 
remaining  and  just  fit  in  between  the  legs  of  the  angles. 

The  chord  then  may  be  built  up  as  follows  :  i  top  pla'e  28"  X  5'  •  2  web  plates  20"  X  f".  2  side  plates  12"  X  ^'\ 
4  angles  4"  X  4"  X  %'\  2  flats  4"  X  J  '. 

By  the  "new  method,"  we  have  from  Table  IV.,  Chapter  I.,  page  389,  for  -  =  15,  and  flatends, -j-  = 

37066  ,  .  ^  6?(V)     r      ,   const.  5"1  ^  ^  /     ,    292700\ 

— =  0.0627,  and  hence  (7=     ■ -j     l   A ; I  —  r»  riAo-r  V  Arnr*    ItJ — z_i — \ 

38500  ^  /-  I  total 


'—      =  0.9627  X  6500   |i+        8oo)~  ^'^  ^^^'  P^^s*^"**'^  *"*^*^* 


The  area  required  by  the  new  method  is  therefore  'HfJ-  =  56.77  sq.  inches,  instead  of  70  sq.  inches  by  the  old 
method. 

Using  the  same  top  plate,  we  have  56.77  —  10  5  =46.27,  or  23.19  square  inches  for  each  channel.  Taking  angles 
4"  X  4"  X  S"  for  the  flanges,  we  have  23.14  —  9.22  =  13.92  square  inches  remaining.  A  web  plate  20'  X  f'  ^^^^ 
about  cover  this. 

The  chord  then  will  consist  of  i  top  plate  28"  X  |",  2  web  plates  20"  X  |".  4  angles  4"  X  4"  X  {". 

This  section  may  now  be  tested  by  calculating  the  radius  of  gyration  according  to  the  principles  of  page  403,  and 
using  Table  I.,  page  386 

The  lattice  work  or  lacing  bars  on  the  bottom  are  to  be  then  spaced  and  dimensioned  according  to  the  rules  on 
page  407. 

Our  example  is  for  a  very  long  bridge,  and  therefore  very  heavy  chords.  Ordinarily  the  size  of  channels  re- 
quired will  fall  within  the  limits  of  Carnegie's  Table.  At  present  prices  of  labor  and  material  it  is,  however,  cheaper 
to  build  up  the  chords  by  plates  and  angles  than  to  roll  heavy  channels,  and  top  chords  ai;e  therefore  usnally  built  up. 

If  we  use  the  straight-line  formula,  with  Cooper's  values,  page  382,  we  have,  taking  r  =7.5,  for  the  live  load, 

*  From  Osborne's  Tables  we  can  choose  a  built-up  section  without  calculation. 
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<J  =  8000  —  30   -  =  6800,  and  for  the  dead  load,  O"  =  16000  —  60  -    =  13600  lbs.     The  area  required  is  therefort 

r  r 

392700       253100         .  .     ^ 

— 7 —  +  —77, =  5o-7  sq.  inches. 

13600  6800  ^ 

In  using  built-up  chords  the  designer  will  find  it  indispensable  to  have  on  hand  Tables  of  Moments  of  l9urtia, 
by  Frank  Osborne,  C.  E.    Eng.  News  Pub.  Co.,  New  York. 

Width  of  Upper  Chord  and  Top  Plate,  and  Thickness  of  Top  Plate. — The 
width  of  top  plate  is  determined  by  the  conditions  of  the  case.  It  must  be  wide  enough 
to  admit  the  posts  and  the  main  and  counter  ties. 

The  least  allowable  width,  independently  of  these  considerations,  must  be  at  least 
greater  than  the  depth.  The  least  allowable  width  of  the  top  plate  must  be  then  equal  to 
the  distance  between  the  channels, //i/.f  twice  the  width  of  the  flange. 

This  least  allowable  width  of  the  top  plate  may  be  taken  at 

w  =  ^D  -¥  I, 

6 

where  D  is  the  depth  of  channel,  and  iv  the  width  of  plate  in  inches. 

The  least  allowable  thickness  of  top  plate  may  be  taken  at  \"  for  depths  of  channel  less 
than  8".  From  9  to  10  inches  inclusive,  -f^".  From  12  to  18  inches  inclusive,  i".  Above 
20  inches,  ^\  to  \",  These  thicknesses  correspond  to  the  least  allowable  width,  as  already 
given.  Should  the  actual  width  exceed  the  least  allowable  by  50  per  cent.,  we  may 
add  ^^"  to  the  thickness.  If  it  exceeds  by  75  per  cent.,  we  may  add  ^"  to  the  thickness, 
as  determined  by  the  above  rules. 

Depth  of  Chord. — A  little  preliminary  calculation  will  usually  be  necessary  to  fix 
upon  a  suitable  depth  for  the  top  chord.  As  the  depth  ought  to  be  constant  from  end  to 
end  of  the  bridge,  and  as  the  stress  is  much  greater  in  the  middle  than  at  the  ends  of  the 
truss,  we  must  choose  such  a  depth  of  channel  as  will  allow  of  the  necessary  variation  in 
thickness  to  meet  the  strain  in  centre  and  end  panels. 

If  we  find  the  area  required  in  the  end  panel,  then  the  depth  which  will  give  the  least 
average  area  and  allow  for  the  area  of  centre  panel  and  of  end  panel  will  be  the  best  depth 
to  use. 

Example. — Suppose  the  end  upper  panel  is  subjected  to  a  stress  ^7/47000  Ihs.  due  to  the  dead  load,  and  46000  lbs. 

due  to  the  live  load,  and  the  centre  panel  to  a  stress  of  70000  lbs.  due  to  dead  load,  and  54000  lbs.  due  to  live  load, 

what  should  be  the  depth  of  upper  chord,  if  the  panel  length  is  20  feet  / 

/        240 
Let  us  try  9-inch  channels.     The  ratio  -   =  —  =  26|>  and  from  Table  IV.,  Chapter  L,  page  389,  we  have  for 

flat  ends,  crippling  strength  =  17.153  tons  =  34306  lbs.     The  factor  of  safety  is  5.33,  hence  the  safe  working  stress 

is  o-  =  — — =  6470  lbs.  per  sq.  inch.  The  area  required  in  the  end  panel,  by  the  "  old  method,"  is  then  ^ =  about 

5.33  6470 

14  square  inches. 

The  minimum  width  of  top  plate,  according  to  the  rule  just  given,  is,  for  9"  channel,  11  inches,  and  its  thick- 
ness -f^'.  Its  area  is  then  11  X  I'V  =  3-44  square  inches.  This  leaves  14  —  3.44  =  10. 56  for  the  channels,  or  5.28  sq. 
inches  for  each  channel.     From  Carnegie,  page  100,  we  see  that  9-inch  channels  will  answer. 

124000 
Let  us  see  whether  9"  channels  will  give  us  enough  area  at  centre.     Here  we  have  —7 —  •  =  19.16  sq.  inches. 

0470 

Deducting  3.44  for  the  top  plate,  we  have  7.86  sq.  inches  for  each  channel.     This  falls  beyond  the  limit  of  weight  for 

9-inch  channels,  and  such  a  depth  then  will  not  answer. 

Let  us  try  lo-inch  channels.     We  have  then   -  =         =24,  and  from  Table  IV.,  or  =  ^^ =  6737   lbs.    per 

Q^OOO 

sq.  inch.     This  calls  for  an  area  in  the  end  panel  of  — =  13.8  sq.  in.     The  area  of  top  plate  is  13  X  iV  =  4  sq 

0737 

inches.     Deducting  this,  we  have  4.9  for  area  of  each  channel.     The  lightest  lo-inch  channel  is  just  4.9  sq.  inches. 

C.25  -4-  7,2 
The  average  area  for  the  lo-inch  channels  is  -^ ~ — -■   =  6.27  sq.  inches. 
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Twelve  inch  channels  will  be  found  in  like  manner  to  call  for  3.64  sq.  inches  at  end,  and  5.79  at  the  centre.  No 
12"  channels  are  rolled  as  lighr  as  this.  The  lightest  12  inch  channel,  of  one  weight  only,  has  about  6  sq.  inches 
cross-section.  We  might  therefore  use  this  throughout  the  upper  chord.  It  would  give  too  great  area  throughout, 
bui  the  average  area  would  be  only  6  square  inches,  a  little  less  than  for  10"  channels.  There  is  also  practical  advan- 
tage in  having  all  the  chords  of  a  size,  as  it  makes  all  the  splice  plates  and  top  cover  plates  of  a  size  also,  and  secures 
economy  in  price,  ease  of  erection,  and  uniformity  of  details. 

By  the  *'  neiv  method,*'  we  should  proceed  precisely  as  above,  only  the  value  of  O"  would  be  determined  from 


__     6500       /  const.  5"  \ 

~   ~      n   V  '  "^    total  S  y 


where r^  can  be  found  from  Table  IV.,  by  dividing  the  crippling  strength  in  lbs.,  as  given  by  the  Table,  by 

3S500  for  flat  ends.     By  the  straight-line  formula  we  should  also  proceed  precisely  as  above,  only  the  value  of  cr 
would  be  O"  =  8000  —  30   -  for  live  load,  and  a  =  16000  —  60-  for  dead  load,  page  382. 

Compression  and  Flexure  Combined. — The  top  chord  of  a  deck  bridge  may  have 
a  load  upon  it,  due  to  a  cross  tie,  between  the  panel  points.  It  then  acts  as  a  beam  as  well 
as  a  strut. 

For  this  case  we  have,  page  378, 

(Tr    '  (T 


where  cr  is  taken  according  to  the  "old"  or  "new"  method,  or  straight-line  formula  for 
struts. 

Example. — Suppose  an  upper  panel  to  be  subjected  to  compression  of  30000  lbs.  due  to  dead  load,  andtoooolbs, 
due  to  live  load,  and  to  have  a  weight  of  i  ton  acting  at  the  middle.    If  the  panel  is  \^  feet  long,  what  should  be  the  area  f 

Let  us  try  lo-inch  channels.     The  ratio-  =  —  =18.     For  common  chord  section,  flat  ends,  we  have  from 

d        10 

36470 

Table  IV..  the  crippling  strength  =  36470  lbs.,  and  factor  of  safety  =  4.9.     By  the  **old  method,"  cr  =    = 

4.9 

7443  lbs.  per  sq.  inch. 

By  the  "  new  method  "  we  have   ^—j^  =  ^^^  =  0'947i  and  hence  o*  =  0.947  X  6500      i  H = 

8207  lbs.  per  sq.  inch. 

In  the  present  case  M  =  1000  X  7.5  X  12  =  90000  inch  lbs.,  v  =  4  inches,  r  =  not  far  from  3  inches,  accord- 
ing to  Carnegie^  page  lOO. 

Hence  by  '•  old  method," 


-       90000  X  4    .   90000  ^    ,  o  . 

^  =  \ ^  +  \ =  5.36  +  13  =  18.7  sq.  in. 

6943  X  9  6943 


By  the  "new  method. 


I* 


-         90000  X  4       90000  „      .  ^  o  t 

^  =     S^TX?  +  8^=  '»-^'  +  "*-^  =  '5.83  sq.  Ins. 

The  least  allowable  width  of  top  plate  is  8  inches,  and  thickness  \*\     The  area  of  top  plate  is  then  2  sq.  inches. 

This  leaves  16.7  sq.  inches,  or  8.35  sq.  inches  for  each  channel  by  the  old  method,  and  13.83  sq.  inches  or  6.9 
sq.  inches  for  each  channel  by  the  new  method.     From  Carnegie,  page  100,  we  see  that  these  channels  can  be  rolled 

In  the  first  case,  then,  we  have  two  10"  channels,  27.32  lbs.  per  foot,  0.615  inches  thickness  of  web,  and  3.015 
inches  wide  of  flange. 
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In  the  second  case,  we  have  two  10"  channels,  23.3  lbs.  per  foot,  0.47  in.  thickness  of  web,  and  2.87  in.  width 

of  flange. 

If  we  use  the  straight-line  formula,  with  Cooper's  values,  page  382,  we  have  a  =  6200  lbs.  for  live  load,  and 

,._     r       I     J  I      1      u  ^       30000X  4    .   3^xx)Q      60000  X  4   ,   6  000  . 

a  =  12400  lbs.  for  dead  load.     Hence  A  = H h  -7 — h  7 =  17-47  sq.  inches. 

^  12400X9       12400       6200X9        6200  '  ^'    ^ 

Secondary  Stresses. — The  members  at  an  apex  should  be  loaded  in  their  axes,  and 
these  axes  should  meet  in  a  point. 

If  these  conditions  are  not  complied  with,  we  have  secondary  stresses  due  to  bending, 
and  the  unit  stress  must  be  determined  as  directed,  page  313. 

Jaw  Plates. — When  the  flanges  at  the  pin  ends  of  compression  members  are  cut 
away  for  the  purpose  of  close  packing,  the  webs  of  the  channels  remaining  must  be 
strengthened  by  **  pin  plates "  or  **  jaw  plates."  These  must  give  sufficient  bearing  on 
the  pin.     They  must  also  have  sufficient  area  as  posts. 

Their  thickness  as  posts  is  determined  by  the  formula 

yooow      27 

where  P  is  the  compression  carried  by  one  jaw  in  lbs.,  w  =  width  of  the  jaw,  b  =  length 
in  inches  from  the  centre  of  pin  hole  to  the  first  rivet  beyond  the  point  at  which  the  full 
section  of  the  post  begins,  /  =  thickness  in  inches. 

We  give,  in  Figs.  221  and  222,  Plates  1 1  and  12,  details  of  upper  chords  and  connec- 
tions.    The  drawings  explain  themselves.     These  represent  modern  American  practice. 

In  Fig.  221,  Plate  1 1,  we  have  the  ordinary  style  of  posts,  formed  of  channels  latticed 
or  laced.  Fig.  222,  Plate  12,  shows  also  the  inclined-end  posts  or  "batter  braces,"  formed, 
like  the  chords,  of  latticed  or  laced  channels,  with  top  plate.  It  is  designed  precisely  like 
the  top  chord.     Figs.  233  and  234,  Plate  14,  show  methods  of  riveting. 

In  Figs.  235  and  236  we  have  given  details  for  light  highway  bridges.  Such  details 
are  only  allowable  in  light  structures,  and  good  modern  practice  would  avoid  bending  the 
ties,  as  shown  in  Fig.  235.     Fig.  237  shows  the  details  for  the  ordinary  Howe  Truss. 

No  castings  are  permitted  in  modern  bridges^  for  any  purpose ^  except  for  bed  plates  and 
for  the  machinery  of  draw  spans.  For  best  modern  construction,  the  student  should 
observe  carefully,  well-executed  examples  in  the  field,  and  sketch  details.  The  recent 
editions  of  the  illustrated  albums  of  our  best  bridge  companies  willgive  much  information. 
Also  the  reports  of  Geo.  S.  Morison,  C.  E.,  upon  the  Bismarck  Bridge,  the  Plattsmouth 
Bridge,  and  the  Omaha  Bridge.  The  illustrated  albums  of  the  various  bridge  companies 
are  easily  obtained  upon  application,  for  a  small  price,  and  many  of  them  are  excellently 
illustrated. 

To  attempt  to  give  such  details  in  a  work  of  this  character  is  to  run  the  risk  of  becom- 
ing antiquated  in  a  few  years. 

A  comparison  of  differences  in  practice  and  a  consideration  of  the  reasons  for  such 
differences  is  a  most  instructive  exercise.  The  improvement  of  details  is  the  constant  aim 
of  the  designer,  and  the  student  should  render  himself  familiar  with  the  best  practice 
attainable,  and  be  on  the  alert  to  note  new  forms  and  improved  methods. 
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CHAPTER    IV. 

PINS   AND   EYE    BARS. 

The  use  of  "  pin  connections  **  and  "  screw-end  connections/*  is  the  characteristic  of 
American  bridge  practice.  Rivets  are  only  used  for  such  minor  details  as  splice,  cover, 
and  re-enforcing  plates,  in  the  flanges  of  plate  cross-girders  and  stringers,  and  their  con- 
nections, and  for  stiffeners.  The  main  connections  of  posts  with  chords,  are  by  means  of 
pins,  whereas  in  England  and  on  the  Continent  all  the  connections  are  usually  riveted. 

The  price  of  labor,  extent  to  which  machine  processes  are  employed,  etc.,  are  the 
main  reasons  which  justify  such  diversity  of  practice.  As  regards  the  theoretical  advan- 
tage of  the  two  systems,  the  pin  connection  seems  undoubtedly  the  best,  and  in  this  coun- 
try has  shown  itself  also  the  best  practically. 

Among  the  evident  disadvantages  of  rivet  connections,  as  compared  with  pin  connec- 
tions, we  may  mention  the  impossibility  of  getting  the  stresses  to  act  along  the  axis  of  the 
members.  An  indefinite  amount  of  twisting  is  thus  caused  at  each  joint,  which  is  entirely 
absent  in  pin  joints.  The  practice  of  distributing  rivets  assumes  that  each  takes  its  equal 
share.  But  in  reality  the  first  rivets  must  take  a  greater  amount,  and  only  the  elasticity  of 
the  plates  brings  the  others  into  play.  With  many  rivets  it  is  thus  questionable  whether 
some  of  them  act  at  all,  and  it  is  impossible  to  determine  to  what  extent.  Rivet  holes, 
even  when  laid  out  with  the  greatest  care,  cannot  be  made  to  always  coincide,  and  the 
holes  are  then  forced  to  match  by  the  use  of  the  **  drift-pin,"  which  distorts  the  holes  and 
injures  and  mutilates  the  material.  Imperfect  workmanship  cannot  be  avoided,  even  by 
the  most  careful  supervision,  and  a  rivet  hole  imperfectly  filled  presents  the  same  appear- 
ance as  a  perfect  one.  Rivet  heads  will  snap  oflf  under  the  contraction  of  the  rivet  when 
cooled,  and  often  when  carelessly  driven  by  hand  will  shrink  away  from  the  hole  without 
filling  it  at  all.  To  guard  completely  against  all  these  sources  of  imperfection  would  seem 
hopeless.  To  guard  sufficiently  requires  that  the  greatest  care  and  every  precaution  be 
taken  to  eliminate  them.  Thus,  in  Europe  the  holes  are  drilled  in  the  plates  while 
clamped  in  position,  and  machine  riveting  employed. 

Such  precautions  mean  increase  of  expense,  and  in  this  country  cannot  be  employed 
in  competition  with  pin  connections.  Hence,  in  this  country  at  least,  such  precautions  are 
not  taken,  and,  whatever  may  be  the  case  abroad,  here  our  riveted  bridges  are  inferior  to 
the  pin  connected. 

For  this  reason,  our  American  practice  would  seem  the  best  adapted  to  the  circum- 
stances, which  uses  pins  for  all  the  important  main  connections,  and  only  employs  rivets 
for  those  details,  such  as  splice  and  cover  plates,  etc.,  whose  office  is  simply  to  keep  the 
members  in  line,  or  for  such  connections  as  the  flanges  of  plate  girders,  where  rivets  are 
unavoidable.  In  such  cases,  as  far  as  practicable,  the  riveting  should  be  done  in  shop  and 
not  in  the  field.     Field  riveting  is  sure  to  be  poor,  and  open  to  all  the  objections  named. 
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There  are  no  objections  to  the  pin  joint  from  a  theoretical  standpoint,  and  the  only 
practical  ones  urged  are  the  difficulty  of  securing  a  tight  fit,  and  consequent  expense,  and 
the  fact  that  the  rupture  of  a  single  joint  destroys  the  structure.  The  practical  objections 
are  practically  answered  by  machine-made  bearings  and  connections  of  the  nicest  fit,  and 
by  existing  structures  both  economical  and  safe,  which  have  given  American  engineers  the 
reputation  of  being  among  the  best  bridge-builders.* 

Theory  of  Pins  and  Eye-bars. — Thickness  of  Re-enforcing  plates. — The 
bearing  resistance  of  the  pin  should  equal  the  greatest  pressure  upon  it  due  to  any  plate 
through  which  it  passes. 

If  d  is  the  diameter  of  pin  in  inches,  /  =  the  thickness  of  any  plate  through  which  it 
passes  in  inches,  then  dt  is  the  bearing  area  in  square  inches.  Let  C  be  the  working  com- 
pressive stress  per  square  inch,  then  dtC  is  the  bearing  resistance  of  the  pin.  This  should 
equal  the  stress  transmitted  through  the  plate,  or 

dtC  =  stress. 

We  may  take  C  at  6.25  tons.  The  stress  transmitted  is  always  known.  If  the  stress 
is  one  totiy  the  requisite  bearing  area  is 

dt  =  -p —  ,  and  hence  we  have 
6.25 

lineal  bearing  on  pin,  in  inches  per  ton  of  stress  =  J. — -^, (i) 

From  equation  (i),  having  given  the  diameter,  we  can  find  the  corresponding  lineal 
bearing  or  thickness  of  plate,  for  every  ton  of  stress  to  be  transmitted.  We  have  only  to 
multiply  this  by  the  number  of  tons  stress  in  any  case,  to  find  the  requisite  thickness  of 
plate  in  any  case.  This  equation  is  therefore  to  be  applied  in  finding  the  thickness  of 
re-enforcing  plates. 

Example. —  The  stress  transmitted  through  a  1 2-inch  post  channel  is  S55<>^  ^^^'  ^^  thickness  of  web  is  ^ths  of 
an  inchf  and  diameter  of  pin  is  j  inches.      What  thickness  of  re-enforcing  plate  is  required? 

The  thickness  for  each  ton  is  , ,-=  , =  0.0533  inches.     For  ^^—  =  27.75  tons,  we  should  have  then  a 

6.25^/       6.25  X  3  ^^^  2000  '   '^ 

thickness  of  0.0533  x  27.75  =  i«48  inches.     As  the  channel  web  is  0.6  inch,  this  leaves  1.48  --  0.6  =  0.88"  for  the 

thickness  of  re-enforcing  plate.     Two  plates,  j^-"  thick  upon  each  side  of  channel  web,  will  then  give  the  required 

thickness. 

The  thickness  for  each  ton  of  stress,  for  different  diameters,  has  been  found  from 
the  formula  (i),  and  is  given  in  the  Table,  page  387,  which  follows. 

Least  Diameter  of  Pin. — If  /  is  the  thickness  of  eye-bar,  and  w  its  depth,  then  tw 
is  the  area  of  cross  section  of  eye-bar.  If  O"  is  the  working  tensile  stress  for  which  the  bar 
has  been  dimensioned,  then  twa  is  the  stress  transmitted  from  the  bar  to  the  pin. 

*  "  The  typical  American  railroad  bridge  is  a  skeleton  structure,  pin-connected  at  all  the  principal  articulations.  Its 
essential  characteristics,  in  addition  to  being  connected  by  pins,"  are  stated  by  Cooper  as  follows  :  *'  First — So  formed 
as  to  reduce  all  ambiguity  of  strains  to  a  minimum.  Second — Concentration  of  parts.  Third — Facility  of  manufacture. 
Fourth — Perfection  of  lengths  and  fitting  of  all  the  members,  so  as  to  reduce  to  a  minimum  all  riveting  or  mechanical 
work  in  the  field.  Fifth — Readiness  with  which  the  individual  members  can  be  assembled  during  erection." — Trans, 
Am.  Sac.  C,  E  ,  July^  1889. 
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Now  if  d  is  the  diameter  of  pin,  and  if  the  thickness  of  head  is  equal  to  the  thickness 
of  bar,  t,  we  have  id  for  the  bearing  of  pin,  and  tdC  for  its  bearing  resistance. 
We  must  have  then  for  the  smallest  admissible  value  of  d, 

tdC  =  tw(5y  or  d  :=  -^w. 

The  ratio  of  the  tensile  working  stress  a  to  the  compressive  working  stress  C,  or  7^,  may 
be  taken  at  j.     We  have  then  for  the  least  diameter  of  pin  admissible^ 

dz=^\w (2) 

The  diameter  of  pin  may  need  to  be  much  greater  than  this,  but  it  cannot  be  less,  unless 
the  thickness  of  head  of  eye-bar  is  made  greater  than  the  thickness  of  bar  itself 

When  this  is  the  case,  if  t^  is  the  thickness  of  bar  and  /  the  thickness  of  head,  we  have 

tdC  =  /iwcr,  or  ^  =  f  —  w, 

for  the  least  diameter  of  pin,  and  /  =  ^—j- » 

for  thickness  of  head  when  diameter  is  given. 

It  is  seldom  desirable  and  often  impossible  to  use  this  smallest  value  d  =  \w  for  lower 
chord  bars.  It  is  well  simply  to  note  it  as  a  limit  below  which  we  cannot  go  without 
increasing  the  thickness  of  heads.  For  diagonals,  counters,  and  hip  verticals,  the  head 
must  sometimes  be  thicker  than  the  bar. 

Example  i. — If  the  depth  of  eye-bar  is  10  inches ,  what  is  the  least  diameter  of  pin  which  can  be  used  without 
thickening  the  head  of  eye-bar  f  Ans.  d-=.y\  inches. 

Example  2. — A  hip  vertical  bar  is  8"  by  J".  If  the  diameter  of  pin  passing  through  it  at  the  upper  end  is  4f ", 
what  should  be  the  thickness  of  the  head  ? 

The  least  diameter  allowable  without  thickening  the  head  is  \w  =  f  8  =  6".     As  the  pin  in  this  case  is  less  than 

this,  the  head  must  be  thicker  than  the  bar.     The  thickness  of  head  is  /  =  — — ^  =    r—  =  -— r  =  lA-". 

^  4//  4  X  4t  i8i         '^ 

Example  3. — A  main  tie-bar  is  j"  by  /-ft".     //  the  diameter  of  pin  is  ji'\  what  should  be  the  thickness  of  head 

at  that  end? 

Here   \w  =.  \  x  5=3),    therefore  the  head  must  be  thicker  than  bar.      We    have  for    thickness  of    head 

3«;/i_  3  X  5  X  li^  _  ^        „ 

t  =r —  =r =  1. 010   . 

4^  4x3! 

Example  4. — A  counter  rod  is  i"  diameter.     What  should  be  the  thickness  of  head,  if  the  pin  is  3}"  ? 

We  must  replace  here  /i«/  in  the  formula  by  ,  where  w  is  the  diameter  of  the  rod.     We  have  then 

/=  ~ 3  =0.157". 

16  X  3j 

If  the  head,  then,  is  a  loop  of  same  diameter  as  rod,  it  will  afford  ample  bearing. 

Size  of  Pin. — The  pin  should  be  treated  as  a  beam  which  fails  by  flexure.  The  size 
as  thus  determined  is  greater  than  the  diameter  required  for  safe  bearing  or  shearing 
resistance. 

From  the  theory  of  flexure,  Part  I,  page  286,  we  have 
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4^4  ^^^^  "^^^   EYE-BARS. 

If  we  use  wrought-iron  fillers,  it  is  usual  to  allow  ^"  for  clearance. 

If  pilot-points  are  used  the  ends  of  the  pin  are  smaller  in  diameter  than  the  pin,  have  a 
thread  cut  on  them,  and  a  hexagonal  nut  is  screwed  on,  as  shown  in  Fig.  268,  Plate  20.  The 
nut  overlaps  the  shoulder  of  the  pin  ^'  on  each  end,  making  \"  to  be  added  to  the  figured 
length  of  pin,  including  all  clearances,  in  order  to  find  the  length  from  shoulder  to  shoulder. 

The  following  examples  show  how  to  test  for  size  of  pin  at  various  points. 

Example  i,^In  the  centre  panel  of  a  bridge  truss,  we  have  4  chord  bars  /'  by  /^",  two  at  one  end  of  pin  and  two 
at  the  other,  ivith  post  between.  In  the  next  panel  we  have  also  4  bars,  7"  by  i\  two  on  one  side  and  two  on  the  other 
side  of  post.  We  have  also^  on  each  side  of  centre  of  pin,  a  tie  i"  thick.  The  tie  is  pcLcked  close  to  the  inner  reinforcing 
plate  of  post,  making  the  clearance  between  it  and  the  next  chord  bar  i\" .  The  chords  are  all  packed  snug,  the  lightest 
one  on  the  outside,  then  a  heavy  and  light  ofie  alternately.  If  the  working  stress  G  =  loooo  lbs.  per  square  inch,  what 
site  pin  is  required? 

The  area  of  each  chord  bar  on  one  side  is  7  x  i^  =  10.5  sq.  inches,  and  on  the  other  side  7  x  i  =  7  sq.  inches. 
We  have,  then,  Pi  =  Pt  =  7  ^  lOOOO  =  70000  lbs.,  and  P^rzi  p^  =  10.5  x  lOOOO  =  105000  lbs.  The  horizontal  com- 
ponent of  the  tie  stress  is  2  x  105000  —  2  x  70000  =  70000  =  P%.  The  distances  apart  are  A  =.  /i  =  A  =  4(i|  +  l) 
=  li"  and  U  =  Kii  +  i)+  li  =  2}". 

Then  the  moment  at  Pt  is  PJi  =  70000  x  li  =  87500  inch  lbs. 

at  Ps  we  have  87500  +  {Pi  —  A(/a  =  87500  —  43750  =  43750  inch  lbs., 
at  P4  we  have  43750  +  (^1  —  A  -f-  Pi)lt  =  4375©  +  43750  =  875«>  inch  ibs.. 
at  Pt  we  have  87500  +  {Pi  —  P%  ■\-  P%  —  P^l^  =  105000  inch  lbs. 
The  maximum  moment  then  is  at  P%  and  equal  to 

M  =  Mb  =--  105000  inch  lbs. 

From  the  Table,  page  427,  we  see  that  this  will  require  an  iron  pin  of  about  4J"  diameter. 

But  for  a  bar  7"  deep,  we  have  already  seen  that  if  the  diameter  of  pin  is  less  than  ^w  =  s\"  in  this  case,  the  head 
must  be  thickened  for  safe  bearing.  If,  then,  we  use  this  diameter  of  4^",  we  have  (page  429)  for  the  thickness 
of  head, 

/  =  i!^=3x7xi 

4d  17  ^^  • 

17 

for  the  thickness  of  heads  of  eye-bars.  These  thicknesses  would  increase  the  moment  and  make  a  new  determinatkm 
of  the  size  of  pin  necessary. 

If  we  take  the  diameter  at  5^',  the  heads  need  not  be  thicker  than  the  bars.  IVe  should  always  make  this  test  f of 
bearing.     The  pin  can  be  ordered  5}"  commercial  size. 

Example  2. — Suppose  the  same  arrangement  as  in  the  preceding  example,  but  the  bars  to  be  _$"  by  j\"  and ^"  by  i\". 
The  tie  is  |8"  thick,  and  centre  distance  of  its  bearing  from  bearing  of  adjacent  chord  /^".  The  outside  bar  is  then  i\' , 
the  next  j\" ,  the  next  /J",  the  next  j\' ,  and  finally,  with  a  clearance  of  z^",  cofnes  the  tie.  The  chord  bars  are  packed 
snug.     If  the  working  stress  C  =  loooo  lbs,,  what  size  pin  is  required? 

The  area  of  each  bar  on  one  side  is  5  x  i)  =  62^  sq.  inches,  and  on  the  other  side  5  x  i|  =  6|  sq.  inches. 
Putting  the  lightest  outside  and  alternating,  we  have  Px  =.  P^  =  d^  x  lOOOO  =  625000,  and 

/>,  =  />*  =  61  x  loooo  =  68750  lbs.     P%  =:  2  X  68750  —  2  X  62500  =  12500  lbs. 


The  distances  are  /,  =  /,  =  /«  =  \{i\  ^  i\)  =  1^  and  /*  =  Kil  +  H)  +  li  =  ^H"- 
The  moment  at  Pi  is  Pili  =  62500  x  it^  =  82031  inch  lbs. 

At  Pi  we  have  82031  +  {Pi  —  />,)/,  =  73828  inch  lbs. 
At  A  we  have  73828  +  {Pi  —  P%  +  P%)1%  —  147656  inch  lbs. 
At  P%  we  have  147656  +  {Pi  —  Pi  +  Ps  —  Pa)U  =  1 14453  lbs. 
The  maximum  moment  is  then  at  P^,  and  is  equal  to  147656.     From  the  Table,  page  427,  this  calls  for  a  pin  4}" 
diameter.     The  least  allowable  diameter  is  \w  =  3}".     The  heads  of  bars  do  not  require,  therefore,  to  be  thickened, 
and  4]"  diameter  may  be  taken.     This  gives  4^"  commercial  size. 

Size  of  Pin  at  second  Lower  Joint  from  End.— At  this  joint  we  must  take  into 
account  My  or  the  moment  of  the  vertical  forces.    We  have  then 
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M=  VM}  +  J/f . 

Example. — Suppose  we  have  4  chord  bars  4"  by  /^^"  on  one  side^  and  on  the  other  2  chord  bars  4"  by  i^".  The 
ties  are  /,^"  thick.  The  tie  is  packed  close  to  the  post  channel,  the  thickness  of  which,  including  the  re-enforcing  plate, 
is\".  The  bars  are  packed  snug.  The  vertical  compression  in  the  half  post  is  40000  lbs.  for  full  loading.  IV hat  is 
the  size  of  pin  required,  taking  the  working  stress  a  at  loooo  lbs. 

We  have  here  at  each  end  of  pin,  2  chord  bars  on  one  side,  and  one  bar  between  them  on  the  other.  Then 
/*!  =  /'s  =  4  X  i-flf  X  loooo  =  47500*  and  /'a  =  4  X  It^  X  loooo  =  57500.  The  horizontal  component  of  the  tie 
stress  is  A  =  a  x  47500  —  57500  =  37500  lbs. 

The  distances  are  /,  =  /„=  \{i^^  -f  ItV)  =  i-iV"»  A  =  i(iA  +  ^A)  +  i  =  H- 

We  have,  then,  at  P^  the  moment  PJi  —  47500  x  i^^  =  62344  inch  lbs. 

At  P%  we  have  62344  -»-  {Px  —  Z',)/,  =  49219  inch  lbs. 

At  Pk  we  have  49219  +  {P\  —  A  -H  Pi)l%  =  133594  inch  lbs. 

The  maximum  horizontal  moment  then  is  Afn  —  133594  inch  lbs.  =  66.797  inch  tons. 

The  vertical  compression  in  post  is  40000  lbs.  Its  lever  arm  is  K^A  +  i)  =  lA*  Hence  My  =  40000  x  i^ 
=  48750  inch  lbs.  =  24.375  inch  tons. 

The  resultant  moment  is 


Af  =  \^Af^  +  M^  X  ^^(66. 8)*  +  (24.4)'  =  71. 1 1  inch  tons  =  142220  inch  lbs. 

This  calls  for  a  pin  4^"  diameter,  or  4?"  commercial  size. 

The  least  diameter  allowable  is  \w=  2".     Hence  the  bearing  is  abundant. 

Size  of  Pin  at  first  Lower  Joint  from  End  and  at  End. — At  this  joint  there 
are  no  ties  or  counters.  We  have  the  pin  passing  through  the  chord  bars  and  hip  vertical 
only.  The  chord  bars  on  each  side  are  equal  and  equal  in  number.  The  horizontal 
moment,  then,  is  simply  the  stress  on  either  side  of  pin  at  one  end  of  pin,  multiplied  by 
the  thickness  of  a  chord  bar. 

If  the  cross-girder  is  riveted  to  the  hip  vertical  above  the  pin,  there  is  no  vertical 
moment.  If  it  is  hung  on  floor-beam  hangers,  the  vertical  moment  is  the  load  supported 
by  a  hanger  x  by  the  distance  from  centre  of  bearing  of  a  hanger  to  centre  of  bearing  of 
hip  vertical. 

Example  i. — Suppose  we  have  a  bars  in  the  first  two  panels,  4  by  i^" ,  or  4  bars  in  all,  one  pair  at  one  end  of  pin 
and  one  pair  at  the  other.  If  the  cros9-girder  is  riveted  to  the  hip  vertical^  and  the  Tvorking  stress  a  =  loooo  lbs.,  what 
Hu  of  pin  is  required? 

The  stress  on  one  side  of  pin  at  one  end,  in  one  direction  is  /'i  =  4  x  ii^  x  loooo  =  57500  lbs.,  and  the  stress  on 
the  other  side  at  one  end,  in  the  other  direction,  is  /'a  =  57500  lbs.  The  distance  A  =  iiV'-  Hence  the  horizontal 
moment  is  Afn  =  57500  x  i-j^  =  82656  inch  lbs.  From  the  Table,  page  427,  this  calls  for  a  pin  3J".  The  least 
allowable  for  bearing  is  \w  =  3x4=  3".     Hence  3J''  can  be  used. 

This  diameter  may  be  used  also  for  the  end  pin. 

Example  2. — Suppose  at  the  same  joint  the  load  sustained  by  a  beam  hanger  to  be  32000  lbs.,  and  the  distance  from 

centre  of  bearing  of  a  beam  hanger  to  centre  of  hip  vertical  i\". 

Then 

My—  32000  X  li  =  48000  inch  lbs.  =  24  inch  tons. 

We  have  already  found  Mh  =  82656  inch  lbs.  =  41.328  inch  tons. 

Hence,  M  =  ^/M%  +  Af  ^  =  ^{^i.'izY  +  (24)'  =  47.79  inch  tons  =  95580  inch  lbs. 

This  calb,  from  Table  page  427,  for  a  4"  pin,  or  4V  commercial  size.  The  least  allowable  pin  is  \w  =s  5",  henoi 
ire  need  not  increase  thickness  of  head. 

For  the  end  pin,  we  have  the  diameter  given  in  the  preceding  exampU. 

Size  of  Pin  at  any  intermediate  Top  Chord  Joint. — Any  pin  in  the  top  chord 
is  acted  upon  simply  by  the  full  stress  of  the  main  ties  through  which  it  passes.  The 
horizontal  component  of  the  tie  stress  gives  the  chord  stress,  and  the  vertical  component 
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the  post  stress.  The  main  ties  are  packed  close  to  the  post  end  on  the  inside  of  post,  and 
the  counters,  if  any,  between  the  main  ties. 

The  horizontal  moment,  therefore,  is  the  horizontal  component  of  the  stress  in  one 
main  tie,  multiplied  by  the  distance  between  the  tie  and  chord  bearings. 

The  vertical  moment  is  the  vertical  component  of  the  stress  in  one  main  tie,  multi- 
plied by  the  distance  between  the  tie  and  post  bearings. 

Example. — Suppose  we  have  two  main  ties  j"  by  /i",  the  distance  from  centre  of  tie  bearing  to  centre  of  chord 
hearing  being  2^'\  and  the  distance  from  centre  of  tie  bearing  to  centre  of  post  bearing  being  i\".  If  the  working  stress 
O"  —  loooo  /bs,f  and  the  angle  of  tie  with  vertical  jj"  //',  what  size  of  pin  is  required? 

We  have  sin  33"  11' =  0.547,  and  cos  33**  11' =  0.837.  The  horizontal  component  of  the  tie  stress  is  then 
5  X  ij  X  loooo  X  0.547  =  30769  lbs.,  and  the  vertical  component  is  5  x  li  x  loooo  x  0.837  =  47081  lbs. 

Hence  the  horizontal  moment  is Mh'=-  30769  x  2^  =  71 153  inch  lbs.  =  35*576  inch  tons,  and  the  vertical  moment 
is  My—  47081  X  li  =  58851  inch  lbs.  =  29.425  inch  tons. 

The  maximum  moment  then  is 

M  =  A^M\  +  M*y  =  V'^SS-^)'  +  (29-4)'  =46.17  inch  tons  =  92340  inch  lbs. 
From  the  Table,  page  427*  this  calls  for  a  pin  4"  diameter,  or  4I"  commercial  size. 

Size  of  Pin  at  Hip  Joint. — At  the  hip  joint  we  have  no  post,  but  simply  one,  or  at 
most  two,  hip  verticals.  The  hip  vertical  is  at  the  centre  of  pin,  if  there  is  but  one,  or 
packed  as  close  to  tie  as  possible  on  each  side,  if  there  are  two.  In  either  case,  the 
pressure  upon  the  chord  bearing,  due  to  the  stress  in  the  hip  verticals,  is  one  half  of  the 
full  panel  load  for  the  truss.  We  have  also  the  vertical  component  of  the  stress  in  a  main 
tie,  or  if  two  ties  meet  at  the  hip  on  each  end  of  pin,  as  is  the  case  for  a  double  system^ 
then  the  sum  of  the  vertical  components  of  ^ach.  The  vertical  moment  is  then  found  as 
for  a  beam  supported  at  the  ends,  with  given  vertical  forces  at  given  points.  The 
horizontal  moment  is  as  before  the  horizontal  component  of  the  tie  stress  multiplied  by 
the  distance  between  the  chord  and  tie  bearing. 

Example. — Suppose  at  the  hip  toe  have  two  main  ties,  y  by  i^" ,  and  one  hip  vertical  at  the  centre.  Let  the  load 
supported  by  the  hip  vertical  be  60000  lbs,,  the  distance  between  chord  and  tie  bearing  be  i^'\  and  between  tie  and  hip 
vertical  bearing  j".  If  the  working  stress  <r  is  loooo  lbs,  and  the  angle  of  ties  with  vertical  jj'  //',  what  size  of  pin  is 
teguiredf 

One  half  of  the  hip  vertical  stress  acts  upon  the  chord  bearing,  or  30000  lbs.  We  have  sin  33**  11'  =  0.547  and 
cos  33°  11'  =  0.837.  The  vertical  component  of  the  tie  stress  is  5  x  i-^  x  loooo  x  0.837  =  44204  lbs.  The  total 
pressure  on  chord  bearing  is  44204  +  30000  =  74204  lbs.     The  moment  at  centre  of  hip  vertical  is 

Mv=  74204  X  4I  —  44204  X  3  =  20136  inch  lbs.  =  100.653  inch  tons. 

The  horizontal  component  of  the  tie  stress  is 

5  X  i-]^  X  loooo  X  0.547  =  42734  lbs. 

The  horizontal  moment  is     Mu  =  42734  x   i^  =  64101  inch  lbs.  =  32  inch  tons. 

The  maximum  moment  is 


M  =  >y/J/J  +  M^=^  >y/ioo'  +  32'  =  105  inch  tons  =  210000  inch  lbs. 
From  the  Table,  this  calls  for  a  pin  5  V"  diameter,  or  5t"  commercial  size. 

Table  for  Pins. — We  give  below  the  Table  referred  to  repeatedly  in  the  preceding 
examples.  The  first  column  gives  size  of  pin.  The  second  the  proper  bearing  for  each 
size  for  one  ton  stress.  This  will  enable  us  to  find  thickness  of  re-enforcing  plates.  The 
third  and  fourth  give  the  bending  moment  for  iron  and  steel  pins. 
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PIN   TABLE   I. 

Lineal  Bearing  per  Ton  and  Maximum  Bending  Moment  for  Pins,  for  Fibre  Stress  of  15000  lbs.  Iron. 

AND  20000  LBS.  Steel. 


Lineal  bearing  in  inches  per  ton  = 


Max.  bending  moment  = 


6.25</' 
Least  allowable  diameter  without  thickening  the  head  =  3  w. 


f[Ed* 
32 


Diameter 

of  pin  in 

inches. 


I 

li 


; 

If 

li 

2 

2\ 
2I 

2i 
2i 
2| 
2? 

3 

3i 

it 

3i 
3ft 

3I 


Lineal  bearing  on 

pin  in  inches  per 

ton. 


0.16 
0.142 
0.128 
0.116 

0.106 
0.098 
0.091 
0.085 

0.08 
0.075 
0.071 
0.067 

0.064 
0.061 
0.058 
0.056 

0-053 
0.051 

0.049 

0.047 

0.046 
0.044 
0.042 
0.041 


Moment  for 

i?  =  X5000 

for  iron. 


1470 
2100 

2880 
3830 

4970 
6320 
7890 
9710 

II800 
14100 
16800 
19700 

23000 
26600 
30600 
35000 

39800 
44900 
50600 
56600 

63100 
70100 
77700 
85700 


Moment  for 

i?  =  aocxx> 

for  steeL 


I960 
2800 
3830 
5100 

6630 

8430 

10500 

12900 

15700 
18800 
22400 
26300 

30700 
35500 
40S00 
46700 

53000 
59900 
67400 
75500 

84200 

93500 

103500 

I 14200 


Diameter 

of  pin  in 

inches. 


4 

4i 

4i 

4j 

4l 

5 

5i 
5i 
St 

si 
Si 
si 
si 


6i 
6* 
6f 
61 


Lineal  bearing  on 

pin  in  inches  per 

ton. 


0.04 
0.038 
0.038 
0.037 

0.035 
0.034 
0.034 
0.033 

0.032 
0.031 
o  03 
0.03 

0.029 
0.028 
0.028 
0.027 


6 

0.026 

61 

0.026 

61 

0.025 

6§ 

0  025 

0.025 
0.024 
0.023 
0.023 


Moment  for 

i?  =  15000 

for  iron. 


94200 
103400 
II3000 
123000 

134200 
145700 
157800 
170600 

1 84 100 
198200 
213100 
228700 

245000 
262100 
280000 
298600 

318100 
338400 
359500 
381500 

404400 
428200 
452900 
478500 


Moment  for 

i?  =  20000 

for  steel. 


125700 
137800 
150700 
164400 

178900 
194300 
210400 
227500 

245400 
264300 
284100 
304900 

326700 
349500 
373300 
398200 

424100 
451200 
479400 
508700 

539200 
570900 
603900 
638000 


Eye-bar  Heads. — An  eye-bar  should  be  so  proportioned  that  it  will  break  first  in 
the  body  rather  than  in  the  eye  or  head.  Many  experiments  have  been  made  to  deter- 
mine the  proper  relative  dimensions  of  head  and  bar. 

The  following  simple  formulas  agree  well  with  these  experiments:  Let  D  be  the 

diameter  of  the  head,  d  the  diameter  of  pin,  and  w  the  depth  of  bar,  then  for  thickened 

headsy  or  for 

d  <  Iwy 

D  ^  d  -\-  1.5a/,  and  thickness  of  head ^  t  =  ^—j= ,  where  t^  is  the  thickness  of  bar* 
For  heads  the  same  thickness  as  bar,  or  for 

d>  \w, 

D  =  1.25^  4-  I.29ZC;,  and  thickness  of  head,  t  =  /j. 

As  to  the  shape  of  head,  it  is  nearly  always  made  circular.     Prof.  Burr,  in  his  Stresses 
in  Bridge  and  Roof  Trusses,  gives  a  method  of  laying  down  an  eye-bar  head,  as  determined 


428 


PMS  AND   EYE-BARS. 


by  an  extensive  series  of  experiments,  which  is  stated  to  have  stood  the  test  of  long 
American  experience,  but  is  not  now  in  general  use. 

As  modified  by  the  formulas  just  given,  it  may  be  given  as  follows :  Make  DK  equal 
to  the  value  of  D  as  found  from  the  formulas  just  given,  and  draw  the  semi-circle  DRBK. 

Take  the  distance  QB  =  o.Zjw,  that  is,  lay 

oflf  EC  =  oijw  H and   draw   the   pin. 

Make  CA'  =  CA.  The  curve  GF  is  drawn 
with  the  centre  A'  and  radius  AD.  GH  is 
any  curve  with  long  radius,  joining  GF 
gradually  with  the  body  of  the  bar.  HG 
should  be  gradual  in  order  that  there  may 
be  a  large  amount  of  metal  in  the  vicinity 
of  CGy  for  there  the  metal  is  subjected  to  flexure  as  well  as  direct  tension.  FD  is  a 
straight  line  parallel  to  the  axis  of  the  bar. 

We  give  in  the  following  Table  the  diameter  of  the  eye  Z>,  for  diflferent  values  of 
depth  of  bar  and  size  of  pin,  according  to  the  preceding  formulas ;  also  the  length  of  bar 
necessary  to  make  an  eye.  This  will  be  found  useful  in  estimating  the  weight  of  iron  in 
an  eye-bar.  These  values  we  have  taken  approximately  from  Tables  kindly  furnished  us 
by  Jos.  M.  Wilson,  C.  E.  In  the  column  for  diameter  of  eye,  for  each  value  of  depth  of 
bar,  the  value  of  D  enclosed  by  lines  is  that  for  which  the  thickness  of  head  is  just  equal 
to  the  thickness  of  bar,  or  ^/  —  \w.  For  all  diameters  less  than  this,  the  head  must  be 
thicker  than  the  bar.  Thus  for  depth  of  bar  w  =  5",  for  all  diameters  of  pin  less  than  3I, 
the  head  must  be  thicker  than  the  bar.  For  greater  diameters  than  3|,  the  head  and  bar 
have  the  same  thickness. 

Different  companies  have  different  dies  for  heads,  and  it  is  only  necessary  that  the 
designer  shall  know  the  form  and  size  of  head  he  has  to  expect.  These  are  given  from 
Pin  Table  II.,  or  some  similar  Table  furnished  by  the  company.  Specifications  require 
only  that  upon  being  tested  to  destruction,  the  bar  shall  break  in  its  body  rather  than  in 
its  head,  and  leave  the  form  and  size  unspecified. 
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When  d  <  iw,  />  =  <!+  i .  5w. 


fVAm  </  >  }w,  />  =s  l.astf  +  I.99«k 


/  = 


3w/i 
4d    • 


</  =  diameter  of  pin  in  inches, 
D-=  diameter  of  eye  in  inches. 


t=z  tx 


t  =  thickness  of  head. 


tx  =  thickness  of  bar. 


w  =  depth  of  bar  in  inches. 


a 

V 


_// 


3 

ai 
a* 

3 

3i 

3* 

3i 
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PINS  AND   EYE-BARS. 


In  the  following  Table  we  have  given  for  different  values  of  d,  or  for  different  sizes 
of  pin,  the  weight  of  pin  per  inch  in  length,  the  corresponding  diameter  of  screw  at  end, 
the  size  of  hexagonal  nut,  and  weight  of  one  nut. 

PIN    TABLE    III. 
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From  these  Tables  we  can  find  the  weight  of  chord  bars  including  heads,  and  also  the 
weight  of  pins  and  nuts,  and  the  proper  sizes  for  every  size  of  pin. 

The  rule  upon  which  Table  3  is  based  is  that  the  least  diameter  of  hexagonal  nut  or 
side  of  square  nut  in  rough  =  ij  diameter  of  screw  +  J".  The  greatest  diameter  of  hex- 
agonal nut  in  rough  =  i^  times  ike  least  diameter.  The  greatest  diameter  of  square  nut  in 
rough  =  1.414  times  the  side.  Height  of  nut  =  diameter  of  screw.  For  finished  sizes  sub- 
tract yij."  These  rules  are  the  standards  of  the  Franklin  Institute,  recommended  Dec, 
1864.     Tables  for  size  and  weight  of  nuts  will  be  found  in  Carnegie's  Pocket  Book. 


PINS  AND  EYE-BARS. 


We  give  here  a  table  for  figuring  the  weight  of  eye-bars. 

TABLE   FOR   FIGURING   WEIGHT   OF   EYE-BARS. 
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Example. — 4" 


"  bar  —  3"  pin  —  7!"  x  ij"  head  —  20'  — 


r.  of  pins. 


Thickness  of  bar  =  i"=  tj".     In  table  find  S=  1.815 ;  l-8is  x  16  =  39.040  (or  i  eye  of  lame  thiclmeas  as  bar. 
in  table  find,  afi  =  15.768  (or  additional  thickness  of  i  eye. 
44.808  cub.  ins. 
Section  of  bar  =  4"  x  i"=  4  sq.  ins.;  — '- —   =  ir".2  to  be  added  lo  dist.  c,  of  pins  to  make  i  eye. 

Total  length  of  4"  x  i"  bar  needed  =■  20'  -I-  (2  x  ii".3)  =  say  31'—  loJ"=  3l'.875, 

Weight  of  4"  X  i"  bar  pet  foot  {Carnegie  Handbook')  =  13.33  lbs-;  21-875  x  13.33  =  39I.6  lbs. 

Weight  of  3"  pin  -{i'  long  E'"n  in  table  =  a.\-ivj  ;  a  x  \\'=  a)"  =  ^  . 

0.1327  X  44  =  5.4  =  weight  of  cylinder  bored  out  for  both  pint. 
Weight  of  fioiibed  bar  =  291.6  —  5.4  =  386.3  lbs. 
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CHAPTER  V. 

RIVETING. 

In  transmitting  stress  by  rivets,  it  is  customary  to  disregard  the  friction  between  the 
parts  joined,  as  too  uncertain  an  element  to  be  relied  upon  to  any  extent.  The  rivets, 
then,  must  be  proportioned  for  the  entire  stress  transmitted. 

Kinds  of  Riveted  Joints. — We  may  distinguish  the  following  joints:  ist.  Simple 
"  /^/  "  joint  J  single  riveted.     The  Figure  shows  this  joint,  front  and  side 
view.     The  two  plates  to  be  joined  are  simply  overlapped,  by  an  amount 
equal  to  the  "  lap,*'  and  united  by  a  single  line  of  rivets.     The  distance 
from  centre  to  centre  of  rivet,  parallel  to  the  joint,  is  called  the  ''pitch,** 

2d.  "  Lap  "  Joint,  double  riveted. — This  joint  is  similar  to  the  pre- 
ceding, except  two  lines  of  rivets  are  used.  In  both  cases,  the  rivets 
are  in  single  shear, 

3d.  '*  Butt**  joint,  single  riveted,  two  cover  plates, — Here  the  two  plates  are  set  end  to 
end,  making  a  "  butt  joint**  and  a  pair  of  **  cover  plates**  are  placed  on  the  back  and  front, 
and  riveted  through  by  a  single  line  of  rivets  on  each  side  of  the 
joint.  The  plates  in  such  a  joint  are  not  suffered  to  touch,  and  the 
entire  stress,  whether  tensile  or  compressive,  is  transmitted  through 
the  rivets.  The  thickness  of  the  cover  plates  should  not  be  less 
than  half  the  thickness  of  the  plates  joined,  and  when  this  rule 
would  give  a  less  thickness  than  the  least  allowable,  viz.,  \  inch,  they  should  have  this 
latter  thickness.  Owing  to  deterioration  of  the  metal  by  the  action  of  the  weather,  no 
plate  is  used  less  than  \  inch  in  thickness,  and  this,  therefore,  makes  a  limit  for  the  thick- 
ness of  the  cover  plates. 

4th.  '*  Butt**  joint,  one  cover  plate,  single  riveted. — This  is  the  same  as  the  preceding, 
except  that  only  one  cover  plate  is  used,  of  the  same  thickness  as  the  plates  themselves. 

5th.  Double  riveted  **  butt  **  joint,  two  cover  plates, — This  joint  is 
the  same  as  case  3,  except  that  we  have  two  lines  of  rivets  on  each 
side  of  the  joint.  The  thickness  of  the  cover  plates  is  determined  by 
the  same  considerations  as  in  case  3.  In  all  cases  where  more  than  one 
row  of  rivets  is  used,  the  rivets  are  "  staggered,"  or  so  spaced  that  those 
in  one  row  come  midway  between  those  in  the  next,  as  shown  in  the 
Figure. 

6th.  "  Butt  **  joint,  one  cover  plate,  double  riveted. — This  is  the  same  as  the  preceding 
case,  except  that  there  is  only  one  cover  plate,  the  thickness  of  which  is  equal  to  that  of 
the  plates  themselves. 

7th.  Chain  Riveting. — When  we  have  more  than  two  rows  of  rivets  on  each  side  of 

the  joint,  the  system  is  called  ''chain**  riveting.     Such  a  disposition  becomes  necessary 

432 


2, o o     o      o 

0000     o 

Ji 


B 


I 


'» 


RIVETING. 


when  the  requisite  number  of  rivets  is  so  great  that  they  cannot  be  placed  in  one  or  two 
rows  without  weakening  the  plates.     We  give  in  Figs.  238,  239,  and  240,  different  forms 


of  cover  plate  with  chain  riveting,  and  in  Figs-  241,  242,  243,  different  methods  of  connec- 
tions of  chords  by  plates  and  angle  irons. 


Theory  of  Riveting. — A  rivet  may  fail  by  shearing  across,  or  by  being  crushed. 
The  plate  may  fail  by  rupture  between  the  rivets,  or  by  tearing  out  of  the  rivets  at  the 
end.  The  rivets  should  be  so  proportioned  and  spaced  that  the  strength  for  any  case  may 
be  equal,  and  the  plates  weakened  as  little  as  possible. 

Let  b  =  the  breadth  of  the  joint  in  inches.  This  is  usually  a  known  quantity  in  any 
case.  Let  t  ^  the  thickness  of  the  plates  to  be  united,  in  inches,  also  a  known  quantity 
in  any  given  case.  Let  d  =  \\\f.  diameter  of  the  rivet  in  inches,  m  =  the  number  of  rivets 
in  a  row,  parallel  to  the  joint,  and  n  the  number  of  rivets.  Then  —  will  equal  the  "pitch  " 
c,  or  the  distance  from  centre  to  centre  of  rivet  parallel  to  the  joint,  the  distance  of  the 
end  rivets  from  the  edge  being  half  of  the  pitch. 

If  W  is  the  total  stress  to  be  transmitted  by  the  joint,  and  T  the  unit  stress,  or  allow- 
able stress  per  square  inch,  of  the  material  in  tension,  then,  since  the  effective  area  of  plate 
in  a  line  through  a  row  of  rivet  holes  parallel  to  the  joint,  is  {b  —  md^t,  we  have 


Tearing  a 


{b  -  md)t  = 


W 


(I) 


If  C  is  the  crushing  stress  per  square  inch,  then,  since  the  bearing  area  of  a  rivet  is  dt, 
we  have 


Bearing  area,     .......      ndt  = 


w 


If  S  is  the  shearing  stress  per  square  inch,  then,  since  the  shearing  area  of  a  rivet  is 
a7854rf*,  we  have 


Shearing  area : 


W 


Single  shear,  or  one  cover  plate, o.j%^^nd*  =  -~- 


Double  shear,  or  two  cover  plates,     ....     1.5708m/'  =  -^ 


(3) 
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Here  we  have  three  equations,  and,  in  general,  three  quantities  to  be  determined,  z/tar., 

tn^t  ft,  and  d. 

We  have,  then,  for  the  diameter  in  inches,  for  single  shear, 


0.78545' 


where  /  is  the  thickness  of  plate  in  inches,  and  C  and  5  are  the  maximum  allowable  crush- 
ing and  shearing  stresses  in  lbs.  per  square  inch. 

For  double  shear,  we  substitute  in  place  of  0.7854,  2  x  0.7854,  for  three-fold  shear, 
3  X  0.7854,  and  so  on. 

For  the  number  of  rivets  we  have 

o^8545Fr 

where  W  is  the  total  stress  transmitted  by  the  joint,  in  lbs. 
For  the  number  of  rivets  in  a  row, 


tn 


"      tC      V^tTj' 


where  d  =  breadth  of  joint  in  inches,  and  T  is  the  allowable  tensile  stress  in  lbs.  per  square 
inch. 

It  is  customary  to  take  T=  loooo  lbs.,  5=  7500  lbs.,  C=  12500  lbs.  Hence,  for 
single  shear, 

*  26500/*  2.I2/\  lOOOO// 

Practical  Values  of  rf.— Size  of  Rivets. — These  are  theoretical  values,  based 
upon  the  principle  of  equal  strength,  without  restriction  as  to  the  diameter  of  the  rivet. 
Practically,  owing  to  risk  of  fracture  and  injury  to  the  material,  the  diameter  of  the  punch 
must  be  somewhat  larger  than  the  thickness  of  the  plate. 

Hence,  we  have  the  practical  rule : 

The  diameter  of  rivet  hole  must  not  be  less  than  the  thickness  of  the  thickest  plate  through 
which  it  passes. 

As  the  least  allowable  thickness  of  plate  is  \  inch,  this  gives  a  practical  lower  limit 
of  fths  of  an  inch  for  the  rivet  hole. 

Rivets,  however,  as  small  as  this  are  very  rarely  used.  Diameters  of  J  to  |  inch  are  of 
most  frequent  occurrence  in  girder  work. 

For  all  cross  girders^  stringers,  and  main  compression  members  made  of  built  sections 
i  inch  rivets  is  the  size  generally  used. 

In  other  cases,  we  may  be  guided  by  the  rule 

where  the  result  is  greater  than  J",  where  d  is  the  diameter  of  the  rivet  hole,  and  /  the 
thickness  of  the  plate  in  inches. 

The  rivet  hole  is  punched  the  same  size  as  the  rivet  and  reamed  out  -j^''  larger  to  allow 
for  th^  increase  in  si^e  of  the  hot  rivet.     The  hole  must  then  be  assumed  as  \"  larger 
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than  the  rivets  in  finding  net  section  of  tension  members.  The  diameter  of  the  hole  is  to  be 
taken,  rather  than  that  of  the  cold  rivet,  which  is  always  smaller,  but  when  riveted  fills  the 
hole  completely.  The  strength  is  therefore  governed  by  the  size  of  hole,  and  this,  there* 
fore,  is  our  value  of  d. 

Number  of  Rivets. — Guided  by  these  considerations  and  rules,  we  may  select  in 
any  case  a  suitable  size  of  rivet.  This  done,  we  may  easily  determine  the  requisite 
number. 

^^.^A-rivet  is  considered  as  failing  in  one  of  two  ways — either  by  shearing  across,  or  by 
Crushing.  In  any  case,  then,  the  diameter  being  fixed,  we  must  use  such  a  number  of 
rivets  as  shall  give  security  against  these  two  methods  of  failure.  In  general,  if  we  deter- 
mine the  number  required  to  resist  crushing,  it  will  be  found  ample  to  resist  shear.  It  is, 
however,  a  work  of  little  labor  to  determine  the  number  of  rivets  required  to  resist  either 
kind  of  stress,  and  to  use  the  greatest  of  these  two  numbers.  The  bearing  area  of  a  rivet 
is  the  projection  of  the  hole  upon  the  diameter,  or  is  equal  to  the  diameter  of  the  rivet, 
multiplied  by  the  thickness  of  the  plate.  If  both  these  dimensions  are  taken  in  inches, 
we  obtain  the  bearing  area  in  square  inches. 

The  maximum  allowable  bearing  pressure  per  square  inch  varies  in  practice  from 
15000  lbs.  to  12000  lbs.     In  girder  work  12500  lbs.  seems  sanctioned  by  the  best  practice. 

Thus,  for  a  \  inch  rivet  and  \  inch  plate,  the  bearing  area  is  ^  x  ^  =  ^  square  inch, 
and  taking  12500  lbs.  per  square  inch  allowable  pressure,  we  have,  for  the  safe  resistance 
of  the  rivet  to  crushing,  1562  lbs.  If,  now,  the  total  stress  to  be  transmitted  is,  say, 
18750  lbs.,  we  should  require  ^V^  =  12  rivets. 

The  allowable  shear  is  taken  at  7500  lbs.  per  square  inch  for  single  shear.     Thus, 

in  our  example,  the  area  of  the  rivet  is  =^^-5 __  q  j^g^  square  inches,  and 

4  4  ><  4 

hence  its  resistance  to  shear  would  be  0.1963  x  7500  =  1^72  lbs.  If  the  stress  transmitted 
is  18750  lbs.,  we  should  require,  then,  ^^^^  =  13  rivets.  In  this  case,  then,  we  see  at 
once  that  about  13  rivets  would  be  required,  and  this  number  would  give  ample  security 
against  crushing,  which  only  requires  12  rivets.  If,  however,  we  had  two  plates  of  J  inch 
each,  on  each  side  of  a  central  plate  of  i  inch,  the  rivets  would  be  in  double  shear.  The 
stress  transmitted  by  each  outer  plate  would  be  only  one  half  of  the  whole  stress 
upon  the  centre  plate,  and  we  should  require  for  shear  only  7  rivets,  while  for  bearing 
we  should  still  require  12.  The  number  in  this  case  would  then  be  determined  by  the 
crushing  strength. 

In  the  following  Table  we  have  given  the  safe  shearing  and  bearing  resistance  for 
rivets  of  different  sizes,  and  for  different  thicknesses  of  plate,  calculated  as  in  the  preceding 
example.  Having  chosen,  then,  the  size  of  rivet,  according  to  the  rule  already  given,  an 
inspection  of  the  Table  will  give  at  once  the  number  required  in  any  given  case,  to  resist 
either  shear  or  crushing.  The  greatest  of  these  two  is  to  be  taken.  As  most  practical 
cases  are  in  double  shear,  the  greatest  number  will  usually  be  determined  by  the  crushing 
resistance. 

We  must  then  test  the  rivets  in  at  least  two  ways,  for  shear  and  for  bearing.  In 
some  cases  it  may  be  necessary  also  to  test  for  bending,  as  in  the  case  of  pins.  This  is 
not  usually  done  with  rivets,  however,  as  it  is  assumed  that  the  head  would  be  sheared 
off  before  the  maximum  bending  would  occur.  A  case  where  a  rivet  might  fail  by 
bending  is  in  the  attachment  of  a  stringer  to  a  floor  beam,  or  a  floor  beam  to  a  post, 
when  there  are  filling  plates.  The  filling  plate  increases  the  leverage,  and  may  cause 
bending.     Fok  this  reason  this  construction  is  to  be  avoided  if  possible. 

Upon  field  rivets  the  allowable  stress  is  usually  reduced  by  |d,  or  we  take  \A  more  than 
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would  be  given  by  our  Table.    This  is  to  allow  for  the  imperfection  of  hand  work.    Of 
course,  no  rivet  is  ever  to  be  used  in  direct  tension,  as  the  heads  would  be  torn  off. 

RIVET  TABLE  I. 

Shearinu  akd  Bearing  Rksistance  dp  Rivkts. 
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4 

o.Sias 

6013 
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3170 
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itt  two  \  inch  plaits  by  a  iutljeiiil  tailh  Ivie  « 
fl/  rivet  and  *c»  many  rivets  art  netestary  t 


I  transmitted  at  tkt 


'«have  for  the  di>i 


d=.i: 


V-h=\  xt  +  A=)iimcb. 


The  slress  in  each  cover  pUic  is  loooo  lbs.  From  our  Table,  we  have  for  the  resistance  to  iihear  of  a  If  inch  rivet 
3  )9o  lbs.  The  shear  will  require  then  WFIf  =  about  3  rivets.  The  rivets  in  a  but.  joint  with  (wo  plates  are  always  in 
double  shear. 

From  the  Table  we  also  have  the  bearing  re»slance  of  a  \%  inch  rivel  in  a  J  inch  pliie  5080  lbs.  We  shall  re- 
quire then  for  bearing  ^l^^u".  about  4  rivets.     This  then  is  the  number  to  be  used. 

Rivet  Spacing,  Pitch. — We  thus  know  how  to  determine  the  size  of  the  rivets  and 
the  required  number.  It  remains  to  properly  space  the  rivets,  so  that  the  plate  shall  be 
as  strong  as  the  rivets. 

For  this  purpose  we  may  take  the  shearing  strength  as  equal  to  the  tensile  strength. 
The  area  then  of  a  rivet  cross  section  should  be  equal  to  the  area  of  plate  between  the 
rivets.  If  i:  is  the  pitch  or  distance  from  centre  to  centre  of  rivets,  and  d  the  diameter  of 
rivet,  and  t  the  thickness  of  plate,  all  in  inches,  and  A  the  area  of  cross  section  of  rivet  in 
square  inches,  we  have  then 


(c-d')t  =  A, 


c  =  -j  4-  C 


for  single  shear.     For  double  shear  we  put  2/4  in  place  of  A,  and  so  on. 

EXAUCLB.— Thus,  in  the  preceding  example,  the  diameter  being  ig  inch,  /=  I  inch,  and  the  rivels  in  double  si 
we  have  from  our  Table,  A  =  0.5185,  and  hence  the  pilch  in  inches  is 
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This  rule,  however,  is  subject  to  practical  restrictions.  Rivets  are  not  allowed  to  be 
placed  nearer  than  3  diameters,  centre  to  centre.  If  this  distance  is  less  than  3  inches,  as 
it  usually  is,  we  sliould  take  3  inches  for  the  pitch. 

If  the  rivets  were  spaced  nearer  than  3  diameters  pitch,  the  holes  would  be  liable  to 
tear  out,  and  there  is  danger  of  injury  by  punching. 

Rivets  should  not  have  a  pitch  of  more  titan  6  inches  in  any  case,  or  when  the  plate  is 
in  compression,  16  times  the  thickness  of  the  thinnest  outside  plate. 

This  is  to  guard  against  buckling  of  the  plate  between  rivets. 

With  these  restrictions,  we  may  apply  the  preceding  formula  for  the  pitch  c.  In  the 
preceding  example,  therefore,  we  are  limited  practically  by  3  x  ^  =  2.44  inches.  But  if 
this  is  less  than  3  inches,  we  should  take  3  inches  for  the  pitch,  or  distance  from  centre  to 
centre  of  rivets. 

If  the  joint  is  in  tension,  the  outside  limit  is  6  inches.  If  in  compression,  and  the 
cover  plates  are  \  inch,  the  outer  limit  would  be  4  inches.  Between  3  and  6  inches,  or  3 
and  4  inches,  then,  we  should  space  our  rivets  in  this  case. 

Distance  from  End  and  Edge.— The  distance  between  the  end  or  edge  of  any 
plate  and  the  centre  of  the  rivet  hole,  or  between  rows,  is  fixed  by  practice  at  never  less 
than  \\  inches^  except  for  bars  less  than  2^  inches  wide,  and,  whenever  practicable,  it  should 
be  at  least  2  diameters  for  rivets  over  |". 

Since,  now,  we  can  find  the  diameter  of  rivet,  the  number  of  rivets,  the  pitch,  and  dis- 
tance from  end  and  edge,  and  between  rows,  we  can  space  the  rivets  properly  in  any  case 
where  the  breadth  of  plate  is  known,  and  determine  the  proper  size  of  the  cover  plates. 

Example. — Let  us  take  the  same  example  as  before,  viz.,  butt  joint  with  two  cover  plates  each  \  inch  and  a  centre 
plate  i  inch.     The  transmitted  stress  20000  lbs. 

We  have  already  found  the  size  of  rivets  \i" ,  the  number  required  4,  and  the  spacing  or  pitch  3  inches.  Suppose 
the  width  of  plate  is  8  inches. 

We  should  have  for  distance  from  each  edge  at  least  i\  inches.  This  leaves  5.5  inches,  and  for  3  rivets  in  a  row 
we  would  have  a  pitch  of  2.75  inches.  We  should  have  to  have  another  row  of  two  rivets,  staggered  with  the  first  row, 
which  would  give  5  rivets  in  all,  or  one  more  than  is  strictly  required.  Taking  3  inches  for  distance  from  end  and  joint 
and  between  rows,  we  should  have  9  inches  for  the  half  length  of  plate,  or  18  inches  for  whole  length. 

It  would  be  better,  however,  to  make  the  pitch  3  inches,  and  use  Dh;0  rows  of  two  rivets  each.  This  would  give 
same  length  of  plate,  4  rivets,  and  distance  from  each  edge  of  2. 5  inches.  ^ 

Joints  in  Compression. — The  size  and  number  of  rivets  are  determined  for  joints 
in  compression  precisely  as  for  joints  in  tension,  because  the  joints  are  usually  not  con- 
sidered as  in  contact,  and  hence  the  rivets  must  transmit  the  stress.  The  thickness  and 
length  of  cover  plates  must  also  be  the  same  as  in  tension  joints.  In  general,  compression 
joints  are  identical  in  proportions  with  tension  joints,  and  have  the  same  amount  of  shear- 
ing and  bearing  area.  We  may,  if  desirable,  however,  space  the  rivets  somewhat  more 
closely  at  right  angles  to  the  stress  or  across  the  plate.  As  the  metal  punched  out  does 
not  affect  the  strength  of  a  compression  joint  as  it  does  that  of  a  tension  joint,  the  mini- 
mum pitch  is  determined  by  the  nearest  distance  that  holes  can  be  punched  without  risk 
of  cracking  or  injury  to  the  metal.  The  pitch,  for  such  reasons,  should  never  be  less  than 
two  diameters,  or  one  diameter  from  edge  to  edge  of  holes,  and,  in  any  case,  never  less  than 
1}  inches. 

Compression  Chords. — An  exception  to  the  preceding  rule,  that  compression  joints 
are  not  to  be  considered  in  contact,  is  found  in  the  case  of  the  main  compression  chords  of 
a  bridge.  The  joints  in  this  chord  being  carefully  planed,  are  considered  in  close  contact, 
and  hence  the  faces  of  the  abutting  joints  are  relied  upon  to  transmit  the  stress.  The 
splice  plates  at  the  side  and  on  top  of  cover  plate  serve,  therefore,  merely  to  resist  the  dis- 
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placing  action  of  the  live  load,  jolts,  jars,  etc.,  and  to  hold  the  chords  in  line.  The  rivets 
for  such  plates  are  not  calculated. 

But  at  the  hip,  although  the  joint  there  may  be  carefully  planed,  it  is  not  relied  upon, 
and  the  web  is  re-en forced  by  pin  plates  if  greater  thickness  is  required  for  pin  bearing. 
The  rivets,  therefore,  must  be  calculated  for  the  stress  transmitted  from  the  pin  through 
these  plates  to  the  main  member  itself. 

Size  OF  Rivets  for  Stay  Plates,  Rk-enforcinc;  Platks,  Lattice  and  Lacing 
Bars. — The  preceding  principles  will  enable  us  to  find  the  size  of  rivets,  number  of  rivets, 
pitch,  distance  from  edge  and  side,  distance  between  rows,  number  of  rows,  and  length  of 
cover  or  splice  plate,  for  all  tension  or  compression  joints  which  occur  in  girder  work. 
The  same  rules  hold  good  for  spacing,  for  the  stay  plates  and  re-enforcing  plates  at  the 
ends  of  posts,  as  also  for  the  lattice  or  lacing  bars  connecting  the  post  channels.  The  size 
and  corresponding  number  of  rivets  required  however,  for  these  details  are  best  deter- 
mined from  the  following  rule,  which  conforms  to  established  practice.  For  all  post  chan- 
nels under  6",  the  diameter  of  rivet  employed  to  be  not  less  than  i"  or  more  than  |"  or 
for  D  <  6",  rf=  J  and  <  |. 

For  channels  over  6",  up  to  12"  inclusive,  we  have 

d—  -p  r>  +  -. 

16  8 


For  12"  channels  we  have 


16        16 


II 


Top  Chord  Riveting. — Rivets  are  required  for  the  splice  plates  and  cover  plates  of 
the  top  chord,  and  top  plate  of  chord  and  batter  braces ;  for  the  stay  plates  and  re-enforc- 
ing plates  of  the  posts,  or  lateral  and  portal  struts,  which  like  the  posts  arc  formed  of 
channels,  laced  or  latticed ;  for  the  top  and  bottom  flanges  of  plate  floor  girders  and 
stringers ;  for  lattice  or  lacing  bars ;  and  sometimes  for  the  connection  of  floor  girders  and 
stringers  with  the  posts  and  each  other.  The  preceding  rules  and  principles  will  enable 
us  to  properly  treat  any  given  case,  and  we  shall  proceed  to  illustrate  their  application  by 
examples  such  as  arise  in  practice.  • 

The  top  chord  is  made  up,  as  already  described,  of  channels  with  a  top  plate.  The 
joint  in  every  panel  does  not  come  at  the  panel  point,  but  a  little  to  one  side,  towards  the 
nearer  end  of  the  span.  By  this  arrangement,  the  pin  hole  goes  through  the  solid  web, 
and  is  not  bored  partly  through  each  abutting  end,  except  at  the  hip,  where  this  is  un- 
avoidable. 

At  each  joint  of  the  top  chord  we  have  two  splice  plates,  besides  a  splice  plate  on 
top,  which  covers  the  abutting  ends  of  the  two  chord  plates.  The  rivets  in  these  are  not 
calculated,  as  they  simply  hold  the  chords  in  place. 

At  the  hip  there  are  usually  one  or  more  pin  plates  on  the  inside  and  outside  of  each 
channel  web  of  both  the  top  chord  and  batter  brace,  the  pin  passing  through  all.  The 
channels  and  plates  of  the  batter  brace  are  ?iot  considered  as  abutting  against  the  channels 
and  plates  of  the  top  chord.  It  is  now  customary  in  fact  to  so  plane  the  ends  that  there 
shall  be  a  small  space  between  them  when  in  position,  thus  giving  a  true  hinge-joint.  A 
small  jaw  plate  on  the  outside  of  the  top  chord  and  the  inside  of  the  batter  brace,  or  vice 
versa,  sometimes  extends  beyond  the  pin  to  guard  against  displacement.  (See  Plate  12, 
Fig.  222,  and  Plate  26  at  end.) 


RIVETING.  439 

Example. —  The  upper  chord  at  the  hip  is  composed  of  two  I2'inch  channels,  each  35  Ids.  per  ft.,  area  10.5  sq,  in., 
and  a  cover  plate  15"  X  \'* -  The  allowable  stress  per  sq.  in.  which  was  used  in  dimensioning  the  chord  is  fi  =  6978 
If  the  size  of  pin  '<  4f'',  ivhat  should  de  the  dimensions  of  the  pin  plates,  and  the  size,  number,  and  spacing  of  rivets  ? 

The  area  of  top  chord  is  2  X  10.5  +  3. 75  =  24.75  sq.  in.  1(24. 75)/^?  =  86352  lbs.,  the  stress  in  one  channel  for 
which  the  pin  bearing  is  calculated.  The  bearing  value  of  a  4^  pin  @  12500  lbs.  per  sq.  in.  in  a  plate  1"  thick  is 
12500  X  4|"  =  57812  lbs.  From  Carnegie  the  web  of  a  12'  channel  (^  35  lbs.  is  ^V'  thick.  Bearing  value  of  pin 
in  the  web  is  57812X  iV  =  32519  lbs.     This  leaves  86352  —  32519  =  53833  lbs.  to  be  carried  by  re-enforcing  plates. 

^^  ■     =  \\"  is  therefore  total  thickness  of  these  plates.     Let  us  take  a  f^"  plate  next  to  the  web  and  a  f "  coupler. 

These  plates  being  both  the  same  side  of  channel  web  (outside),  the  rivets  are  in  single  shear.  The  ^^"  plate  takes 
57812X1^1  =  32519  lbs.,  the  remaining  21314  being  taken  by  the  f"  plate.  Our  rule  </=  i%D  -\-\  gives  in  this  case 
|{  4-  i  =  i"  for  size  of  rivets.  This  is  larger  than  would  be  used  in  the  flanges,  but  may  be  used  in  web  of  chan- 
nel. From  Rivet  Table,  page  437,  the  bearing  value  of  a  |"  rivet  in  a  ^ '  plate  =  6150  lbs.,  and  in  a  |"  plate 
=  4100  lbs.     The  shearing  strength  is  4510  lbs.     Hence  for  the  f^"  plate  we  figure  for  shear,  and  for  the  {"  plate 

3251Q 
we  figure  for  bearing,  as  this  gives  largest  number  of  rivets.     The  number  required  will  then  be  ^-^~  =7  (about), 

.  21314      ,  •     .    .      11 

and  =  6,  or  13  rivets  m  all. 

4100 

Note. — In  the  above  example  each  of  the  six  rivets  in  the  |"  plate  can  carry  4510  —  4100  =  410  lbs.  of  stress, 

to  be  taken  by  -f^"  plate,  or  2460  lbs.     Hence  12  rivets  would  probably  be  sufficient,  but  in  practice  it  is  customary 

53833 
to  figure  as  above,  it  being  on  the  safe  side.     If,  to  save  changing  punches  or  drills,  we  used  f"  rivets,  •  =  17 

rivets  would  be  required. 

Rivets  in  Top  Chord  and  Batter  Brace  Cover  Plates. — The  size  of  rivet  may 
be  chosen  by  our  rule,  d  =  \t  ■\-  ^j,  provided  this  gives  a  greater  diameter  than  J",  other- 
wise  we  take  d  =  J". 

It  is  usually  customary  to  space  the  rivets  3"  pitch  for  a  distance  on  each  side  of  joint 
equal  to  about  ij  times  the  width  of  top  cover  plate,  and  t"  pitch  in  the  centre,  unless 
this  distance  is  greater  than  16  times  the  thickness  of  the  thinnest  plate,  in  which  case  the 
centre  rivets  are  spaced  about  4V'  pitch. 

Rivets  in  Lattice  and  Lacing  Bars  and  Re-enforcing  Plates. — The  rule 

for  size  of  bars  has  been  already  given,  page  406,  and  for  size  of  rivets  for  bars, 
page  438. 

The  same  rule  holds  for  re-enforcing  plates.  The  size  of  rivets  is  thus  easily  deter- 
mined in  any  case.  The  rules  for  spacing  are  the  same  as  in  all  the  preceding  cases.  The 
number  required  may  now  be  readily  determined. 

The  object  of  the  re-enforcing  plates,  or  extension  plates,  at  the  ends  of  post  channels, 
is  to  give  sufficient  bearing  area  upon  the  pin.  The  proper  thickness,  therefore,  can  only 
be  determined  when  the  size  of  pin  is  known,  as  well  as  the  thickness  of  channel.  For 
practical  reasons,  the  thickness  of  plate  cannot  be  less  than  \"  in  any  case.  When  this 
thickness  is  known  the  area  can  be  found,  because  the  width  of  plate  is  the  same  as  that 
of  the  channel.  The  area  of  channel  multiplied  by  the  working  stress  cr,  used  in  dimen- 
sioning the  channel,  will  give  the  stress  on  the  channel.  This  stress  must  be  divided 
between  the  end  channel  area  and  plate  area  (or  plates,  if  there  are  two  to  a  channel) 
in  proportion  to  their  respective  areas.     We  thus  find  the  stress  transmitted  by  a  plate. 

^,         ,  ^  ...   J  t_  1  .     .  1  stress  on  channel  x  area  of  plate 

Thus  the  stress  transmitted  by  a  plate  is  equal  to  ——. j—. -. ; — -. 7—    .  ,    v 

total  area  of  channel  and  plate  (or  plates). 

The  size  of  rivet  being  then  fixed  as  above,  the  number  of  rivets  can  be  found  by 

using  Rivet  Table  L,  page  436,  just  as  in  the  preceding  examples.     The  rivets  may  then 

be  spaced  as  in  the  preceding  examples.     Making  allowance  for  the  size  of  pin,  we  may 

then  determine  the  length  of  plate.     See  Plate  25,  at  end  of  work,  for  this  detail. 
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Example. —  The  stress  in  a  flinch  30  lbs.  post  (hannel  is  6000  lbs.  per  sq.  in.  The  flanges  are  shaved  off  for  a 
certain  distance  from  each  end.  The  size  of  pin  is  3}".  Find  the  sizes  of  re- enforcing  plates  needed  and  number  of 
rii'ets. 

The  area  of  the  channel  is  9  sq.  in.  The  stress  is  9  X  6000  =  54000  lbs.  The  thickness  of  web  from  Carnegie 
is  0.7".  The  bearing  value  of  a  3^"  pin  at  12500  =  43750.  Hence  web  is  good  in  bearing  for  43750X0.7  =  30625 
lbs.     This  leaves  54000  -  30625  =  23375  lbs.  for  re-enforcing  plates.     Hence  total  thickness  of  plates  must  not  be 

23375 
less  than  ■^-^^—  =  .535,  or  about  t\". 
43750        ''"^^  ^* 

Let  us  take  a  ^^"  plate  one  side,  a  J"  plate  the  other  side.  Then  6.3  sq.  in.  sectional  area  remains  of  the  channel 
when  flanges  are  shaved  off.  The  sectional  area  of  the  two  plates  is/jX9H-JX8  =  4.81  sq.  in.,  which  added  to 
6.3  gives  1 1. 1 1  sq.  in.,  or  more  than  the  original  area  of  the  channel.     Hence  cross-section  is  sufficient. 

The  stress  transmitted  by  the  plates  is  23375  lbs.  A  ^f"  plate  can  transmit  from  a  3I"  pin  13671  lbs.,  and  a 
J"  plate  10937  lbs.,  or  24608  lbs.  in  all.  As  this  is  slightly  in  excess  of  the  stress  to  be  transmitted  (23375  lbs.),  we 
are  on  the  safe  side.  The  rivets  are  in  double  shear,  and  as  total  thickness  of  the  two  pin  plates  is  less  than  the 
thickness  of  channel  web,  we  take  the  bearing  value  of  the  rivet  in  a  -ff"  plate.  If  the  web  had  been  thinner,  we 
would  have  taken  bearing  value  of  rivet  in  that.  Our  rule  gives  ^^D  -f  ^  =  ^^  4-  ^  =  |}"  rivet.  Bearing  value  of 
a  H"  rivet  in  a  ^"  plate,  from  Rivet  Table,  is  4830  lbs.     This  is  less  than  value  of  rivet  in  double  shear  (5560  lbs.) ; 

24608 
hence  we  have      —^  lbs.  =  5  +  rivets,  say  6  rivets.     The  plate  can  now  be  drawn,  the  pin  hole  located,  and  the 

rivets  properly  spaced. 

Rivets  in  Track  Stringers  and  Floor  Beams. — The  sise  of  rivets  for  track  string- 
ers and  floor  beams  may  be  taken  without  discussion  at  J"  or  J"  for  light  beams.  This  size 
is  to  be  used  for  flanges,  for  all  connections  of  floor  beams  with  posts,  of  track  stringers 
with  floor  beams,  and  for  all  stiffeners,  unless  the  rule 

^=ij^+  A 

gives  a  greater  value  than  j,  when  this  greater  value  may  be  taken.  The  construction  of 
floor  beams  and  track  stringers  and  their  connections  is  shown  on  Plate  8,  Fig.  206. 

The  spacing  of  rivets  need  not  be  calculated,  as  that  will  be  determined  by  the  num- 
ber required.  The  pitch  should  not  exceed  6  inches,  nor  be  less  than  3  diameters.  At  the 
ends  it  should  be  least,  say  about  3''  for  a  distance  of  18  or  24",  but  never  less  than 
3  inches. 

We  need  therefore  to  calculate  only  the  number,  which  will  determine  the  spacing  in 
accordance  with  these  rules. 

To  find  the  number  of  rivets  necessary  to  connect  a  track  stringer  with  a  floor  girder,  or 

a  floor  girder  with  the  post,  also  the  number  of  rivets  to  connect  the  flanges  with  the  web. 

W 
Half  the  total  load  W,  carried  by  the  girder,  acts  at  each  end,  or  — .     Half  of  this  is 

W  .  W 

taken  by  each  connecting  angle.     —  is  then  the  stress  transmitted  by  each  angle.     — 

4  2 

divided  by  the  bearing  resistance  of  a  rivet,  taken  from  Rivet  Table  I.,  page  436,  will  give 

W 
then  the  number  of  rivets  to  resist  the  bearing  pressure  ;  and  —  divided   by  the  shearing 

4 
resistance  of  a  rivet,  will  give  the  number  required  to  resist  shear.     The  greatest  of  these 

two  numbers  is  to  be  taken. 

For  the  flanges  the  number  of  rivets  must  be  calculated  for  the  resultant  stress.  If 
H  is  the  horizontal  stress  in  the  flanges,  and  V  the  vertical  stress  at  any  point,  the  result- 
ant stress  is  \///*  +  V^,  It  is  customary  to  divide  the  girder  into  a  number  of  lengths, 
say  4  or  6  or  8,  and  find  the  horizontal  stress  at  each  point  of  division.  Then  the  horizon- 
tal stress  at  the  first  point  from  the  end,  together  with  the  load  on  the  first  division,  gives 
the  resultant  stress  at  the  first  point  of  division.  The  difference  between  the  horizontal 
stress  at  the  second  and  first  points,  together  with  the  load  on  the  second  division,  gives 
the  resultant  stress  at  the  second  point  from  the  end.     The  difference  between  the  hori- 
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zontal  stress  at  the  third  and  second,  together  with  the  load  on  the  third,  gives  the  result- 
ant at  the  third  point  from  the  end,  and  so  on. 

If  W\^  the  total  load  uniformly  distributed,  and  /  the  length  and  d  the  effective  depth 

W          JVx^ 
of  girder  in  feet,*  the  moment  at  any  point  distant  x  feet  from  the  end,  is  —  x y — 

Wx  /         ;^\ 
=  —  f  I  —  j)'     The  horizontal  flange  stress  at  any  point  is  then 


W.(^ 


2dV      //' 

Example. — /I  railway  hidgg  track  stfinger  is  ly  feet  long  and  2j  inches  deep.  The  total  load  is  etjuivalent  to  a  diS' 
tributed  load  of  jjooo  lbs.  The  thickness  of  the  web  is  \  inch^  and  of  the  flange  angles  1%  of  an  inch.  Find  the  size, 
number  and  spacing  of  the  rivets. 

The  size  of  rivets  is  </  =  1  J/  4-  -ft^  =  }  y-  ^  -\-  ft  =  \"-     The  bearing  resistance  for  this  size  and  i  inch  plate  is,  from 

Table  I.,  2730  lbs.    The  horizontal  flange  stresses  at  2.5,  5  and  8.5  feet  from  the  end,  are  given  by (  i ), 

4-5      \         17/ 

where  for  x  we  put  2.5,  5  and  8.5.  We  have  then  26062  lbs. ,  4313)  lbs.,  and  51944  lbs.  Subtracting  each  from  the 
one  following,  we  have  26062  lbs.,  17075  lbs.,  8807  Il>s.,  for  the  horizontal  stresses  to  be  taken  by  the  rivets  in  the 
different  lengths. 

The  load  on  the  first  division  of  2.5  feet  is  JggQjbs.,  on  the  second  division  of  2.5  feet  is  8090  lbs.,  on  the  third 

division  of  3.5  feet  is  11320  lbs.     The  resultant  stress  then  for  the   first  division  is  V13*  +  4"  =  13.6  tons  =  27200 

lbs.     In  the  next  division  it  is  ^^(8.5)*  +  4'=  9.4  tons  =  18800  lbs.     In  the  next  division  it  is  4/(4.4)"  +  (5-66)*  = 

7.17  tons  =  14340  lbs.     We  require  for  bearing  then,  in  the  first  2.5  feet,    — or  10  rivets ;  in  the  next  2.5  feet, 

2730 

or  8  rivets  ;  in  the  next  3.5  feet.  or  6  rivets.     We  have  then  a  pitch  of  about  3  inches  for  the  first  2.5 

2730  2730 

feet,  and  if  we  take  a  pitch  of  4  inches  for  the  next  2 . 5  feet,  and  5  inches  for  the  3 . 5  feet  to  the  centre,  we  shall  have 

more  rivets  than  are  needed. 

Floor  beams  are  treated  in  the  same  way.  If  W^is  the  total  load  and  a  is  the  distance 
in  feet  from  the  ends  to  the  point  of  attachment  of  the  stringers,  and  d  is  the  effective  depth 

in  feet,*  then  the  flange  stress  at  the  distance  a  is  — j.    The  vertical  load  between  the  end 

and  point  a,  is  — .     The  resultant  stress  is  then  ^  H^  +  F*  =  y  f— ^)  +  ( —  )  .     This 

stress  divided  by  the  bearing  value  of  a  rivet  will  give  the  number  of  rivets  in  the  length 
a^  or,  since  for  two  stringers  for  single  tracks  the  resultant  stress  beyond  a  is  zero,  the 
number  of  rivets  in  the  whole  half  length. 

See  page  479  for  an  example. 

As  the  load  on  the  stringers  comes  through  ties  spaced  about  every  2  feet,  the  great- 
est wheel  load  may  be  taken  as  uniformly  distributed.  For  the  total  load  on  stringers 
see  page  475. 

As  the  stringers  are  usually  attached  to  the  floor  beams  at  the  quarter  points,  the  total 
load  on  the  floor  beam  gives  the  same  moment  at  centre  as  if  it  were  uniformly  distributed. 

If  the  preceding  remarks  are  carefully  read  and  understood,  and  the  examples  worked 
over  and  checked,  the  student  will  find  no  difficulty  in  designing  any  riveted  work. 

Rivet  Heads — Length  for  Head. — For  button  head  rivets,  if  it  is  desired  to 
know  the  size  of  head  it  may  be  found  as  follows: 

Height  of  head  =  t^. 
Radius  of  head  =  |rf  +  ^". 


♦  The  distance  between  centres  of  gravity  of  the  flange  areas  is  the  efifective  depth,  and  should  be  used  in  figuring 
all  stresses.     Usually  the  effective  depth  of  an  ordinary  girder  is  about  two  inches  less  than  the  depth  over  all. 
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For  different  sizes,  these  rules  give  the  following  dimensions: 

Diameter  of  rivet  =       i"         J"         J"         J" 


#/ 


Height  of  head       =    0.3       0.375    0.45     0.525    0.6. 
Radius  of  head       —     ,\  \\         \         ||         \\, 


For  countersunk  heads,  the  greatest  diameter  is  the  same  as  for  button  heads.  The 
angle  of  countersink  =  30°. 

Rivets  are  furnished  with  one  head.  The  other  head  is  made  when  the  rivet  is  put 
in.  The  length  of  rivet  should  therefore  be  longer  than  the  ''grip''  or  thickness  of  metal 
through  which  it  passes,  by  enough  to  make  the  head.     This  excess  of  length   may  be 

determined  by  the  rule — excess  of  length  to  make  head  =  ^  4-  ^^^  (    //   )*    '^^^  diameter  of 

rivet  should  be  ^'  less  than  that  of  the  hole,  so  as  to  allow  it  to  be  inserted  when  hot. 
We  give  in  the  following  Table  the  extra  length  in  inches  necessary  to  make  one  button 
head,  for  different  diameters  and  length  of  grip. 


DIAMBTBR  OF  RIVBT  IN 

EXTRA   I.RNGTH   IN   INCHES  FOR  ONE   BUTTON  HEAD  FOR  DIFFERENT  LENGTHS  OF  GRIP. 

INCHES. 

\"  and  below. 

x\"  to  »". 

t\"  to  li". 

Ahora  ai". 

\ 
1 
} 

\ 

I 

II 

I 

I* 
li 
If 

11 

I 

li 
II 

II 

I 

I* 
It 
If 

To  make  one  countersunk  head,  add  i"  to  the  grip,  or  thickness  of  metal  passed 
through. 

Rivets  have  round  or  ** button"  heads,  flat  heads,  and  countersunk.  If  there  is 
almost  enough  clearance  for  a  button  head,  but  not  quite,  a  flat-head  rivet,  with  a  head 
f"  thick,  may  be  used  in  preference  to  a  countersunk  rivet.  Sometimes,  however,  either 
on  account  of  clearance,  or  by  reason  of  plates  being  in  contact,  it  is  impossible  to  avoid 
a  countersunk  rivet.  These  rivets  are  not  nearly  as  capable  of  resisting  stress  as  a  button 
head,  and  should  be  counted  upon  very  little,  if  at  all,  in  figuring  the  number  of  rivets 
required  at  a  joint. 

Pin  Plates  on  Compression  Members. — For  members  in  compression,  there  need 
only  be  an  inch  or  two  of  metal  between  the  edge  of  the  pin  hole  and  the  end  of  the 
plate,  as  there  is  no  stress,  on  the  metal  on  that  side  of  the  pin. 

Sometimes,  indeed,  the  end  of  a  compression  member  may  simply  rest  on  the  pin. 
This,  however,  is  to  be  avoided,  as  a  sudden  jar  might  cause  displacement.  It  is  for  this 
reason  that  an  inch  or  two  of  metal  is  left  beyond  the  pin  hole. 

To  find  the  number  of  rivets,  we  assume  each  plate  to  take  from  the  web  its  share  of 
the  stress  and  figure  the  number  as  in  the  example,  page  439. 

In  this  example,  the  linear  bearing  on  pin  is  0.25  +0.7  +  0.25  =  1.2  inches.  The 
strain  is  54000  lbs.,  or  27  tons.  If  the  diameter  of  pin  were  4",  we  see,  from  our  Pin  Table, 
page  427,  that  a  linear  bearing  of  0.04  inch  per  ton  is  required.  We  therefore  require 
27  X  0.04=  1.08  inches.  As  we  have  1.2  inches,  the  bearing  is  sufficient.  If  the  pin 
were  3^",  the  bearing  would  be  insufficient,  and  the  pin  plates  would  have  to  be  thicker. 
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The  number  of  rivets  found  for  this  example  was  5.  Knowing  size  of  pin,  we  can 
distribute  the  rivets  by  making  a  sketch  to  scale  of  the  end  of  channel,  with  pin  hole  in 
position. 

A  compression  joint  is  easier  to  arrange  than  a  tension  joint,  because,  in  the  latter, 
rivet  holes  weaken  the  section,  while,  in  the  compression  joint,  the  section  is  not  impaired 
by  the  rivet  holes. 

Pin  Plate  on  Tension  Members. — In  a  tension  joint,  stress  comes  on  the  metal 
behind  the  pin,  and  we  should  have  50  per  cent,  more  metal  in  the  section  ab  than  along 
cd.  We  should  also  guard  against  reducing  the  strength  in  any  direction  ef^  by  putting  too 
many  rivets  in  a  line.  We  should  also  avoid  putting  rivets  opposite  the  pin  hole  in  either 
direction,  that  is,  directly  above,  below,  or  behind.  They  should  be  put  to  one  side,  above 
and  below. 

The  number  of  rivets  in  the  lines  A  A,  BB,  at  the  end  of  the  pin  plate,  should  be 
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reduced  gradually,  in  order  to  take  out  as  little  section  as  possible  along  A  Ay  as  here  we  do 
not  have  the  full  section  of  the  pin  plate. 

In  tension  pin  plates  we  should  always  put  some  of  the  rivets  on  the  side  of  the  pin 
hole  next  to  the  end. 

Example. — Let  the  section  of  a  tension  member  be  made  up  of  two  web  plates  15"  X  V  »  ^*^^°^  "^^'^  *5  ^9-  »*•  «^ 
four  angles  3"  X  3",  7  lbs.  per  ft.,  area  8  4  sq.  in.^  laced  on  both  sides. 

The  total  area  is  23.4  sq.  in.,  or  11.7  sq.  in.  for  one  plate  and  two  angles.  The  angles  are  |"  thick.  We  assume 
I'  rivets,  and  in  calculating  net  section  we  may  assume  the  hole  i"  diameter  for  a  | '  rivet.  The  lace  bar  rivets 
will  take  out  one  hole  i"  X  |  '1  or  0.38  sq.  in.  Only  one  hole  is  taken  out,  because  the  lace-bar  rivets  are  of  course 
staggered,  and  only  one  hole  can  come  in  a  line  at  right  angles  to  the  length  ot  the  member. 

The  rivets  attaching  the  angles  to  the  web  plate  will  take  out  two  holes  1"  X  J",  or  1.75  sq.  in.  As  the  pin  plate 
is  9  inches  wide,  we  can  have  at  most  three  rivet  holes  in  a  line.  These  take  out  3  X  i  X  J  =  1.5  sq.  in.  The  total 
section  taken  out  then  is  3.63  sq.  in.,  and  the  net  section  available  for  tension  is  11.7  —  3.63,  04  8.07  sq.  in.  Ai  8000 
lbs.  per  sq.  in.  this  gives  a  stress  in  one  jaw  of  64000  lbs.,  or  32  tons.  If  ^ 
pin  hole  is  5".  we  have,  from  Pin  Table,  page  427,  for  the  necessary  linear  x. 
bearing  0.032  X  32  =  1.024".  As  the  web  is  only  J",  we  must  have  a  pin 
plate  of  at  least  .524",  or  a  little  over  J",  thick  for  bearing.  A  J"  plate  can 
transmit  from  a  5"  pin  5  X  1  X  12500  =  31250  lbs.  The  bearing  value  of  a 
J"  rivet  in  a  \"  plate  from  our  table  is   5470.     The  shearing  value  is  4510. 

The  number  of  rivets  required  then  is    -         =  7  rivets.     Two  of  these 

^  4510 

rivets  are  on  the  side  of  pin  hole  next  to  the  end.     Since  the  member  is  in 

tension,  the  net  section  of  the  pin  plate  at  the  pin  must  be  sufficient  to  carry 

the  stress  taken  by  the  remaining  five  rivets.      This  section  is  (g"  —  5")  X  }  =  2  sq.  in.,  which  at  8000  lbs.  =  16000. 

But  the  stress  to  be  transmitted  is  31250  —  2  X  4510  =  22230  lbs.     This  would  require  the  pin  plate  to  be  \\" 

thick.     In  this  case  a  |''  filler  and  a  plate  extending  over  the  flanges  would  probably  be  used  instead  of  one  plate,  as 

shown  in  the  figure. 
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If  one  plate  extends  over  the  flanges,  the  width  being  now  greater  than  9",  in  order  to  obtain  sufficient  net 
section  at  the  pin  it  no  longer  needs  to  be  f"  thick,  a  \"  plate  meeting  the  requirements. 

This  would  also  be  true  if  instead  of  extending  over  the  flanges  the  second  plate  is  put  on  the  back  of  the  web. 
Its  width  being  15'',  the  area  would  be  still  larger.  In  either  case  the  rivets  in  the  angles  help  secure  the  plate  to  the 
web;  hence  the  number  of  rivets  may  be  reduced. 

Finally,  the  net  section  of  the  whole  member  at  the  pin  must  be  such  that  the  allowable  stress  per  sq.  in.  used 
in  designing  the  chord  shall  not  be  exceeded.  In  the  above  example  the  worst  possible  case  would  be  when  the 
flanges  are  shaved  off.  We  would  then  have  about  q.8  sq.  in.  gross  section  for  flanges  and  web,  and  9  X  f-f-  15  X 
J  =  7.1  sq.  in.  for  pin  plates,  or  16.9  sq  in.  total  gross  section.  Deducting  5  X  (JH-  f  -f-  J)  =  5|"  for  pin  hole,  we 
have  for  net  section  11.275  sq.  in.,  which  is  3.2  sq.  in.  more  than  the  original  section  (8.07).  Hence  net  sectional 
area  at  the  pin  is  suflicient. 

Bolts. — Bolts  should  be  figured  for  shear  and  bearing,  and  if  necessary  for  bending, 
just  like  pins  and  rivets. 

A  "joint  "  bolt  is  simply  a  rough  bolt.  A  "skinned  "  bolt  has  the  roughness  taken 
off.     A  "  turned  "  bolt  is  turned  perfectly  smooth. 

The  diameter  of  the  bolt  and  the  diameter  of  the  thread  arc  always  the  same,  and,  by 
the  United  States  Standard,  the  nut  is  of  the  same  thickness  as  the  bolt.  In  ordering  the 
bolt,  the  length  of  thread  required  must  be  specified. 

A  "  swedged  "  bolt  is  a  bolt  which  has  indentations  on  its  surface,  as  shown  in  the 

accompanying  figure.  They  are 
used  for  foundation  bolts,  and 
the  indentations  allow  the  melted 
sulphur  which  is  poured  into  the 
hole  to  obtain  a  better  grip  on 
the  bolt. 

Unless  ordered  to  the  contrary,  pins,  bolts,  and  nuts  always  come  with  a  right-hand 
thread,  as  shown  in  figure. 
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CHAPTER    VI. 

WIND   BRACING— MISCELLANEOUS   DETAILS. 

Wind  Force. — The  wind  bracing  should  be  proportioned  upon  precisely  the  same 
principles  as  the  main  truss  members.     The  only  difference  is  in  the  loading  assumed. 

The  train  surface  is  taken  at  lo  square  feet  for  every  foot  in  length,  and  the  wind 
pressure,  when  the  train  is  on,  at  30  lbs.  per  square  foot,  or  3C0  lbs.  per  foot  of  length, 
plus  30  lbs.  per  square  foot  of  exposed  surface  of  truss.  The  300  lbs.  per  lineal  foot  due 
to  the  train  surface  is  treated  as  a  moving  load,  and  the  pressure  on  the  exposed  surface 
of  the  trusses  as  a  fixed  load.  When  the  bridge  is  empty  we  take  50  lbs.  per  square  foot 
of  exposed  surface  as  the  loading,  and  the  greatest  stress  by  either  loading  is  used  in 
determining  the  sectional  area  of  the  bracing. 

The  exposed  stirface  of  truss  is  estimated  by  the  following  rule:  Add  to  the  surface, 
as  sftaivn  on  the  drawing  for  upper  chords  and  posts,  one  and  a  half  times  the  surfcLce  of  the 
ties  and  twice  the  surface  of  the  lower  chord* 

As  soon,  therefore,  as  the  design  has  progressed  far  enough  for  us  to  determine  the 
exposed  surface  of  truss  by  this  rule,  we  multiply  this  exposed  surface  in  square  feet  by 
30  and  divide  by  the  span  in  feet.  To  the  result,  we  add  300  lbs.,  and  we  get  the  load 
per  foot  for  which  the  wind  bracing  is  to  be  calculated,  when  the  train  is  on  the  bridge. 

Again,  we  multiply  this  exposed  surface  in  square  feet  by  50,  and  divide  by  the  span 
in  feet,  and  we  obtain  the  load  per  foot  for  bridge  empty.  The  greatest  stresses  due  to 
either  loading  are  to  be  taken. 

In  preliminary  estimates  we  may  take  the  exposed  surface  for  both  trusses  at  10  square 
feet  per  linear  foot.  At  30  lbs.  per  square  foot  this  gives  300  lbs.  per  linear  foot  of  truss, 
or  75  lbs.  for  each  upper  chord  and  75  lbs.  for  each  lower  chord.  This  gives  450  lbs.  per 
linear  foot  for  top  lateral  bracing  in  deck  bridges  or  bottom  lateral  bracing  in  through 
bridges,  of  which  300  lbs.  is  moving  load.  On  the  other  chords  we  have  150  lbs.  per  lineal 
foot,  or  75  lbs.  for  each  chord,  fixed  load. 

Wind  Bracing. — The  wind  bracing  consists  of  horizontal  bracing  under  the  floor ; 
of  horizontal  bracing  between  the  top  chords  in  a  through  bridge,  or  the  bottom  chords 
in  a  deck  bridge  ;  and  vertical  sway  bracing  at  every  panel  point  of  a  through  bridge  when 
the  truss  is  deep  enough,  and  at  every  panel  point  of  a  deck  bridge  of  any  depth. 

In  through  bridges  the  clear  headway  or  vertical  distance  between  the  upper  surface 
of  the  rails  and  the  lowest  part  of  the  over-head  bracing  should  be  at  least  12.5  feet. 
From  12.5  to  24  feet,  we  use  horizontal  over-head  bracing  only.  Above  24  feet,  vertical 
sway  bracing  is  to  be  used  also.  Of  course,  all  deck  bridges  have  both  upper  and  lower 
horizontal  bracing,  and  vertical  sway  bracing  also. 

Of  the  wind  load  per  foot  found  according  to  the  preceding  rule,  §ds  may  be  taken 
as  acting  at  the  panel  points  at  the  floor,  and  ^d  at  the  panel  points  of  the  other  chord. 
Upon  these  assumptions  we  may  find  the  stresses  in  upper  and  lower  horizontal  wind 
bracing.  The  ties  and  posts  of  the  vertical  sway  bracing  may  be  taken  the  same  as  those 
of  the  horizontal  bracingf  at  the  centre,  without  special  calculation. 

The  reasons  which  have  led  to  the  adoption  of  30  lbs.  per  square  foot  with  train,  or 
50  lbs.  without,  although  wind  pressures  have  been  registered  as  high  as  90  lbs.  per  square 
foot,  are  that  such  extreme  pressures  are  limited  to  narrow  belts,  less  than  the  length  of 
ordinary  spans,  so  that  the  entire  span  is  not  subjected  to  this  pressure,  and  also  that  no 

*  This  is  because  the  ties  are  in  pairs  and  the  lower  chords  consist  of  several  bars.  445 
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train  would  venture  across  a  bridge  during  such  a  tornado:  so  that  the  allowance  of  30 
lbs.  per  square  foot,  with  train,  may  give  higher  stresses  even  than  90  lbs.  without,  or  even 
if  not,  still  the  stresses  on  bracing  so  proportioned,  due  to  the  extreme  pressure,  will  be 
within  the  limits  of  elasticity. 

The  working  stresses  used  in  proportioning  the  wind  bracing  are  I5,CXX)  lbs.  per  square 
inch  in  the  ties,  and  rivets,  pins,  and  struts  the  same  as  for  the  main  trusses.  The 
method  of  proportioning  ties  and  struts  is  precisely  the  same  as  for  the  main  trusses. 

Details. — When  the  cross  girders  are  riveted  to  the  posts,  as  in  Fig.  206,  Plate  8, 
the  ties  for  the  lower  horizontal  bracing  may  be  pinned  to  the  lower  flange  of  the  cross 
girder,  as  shown  in  Fig.  206,  and  no  struts  are  necessary,  the  cross  girder  answering  the 
purpose  of  a  strut. 

When  the  cross  girder  is  slung  below  the  chord  by  beam  hangers  from  the  pin,  it 
is  often  customary  to  pin  the  ties  to  the  upper  flange  in  the  same  manner.  This  is  evi- 
dently not  good  construction,  and  it  is  better,  though  of  course  somewhat  more  expen- 
sive, to  insert  struts  above  the  cross  girders.  These  struts  may  be  of  timber,  shod  with 
iron,  riveted  to  the  posts,  or  may  be  of  latticed  channels,  with  stay  plates,  riveted  by  angle 
irons  to  the  posts. 

The  upper  horizontal  bracing  for  medium  spans  may  be,  as  in  Fig.  222,  Plate  12,  com- 
posed of  two  angle  irons  with  the  ties  pinned  to  the  flanges,  the  pin  extending  through 
the  top  chord  plate. 

When  vertical  sway  bracing  is  required,  the  upper  struts  may  be  made  like  the  posts, 
of  two  channels,  with  webs  horizontal,  latticed,  with  stay  plates.  The  horizontal  ties 
may  be  attached  to  a  vertical  pin  through  the  horizontal  webs  of  the  channels,  and  the 
vertical  sway  braces  to  horizontal  pins  passing  through  the  extension  plates  of  the  struts 
and  the  ends  of  the  chard  pins.  The  lower  or  intermediate  struts  may  also  be  channels, 
latticed,  the  channel  webs  being  in  a  vertical  plane,  riveted  by  angles  to  the  post,  and 
the  vertical  sway  braces  attached  by  pins  passing  through  the  vertical  webs  of  the  chan- 
nels. 

Increase  of  Chord  Section  due  to  Wind.— When  the  train  covers  the  span 

and  the  wind  acts,  the  bridge  is  bent  sideways  and  the  lower  chord  on  the  side  away  from 
the  wind  has  its  maximum  tension  increased  by  the  tension  due  to  the  wind.  The  chord 
on  each  side  should  be  able  to  sustain  the  total  maximum. 

Again,  the  compression  in  the  windward  chord  at  end,  when  the  bridge  is  empty,  due 
to  the  wind,  may  exceed  the  tension  due  to  dead  load,  in  which  case  the  chord  may 
buckle  unless  made  to  resist  compression.  It  is  well,  therefore,  in  the  last  two  panels,  to 
strap  the  inner  lower  chord  bars  to  each  other,  so  that  they  may  act  as  a  strut  to  resist 
compression.     (See  page  392.) 

Upper  and  Lower  Lateral  Wind  Bracing. — The  upper  and  lower  lateral  wind 
bracing  is  calculated  just  as  for  a  Pratt  Truss.  The  upper  lateral  system  in  a  deck  bridge 
and  the  lower  lateral  system  in  a  through  bridge,  or  pony  bridge,  are  calculated  for  a  dead 
load  of  30  lbs.  per  square  foot  of  exposed  surface  of  both  trusses,  and  a  live  load  of  300  lbs. 
per  linear  foot,  or  a  dead  load  of  50  lbs.  per  square  foot  of  exposed  surface  of  both  trusses, 
and  the  greatest  stresses  in  either  case  taken. 

The  exposed  surface  of  truss  may  be  found  by  the  preceding  rule,  or  may  be  assumed 
without  calculation  at  10  square  feet  per  linear  foot  for  both  trusses.  This  is  5  square 
feet  per  linear  foot  for  one  truss,  or  2^  square  feet  per  linear  foot  for  each  chord.  At  30 
lbs.  per  square  foot,  this  is  75  lbs,  per  linear  foot  for  each  chord,  and  at  50  lbs.  per  square 
foot,  it  is  125  lbs.  per  linear  foot  for  each  chord. 

When  the  panel  length  is  known  we  can  then  easily  find  the  panel  load  at  each  apex. 
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Although  the  train  partially  shelters  one  truss,  it  will  be  observed  that  this  is  dis- 
regarded, and  each  truss  is  considered  as  fully  exposed,  even  when  train  is  on. 

For  the  lower  lateral  system  in  a  deck  bridge  or  the  upper  lateral  system  in  a  through 
bridge,  we  have  simply  to  calculate  for  a  dead  load  of  30  lbs.  per  square  foot  of  exposed 
surface  of  both  trusses,  or  75  lbs,  per  linear  foot  for  each  chord. 

The  stresses  in  the  wind  braces  thus  obtained  are  to  be  increased  for  initial  tension, 
page  393,  since  each  is  furnished  with  a  turn  buckle. 

Centrifugal  Force. — If  the  track  upon  the  bridge  is  curved,  the  stresses  in  the 
lateral  system  under  the  train  are  increased  by  the  centrifugal  force. 

The  train  load  must  first  be  reduced  to  an  equivalent  uniform  load  per  foot ;  that  is,  a 
load  per  foot,  which,  spread  over  the  whole  span,  will  give  the  same  moment  at  the  centre 
of  span  as  the  maximum  moment  at  centre  due  to  the  train.     This  is  ejasily  found. 

Thus,  if  M  is  the  maximum  moment  at  the  centre  due  to  the  train,  and  w  is  the 
equivalent  load  per  foot,  and  /  =  the  span,  we  have 


=  My  or  w  =: 


8 


P' 


Now,  if/  is  the  panel  length,  the  panel  load  IV ait  each  panel  point,  is 

IV=  TVp  =  — TT^- 


The  centrifugal  force  at  each  panel  point  is  then 


C  = 


where  v  is  the  velocity  in  feet  per  second,  r  =  radius  of  curve,  g  =  32^. 

We  give  in  the  following  Table  the  values  of  —  for  a  1°  curve,  and  different  velocities. 
For  any  other  degree  multiply  the  tabular  values  by  the  degree  of  the  curve. 


TABLE  FOR  CENTRIFUGAL  FORCE  C  = 


Values  of  —   piven  for  a  i"  curve. 
For  any  other  degree^  multiply  by  degree  of  curve. 


V 

m  miles  per  hour. 

V 

in  feet  per  sec. 

for  i^  curve. 

V 

in  miles  per  hour. 

V 

in  feet  per  sec. 

for  1"  curve. 

10 

14} 

0.00117 

40 

58f 

0.01866 

15 

32 

0.00262 

45 

66 

0.02361 

20 

«9i 

0.00467 

50 

734 

0.02915 

25 

36i 

0.00729 

55 

805 

0.03527 

3C 

44 

0.01049 

60 

88 

0.04196 

35 

5ii 

1 

0.01428 
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The  "  degree  of  a  curve'*  is  the  angle  subtended  at  the  centre  by  a  chard  of  loofeet. 

We  can  thus  find  the  centrifugal  force  at  each  panel  point  for  a  given  train,  degree  of 
curve,  and  assumed  maximum  velocity,  and  find  the  stresses  in  the  lateral  system  for  this 
loading.  These  stresses  are  to  be  added  to  the  wind  stresses  already  found,  and  initial 
tension  added,  page  393. 

Example. —  Through  bridge^  span  c  to  c  i^j  feet,  no,  of  panels  =  q,  panel  length  ly  feet,  width  c  to  e  i6\  feet. 

ii  I  I  t  1*1  Find  the  stresses  in    upper  and  lower  lateral 

We  have  in  this  case  the  panel  load  for  the 
upper  lateral  system,  75  x  17  =  1275  lbs. 
This  load  acts  at  each  apex  of  the  windward 
and  leeward  chords.  In  the  upper  system 
there  will  be  seven  panels,  as  shown  by  the 
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B 


\ 


\ 


<« 
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«( 


f    f     1^'     r    I     *     .Fi,.. 

We  have  sec  6  =  i*447»  tan  0  =  1.046,  and  hence,  in  the  upper  lateral  system, 

EE'  =  -  1275  lbs.  DE'  =  -h  a  X  1275  X  1.447  =  +   3690  lbs. 

Diy  =  -  3  X  1275  =  -  3825  lbs.  CD'  =  +  4  X  1275  X  1-447  =  +    738o 

CC  =  -  5  X  1275  =  -  6375    "  BC  =  +  6  X  1275  X  1.447  =  -f  11070 

BB*  =  —  7  X  1275  =  -  8925    *'  BC—  —  3  X  2550  X  1.046  =  —    7000 

CX>  =  —  5  X  2550  X  1.046  =  —  13340  lbs.  DE  =  EF=^  —  6  X  2550  X  1.046  =  —  16000  lbs. 

The  chord  BCDE  is  in  compression  under  the  action  of  the  train.     The  compression  due  to  the  train  is  in- 
creased by  that  due  to  the  wind,  as  given  above. 

The  stresses  in  the  braces  BC\  CI/,  etc.,  must  be  increased  for  initial  tension,  page  393. 

When  the  wind  blows  from  the  other  side  we  shall  have  the  same  strains  in  B*C\  C'D\  etc.,  as  in  .^Cand  CD, 
and  the  other  system  of  braces  will  act. 

The  braces  EF\  E'F,  are  not  strained  theoretically. 

They  are  inserted,  however,  for  appearance,  of  same  size  as  ED\  E'D, 

Since  the  stresses  in  the  top  lateral  system  are  all  so  small,  we  would  in  practice  make  the  ties  all  of  the  same 
size,  and  the  struts  all  of  the  same  size,  as  this  would  cost  less  than  to  have  different  sizes  of  details  and  connections. 

We  may,  if  desired,  find  the  stresses  for  the  actual  exposed  surface  at  30  lbs.  per  square  foot,  but  the  preceding 
is  the  customary  method. 

For  the  lower  lateral 
system.  Fig.  2,  we  have  ^ 
nine  panels,  and  the 
panel  load  for  30  lbs. 
per  square  foot  will  be, 
as  before,  1275  lbs.  at 
each  apex  right  and  left,  j^ 
This  we  treat  as  a  dead 
or  fixed  load.  The  train 
wind  load  of  300  lbs.  per  linear  foot  gives  a  panel  load  of  17  x  300  =  5100  lbs.     This  we  treat  as  a  moving  load. 

We  may,  if  desired,  find  the  actual  exposed  surface,  and  take  this  at  30  lbs.  per  square  foot,  but  the  preceding  is  the 
customary  method. 

We  have  then 


Ib  Ic  Id  Ie  If  \ 


\ 


For  the  Chords, 
B'C*  =  -\-  7650  X    4  X  1.046  =  +  32008  lbs. 

CD'  =  +  7650  X    7  X  1.046  =  +  56013 

D^E'  =  +  7650  X    9  X  1.046  =  +  72017 

E'F'  =  +  7650  X  10  X  1.046  =  +  80019 

For  the  Braces, 


«< 


<( 


(( 


AB  =  —  32008  lbs. 
BC=  -  56013  " 
CD=  —  72017  " 
DE  =  —  80019 


<« 


10 


EF'  =  +  —  X  5100  X  1.447  =  +  8200  lbs. 
9 


DE 


CD'  =  (2  X 


21 


2550 +  -  X5100 


J  1.447  = 


+  24599  lbs.    BC 


2550  +  —  X  5100 
Aff  =  4-  (4  X  2550  +  4  X  5100)1.447  =  +  44280  lbs. 


'  =  +  (3  X 


15 


2550  +  ^  X  5100 


►j  1.447  = 


+ 15989  lbs. 


28 


J  1.447  = 


+  3  4028  lbs. 
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For  the  Struts. 


AA*  =  —  8  X  1275  -  4  X  5100  =  -  30600  lbs. 


CC'--' 


21 


5X1275 X  5100  =  -  18275    " 


ro 


BB'  =  -7X  1275  - 


£>£>'=  -3X  1275- 


28 

-  X  5100=5  —  24791  lbs. 


9 


»t 


EE'  =  -  1275 X  5100  =  -  6941  lbs. 


If  we  should  take  50  lbs.  per  square  foot  as  a  fixed  load,  we  have  the  panel  load  at  each  apex,  right  and  left, 
2125  lbs.,  and  the  stresses  would  be  all  less  than  those  already  found.     We  therefore  Uke  the  latter. 

When  the  wind  blows  from  the  other  side,  the  other  system  of  braces  will  act,  and  A'F'  will  be  in  compression 
and  ^^  in  tension. 

The  tensile  stresses  in  the  lower  chords  due  to  the  train  should  therefore  be  increased  by  the  tension  just  found 
due  to  wind,  and  the  chords  desig:ned  for  the  combined  result. 

The  compression  \n  AB  due  to  the  fixed  wind  load  of  50  lbs.  per  square  foot,  when  bridge  is  empty,  is 
—  4  X  4250  X  1.046  =  —  17782  lbs. 

If  this  conripression  were  greater  than  the  tension  due  to  the  dead  load  of  the  bridge  itself,  the  chord  bars  in  AB 
would  have  to  be  stiffened  to  take  the  difference,  or  resultant  compression. 

The  tie  rods  of  the  lower  lateral  system  are  usually  fastened  to  the  bottom  flanges  of  the  cross-girders,  thereby 
relieving  the  tensile  stresses  in  those  flanges.     There  need,  therefore,  be  no  bottom  lateral  struts  at  all. 

If  the  track  were  on  a  curve,  we  should  find  the  stresses  due  to  centrifugal  force  as  directed  in  the  preceding 
article,  and  add  them  to  those  already  found. 

Vertical  Sway  Bracing. — In  deck  bridges,  besides  the  upper  and  lower  lateral 
wind  bracing,  there  is  always  vertical  sway  bracing  at  each  panel,  at  right  angles  to  the 
axis  of  the  bridge.  In  through  bridges  also,  if  the  headway  allows  of  it,  we  have  vertical 
sway  bracing. 

In  Fig.  3,  let  P  be  the  pressure  concentrated  at  the  upper  panel  point  of  a  through 
bridge,  windward  and  leeward.     It  is,  accord- 
ing to  usual  assumptions,  75  lbs.  per  lineal  ft., 
and  hence,  if  p  is  the  panel  length,  P  =  75^.      p 

If  it  is  desired  to  take  the  actual  exposed  ^ 
surface.  Pis  the  pressure  at  30  lbs.  per  sq.  ft. 
upon  the  surface  of  one  panel  length  of  top 
chord,  one-half  the  surface  of  the    diagonal        , 
braces  meeting  at  the  top  chord,  and  one-half  ** 
of  the  distance  BC  on  a  post.    It  is  customary 
in  most  ordinary  cases  to  take  P  as  75/  lbs. 

Let  P'  be  the  pressure  concentrated  at 
one  end  of  the  intermediate  stiut  CC  It 
is  the  pressure  at  30  lbs.  per  sq.  ft.  upon  one- 
half  of  the  post.  If  we  take  the  post  as 
one  foot  wide,  and  d  =  depth  of  truss  c  to  c, 

F=  y>-=  i^d  lbs. 

Let  /=  the  distance  BC,  b  =  width  of  bridge  r  to  r,  ^  =  angle  of  vibration  rods, 
CB'  or  CB,  with  vertical. 

The  total  pressure  2  {P -^  F)  is  resisted  by  H  and  H\  the  horizontal  forces  at  the 
foot  of  the  posts,  and  Fand  V  acting  vertically.  V  is  an  increase  of  pressure  on  the  lee 
side  and  acts  up  :   J^acts  down  on  the  windward  side. 

We  have  for  equilibrium  the  three  conditions. 


2  (-P  +  -P')  +  //^  +  //^'  =  a 


r-h  r=a 
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and,  taking  moments  about  B^ 

{H  ^^  H')  d  ■¥  Vb  +  2P'f  =-  a 

From  the  first  and  third  of  these  equations,  we  have 

y^2SP±n^^i^El^-ir, (I) 

b 

which  is  independent  of  the  values  of  H  and  H\ 

Since,  then,  we  have  three  equations  only,  and  four  unknown  quantities,  V,  V,  H 
and  H\  the  latter  are  strictly  indeterminate. 

It  is  customary  to  assume 

H^H'=-{P'\rP\ (2) 

and  this  assumption  is  probably  as  correct  as  any  other  that  can  be  made. 
For  the  stress  in  the  vibration  rod  CB\  we  have  stress  in 

.      rr  n  2{P  +  P')d  -  2F'f  ^  ,. 

CB'  =  +  Fsec  e  = ^    ~—J^ :f-  sec  6, (3) 

a 

the  plus  sign  denoting  tension. 

To  find  the  stress  in  the  intermediate  strut  CC\  consider  it  cut,  and  take  moments 
about  B\  and  we  have  stress  in  CC  y^f'\-H'd-\-P'f^  o;  or,  putting  for  H'  its  value, 

stress  \nCC'  :^{P'\-P')j-'  P' (4) 

The  maximum  stress  in  BB'  has  already  been  found,  since  it  is  in  the  upper  lateral 
system.  Its  stress  in  this  case  is  not,  therefore,  needed,  as  it  will  be  less  than  already 
found. 

When  the  wind  blows  from  the  other  side,  we  have  the  same  compression  in  CC  and 
tension  in  C'B^  instead  of  CB\ 

The  moment  at  C  or  C  on  the  post  is,  if  the  ends  are  free,  H  {d  —  f\  ox  {P  ■\-  P') 
(d  —  f).  But  it  will  be  more  correct  to  consider  the  ends  as  fixed,  since  they  are  rigidly 
attached  to  the  cross  girders.  We  have,  therefore,  the  moment  only  one-half  as  much  as 
for  free  ends,  or 

moment  at  C  =  -  {P  +  P')  {d  -  /). 

The  post  is  composed  of  channels  latticed  together.  If  the  distance  between  the 
channels  r  to  ^  is  w,  we  have  the  compression  on  one  post  channel  due  to  the  bending 

alone,  ^^-^ — —.   The  post  also  has  a  direct  compression  of  F,  or  for  one  channel—. 

The  total  compression  on  one  post  channel  is,  therefore, 

,    ,          ,       V     {P^  P'){d-f) 
compression  on  one  post  channel  =  — 1-  ^ ^—^ ^^—^      ....     (5) 

This  is  to  be  added  to  the  compression  due  to  train  and  weight  of  bridge  where  V  is 
given  by  (i).  This  compression  is  to  be  added  to  that  due  to  the  train  and  the  weight  of 
♦he  bridge  itself. 

Formulas  (3),  (4),  and  (5),  for  the  vibration  rod,  intermediate  strut  and  post  channels. 
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will  hold  equally  for  the  inclined  portal  and  batter  braces,  if  for  ^we  put  the  length  of 

batter  brace  =  Vd"^  +/S  for/ the  distance/,  between  upper  and  lower  portal  struts,  for  /^ 
the  pressure  on  one-half  the  batter  brace  =  P'j,  and  for  P  one-fourth  the  sum  of  all  the 
pressures  concentrated  at  windward  and  leeward  panel  points  of  the  upper  lateral  system  =  P^. 
For  the  stress  in  the  strut  BB'  at  the  portal y  we  have,  then,  considering  this  strut  as 
part  of  th**  sway  bracing  only,  by  taking  moments  about  C, 

or 

BB'  =  ^^'+^'(/>^  +  />j  «  /y^. 

But  this  only  gives  the  stress  in  BB'  as  part  of  the  sway  bracing.  It  is  also  part  of 
the  top  lateral  system,  and  as  such  has  the  compression  P^  -—  jP,,  where  P,  is  the  pressure 
concentrated  at  the  leeward  hip.     Hence, /<7r  the  portal 

stress  in  BB'  =  "^  ^  (/>,  +  F,)  -F^-^P^^  />, (6) 

where/  is  the  panel  length,  d\s  the  depth  of  truss,  and/,,  /^,,  P',,  and  P^,  have  the  values 
given  above. 

For  the  portal,  (3),  (4),  and  (5)  become,  therefore, 

stress  in  CB' = +  ' ^^-  +  ^'^  ^^^  -  ^^'^  sec  .. ;   .    ...      (7) 
where  6^  is  the  angle  made  by  CB'  with  the  batter  brace, 

stress  in  CC  =  {P,  +  P ,)        /  ^  -  P', ; (8) 

y  1 

,      V     (P,  +  /^,)(  i/^ +/-/,) 

compression  on  one  batter-brace  channel  = (-  — ' ;  .        (9) 

where  Fis  given  by  F=    ^    '    ' '  A        ^^^) 

Deck  Bridge. — Sway  Bracing  — For  a  deck  bridge,  we  have  simply  to  make/=  //, 
/,  =  ^d'^  +/',  and  as  now  CC  is  part  of  the  lower  lateral  system,  and  BB'  of  the  top,  we 
only  have  to  find  at  any  intermediate  panel 

2Pd 
stress  in  CB'  =  -| j-  sec  ^ (ll) 

V      2Pd 
Compression  on  post  channel  =  —  =  — r-.  .......     (12) 

And  at  the  end, 

stress  in  ^i5' =  2P,  — /V    .,....•••    (13) 


45^ 
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Knee  Braces. — When,  in  a  through  bridge,  there  is  not  headway  enough  for  sway 

bracing,  as  in  Fig.  3,  stiffness  is  obtained  by  the  use  of 
knee  braces  or  brackets,  as  in  Fig.  4. 
_  In  this  case,  taking  moments  about  A\  we  have, 


B         C 


r 


Fig.  4. 


r 


B 


A' 


■^H-P 


J y  H-p 


2Pd 
Vb=  2Pd,oT  V=-y,     .    .    .     :    (14) 

y 

and  the  compression  on  a  post  channel  is  — .     This  is  to 

be  added  to  the  compression  due  to  train  and  weight  of 
bridge. 

The  strain  in  CD  is  found  by  taking  moments 
about  B. 

The  lever  arm  is  s  cos  ^,  where  s  is  the  distance  CB, 
and  6  the  angle  of  CD  with  vertical. 

Hence,  CD  x  s  cos  ^  =  /V/,  or, 

.     .     .     (IS) 


stress  ii^.  c/^  =  + 


s  cos  ^' 


where  the  plus  sign  denotes  tension. 

There  is  a  moment  at  C  and  C,  which  is  equal  to 


V{d  —  s)- Pd  =z    ,    {/f  -  2s). (16) 


If  m'  is  the  distance  ^r  to  r  between  the  two  channels  of  which  the  upper  lateral  .strut 
is  composed,  then  we  have, 

Pd 
compression  on  each  channel  of  BB  =  ,    .  (*  —  2s).      .....     (17) 

Twice  this  is  to  be  added  to  the  compression  on  BB'  as  part  of  the  upper  lateral 
system. 

At  the  portal  we  have  to  put,  for  ^,  VcP  4-  /^,  and  for  P,  P^  as  before,  and  0^,  and  (14), 
(15),  and  (16)  become 


y^2P^jP^l^  ^^  ^  P,    V/  4  d'  P,vd^^f{b^2S) 

b  *  s  cos  6^1    '  b  •       •     •    V    / 

The  compression  on  BB'  at  the  portal  as  part  of  the  upper  lateral  system  is  2Px  —  P^t 
and  adding  to  this  the  compression  due  to  the  moment  at  C,  we  have  at  the  portal, 


.       .     ^„,       2Px  ^/dU^  {b  ^  2s)         o       ^ 
compression  in  BB  —  — =- ,    ,    ^  4-  2/*,  —  P^ 


('9) 


If  there  are  no  knee  braces,  but  the  strut  BB'  is  a  flanged  beam,  rigidly  fastened  at 

2Pd 

the  ends  B  and  B'  to  the  posts,  the  post  compression  is,  as  in  the  previous  case,  F=  — r-  ► 

There  is  a  moment  at  the  end  of  the  strut  equal  to  Vb  -  Pd  or  Pd.     If  the  effective 

Pd       2Pd 
depth  of  the  beam  BB'  is  d',  the  compression  in  each  flange  is  j-,  or  — ,,    for  both  flanges 

due  to  this   moment.     This  compression  niust  be  added  to  that  in  BB*  as  part  q(  the 
upper  lateral  system* 


B 
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Double  Track. — The  preceding  holds  good  for  wind  bracing  for  single  track, 
double   track   we   have   not   only  the   stresses,  as 
already  found,  but  also  stresses  due  to  transference 
of  the  load  when  one  track  only  is  covered  by  the 
train,  the  other  being  empty. 

Thtis,  in  Fig.  5,  let  W  be  the  weight  on  a 
cross-girder,  for  one  track  loaded.  Then  the  reac- 
tion R  is  given  by 

R  y.  2{a  ^-  b)^W{2a  '\-  b\  or 


453 
For 

B 


ie=  w 


2a  ■\-  b 
2(a-\-  by 


If  the  sway  bracing  were  perfectly  rigid,  how- 
ever, both  trusses  would  have  to  deflect  together, 
and  each  truss  would  carry  half  the  load. 

The  weight  G,  transferred  by  the  sway  bracing,  r 

would  then  be, 

W         Wa 


G  =  R 


2       2{a  +  b)' 


The  stress  in    the  vibration    rod  due   to  this 
action  is, 


stress  in  CB  =  + 


For  C'C,  taking  moments  about  5,  we  have 


Wa  sec  0 
2{a-\-b)' 


(20) 


CCX/=  G  X  2{a-\-b),  or  CC=^ 


Wa 
f 


(21) 


The  stress  in  BB'  is  zero. 
The  moment  at  C  is  Wa. 


If  m  is  the  distance  between  post  channels,  the  compression  on  one  channel  is 


.    Wa 


tn 


The  compression  due  to  bending  is  = 


2Wa 


m 


(22) 


These  stresses  must  be  added  to  the  wind  stresses  as  already  found. 
For  deck  bridge,  make/=:  d  in  (21) ;  (20)  and  (22)  remain  unchanged. 
This  action  does  not  take  place  at  the  portal. 
When  knee  braces  are  used,  eq.  (20)  gives  the  stress  in  DCy  Fig.  4. 

Wa 
For  the  moment  at  C,  we  have  -7 — T-rS2{a  +  ^)  -"  s\. 

2\a-\-  by-  ^     ^     '        -^ 

If  d'  is  the  depth  of  strut  BB\  Fig.  4,  this  gives  a  compression  on  the  strut  Bff  of 

Wa 

-^^^-^^2{a^b)-s\. 


These  stresses  must  be  added  to  wind  stresses. 


454 


WIND  BRACING— MISCELLANEOUS  DETAILS, 


Fi9.e. 


Stresses  in  Braced  Piers  and  Trestle  Bents. — A  trestle  "  bent "  is  simply  a 

pair  of  columns  connected  transversely  by  bracing,  as  shown  in  Fig. 
6.  A  trestle  tower  consists  of  two  bents,  or  four  columns,  united  by 
longitudinal  and  transverse  bracing.  It  is  customary  to  unite  only 
every  other  span  in  this  manner.  The  usual  transverse  batter  given 
to  the  *'  bent  "  column  is  6  vertical  to  i  horizontal. 

In  Fig.  7  we  show  a  side  view  of  the  towers.  Every  other 
two  bents  are  united  by  longitudinal  bracing. 

Each  tower  must  have  sufficient  base,  longitudinally,  to  be 
stable  when  standing  alone  without  other  support  than  its  anchor- 
age. That  is,  no  dependence  is  to  be  placed  on  the  girder  connec- 
tion between  two  towers  at  top,  but  the  entire  tower  should  be 
capable  of  standing  alone,  with  the  maximum  wind-  \\ 


"    "  ■'    "  "   ■' 


force  on  either  side  transverse  to   axis  of   bridge.  \ 
Tower  spans  for  high  trestles  are  usually  about  30 
feet,  the  intermediate  spans  60  feet. 

The  longitudinal  bracing  of  each  tower  must 
be  capable  of  resisting  the  greatest  tractive  force  of 
the  engines,  or  any  force  induced  by  suddenly  stop- 
ping, upon  any  part  of  the  trestle,  the  assumed  max- 
imum trains. 

If  W  is  the  maximum  weight  due  to  train  on  a 
bent,  and  ^  is   the   coefficient    of   friction,    usually 
taken  at  Jth,  then  ^W  is  the  tractive  force  acting  longitudinally  at  the  top  of  the  tower, 
for  which  the  longitudinal  bracing  must  be  figured. 

OUTER  forces. 

Wind  Strains  in  a  Bent. — We  have  first  the  wind  force  on  train  /\,  Fig.  8.     This 

is  taken  at  300  lbs.  per  linear  foot  of  span,  and 
the  span  on  each  side  of  the  bent  is  covered 
_  by  train.  We  may  take  P^  as  acting  9  feet 
above  the  base  of  the  rail  on  the  windward  side 
only.  Pi  is  the  wind  on  the  ties  and  guard- 
rails, considered  as  acting  at  the  foot  of  the 
rail,  and  may  be  taken  at  30  lbs.  per  square  foot 
of  exposed  surface.  The  exposed  surface  of  ties 
and  guard-rails  may  be  taken  at  i  square  foot 
per  linear  foot ;  so  that  the  wind  force  may  be 
taken  at  30  lbs.  per  linear  foot  on  ties  and 
guard-rails.  P^  will  then  be  30  x  the  half  span 
on  each  side  of  the  bent,  and  acts  on  the  wind- 
ward side  only. 

We  have,  next,  the  wind  force  P^  on  the 
truss.  This  also  is  taken  at  30  lbs.  per  square 
foot  of  exposed  surface.  If  the  girder  is  a  plate 
girder,  it  acts  on  the  windward  side  only.  If 
a  framed  truss,  it   acts  upon  both  windward 

and   leeward   sides.     In   the  first   case  P%  is  - 

2 

(30  X  area  of  girder  on  one  side  of  bent)  H — 


Figs  8, 
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(30  X  area  of  girder  on  other  side  of  bent).     In  the  second  case  P^  is  -  (30  x  area  of  truss  on 

one  side  of  bent)  +  -  (30  x  area  of  truss  on  other  side  of  bent),  and  it  acts  at  both  wind- 

ward  and  leeward  sides.    For  a  framed  girder  we  may  take  the  area  of  a  truss  of  4  square 
feet  per  linear  foot,  and  hence  we  have  120  lbs.  per  linear  foot  for  wind  on  each  truss. 

The  wind  on  the  towers  is  taken  at  125  lbs.  per  vertical  linear  foot  for  the  whole  side, 
or  one-half  of  this  for  one  column ;  and  it  acts  on  both  windward  and  leeward  sides  of 

bent.     Hence,  we  have  for  /i,  — -  x  ab,  and  P\  the  same.     For  /\,  — -  x  ^^,  and  jP'sthe 

2  2 

same. 

We  have  also,  at  the  top  of  the  bent  at  a  and  a\  the  quarter  weight  of  the  super- 
structure with  train  for  span  on  each  side,  and  that  part  of  the  weight  of  tower  itself, 
which  is  concentrated  at  a  and  a\     We  denote  these  forces  by  W^,  IV\. 

Also  at  /g  and  P'^f  we  have  that  part  of  the  weight  of  the  tower  itself  which  is  con- 
centrated at  these  points,  W^s,  W^'5. 

These  constitute  all  the  outer  forces,  and  in  any  given  case  they  are  easily  estimated. 
Strksses  in  a  Bent. — The  simplest  and  easiest  method  of  finding  the  stresses  due  to 
the  wind  is  by  diagram. 

We  first  estimate  the  wind  forces  /\,  P2,  /i»  ^i*  P'l^  ^5.  ^'s*  etc.,  as  directed  in  the  pre- 
ceding article. 

Then  draw  the  bent  carefully  to  scale,  as  shown  in  Fig.  9  {a\  which  represents  the 
bent  with  wind  from  the  left. 

We  have  simply  to  prolong  the  leeward  column  as  indicated,  till  it  meets  /i,  or  CD^ 

according  to  our  notation,  acting  at  9  feet  above  the  rails,  and  draw         Fig.  9.     ^A ^^i 

the  imaginary  tie  Ca.  In  the  same  way,  prolong  /2»  or  DEy  and 
/s  or  £Pi  to  intersection  with  the  leeward  column,  P^  acting  at  foot 
of  rails,  and  P^  at  the  centre  of  the  girder,  and  draw  the  ties  aby  be. 

We  can  now  diagram  the  stresses  due  to  these  forces,  as  shown  in 
Fig.  9  {b).  (This  method  of  diagram  is  explained  in  Chapter  I.  of 
Part  I.)  The  wind  forces  on  train  /\,  and  on  ties  and  guard-rails  /2, 
will  always  be  above  the  top  strut.  The  wind  force  on  the  girder 
/j  is  above  the  top  strut  when  the  girder  is  on  top  of  the  bent.    But 

in  the  case  of  a  deck  span,  it  may  be 
below  the  top  strut.  In  any  case,  pro- 
long it  to  intersection  with  leeward 
column,  and  draw  be,  either  above  or  below. 

If  the  girder  is  framed,  /g  is  to  be  taken  as  the  sum  of 
tlie  pressures  on  both  windward  and  leeward  trusses.  For  a 
plate  girder,  it  is,  of  course,  only  the  pressure  upon  the  ex- 
posed side. 

The  vertical  forces  W^,  W\y  include  the  weight  of  girder^ 
weight  of  track,  dead  weight  of  structure,  and  weight  of 
train  ;  W^  and  W\  are  simply  the  apex  loads  due  to  weight 
of  structure. 

The  calculation  of  stresses  due  to  the  vertical  forces  is 
very  simple.  If  tf  is  the  angle  which  a  column  makes  with 
the  vertical,  the  stress  in  the  top  strut,  ed^  is  W^  tan  6^,  and  in 
Bd  or  Ge,  W^  sec  ft  In  the  next  strut,  ef,  we  have  ( W^  +  W^  tan  6,  and  Af  or  Hg 
=  (W^  +  ^9)  sec  B,  and  so  on. 
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All  these  stresses  are  compression.  There  are  no  stresses  due  to  vertical  loading  in 
the  inclined  braces. 

When  the  train  is  off,  W^  and  W\  will  be  diminished  by  the  weight  of  train,  and  the 
wind  stresses  will  be  diminished  by  the  stresses  due  to  P^,  There  should  be  no  tension  in 
the  windward  columns,  Af^^\^  Bd,  under  any  circumstances.  We  can  easily  calculate  the 
stresses  in  ^/and  Bd  for  train  off. 

One  of  the  last  members  in  our  diagram  should  always  be  checked  by  calculation. 

Example. — A  bent  is  20'  4f"  at  bottom,  and  9'  2 J"  at  top,  c  to  f.  The  height  from  base  to  top  strut  is  45  feet. 
From  top  strut  to  next  strut,  18*  3f".  and  Jrom  there  to  bottom  strut,  26'  8f '.  The  span  on  each  side  of  the  bent  is  30 
feet.  The  plate  girder  on  top  is  "^feet  deep,  and  its  bottom  is  6  inches  above  the  top  strut.  The  foot  of  rati  is  t^feet 
above  the  top  strut.     Find  the  stresses. 

Let  us  first  estimate  the  outer  forces. 

We  have  for  F%  ,  the  wind  force  on  train,  300  lbs.  per  linear  foot  for  both  spans  covered,  or  = —  -\- ^ 

2  2 

=  9000  lbs. 

This  acts  at  9  feet  above  foot  of  rail,  or  13  feet  above  top  strut. 

For  Ft ,  the  wind  force  on  ties  and  guard-rails,  we  have  30  lbs.  per  linear  foot,  or  90  lbs.  actin^i^  at  foot  of  rail, 
or  4  feet  above  the  top  strut. 

For  F%,  the  wind    force  upon   the  exposed   surface  of  the  girder,  we  have   30  lbs.   per  square  foot,   or 

QO  X  30      00  X  30 

^- h  ^' —  =  2700  lbs.,  acting  at  1.5  -f-  0.5  =2  feet  above  the  top  strut. 

2  2 

125 
For  /*4 ,  the  wind  force  on  bent,  we  have  —  X  9  =  560  lbs.,  and  F  '4  the  same. 

2 

125 
For  F%  ,  we  have  —  (9  -f-  i3-5)  =  1400  lbs.,  and  F  »  the  same. 

2 

An  estimate  of  the  weight  of  the  structure  gives  Vl\  =  I4'\=:  2000  lbs.  For  IV^  t  we  have  for  weight  of  struc- 
ture 500  lbs.  at  each  cap  ;  talcing  the  track  at  400  lbs.  per  linear  foot,  we  have  6000  lbs.  at  each  cap  ;  the  weight  of 
the  girder  is  estimated  at  4850  lbs.  at  each  cap  ;  the  train,  taking  the  loading  of  our  diagram,  page  243,  is  68715  lbs. 
at  each  cap. 

For  the  train  on,  ^F^  =  /F'^  =  80000  lbs.,  fVt=  IV\  =  2000  lbs.  We  have  then,  for  the  stresses  due  to  vertical 
loading,  train  on,  since  tan  0  =  0.124,  sec  0  =  1.007, 

Bd  =z  Ge=.  —  80000  X  1.007  =  —  80560  lbs.  Af=  Hg  z=  —  82000  X  1.007  =  —  82574  lbs. 

cd^  —  80000  X  o  i'24  =  —  992u  lbs.  </^  =  —  82000  X  0.124  =  —  10168  Ibr. 

V  •=.  —  82000  lbs.         de  —  fg  —  o. 
For  the  train  off,  W^  —  \V\  =  11285,  W^  =  \V\  t=  2000  lbs.,  and  we  have 

Bd^  —  1 1285  X  I  007  —  —  1 1364  lbs.  Af—  —  13285  X  I  007  =  —  13378  lbs. 

F  =  —  13285  lbs. 

V  is  the  pressure  on  the  anchorage  of  the  windward  side. 

For  the  stresses  due  to  F\  alone,  in  ^/and  Bd,  we  have  lever  arm  for  Bd  =  9.2  cos  0  =  9.13,  lever  arm  for  Af 
=  15.7  cos  0  =  15.6  feet,  and 

/^/Xi5.6    =+9000X3i.3»     or    ^/=  +  18057  lbs.  ^' 

BdX    9.13  = +9000  X  13,        or    .5^/ =4-12814 
V  X  20.36  =  -I-  9000  X  58,        or       F  =  +  25638 

where  V  is  the  tension  on  anchorage  of  windward  side. 

Making  now  our  diagram,  we  have,  for  wind  stresses,  train  on, 

cd=z  —    9700  lbs.  <r/.-=  —    8300  lbs.  gh  =  —  1 1 600  lbs.  de  =  +  16250  lbs. 

/f  =  -f  15000  lbs.  Bd=  -\-  14000  lbs.  Af=  +  27750  lbs.  (7^  =  —  27850  lbs. 

/fg  =  —  40650  lbs.  F  =  +  40340  lbs. 

A  convenient  scale  fqr  the  diagram,  which  has  been  adopted  in  finding  these  results,  is  ten  feet  to  an  inch  fot 
the  bent,  and  4000  lbs.  to  an  inch  for  the  forces. 
We  can  check  the  value  of  V  as  follows  : 

V  X  20.36  =  +  9000  X  58  -f  900  X  49  +  2700  X  47  +  2(560  X  45)  +  2(1400  X  26.7),     or     K=  +  40184  lbs. 


«< 


<« 
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We  have  now  for  the  maximum  stresses, 

cd^  ^  9700  —  9920  =  —  19620  lbs. 
gh—  —  1 1600  lbs.  </(f  =  + 16250  lbs. 

Ge=^  —  27856  —  80560  =  -  108410  lbs. 
F  =  —  82000  +  40340  =  —  41660  lbs. 


efr^  —  8300  -  10168  =  —  18468  lbs. 
fg=^  +  15000  lbs. 
Hg=.  —  40650  —  82574  =  —  123224  lbs. 


These  stresses  are  obtained  by  combining  the  stresses  due  to  wind,  train  an,  with  vertical  loading,  train  on.  If 
the  wind  were  from  the  other  sidC;  we  would  have  same  stresses  in  Bd  and  A/ as  in  Ge  and  ^,  already  found,  the 
struts  cdt  ef,  and  gh  would  be  the  same,  and  the  other  ties  would  act.  We  do  not  care  to  put  down  the  stresses  for 
Bd  and  Af^  for  wind  from  left,  because  they  are  less  than  Ge  and  Hg,  already  found.  But  we  should  see  if  they  are 
in  tension  or  not.     They  will  be 


Bd—  —  80560  +  T4000  =  —  66560  lbs. 


Af^  —  82574  —  27750  =  —  54824  lb8. 


Both  are  therefore  in  compression,  but  maximum  compression  is  when  wind  is  on  other  side. 
Also,  on  windward  side, 

F  =  —  82000  -f  40340  =  —  41660  lbs., 

or  there  is  no  tension  on  anchorage 

Let  us  now  see  whether  the  bent  with  the  train  off  has  no  tension  in  the  columns. 

Subtract  from  the  diagram  stresses  the  stresses  for  Px  alone,  which  we  have  calculated,  and  we  have  wind 
stresses  when  train  is  off.  Combine  these  with  vertical  load  stresses  when  train  is  ofiF,  and  see  if  A/ trnd  Bd  Are  still 
in  compression. 

We  have         *  -5</=  —  11364 -|- (14000  —  12814)  =—  loi 78  lbs. 

A/-  -  13378  +  (27750  -  18057)  =  -    3685  lbs. 
F=  —  13285 +  (40340  -  25638)  =  -h    I4i7lbs. 

We  see  that  there  is  no  tension  in  the  columns  of  the  windward  side,  under  any  circumstances,  but  there  may  be 
a  small  tension  of  14 17  lbs.  on  the  anchorage. 

The  ioftgitudinal  bracing  in  this  case  would  be  figured  for  a  force  of  68715  X  4>f  where  0  =  -  ,  or  13743  lbs., 

acting  at  the  top  of  the  tower. 

It  causes  stresses  in  the  longitudinal  ties,  which  can  be  easily  found  by  calculation,  by  multiplying  by  the  sec  of 
the  angle  a  which  the  ties  make  with  the  horizonial.  Thus,  in  the  present  case,  sec  a  =  1.171  for  the  first  tie,  and 
sec  a  =  1.338  for  the  next  tie. 

The  stresses  in  these  ties  are  then  +  13743  X  1.171  =  +  16090  lbs.,  and  +  13743  X  1.338  =  +  18388  lbs. 

Pony  Trusses. — As  pony  trusses  do  not  admit  of  over-head  bracing,  we  have  only 
horizontal  bracing  under  the  floor.  If  the  floor  beams  are  riveted  to  the  posts,  these 
latter  may  be  continued  below  the  floor  beams,  and  horizontal  and  Vertical  sway  bracing 
introduced.  The  floor  beams  may  also  be  prolonged  and  stays  or  knee  braces  introduced 
to  support  the  truss  sideways. 

Weight  of  Wind  Bracing. — For  preliminary  estimates  of  weight  the  following 
formulas  will  be  found  useful : 

For  Pony  Trusses. — Depth  below  12.5  feet, 

weight  per  foot  lineal  of  wind  bracings  3.6  iV  +  ^^. 

For  Through  Trusses  Without  Vertical  Sway  Bracing. — Depth  between  12.5 
and2^feety 


weight  per  foot  lineal  of  wind  bracings  64  -A^  -f 


672 


458 


WIND  BRACING— MISCELLANEOUS  DETAILS. 


For  Through  Trusses  with  Vertical  Swav  Bracing  {dtpth  above  24  feet\  08 
i>£CK  Bridges, 


weight  per  foot  lineal  of  wind  bracing  = -t-  — —, 


where  /  =  length  in  feet,  N  =  number  of  panels,/  =  panel  length  in  feet. 

All  these  formulae  are  for  single  track,  and  give  the  total  weight  for  both  trusses. 

For  double  track  multiply  by  — ,  where  b  =  width  or  breadth  of  bridge  in  feet. 

Friction  Rollers.— The  specifications  of  the  New  York,  Penn.  &  Ohio  R.  R.  require 
all  bridges  over  70  feet  span  to  have  at  one  end  a  nest  of  turned  friction  rollers  of  wrought 
iron,  running  between  planed  surfaces. 

"  The  rollers  shall  not  be  less  than  2  inches  in  diameter,  and  shall  be  so  proportioned 
that  the  pressure  per  lineal  inch  of  rollers  shall  not  exceed  the  product  of  the  square  root 
of  the  dianneter  of  the  roller  in  inches  multiplied  by  500,"  or  permissible  pressure, 

/>  ^  sooVrf, 

where/  is  the  permissible  pressure  per  lineal  inch,  and  d  is  the  diameter  in  inches. 


We  give,  in  Figs.  253,  the  construction  of  rollers,  roller  nut,  and  cover  plate  for  rollers. 
A  more  rational  formula  has  been  deduced  by  Professor  Burr  {Stresses  in  Brielge  and 
Roof  Trusses), 

/4a;* 


i^/^ 


a  =  the  greatest  allowable  pressure  on  a  roller,  or  12000  lbs.  per  sq.  inch  for  wrought 
iron.  Ji  =  radius  of  roller  in  inches.  £  =  coefficient  of 
elasticity  =  28000000  for  wrought  iron. 

For  R  =  i",  this  gives  /  =  662  lbs.  per  lineal  inch, 
while  the  first  equation  gives/  =  707  lbs. 

We  give,  in  Plates  19,  20,  and  21,  illustrations  of 
various  details  which  have  been  referred  to  in  the  fore- 
going pages. 

Equivalent  Length  of  Rods  for  Upset  Ends, 
Nuts,  Sleeve  Nuts,  and  Turn  Buckles.— We  have 
already  given,  in  Pin  Table  II.  of  the  preceding  chapter, 
the  equivalent  length  of  chord  bar  required  to  make  the 
head.     For  main  diagonals  and  hip  verticals  it  will  be 

^    sufficient  in  general  to  add  3  feet  for  eyes,  and  for  adjust- 

"*•'*•  able  rods,  such  as  counters  and  wind  ties,  5  feet  for  turn 

If  greater  accuracy  is  required  for  the  latter,  we  may  ascertain  what  length  of 


« 

<<       <<       « 
«<       «       •( 
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rod  is  needed  at  each  end  for  the  connection,  and  how  much  for  adjusting  nuts  and  upset 
ends,  by  the  following  Table : 

(    i'~~^    ')  ^  upset  end  and  i  nut  =  i|  feet  of  rod. 
(ii^"— li")        "        "      "  •*    =  i|      " 

(    V' — H")  2  upset  ends  and  i  nut  =  2| 

(ii^"— 2V')        "         "     I  nut,  I  turn  buckle,  3  ft.  of  rod. 

These  equivalent  lengths  do  not  include  the  lengths  of  the  upset  ends  themselves; 
they  represent  simply  the  extra  length  to  be  added  to  the  bar  to  allow  for  the  weight  of 
the  nuts,  sleeve  nut,  or  turn  buckle,  and  the  extra  iron  for  the  enlarged  ends,  which  are 
generally  about  8  inches  long. 

Camber. — In  practice  the  upper  and  lower  chords  of  bridges  are  not  perfectly  hori- 
zontal, but  are  curved  upward  by  such  an  amount  that  even  when  fully  loaded  they  do  not 
quite  reach  the  horizontal. 

This  upward  deflection  is  called  the  "  camber^ 

The  two  chords  form,  thus,  concentric  arcs,  and  since  the  unit  stress  is  constant,  these 
arcs  are  circular. 

In  order  to  produce  the  camber  the  upper  chord  is  made  longer  than  the  lower. 

The  finding  of  the  actual  lengths  of  the  members  *V  to  c^'  or  centre  to  centre  of  pin 
holes,  is  one  of  the  most  important  points  of  the  design. 

Let  «'  be  the  allowable  working  stress  per  square  inch  in  the  upper  chord  for  combined 
dead  and  live  loads,  and  u  for  the  lower  chord. 

Some  specifications  call  for  a  different  unit  stress  for  dead  and  live  loads. 

Let  L  =  the  live  load  stress  in  any  member  in  lbs.,  and  D  =  the  dead  load  stress  in 
the  same  member,  and  let  <r  =  the  allowed  unit  stress  for  the  dead  load,  and  cr'  for  the 
live  load.  Then,  if  U  is  the  combined  unit  stress  for  any  member,  for  both  dead  and  live 
loads,  we  have 

-X_=_+^,orC;=:^J:^; (I,) 

when,  as  is  most  often  the  case,  (t  =  (t\  we  have  u!  =  a. 

From  (i),  by  introducing  the  values  of  L  and  D,  and  <r,  cr',  in  any  case  for  the  upper 
chord,  we  can  find  u\  and  introducing  the  values  of  L  and  D,  a  and  <r'  for  the  lower  chord, 

we  can  find  u. 

Let  s  =  the  length  of  span,  and  E  =  the  coefficient  of  elasticity.  Then  the  compres- 
sion of  the  upper  chord,  under  the  combined  dead  and  live  loads,  if  the  truss  deflected 

from  a  horizontal,  would  be  -^  (page  243),  and  its  new  length  would  be  ^  —  -^,.     In  the 

same  way  the  new  length  of  the  lower  chord,  after  deflection  from  the  horizontal,  would 

,  us 

be  J  +-7^- 

If  we  camber  the  truss  upward,  in  order  to  just  counteract  the  deflection,  we  should 

u'  s  us 

make  the  upper  chord  s  +  -^,  and  the  lower  chord  s  —  -p. 

Let  d=  the  depth  of  truss  c  to  Cy  and  r  the  radius  of  the  lower  chord.    Then  r  -^  d 

is  the  radius  of  the  upper  chord,  and  we  have 

J                     «'j           us  ,  V 

r  -^  a  :  r  ::  s  -¥  -^ :  s  —  ^. (i) 
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Hence, 


or,  since  u  is  small  compared  to  E^ 


Ed  f. 

r  = -,. (2) 


Let  A  be  the  camber.     Then,  from  the  right-angled  triangle  formed  by  the  half  span, 
the  radius  of  the  lower  chord  at  end,  and  the  vertical  through  centre  of  span,  we  have 


s" 


(r-  a)«  4--  =  r«,  or  A  =r-i/ f^  -- (3) 

We  have,  also,  if  -  is  the  increase  of  the  upper  chord  over  the  lower  in  the  half  span, 

"id  : :  -  :  r  —  A , 
2  2 

or,  since  A  is  very  small  compared  to  r,  we  can  neglect  it,  and  hence,  /  =  —. 

T 

The  increase  of  length  of  the  upper  over  the  lower  chord  per  unit  of  lengthy  that  is,  in 
inches  for  every  inch  of  length,  or  in  feet  for  every  foot  of  length,  is  then  /  =  - ,  or,  substi- 

T 

tuting  the  value  of  r  from  (2), 

d      u  -\-  u' 
'  =  ?=  -£-■ 

To  allow  for  the  additional  deflection  due  to  the  web,  let  us  increase  this  amount  by 
one-third.     We  then  have 

i='^^^ (H.) 

where  u  is  the  unit  stress  for  the  lower  chord,  and  u'  for  the  upper  chord,  for  combined 
dead  and  live  loads,  to  be  found  from  (I.). 

A  convenient  practical  rule  for  this  increase  of  length  of  the  top  chord,  per  unit  of 
length,  which  is  given  in  Cooper's  specifications,  may  be  deduced  by  taking  u  =  loooo  lbs. 
and  y!  =  8000  lbs.,  and  E  =  24000000  lbs.     Then,  from  (II.), 

I 
%  = 


1000 


For  a  length  of  10  feet  this  becomes ,  or  about  Jth  of  an  inch.     Hence  the  rule, 

"  \th  of  an  inch  for  every  10  feet  of  panel'' 

In  figuring  the  lengths  of  the  various  members,  we  give  them  such  lengths  that,  under 
the  action  of  the  dead  load  only^  any  lower  panel  shall  have  the  length/  from  c  to  ^,  any 
post  the  length  d  from  c  to  ^,  and  the  remaining  camber  shall  still  be  that  given  by  {11^  for 
dead  and  live  loads  combined.  This  insures  that,  when  the  bridge  is  fully  loaded,  the  truss 
shall  still  be  above  the  horizontal  at  the  centre,  by  an  amount  about  equal  to  the  dead 
loadiifleflection. 

The  unit  stress  due  to  dead  load  only  is  from  (I.)  jz j-      Hence,  the   extension  or 
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compression  of  any  member  per  unit  of  length,  for  dead  load  only,  is 

'=^%----' "">• 

when  cr  =  cr'  this  becomes 

Dcr 
e  = 


E{D  +  Ly 


We  must  allow  for  this  extension  or  compression  due  to  the  dead  load,  in  figuring  the 
lengths,  so  that,  when  the  dead  load  only  acts,  the  lower  chord  panel  may  be  p,  the  posts  d, 
and  the  upper  chord  panel  p  -{-  ip,  c  io  c  where  i  is  found  from  (II.). 

Also,  since  the  pin  hole  is  always  bored  one-fortieth  of  an  inch  (ao25")  larger  than  the 
pin,  we  must  allow  for  this  clearance. 

Equations  (I.),  (II.),  and  (III.)  completely  solve  our  problem.  We  recapitulate  them 
here  for  convenience  of  reference. 

Unit  stress  for  combined  dead  and  live  loads  in  any  member, 

^^D—r^    • (I.) 

where  D  is  the  dead  load,  L  the  live  load  stress  in  the  member,  and  <t  and  <t'  the  unit 
stresses  for  dead  and  live  loads.     When  cr  =r  or',  this  becomes  U  =^<t. 
Increase  of  length  of  upper  cliord per  unit  of  length. 


.      4(«  +  «0 


lE 


where  u  is  the  unit  stress  for  lower  chord,  and  u'  for  upper  chord,  found  from  (I.). 

Extension  or  cofnpression  per  unit  of  lengthy  of  any  member ,  due  to  the  dead  load  only. 

'-^-jw-rs ,  .  .  .  .  (III.) 


When  cr  =  cr'  this  becomes  e  = 


£(/?  +  £) 

Actual  Length  of  Lower  Chord  Bars. — Since  the  lower  chord  bars  are  in  ten- 
sion, we  must  make  them  a  little  short,  so  that,  allowing  for  pin  clearance  and  dead  load 
extension,  they  will  pull  out  to  the  length  /.     We  have  therefore 

actual  length  of  lower  chord  bars  c  to  c  •=^p  —  ep  —  0.025, (a) 

when/  is  the  panel  length  ^  to  ^  in  inches  and  e  is  found  from  (HI.)- 

The  length  is  figured  only  to  the  nearest  1^  of  an  inch,  as  that  is  the  least  shop 

measurement 

Actual  Length  of  Post. — The  post  is  in  compression,  and  we  therefore  make  it 
longer  than  rf,  to  allow  for  dead  load  compression  and  pin  clearance.     We  have  therefore 

actual  length  of  post  c  to  c  =  d  -\-  ed  -k-  0.025,   ...,•••••     (^] 

where  d  is  the  depth  ^  to  r  in  inches,  and  e  is  found  from  (III.). 
The  length  is  figured  to  the  nearest  -^  of  an  inch. 
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Actual  Length  of  Upper  Chord  Panels.— Since  the  chords  are  in  close  contact, 
there  is  no  allowance  for  pin  clearance.  We  must  make  it  a  little  long  to  allow  for  dead 
load  compression,  and  also  increase  it  by  the  amount  ip.     We  have  then 

actual  length  of  upper  chord  panel  =z  p -{- ip -\- ep, {c) 

where/  is  the  panel  length  r  to  ^  in  inches,  e  is  found  from  (III.)>  and  i  from  (I.)  and  (II.). 
The  length  is  figured  to  the  nearest  ^d  of  an  inch. 

Actual  Length  of  Inclined  Ties.— The  length  of  the  tie  is  to  be 

i  =  a/7TU7¥\, id) 


=  |/^.(/4) 


ip 
where  d  is  the  depth  ^  to  ^  in  inches,  /  is  the  panel  length  r  to  ^  in  inches,  and  /  +  —  is  the 

mean  of  the  upper  and  lower  chord  panel  lengths.    We  find  /  from  (I.)  and  (II.).    We  have 
then,  allowing  for  dead  load  extension  and  pin  clearance, 

actual  length  of  ties  c  to  c  —  I  —  el  —  0.025, (e) 

where  /is found  from  {d)  and  e  from  (III.). 

The  length  is  figured  to  the  nearest  ^d  of  an  inch. 

In  a  draw  span  each  arm  may  be  considered  as  one  span  in  giving  the  camber,  but 
whole  amount  of  lengthening  of  the  upper  chord  must  be  taken  out  of  the  upper  chord  at 
centre,  or  the  ends  will  sink  below  their  original  positions. 

Example. — Let  the  span  c  to  c  be  200  feet^  depth  c  to  c  2^  feet,  panel  length  c  to  c  20  feet.     In  a  given  panel  we  have 
the  following  stresses  and  unit  stresses  : 

L  n  &  <T 

Lower  chords,     240000  lbs.  120000  lbs.  8000  lbs.  16000  lbs. 

Upper  chords,      180000    **  90000    **  7000    '*  14000    ** 

Ties,      iooooo    "  40000    **  8000    "  16000    ** 

Posts,        87000    **  35000    **  4000    *'  8000    " 

Let  E  —  iL^oiyyxo  lbs.     Find  the  required  lengths. 

For  the  lower  chords,  we  have  from  (III.)^  =  —  ,  and  from  ia) 

7500 

2ilO 

length  of  chord  bars  c  to  c  =  240 0.025  =  239.943"  =  19  ft.  Ii|f  in. 

For  the  posts,  we  have  from  (IIL)  e  = ,  and  from  (b) 

'^  17914 

300 
length  of  posts  c  to  c  —  300  +   — +  0.025  =  300.042"  =  25  ft.  Oj^  in. 

For  the  upper  chords,  we  have  from  (IIL)  ^  =  - — . 

From  (I.)  we  have 

u  =  96000,  u  —  8400,  and  from  (II.)  1  = .     We  have  then  from  (c) 

length  of  upper  chord  panel  —  240  +  -^  +  -z —  =  240.268"  =  20  ft.  oA  in* 
For  the  ties,  we  have  from  (III.)  e  =  —  ,  and  from  (I.)  and  (II.), 

i  =  .      Then/  +  -  =  240.12",  /=  \/yx)^  +  240.12'  =  384.262", 

1000  /'jt.v*' 

^d  from  (d) 

length  of  ties  c  to  e  =.  384.262  —  ^-^ 0.025  ■=  384195"  =  32  ft.  otV  in* 

900Q 


EXAlfFU.— /^f  tke  tpan  c  to  r  he  iSofttt,  dtfth  doc 
tht  fellamtig  itrtittt  and  unit  ttrettat 

L 
LowEft  CHORDS,      300000  lbs. 
Ufpsk  chords,      340000    " 
Posts,     rooooo  " 
Ties,      114000   " 
Let  E  =  36000000  lb*.     Find  the  actual  Itnglhs. 
For  tbe  lower  chords  we  have  (tom  (111.)  *  =  — r.  =  -: 
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4i  fetl,  panel  length  c  to  t  a$  /let.     In  a  given  patul  wt  Aavt 


150000  lbs. 
35000    ■• 


Sooo    ' 
Sooo    ' 


attuai  length  0/  chord  hart  e  A 

For  (he  posts  we  have  from  (111.)^= 

■^  '3S3 

Ungth  of  potts  cloc=  % 

For  Ihe  upper  chords,  we  have  from  (HI.) 
From  (I.)  we  have 


■nd  from  (#)> 


0.015  =  aW-94 


-^.  +  aoas  =  S40-068'  -  45  it.  o^  in. 
7B00' 
=  8000,  andfh>m(II.)>=    ^-. 


length  ef  tipper  chord  panel  =  ■■ 

For  the  ties,  we  have  from  (III.)  e  =  — ^  = 
From  (I.)  and  (11.), 


^1 


-  300.315     =  35  ft.  oAii 


length  o/li. 


300. 13B,  /=  V'540'  ■ 


300.138'  =  617.804. 
=  617.718"  =  51  (t.  5Hiil 


Bevel  Ancles  for  Skew  Portals. — The  angles  required  for  laying  out  a  skew 
portal  are  the  angles  ABD  =  /f, 
or  the  amount  by  which  the 
angle  ABB',  between  the  in- 
clined end  post  and  the  por- 
tal strut,  differs  from  90°;  the 
angle  DBC  =  y,  or  the  angle 
between  the  plane  of  the  portal 
and  a  vertical  plane  through 
BF;  the  angle  FA'E=S,  or 
the  amount  by  which  the  angle  1 
between  the  plane  of  the  portal 
and  the  plane  of  the  truss  dif- 
fers from  90°. 

In  the  figure,  the  line  BD 
lies  in  the  plane  of  the  portal, 
any  is  perpendicular  to  A  A'. 
Therefore,  90  +  y3  gives  the 
angles  ABB",  and  AA'B"  and 
90  —  /J  gives  the  angles  BBA'  and  BAD,  all  in  the  plane  of  the  portal.    The  hne  DC  a 
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in  the  plane  of  the  bottom  chords  and  is  perpendicular  to  AA\  Therefore  the  angle 
ACD  =  it  is  the  skew  angle,  or  is  equal  to  AA E,  A  E  being  in  the  plane  of  the  bottom 
chords  and  perpendicular  to  them.  The  line  BC  is  vertical  and  in  the  plane  of  the  truss, 
so  that  the  angle  DBC=  y  is  the  angle  between  the  plane  of  the  portal  and  a  vertical  plane 
through  the  portal  strut  BB\  Through  AE  we  pass  a  plane  perpendicular  to  AB^  the 
inclined  end  post.  Then  the  angle  FEA=  90"*,  and  the  angle  FAE  =  d  =  the  amount  by 
which  the  angle  between  the  plane  of  the  portal  and  the  plane  of  the  truss  differs  from  90**. 

Let  the  depth  of  truss,  BC  =  B'C=  d\  the  width  of  truss  AE  =  w\  the  horizontal 
projection  of  incHned  end  posts  AC '=^  A C  =  m  \  the  length  of  inclined  end  posts  =  l\ 
the  angle  between  inclined  end  posts  and  vertical,  ABC  =  AB'C'=  6  =  FEA  ;  the  skew 
angle  AAE^  a  =  ACD  ;  the  skew  AE  =  s\  the  length  of  portal  strut  AA'=  BB'  =  e. 

Then 


sin  n    -   _ 


/         Vn^  4-  d^ 


s 
sm  ot  — 


^        V  s"  ^itf" 


^    d        d 

a 

cv/a  1/  —     ■  —                 -         — , 

w             w 

ro^  it  —       — 

s 
tan  ct  —  - 

*         a/  .5*  +  ar" ' 

w 

0) 


or 


We  have  also,  /  sin  /^  =  AD  =  I  sm  0  sin  a  =  AC  sin  a. 

Hence, 

sin  /?  =  sin  ^  sin  rt' ;        (a) 

d  tan  y  —DC  =  AC  cos  it  =  d  tan  0  cos  a. 
Hence, 

tan  y  =  tan  ff  cos  at;       (A) 

f  sin  or  =  AE,        AE  cos  0  =  FE,         €  cos  (t  =  AE,        AE  tan  (J  =  FE. 

Hence, 

f  sin  (X  cos  ^  =  f  cos  it  tan  d^ 

tan  6  =  tan  it  cos  ^ (c) 


Equations  {a),  {b\  and  (f)  give  the  required  angles  ft,  y,  6,  go  4-  /?  and  90  —  /^,  give 
the  angles  between  inclined  end  posts  and  portal  strut,  in  the  plane  of  the  portal.  90  +  ^ 
gives  the  angle  between  the  top  chords  and  inclined  end  posts  in  the  plane  of  the  truss. 
y  gives  the  angle  between  the  plane  of  the  portal  and  a  vertical  plane  through  portal 
strut,  and  gives  the  bevel  for  bending  plates  to  connect  with  top  chords,  go—  d  gives  the 
angle  between  plane  of  the  portal  and  plane  of  the  truss. 

If  we  substitute  in  {a),  {b)y  and  (c)  the  values  of  (1),  we  have  also, 

sin/y^—  ^  ^^ ; {a') 

^/ffi'-^d''    Vs'  +  w' 

mw  /.^ 

'''''y-dwv^' ^'^ 

tan(y=  ^==L.         » (O 

From  which  the  required  angles  can  be  found  in  terms  of  j,  w,  and  m  and  d. 

Standard  Clevises. — For  attaching  lateral  rods,  clevises  are  often  used,  as  illus- 
trated. We  give,  in  the  following  Table,  the  dinaensions  and  weight  as  furnished  by  the 
Phoenix  Bridge  Company. 
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Tension  (Rod).  iz<n>  lb< 

per  »q.  inch. 

BeMing,  15000  Ibi.  pet  sq. 

iac* 

.     Bending.  Ijooo  Hm-  per  sq.  inch. 

1 

s 

"ii 

1 

s 

•■1 

1= 

3 
1^ 

1 
1 

\ 

li 

1  ^ 
4A 

1,= 

.„. 

— 

i 

sS 

i^ 

1 

1" 

N  bfK 

<tx    A 

, 

"i 

, 

■35 

t 

4t 

It 

Ii  ^.  X     8 

, 

at 

.»«  A 

■1 

'I 

It 

.38 

1 

4! 

It 

li&li 

■  i    "    X     8 

3 

3 

\ 

.|<   i 

■1 

3 

4  113) 

It 
It 

■384 

■45 

, 

< 
1 

4l 

7t 

It 

.i&.l 

3     Si  21 

li    '■    X     B 
Ifx,. 

3 
4 

3t 

7l 

" 

.   .   1 

.i 

4t 

It 

.46  ;    8 

i 

7t 

a 

1     lil\ 

5 

8 

■ 

li 

It  X   1 

" 

SS4I 

■: 

.57 

■ 

7 

i      a   S  a| 

a     •■    X  ,a 

6 

9 

■1 

"«   ' 

■ 

St4l 

'1 

.57 

1 

7 

a      a    A  at 

a     ■■    .  la 

7 

9t 

1} 

»t  X     t 

> 

!«4l 

It 

■64 

< 

' 

al     alS3 

al   ••    X  15 

• 

lot 

ll 

■1 

■1 «  1 

I 

3  0  4t 

I 

■7 

1) 

6t 

al     3i&3 

ai   ■■    X  ,5 

>> 

la 

ll 

.1 

21 »  1 

13 

5 

at 

-67 

■1 

64 

3 

.U3l 

a|    ■'    X  16 

10 

16 

■4 

.1 

3    X     i 

3j 

!-St-M 

al 

.84 

It 

61 

3 

>iS3l 

at   ■■    X  16 

II 

17 

■1 

3     X    i 

3t 

S-St-61 

at 

.96 

■i 

6i 

3l 

3    S3t 

aj    ■■    «  16 

■  I 

ao 

1. 

! 

3     X     t 

A 

6161 

al 

.86    1     B 

ii 

6» 

A 

3    S3i 

al    ■■    X  16 

13 

aa 

■i 

.1 

3     X     t 

at 

e&6.! 

at 

1          a 

ii 

6( 

3I 

3i&4 

3     ■■    -  16 

14 

34 

A 

31  -    i 

A 

6&6:, 

at 

I. 11    '    s 

it 

6t 

i\ 

jiS4 

3l    ■■    ■   17 

»5 

a6 

■1 

"i 

4x1 

3 

7l 

2£ 

irB      10 

It 

•1 

3I 

3l&4l 

3I     ■'     X    It 

16 

37 

> 

A 

4    X     tl 

3l 

7l 

3 

1.25       (O 

.( 

81 

3i 

3Hi4l 

3l   ■■    X  ,1 

<7 

36 

.1 

4    X  1 

3i 

^\ 

3i 

I.3J        10 

■I 

>l 

3i 

314  41 

3l     ■     •   18 

18 

43 

at 

A 

3* 

4    X  It 

3t 

7i 

31 

.36        10 

14 

81 

3l 

!i«4l 

3i    ■■    X   .8 

«9 

4! 

■1 

■} 

3l 

4    X  .t 

3i 

7) 

3* 

1.4          10 

It 

81 

4 

4    45 

3l    •■    X   IS 

30 

57 

"i 

3 

3) 

4    X  ,A 

31 

7i 

3i 

1 

■' 

" 

4 
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CHAPTER  VII. 
FLOOR   SYSTEM— CROSS   GIRDERS— STRINGERS— FLOOR. 


Floor  System. — The  arrangement  of  the  floor  system  is  shown  in  Fig.  206,  Plate  8 
and  also  by  the  following  Fig. 


jj'    7ron  BiriHgrra, 


The  cross  girder  at  every  panel  point  is  composed  of  double  angle  irons  for  the  upper 
and  lower  flanges,  of  such  a  uniform  section  as  will  satisfy  the  stress  at  the  middle  due  to 
the  maximum  loading.  The  web  consists  of  a  single  plate,  the  thickness  of  which  rarely 
exceeds  |",  even  for  the  heaviest  cross  girders,  and  is  never  less  than  ^"  in  the  lightest. 
This  web  is  riveted  to  the  flanges  above  and  below,  and  its  edge  is  very  nearly  flush  with 
the  upper  and  lower  surfaces  of  the  angles.  The  cross  girder  is  usually  of  uniform  depth 
and  square  ends.  Sometimes  it  is  of  uniform  depth  only  in  the  central  portion,  and 
tapers  off  at  the  ends.  More  rarely  still,  the  cross  girder  is  a  trussed  frame,  as  shown  in 
Fig.  288,  Plate  21. 

The  cross  girders  are  either  slung  from  the  pin  at  the  panel  point  by  beam  hangers, 
as  shown  in  Fig.  268,  Plate  20,  or  they  are  riveted  to  the  posts  by  angle  irons,  as  shown  in 
Fig.  288,  Plate  8. 

The  stringers  may  be  either  of  wood  or  of  iron,  as  shown  in  the  Fig.  preceding. 
They  either  rest  upon  the  cross  girders,  or  are  riveted  to  them  as  shown  in  Fig.  206, 
Plate  8. 

Upon  the  stringers  are  laid  the  cross  ties,  which  are  usually  of  white  oak,  about  8  feet 
6  inches  long,  and  7  inches  deep  by  8  inches  wide,  for  single  track,  spaced  about  16J 
inches   from    centre  to  centre,  notched  on  to  the  stringers  about  J",  and  bolted  to  the 
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stringer  flanges.  For  double  track,  the  ties  are  about  20  feet  6  inches  long,  9  inches  deep 
and  8  inches  wide. 

Pine  guard  rails  or  strips  are  bolted  and  notched  to  the  ties,  outside  of  and  parallel  to 
the  rails,  spliced  at  their  ends. 

The  stringers  are  usually  spaced  about  6  feet  apart,  and  for  double  track  usually  four 
stringers  are  used,  so  that  the  load  per  stringer  is  the  same  whether  for  double  or  single 
track. 

Upon  the  ties  the  rails  are  laid  and  secured  in  the  usual  manner,  and  between  the 
rails,  a  few  planks  for  a  foot  walk  are  provided. 

The  entire  weight  of  rails,  spikes,  chairs,  etc.,  and  also,  planking,  cross  ties  and  guard 
strips,  is  taken  at  400  lbs.  per  ft.  lineal,  for  single  track,  or  750  for  double  track. 

For  highway  bridges  this  weight  will  be  very  different  according  to  the  style  of  road- 
way adopted  and  the  locality  and  traffic,  and  must  be  estimated  for  the  case  in  hand. 

Live  Load. — The  live  load  adopted  for  railway  bridges  is  that  assumed  as  the  basis  of 
our  diagram.  Part  I,  page  88.  This  system  of  wheel  loads  is  somewhat  in  excess  of  the 
heaviest  locomotives  now  used,  thus  allowing  for  future  increase,  while  it  approximates 
closely  to  the  actual  loading.  By  means  of  the  diagram,  the  stresses  may  be  found  with 
more  exactness  than  by  any  other  method.  The  train  load  is  small,  but  the  tabular 
values  can  easily  be  increased  to  suit  any  given  loading. 

For  highway  bridges^  the  live  load  may  be  varied  according  to  the  situation,  as  given 
in  the  following  Table. 

Table  of  Live  Loads  for  Highway  Bridges. 


Span  in  Feet. 

City  and  Suburban  Bridge 

liable  to  heavy  traffic. 

Class  A. 

Bridges  in  Manufacturing  Dis- 
trict*—Ballasted  Roads. 
Class  B. 

Bridges  in  Country  Districts- 
Unballasted  Roads. 
Qaas  C. 

100  and  under 

100  lbs.  per  sq.  ft. 

90  lbs.  per  sq.  ft. 

70  lbs.  per  sq.  ft. 

100  to  200 

80    "       •* 

60    ••      •'       " 

60    "       *• 

200  to  300 

70    •* 

50    "      "       " 

50    •'       '•       " 

300  to  400 

60    ••       "       *• 

50    ••      ••       " 

45    -       '•       " 

400  and  over 

50    "       •*       *• 

50    •'      *'       " 

45     -       -       - 

The  stringers  of  highway  bridges  are  usually  of  wood,  and  the  floor  beams  of  iron. 
The  weight  of  these  may  be  easily  estimated,  as  detailed  in  what  follows.  TYi*t  flooring 
varies  too  much  for  any  general  values  to  be  given.  For  simple  pine  flooring,  we  may  take 
0.35  lb.  for  12'  cubic  inches,  and  the  flooring  is  usually  3  inches  thick.  The  weight  of 
railing  posts,  hand  rails,  hub  rails,  guard  rails,  etc.,  must  be  estimated  according  to  the 
design. 

Wood  Stringers — Total  Load,  Size,  Weight.— For  highway  bridges  the  load  W 
supported  by  a  stringer  will  depend  upon  the  weight  of  roadway  and  the  live  load  as- 
sumed, according  to  the  preceding  Table. 

For  railway  bridges,  taking  a  system  of  wheel  loads  very  similar  to  Class  A  of  Cooper's 
Specifications,  and  taking  floor,  cross  ties,  rails,  bolts,  guard  strips,  etc.,  at  400  lbs.  per 
lineal  foot,  we  have  the  equivalent  distributed  live  load  for  one  stringer,  as  given  in  the  fol- 
lowing Table.*     For  double  track  and  4  stringers,  we  may  take  the  same  loading,  because 

*  Increase  the  tabular  values  by  about  18  per  cent,  for  the  system  of  loads  assumed  in  our  diagram,  Part  I,  page 
88.  The  values  given  are  for  a  lighter  system,  and  it  is  sc  ircely  necessary  to  change  them,  as  they  now  represent 
ffood  average  practice. 
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although  the  load  is  twice  as  much,  there  are  twice  as  many  stringers.  If  to  the  equiva- 
lent distributed  live  load,  we  add  200  lbs.  per  lineal  foot  for  track,  and  also  allow  a  per 
centage  for  impact,  we  have  the  total  equivalent  distributed  external  load  W,  not  includ- 
ing the  weight  of  the  stringer  itself,  which  in  the  case  of  wood  may  be  disregarded.  The 
allowance  for  impact  is  taken  at  30  per  cent,  of  the  external  load  for  all  spans  below  25 
feet,  and  40  —  f/  for  spans  above  25  feet.     (/=  span  in  feet.) 

Wood  Stringers* 

ft 

EqwvaUnt  distributed  live  toad  and  total  distributed  external  load  W^  upon  one  stringer,  for  railway  bridges.  Allow- 
ance for  shock  jo  per  cent,  for  spans  below  2^  feet,  and  40  —  \l  for  spans  above  a^  f^^l*  Rails,  ties,  etc. ,  aoo  lbs,  per 
ft,  per  stfinger. 


Length  or 

pan  el  length 

in  feet. 

Total  ezteraal  load  IV  in 

Length  or 

panellength 

in  feet. 

Total  external  load  IV  in 

Live  load  for  one  stringer 
in  lbs. 

lbs.,  including  allow- 
ances for  impact  and 
flooring. 

Live  load  forooestringrer 
in  lbs. 

lbs.,  including  allow- 
ances for  impact  and 
flooring. 

5 

25000 

33800 

18 

47222 

66068 

6 

25000 

34060 

19 

48685 

68230 

7 

25000 

34320 

20 

50000 

70200 

8 

25000 

34580 

21 

52380 

73554 

9 

25000 

34840 

22 

54545 

76628 

ID 

25000 

35100 

23 

56521 

79457 

II 

27272 

38314 

24 

58333 

82073 

12 

33333 

43453 

25       . 

60000 

84500 

13 

36538 

50879 

26 

61537 

86491 

14 

39286 

547" 

27 

63518 

89042 

15 

41666 

58066 

28 

65355 

91390 

16 

43750 

61035 

29 

67068 

93562 

17 

45588 

63684 

30 

68832 

95784 

From  this  Table  we  can  at  once  take  for  any  given  length  of  stringer,  that  is,  for  any 
given  panel  length,  the  corresponding  equivalent  total  external  load  W,  including  the  live 
load  and  weight  of  rails,  ties,  etc.,  at  200  lbs.  per  foot  per  stringer. 

This  load  PT  being  known,  we  may  take  at  once  from  the  following  Table,  the  size  of 
beam  which  will  safely  carry  it. 

The  table  gives  the  safe  load  for  one  inch  in  breadth^  for  different  lengths  and  depths, 
on  the  condition  that  the  deflection  shall  not  exceed  ^^th  of  the  length,  calculated  from 
Trautwine's  formula, 

bd"^ 


W  = 


BP' 


where  ^=  depth  in  inches,  b  =  breadth  in  inches,  /=  length  in  feet,  and  5  =  0.00575  ^^r 
white  oak,  and  0.008  for  white  or  yellow  pine,  hemlock,  and  red  and  black  oak.  The 
smaller  values  in  the  Table  are  for  white  or  yellow  pine,  hemlock,  red  and  black  oak,  and 
the  larger  values  for  white  oak.  For  a  concentrated  load  at  the  centre,  one  half  of  the 
tabular  values  may  be  taken. 

In  taking  dimensions  from  this  Table,  it  is  well  to  bear  in  mind  that  beams  over  14" 
deep  are  not  readily  obtained,  also  that  market  sizes  are  usually  even  inches  in  depth  and 
always  twQvx  feet  in  length.  Thus,  beams  3"  x  8",  or  3"  x  10",  or  3"  x  12,  are  easily  pro- 
cured, while  3"  X  9",  3"  X  11",  etc.,  are  not. 

*  Increase  these  values  by  18  per  cent,  for  the  system  of  loads  assumed  in  our  diagram,  Part  I.  page  88, 
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WOOD  STRINGERS. 

Safe  Distributed  Load  for  One  Inch  Breadth,  for  Different  Lengths  and  Depths,  Larger  Values  for 
White  oak,  Smaller  Values  for  White  or  Yellow  Pine,  Hemlock,  Red  and  Black  oak.  For  Con- 
centrated Load  Half  these  Values  to  be  Taken. 


Lcnffth  in 

5' 

6' 

750 
1044 

7' 

8' 

I 

10'       la'   '    14' 

1 
1 

1 
16'      18' 

1 

30' 

32' 

34'   1   36' 

1 

Depth  in 
inches. 

6" 

io8o 
1502 

55a 
7« 

422 

S88 

370 
374 

188 

263 

1 

138 
192 

106 
146 

1 
1 

84 
116 

t 

i 

1 

1 

7" 

1716 
2386 

1 193 
1656 

876 
1218 

670 
933 

438 
596 

1 

!   398 

4M 

2l8 

304 

168 
333 

133 
184 

108 
148 

! 
1 

8" 

3560 
356a 

1778 
2474 

1 

1306 

j      1818 

1000 
1390 

640 
890 

444 
618 

336 
454 

350 
348 

198 
374 

160 

333 

13a 
184 

1 

9" 

1   3644 
5072 

5000 

1 

6956 

a53» 
35»3 

i860 
2588 

>4i4 
1983 

913 
1268 

634 

i    880 

1 

466 
646 

356 
496 

383 

[ 

393 

S38 

316 

x88 
363 

158 
330 

lo" 

3472 
4830 

2553 
3550 

»954 
2718 

i 
1350   ,    868 

I                   r 

1      1740            1308 

1 

638 
888 

488 
680 

386 
536 

312 

434 

358 
358 

318 
303 

186 
358 

la" 

8640 
X9020 

6000 
8348 

4408 

6»34 

337^ 
4696 

1 

2160      1       1500 

3006            2088 

1103 
1534 

844 
"74 

666 
938 

540 
753 

446 
622 

376 
533 

330 
444 

14" 

13720 
19088 

95a8 
133  s6 

7000 
9740 

5360 
6456 

3430 
477a 

2382 
33«4 

1750 
3434 

1340 
1864 

1058 
1473 

858 
119a 

708 
986 

596 
838 

508 
706 

r6" 

30480 
38494 

1432a 
19788 

10448 
'4524 

8000 
11130 

5130 
7124 

7290 
10142 

4948 

3613 
3634 

3730 

5«74 

3000 
2783 

1580 
3198 

1280 
1782 

1058 
147a 

890 
"34 

758 
1054 

i8" 

39160 
40570 

30350 
28174 

X4878 
30698 

11390 

• 

15848 

5063 
7044 

3848 
3963 

3350 
3x30 

1833 
3536 

1506 
9096 

X366 
1763 

X078 
1500 

jo" 

27778 

38648 

20408 
28394 

15636 
31740 

lOOOO 

13914 

6944 
9663 

5102   1 
7098   , 

1 

3906 
7436 

3086 
4394 

3500 
3478 

2066 
3874 

1736 
3416 

1480 
9058 

22" 

27164 
37793 

30796 
38934 

13310 
185x8 

9344      6793 
13860      9448 

5300 
7334 

4108 
57*6 

3338 
4630 

4330 
6010 

3750 
3836 

3313 
33t4 

1970 
3738 

a4" 

37000 
37566 

17280 
24042 

12000      8816 
16696     12266 

6750 
9393 

5334 
7430 

3570 
4970 

3000 
4«74 

3556 
3556 

When  the  dimensions  of  stringer  have  been  chosen,  the  weight  may  be  found  from 
the  formula, 

weight  =  bdly^ 

where  b  and  d  are  the  breadth  and  depth  in  inches,  /  the  length  in  feet,  and  y  the  weight 
of  12  cubic  inches.     We  may  take  y  as  equal  to  0.35  lbs.  for  ordinary  purposes,  and  hence 


weight  of  wood  stringer  =  o^l^bdl. 
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Example. — A  white  oak  stringer  in  a  railway  bridge  is  12  feet  long.  What  dimensions  should  it  have,  and  what  is 
its  weight? 

The  distributed  load  W,  is  from  the  Table,  43453  lbs.  From  the  last  Table,  we  sec  that  a  beam  18"  deep  and 
one  inch  in  breadth  will  carry  safely  7044  lbs.  Our  stringer  then  may  l)e  18"  deep  by  6"  wide.  Other  dimensions  may 
be  taken  from  the  Table,  as  for  instance  16"  deep  and  9"  wide,  etc.  If  the  latter  dimensions  are  adopted,  the 
weight  is 

bdly  =  9  X  16  X  12  X  0.35  =  605  lbs. 

We  can  seldom  take  more  than  16"  to  18  depth  and  6"  to  8"  width,  as  heavier  timbers  are  costly.  Where  a  single 
beam  would  be  too  large,  several  may  be  used  side  by  side.  Thus  instead  of  one  beam  16"  by  9",  we  may  have  three 
each  16"  by  3".     Two  beams  14"  by  6"  would  be  more  easily  procured  and  would  be  sufficient. 

Example. — A  white  oak  stringer  in  a  railway  bridge  is  t6  feet  long.  What  dimensions  should  it  have,  and  what  is 
its  weight? 

Here  the  distributed  load  is  61035  lbs.  If  we  take  the  depth  at  14  inches,  the  safe  load  is  1864  for  one  inch  width. 
This  would  require  a  width  of  about  32  inches  or  4  beams  of  8  inches  width.  Such  beams  would  be  better  replaced  by 
iron  stringers. 

Iron  Plate  Stringers,  Thickness,  Depth  and  Weight. — Iron  stringers  for  rail- 
way bridges,  whether  single  or  double  track,  of  less  than  15  feet  in  length,  may  usually  be 
made  of  rolled  I  beams.  Above  this  length  such  beams  are  not  heavy  enough,  and  plate 
girders  or  built  beams  of  plate  and  angle  irons  must  be  used. 

The  thickness  of  plate  or  web  will  usually  be  determined  by  the  size  and  bearing  of 
rivets.  If  the  web  is  not  thick  enough,  it  will  not  be  possible  to  have  rivets  enough  in  the 
flanges. 

Let  the  total  load,  W  +  W,  including  therefore  the  weight  W  of  the  girder  itself, 
be  reduced  to  an  equivalent  uniformly  distributed  load,  and  represented  by  W  +  W,  and 
let  /  be  the  span  in  feet  and  d  the  depth  in  inches  from  outside  to  outside.     Then,  with 

sufficient  accuracy  for  our  purposes,  the  moment  at  the  centre  is  ^ = ^.     If  we   di- 

o 

vide  this  by  the  depth  in  feet  or  by  —  where  d  is  in  inches,  we  get  a  fair  estimate  of  the 

stress  in  one  flange.     The  number  of  rivets  to  resist  this  would  be    ,    ,  ,  and  the  resistance 

of  a  single  rivet  is  diameter  x  /  x  bearing  resistance  per  square  inch,  where  /  is  the  thick- 
ness of  web,  and  the  diameter  of  rivet  is  in  inches.     We  have  then 

^^  (»^'+  PT)  X  pitch 


4  X  diameter  x  bearing  resistance  x  d 

Taking  the  bearing  resistance  per  square  inch  at  12000  lbs.  and  the  diameter  of  rivet  at  \ 
inch,  and  the  minimum  pitch  at  3  inches,  we  have 

""   14000^' 

The  thickness  of  web  must  never  be  less  than  \  inch,  the  least  allowable  thickness  of 
plate.     It  will  rarely  by  the  above  formula  be  greater  than  |  inch. 

For  stringers,  the  flanges  are  usually  of  uniform  cross  section.  Let  the  weight  of  the 
stringer  itself  be  W\  Then  if  R  is  the  mean  stress  per  square  inch  in  both  flanges,  and 
we  disregard  the  web,  the  moment  at  the  centre  will  be,  accurately  enough  for  ouf 
purposes, 

(W^+  W')  X  12/  ,         -  jp        , 

■^ ^-^ =  area  of  one  nange  x  R  x  a. 
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The  area  of  both  flanges  then  will  be 

(W  ■>r     IV')    12/ 

If  the  thickness  of  the  web  is  /,  its  area  will  be  d/.     The  total  area  is  then  about 

{IV+  W)  12/  ^    .^ 
^^—     +dt. 

If  we  multiply  this  by  Y  ^^  l^*^ve  the  weight  of  one  foot  in  length.     The  total  weight  is 
then  about 


m±^_u^ .  ,;i^,^^.. 


As  the  thickness  of  web  is  rarely  more  than  |",  if  we  take  it  J",  we  make  an  allowance  to 
cover  connections,  etc. ;  we  have  then 

"  i.2Rd-\2n ^'^ 

From  equation  (i)  we  can  make  a  close  estimate  of  the  weight  in  pounds  W  of  any  plate 
stringer  of  uniform  depth,  when  the  length  in  feet  /,  clear  depth  in  inches  dy  mean  work- 
ing stress  in  lbs.  per  square  inch  R,  and  total  equivalent  load  in  lbs.  W^  are  known. 

Differentiating  and  putting  the  first  differential  equal  to  zero,  we  have  the  depth  in 
inches  corresponding  to  least  weight 


1      .       •  u.  J     .u       ^on     J6WI  .  /io/«\«  ,  , 

least  weight  depth  =  —^  -hV  -^  +  ( -"o- ) (2) 

From  equation  (2),  we  can  find  the  "  least  weight  depth  **  in  inches  for  an  iron  plate 
stringer,  when  the  total  equivalent  external  load  W^in  lbs.,  length  in  feet /,  and  mean 
working  stress  R  in  lbs.  per  sq.  inch,  are  known.   , 

The  least  weight  depth  is  not  necessarily  the  depth  for  least  costy  or  best  depth. 
Moreover,  the  depth  is  usually  governed  by  considerations  depending  upon  the  design,  so 
that  formulas  for  depth  are  of  little  practical  value.  If  no  such  considerations  apply,  the 
best  depth  or  least  cost  depth  from  centre  to  centre  of  rivet  holes  may  be  taken  as  not 
far  from  V^ths  of  the  least  weight  clear  depth  as  given  by  equation  (2).  As  this  latter 
serves  then  as  a  basis  of  estimation,  we  have  thought  it  well  to  give  it  in  the  Tables  which 
follow.  In  view  of  the  preceding  remarks,  the  practical  value  of  the  equation  (2)  should 
not,  and  probably  will  not,  be  over  estimated. 

Total  External  Equivalent  Load  Wvok  Iron  Plate  Railway  Stringers. — 

The  total  external  load  W,  for  railway  stringers,  is  composed  of  the  equivalent  distributed 
live  load,  the  allowance  for  impact  and  the  allowance  for  weight  of  rails,  ties,  etc.,  viz.y  200 
lbs.  per  foot  per  stringer.  It  is  usual  to  make  allowance  for  impact  by  adding  to  the 
equivalent  live  load  a  certain  percentage,  depending  upon  the  length  of  the  stringer.  We 
take  here  in  addition,  30  per  cent,  of  the  equivalent  live  load  for  spans  below  25  feet, 
and  40  —  \l  per  cent,  for  spans  above  25  feet,  where  /  is  the  span  in  feet.  The  equivalent 
distributed  live  load  is  that  found  for  a  system  of  wheel  loads  very  similar  to  Class  A  of 
Cooper's  Specifications, 

We  give,  in  the  following  Table,  the  equivalent  distributed  live  load,  and  the  total 
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external  load  W,  for  different  lengths  of  stringer,  for  the  above  allowance  for  impact  and 
floor  and  live  load.  We  also  give  the  weight  and  least  weight  depth  as  found  from  equa- 
tions (i)  and  (2),  taking  R  =  8000  lbs.  per  square  inch. 

Iron  Plate  Stringers  of  Uniform  Depth.* 

EquivaUnt  distributed  live  load  and  total  external  load  W  upon  one  sttinger^  for  railway  bridges.  Also  weight  and  least 
weight  depth.  Allowance  for  shock  jo  per  cent,  of  external  locid  for  all  spans  below  2$  feet^  and  40  —  \l  for  all  spans 
above  2^  feet  (/  =  span  in  feet).     Rails  ^  ties^  etc.,  200  lbs.  per  ft.  per  sttinger.     R  =  8000  lbs.  per  square  inch. 


Total  external 

Total  external 

Length  or 

panel 
len^  in 

Equivalent  live 

load  per  stringer 

in  lbs. 

load  W  in  lbs., 
including  allow- 
ance for  impact 
and  flooring  at 
200  lbs.  per  ft. 

Weight  in 
lbs.  W. 

Least 

weieht 

deptB  in 

inches. 

Length  or 
panel 

lenjgth  in 
feet. 

Equivalent  live 

load  per  stringer 

in  lbs. 

load  fTinlbs., 
including  allow- 
ance for  impact 
and  flooring  at 
aoo  lbs.  per  ft. 

Weight  in 
lbs.  W. 

Least 

weight 

depth  in 

inches. 

5 

25000 

33800 

188 

II. 3 

18 

47222 

66068 

1816 

•30.3 

6 

25000 

34060 

248 

12.4 

19 

48685 

68230 

2003 

316 

7 

25000 

34320 

315 

13.5 

20 

50000 

70200 

2197 

33 

8 

25000 

34580 

386 

14  5 

21 

52380 

73554 

2421 

34-6 

9 

25000 

34840 

463 

15.4 

22 

54545 

76628 

2652 

36.2 

10 

25000 

35100 

545 

16.4 

23 

56521 

79457 

2900 

37.7 

II 

27272 

38314 

657 

18 

24 

58333 

82073 

3133 

39-2 

12 

33333 

46453 

825 

20.6 

25 

60000 

84500 

3382 

40.7 

13 

36538 

50879 

974 

22.5 

26 

61537 

86491 

3633 

42 

14 

39286 

547" 

1 130 

24.2 

27 

63518 

89042 

3904 

43-4 

15 

41666 

58.066 

1292 

25^8_^ 

28 

65355 

91390 

4180 

44.8 

16 

43750 

61035 

1460 

27.4 

29 

67068 

93562 

4463 

46.2 

17 

45588 

63684 

1634 

28.8 

30 

68832 

95784 

4756 

47-5 

Any  depth  may  of  course  be  taken  in  designing,  which  seems  desirable.  As  the 
weight  varies  but  little  with  a  change  of  depth,  the  Table  will  in  all  cases  give  a  good 
estimate  of  the  weight.  For  the  best  depth,  if  no  other  considerations  affect  it,  ^ths  of 
the  least  weight  clear  depth  as  given  by  the  Table,  will  not  be  far  from  the  best  or  least 
cost  effective  depth. 

Flanges  of  Stringers. — From  the  preceding  Table  we  can  find  at  once  the  maximum 
load  W  +  Jf^,  sustained  by  a  stringer,  and  its  least  weight  clear  depth.  Since  W  is  small 
compared  to  Wy  the  weight  W  given  in  the  Table  is  near  enough  for  any  depth  which 
may  be  taken.  The  effective  depth  is  the  depth  from  centre  to  centre  of  rivet  holes.  It 
may  be  taken  as  i^ths  of  the  clear  depth  given  in  the  Table,  if  no  other  considerations 
affect  it.  The  loading  assumed  in  our  Table  is  intended  to  be  large  enough  to  cover 
future  increase  of  traflRc. 

The  maximum  load  W  +  PF  being  thus  known,  the  moment  at  the  centre  in  inch 

(W'  -f  W)l 
pounds  will  be -j  where  /  is  the  length  in  inches.     If  d  is  the  effective  depth  in 

o 

RF       Rtd^ 

inches,  the  moment  of  resistance  of  the  web  is —  =  — ^— ,  where  R  is  the  allowable  stress 

V  o 

in  lbs.  per  square  inch,  and  /  is  the  thickness  of  the  web  in  inches.     The  area  of  the  upper 

flange  at  the  centre  is  then 

(W'  ^  W)l      td 
%Rd  6' 

where  {W  -{-  W)  is  taken  from  the  Table  in  lbs.,  ^is  i^ths  of  the  value  for  ^in  inches 
given  in  the  Table,  if  no  other  considerations  determine  the  depth,  and  /  is  the  span  in 
inches. 


*  Increase  values  for  IV  by  18  per  cent,  for  the  system  of  loads  of  our  diagram,  Part  I,  page  88,     The  depths 
remain  ihe  same. 
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The  nearest  angle  iron  which  will  suit  can  then  be  taken  from  Carnegie's  Pocket 
Book.  The  bottom  flange  should  be  calculated  from  net  section  or  area,  with  rivet  holes 
deducted.     The  rivets  are  usually  taken  at  from  f  to  |  inches. 

Web  Plate  of  Stringers, — The  web  is  composed  of  plate,  not  less  than  \  inch  and  rarely 

more   than  Jths  inch.     The  upper  limit  may  be  found   by  the  formula  already  given, 

W  ^  W 
t  =   — ^^  .     The  shear  at  any  point  ought  not  to  exceed  8000  lbs.  per  sq.  inch.     The 

W  +  W 
shear  is  of  course  greatest  at  the  ends,  where  it  is  equal  to  half  the  total  load  or   . 

The  web  must  also  be  prevented  from  buckling. 

This  condition  is  attained  when  the  shear  per  square  inch  of  cross  section  at  any 
point  does  not  exceed  the 

lOOOO 

safe  resistance  to  buckling  per  square  inch  = 


I   4- 


3000/* 

where  d  and  /  are  the  depth  and  thickness  of  web  in  inches. 

Stiffeners. — Ordinarily  this  formula  gives  a  lower  stress  per  square  inch  than  8000  lbs., 
so  that  when  it  is  fulfilled,  the  web  is  safe  against  shearing  also.  When,  however,  the  web 
is  safe  against  shearing,  at  8000  lbs.  per  square  inch,  but  not  safe  against  buckling,  as 
tested  by  the  preceding  formula,  instead  of  increasing  the  thickness  of  the  whole  web, 
**  stiffeners  "  are  used. 

These  stiffeners  consist  of  vertical  strips  or  angle  irons,  riveted  to  the  web  at  intervals. 
The  intervals  between  stiffeners,  in  girders  over  3  feet  in  depth,  should  not  exceed  the 
depth  of  girder,  with  a  maximum  limit  in  any  case  of  5  feet.  Under  3  feet  depth,  they 
may  be  spaced  every  3  feet  when  needed.     They  should  be  calculated  as  columns  by  the 

lOOOO 

formula,  safe  resistance  to  buckling  per  square  inch  of  cross  section  =  ^Ts""^  the  shear 

I   +  7a"" 

3000/* 

per  square  inch  at  the  point  where  the  stiffener  is  placed^  where  d  —  depth  in  inches,  and 
/  =  thickness  of  web  and  stiffener  in  inches. 

Stiffeners  should  always  be  placed  at  the  ends,  wherever  the  web  plate  is  spliced, 
and  at  any  point  where  a  concentrated  load  acts,  as  the  point  of  attachment  of  the  stringers 
to  the  cross  girders.  Splicing  of  the  web  sheets  is  unnecessary  in  stringers  and  cross 
girders,  as  sheets  of  the  requisite  depth  and  length  can  be  supplied  in  one  piece. 

[PLE. — Required  to  design  a  railway  track  sttinger  17  feet  long. 

From  our  1  able,  the  weight  of  such  a  stringer  is  about  1634  lbs.  and  the  least  weight  clear  depth  about  29  inches. 
If  no  other  considerations  influence  our  choice  of  depth,  we  may  then  take  about  ^  x  29  =  23  inches  for  the  least  cost 
or  best  effective  depth.      W  +  W\%  then  63684  +  1634  =  65318,  or  about  65000  lbs. 

flanges, — If  we  take  the  web  at  4  inch,  the  area  of  the  top  flange  is 

65000   X     17     X     12  23  »         ,   o  •       V 

A  =  -z — ^  =  about  8  square  inches. 

8000  x8x23         4x6  ^ 

This  requires  angles  weighing =  I3«3  l^s.  per  ft.     From  Carnegie  we  see  that  angles  4i  x  3  x  t*^  will  answer. 

3x2 

For  the  bottom  flanges  we  must  have  8  sq.  inches  net.     Taking  f"  rivets,  the  gross  section  should  be8  +  2xVfexJ=: 

8.70  sq.  inches.     This  calls  for  angles  weighing  -^ =  I4'5  lbs.  per  foot.     From  Carnegie  we  have  angles  5  ><  3  * 

3x2 

^f  for  the  lower  flanges.- 
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65000 
The  application  of  our  rule  for  thickness  of  web  gives  i^oqq  =  o.  20  inch. 

Web. — Let  us  therefore  take  the  web  plate  at  4"  thick,  and  see  if  this  is  safe  against  shear.     The  shear  at  the  end  is 

65000 

— —  =  32500  lbs.;  at  8000  lbs.  per  sq.  inch,  this  requires  4.06  square  inches.     But  the  actual  cross  section  is  23  x  ^  = 

m 

5 .  75  sq.  inches.     The  thickness  is  then  more  than  sufficient  to  resist  the  shear. 

Stiffeners. — At  the  ends  we  always  need  stiffeners,  unless  the  stringers  are  riveted  at  the  ends  to  the  web  of  the 

cross  girders,  when  the  rivet  angles  will  answer  the  purpose.     We  must  also  have  stiffeners  every  three  feet  if  found 

32500 
necessary.     The  shear  at  the  end  is  =  5652  lbs.  per  square  inch.     But  as  the  web  is  /  =  J"  thick,  its  safe  resist- 

5  •  75 

lOOOO  lOOOO 

ance  to  buckling  is  ^  =    =  2617  lbs.  per  sq.  inch.     As  this  is  less  than  5652,  we  need  stiffeners 

d^  529  X   16 

I  + 7-         I  +  --^ 

3000/^  3000 

at  the  end.     If  we  take  two  filling  plates  2     x  1^",  giving  an  area  of  2.25  sq.  inches,  and  two  angle  irons  2  x  2  x  ^, 

area  1.86  sq.  inches,  the  total  area,  including  the  web,  is  2.25  +  1.86  +  0.5  =  4.61   sq.  ins.,  and  the  total  thick- 

TOOOO 

ness  is|  +  i  +  i  =  V   inches.     The   resistance  to   buckling   is   then =  9524  lbs.  per  square  inch 

529  X  64 

I  -I-  -^=—^ ^— 

3000  X  225 

of  cross  section,  or  9524  x  4.61  =  43905  lbs.     As  this  is  greater  than  the  end  shear  of  32500  lbs.,  the  stiffeners  are  ample. 

65000  2 1030 

At  3  feet  from  the  end,  the  shear  is  32500—  3  x  ~~rz~  =  21030  lbs.  or  =  3657  lbs.  per  square  inch.     As  this 

*7  5-75 

is  greater  than  the  safe  resistance  of  the  web  to  buckling,  2617  lbs.,  we  need  stiffeners  here  also.     Let  us  take  here 
simply  two  filling  plates,  2  x  ^^^  area  2.25  sq.  ins.,  or  total  area,  including  the  web,  2.75  sq.  ins.,  and  total  thickness 

lOOOO 

f  +  i  =  V  ins.     Then  the  resistance  to  buckling  is =  9150  lbs.  per  square  inch  of  cross  section,  or 

^  ^     529  X  64 

3000  X   121 

9150  X  2.75  =  25162  lbs.     As  this  is  greater  than  the  shear,  21030  lbs.,  it  is  sufficient. 

65000  9560 

At  6  feet  from  the  end,  the  shear  Is  32500  —  6  x  =  9560  lbs.,  or  — —  =  1662  lbs.  per  sq.  inch.     As  this  is 

*7  5 • 75 

less  than  the  safe  resistance  of  the  web  to  buckling,  2617  lbs.,  no  stiffeners  are  needed. 

Rivets  and  Rivet  Spacing. — The  size  of  rivets  may  be  found  by  the  rule  d  —  \\t  +  -j^^,  except  that  if  this  rule  in 
any  case  gives  a  less  diameter  than  J  or  ^  at  least,  the  latter  diameter  is  to  be  taken. 

We  have  already  illustrated  the  method  of  determining  the  number  of  rivets  quite  fully,  page  440.  In  the 
•resent  case  our  rule  gives  d^=.\  x  i^^-  +  -^^  =  I"  rivets.  The  distributed  load  is  65000  lbs.  The  bearing  resistance 
or  i"  plate  and  I"  rivet  is,  from  Rivet  Table   I.,  2730  lbs.     The  horizontal  stress  at  any  distance  x  from  end  is 

—  (  I  —  —  ),  see  page  400.     If  we  take  jc  =  2. 5,  5  and  8.5  feet,  we  have  the  horizontal  stresses  14.35  tons, 23. 75 

3-83     \  17/ 

tms,  28.6  tons.     Subtracting  each  from  the  one  following,  we  have  14.35  tons,  9.4  tons,  4.85  tons,  for  the  horizontal 

65000 
litresses  to  be  taken  by  the  rivets  in  the  different  lengths.     The  load  on  the  first  length  of  2.5  feet  is  x  2.5  = 

4.78  tons  ;  on  the  next  2.5  feet,  4.78  tons  ;  on  the  last  3.5  feet,  6.7  tons.    The  resultant  stress  for  the  first  division  of 


2.5  feet  is  then  V'14. 35^  +  4. 78'  =  15 .  12  tons  or  30240  lbs.     In  the  next  division  of  2. 5  feet  it  is  ^^4'  +4*78'  =  10.54 

tons  or  21080  lbs.     In  the  last  division  of  3.5  feet  it  is   V4.85'  +  6.7"  =  8.27  tons  or  16540  lbs.     We  require  for  bear- 

30240  21080  16546 

ing  then  =  11  or  12  rivets  ;  in  the  next  2.5  feet,  ZITZ  =  8  rivets  ;  and  in  the  last  3.5  feet  =  6  rivets.      If 

we  take  a  pitch  of  2.5  inches  in  the  first  2.5  feet,  which  is  just  3  times  the  diameter,  and  therefore  the  least  allowable, 
4  inches  in  the  next  2.5  feet,  and  5  inches  in  the  last  8.5  feet,  we  shall  have  rivets  enough. 

We  should  always  arrange  to  have  rather  more  than  less  rivets  as  calculated.     We  see  also  that  if  the  depth  is  taken 
too  small,  the  flange  stresses  will  be  so  great  t!>ai  it  may  be  impossible  to  get  in  rivets  enough  without  overcrowding. 

Floor  Beams  or  Cross  Girders.— Exterior  Loading,  Thickness,  Weight, 

Depth. — Equations  (i)  and  (2)  apply  to  plate  cross  girders  also.  The  total  external  load 
Wupon  a  cross  girder  consists  of  the  greatest  live  load,  the  weight  of  the  stringers,  weight 
of  rails,  ties,  etc.,  and  the  allowance  for  impact.  We  may  take  fF  therefore,  for  double 
track,  at  about  twice  what  it  is  for  single  track. 

Since  the  stringers  are  attached  to  the  cross  girders  at  or  near  the  quarter  points,  the 
total  load  upon  a  cross  girder  maybe  taken  as  uniformly  distributed,  so  far  as  the  moment; 


4/8 
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at  the  centre  is  concerned.     The  thickness  of  web  is  never  to  be  less  than  \  inch.     The 
other  limit  is,  as  for  stringers,  already  found 


/  = 


W  ^  W 


where  W  is  the  equivalent  distributed  load. 

The  same  remarks  as  to  depth  hold  here  as  to  stringers.  The  least  weight  clear  depth 
given  in  the  Tables  which  follow,  multiplied  by  i^ths,  will  give  the  best  effective  depth 
near  enough,  if  no  other  considerations  limit  the  depth. 

We  give,  in  the  following  Table,  the  live  load  on  a  cross  girder  for  different  panel 
lengths,  based  upon  a  load  system  very  similar  to  Class  A  of  Cooper's  Specifications.  Also 
the  total  external  load  W,  including  the  live  load,  the  weight  of  two  stringers,  the  weight  of 
rails,  ties,  etc.,  taken  at  400  lbs.  per  ft.  and  the  allowance  for  impact,  taken  at  30  per  cent, 
of  the  load.  The  Table  is  for  single  track.  For  double  track,  double  the  tabular  values 
may  be  taken. 

Iron  Plate  Cross  Girders  of  Uniform  Depth.* 

Live  load  and  total  external  load  W  for  single  track.     For  double  track  take  double  these  values.     Rails ^  ties^  etc,^  400 
lbs.  per  ft. ,  allowance  for  impact  jo  per  cent. 


Puael  length 
in  feet. 

Live  load  in  lbs. 

5 

25000 

6 

33333 

7 

39285 

8 

43750 

9 

47222 

10 

50000 

II 

54545 

12 

58332 

13 

62690 

14 

66428 

15 

69666 

16 

72500 

17 

75000 

Total  external  load  IV 

in  lbs.,  including  live 

load,  weight  oftwo 

stringers  and  floor,  and 

allowance  for  impact. 


35590 
47100 

55530 
62040 
67270    J 
71620    ^ 

78340 
84220     \ 

90790 

96575 
IO1725 

106370 

I 10590 


1 

• 

Total  external  load  W 

'       panel  length 
in  feet. 

1 

Live  load  in  lbs. 

in  lbs.,  including  live 

load,  weight  of  two 

stringers  and  floor,  and 

allowance  for  impact. 

18 

78055 

II5560 

19 

81578 

121140 

20 

84750 

126290 

21 

87619 

131400 

22 

90226 

135630 

23 

93260 

140740 

24 

96041 

145480 

25 

98400 

150040 

26 

100960 

154220 

27 

103 147 

158280 

28 

105 7 14 

162860 

29 

108 103 

167220 

30 

I 10333 

171400 

The  total  external  load  PF  being  known,  we  can  easily  find  the  least  weight  clear  depth 
and  the  weight  W  of  the  cross  girder  >  for  any  given  length  and  loading  from  equations 
.(i)and(2),  page  474. 

We  give  in  the  following  Table,  the  least  weight  clear  depth  and  the  corresponding 
weight  for  cross  girders  15  and  25  feet  long,  for  single  and  double  track  respectively.  Any 
depth  may  of  course  be  taken  in  designing,  which  may  be  desired,  and  as  the  weight  varies 
but  little  with  a  change  of  depth,  the  Table  will  in  all  cases  give  a  good  estimate  of  the 
weight,  for  the  lengths  assumed.  About  i^ths  of  the  depth  given  in  the  Tables  will  be 
the  best  effective  depth,  if  no  other  considerations  affect  it 

*  Increase  these  values  by  18  per  cent,  for  the  system  of  loads  given  by  our  diagram.  Part  I,  page  88. 
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IRON  PLATE  CROSS  GIRDERS.* 

Weight  and  economic  depth  for  single  track,  15  feet  wide,  and  double  track,  25  feet  wide.     Rails,  ties^ 

ETC. ,  400  lbs.  per  ft.      R=  8000  LBS.   PER  SQUARE  INCH.      ALLOWANCE  FOR  IMPACT  30  PER  CENT. 


Single  track 

15  feet  wide. 

Double  track 

25  feet  wide. 

Single  track 

15  feet  wide. 

Double  track 

35  feet  wide. 

Panel  length 
in  feet. 

Panel  length 
in  feet. 

Depth  in 
inches. 

Wright  in 
lbs. 

Depth  in 
inches. 

Weight  in 

Depth  in 
inches. 

Weight  in 
1%. 

•Depth  in 
inches. 

Weight  in 

5 

20 

IOI4 

37 

3110 

18 

36.3 

1811 

66.5 

5551 

6 

23 

I165 

43 

3567 

19 

37.2 

i860 

68.2 

5682 

7 

25 

1263 

46 

3868 

20 

38 

1898 

69.6 

5743 

8 

27 

1358 

49 

3985 

21 

38.7 

1937 

71 

5915 

9 

28 

1390 

51 

4270 

22 

39 

1967 

72 

6008 

10 

29 

1433 

52.6 

4384 

23 

40 

2003 

73.4 

6060 

II 

30 

1500 

55 

4582 

24 

40.7 

2036 

74-6 

6161 

12 

31 

1553 

57 

4748 

25 

41.4 

2068 

75.8 

6257 

13 

32 

1612 

59 

4886 

26 

42 

2096 

76.8 

6345 

14 

33 

1662 

61 

5080 

27 

42.4 

2124 

77.8 

6427 

15 

34 

1706 

62.5 

5212 

28 

43 

2154 

79 

6564 

16 

35 

1744 

64 

5328 

29 

43  6 

2172 

80 

6664 

y 

35.5 

1772 

65 

5400 

30 

44.2 

2209 

81 

6746 

The  designing  of  the  cross  girder  is  the  same  as  that  of  a  stringer,  as  already  illus. 
trated,  page  476. 

Example. — A  single  track  railway  bridge  has  a  width  of  /f  feet  and  panel  length  of  //  feet.  What  is  the  best  depth 
and  weight  of  the  cross  girders  ?    Also^  if  the  stf  ingers  are  attached  at  4.  feet  from  the  ends,  required  to  design  the  girder. 

The  best  effective  depth  by  the  preceding  Table  is  -^  x  35.5  =  28.5  inches.  The  total  exWrnal  load  is  by  our  Table 
1 10590  lbs.     The  weight  by  the  preceding  Table  is  about>772  lbs. 

We  can  now  design  the  cross  girder  just  as  in  the  case  of  a  stringer. 

Flanges. — Thus  the  total  load  is  110590  +  1772  =  112362  lbs.  =  IV'  +  IV.     If  the  stringers  are  attached  at  say  4 

IV '  -\-   W 
feel,  or  48  inches,  from  the  ends,  the  moment  at  the  centre  is x  48  =  2(^9^8  inch  lbs.     If  the  web  is  J  inch, 

Rtd^ 
the  moment  of  the  web  is  — — .     Subtracting  this  from  the  moment  at  the  centre,  we  have  the  moment  for  the  upper 

6 
flange.     Dividing  by  R  and  by  </,  we  have  the  area 

^^     2696688.    _  jgj.  =  „  ^.  inches. 
8000  X  28.5        4x6 


The  upper  angles  should  weigh  then 


II  X  10 
2x3 


=  18.3  lbs.  per  ft.  each.     From  Carnegie,  this  calls  for  angles  5  x  4  x  f 


for  the  upper  flanges. 

For  the  lower  flange  we  must  have  11  sq.  inches  net.     Our  rule  i{t  +  1^  gives  J  x  f  +  t%  =  |J  for  the  rivets. 

12.17  X   10 


2x3 


The  gross  area  then,  should  be  11  -I-  2  x  |  x  |§  =  12. 17  square  inches.     The  bottom  angles  weigh  then 

=  20.3  lbs.  per  ft.     From  Carnegie  this  calls  for  angles  about  6  x  4  y  f. 

112*^62 
Web. — For  the  web  we  have  the  thickness  by  our  rule  ^—  .      =0.28.     If  we  take  the  web  t^  of  an  inch 

'  14000  X  28.5 

thick,  then  there  will  be  more  bearing  than  the  rivets  require.     The  area  at  end  then  is  -]|^^  x  28.5  =  8.9sq.  ins.  at 

I 12362 
8000  lbs.  per  square  inch,  this  gives  7IJ200  lbs.  safe  resistance.     The  shear  at  end  is 


=  56181  lbs.     There  is 


therefore  ample  resistance  to  shear. 


*  Increase  the  values  for  weight  by  18  per  cent,  for  the  system  of  loads  given  by  our  diagram,  part  1,  page  83. 
The  depth  remains  the  same. 
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If  the  cross  girder  is  riveted  at  the  ends  to  the  posts,  no  stiffeners  will  be  needed  at  the  ends,  and  if  the  stringers 
are  riveted  to  the  web  of  the  cross  girder,  no  stiffeners  will  be  needed  there.  If,  however,  the  girder  is  hung  by  beam 
hangers  from  the  chord  pin,  and  if  the  stringers  are  laid  on  top,  stiffeners  may  be  needed. 

In  such  case,  the  safe  resistance  of  web  per  square  inch  to  buckling  is 

lOOOO  loooo  ,       ,. 

=  2652  lbs. 


d^  28.5'  X  256 

I  +  -^        I  +  — ~- =- 

3000/'  3000  X  25 

The  shear  per  square' inch  at  the  end  is  -r =  6312  lbs.      We  need  then  stiffeners  at  the  end  and  also  at  the  points 

where  the  stringers  cross. 

If  we  use  for  the  end  stiffeners,  two  filling  plates  ^"  thick,  the  total  thickness  is  t^  inches.     The  resistance  to 

lOOOO 

buckling  is  then r— 5 7  =  9009  lbs.  per  sq.  inch.     If  the  filling  plates  are  4  inches  wide,  the  area,  including 

2o*^     X   2SO 

I    + ~- 

3000  X  625 
the  web,  will  be  6.25  square  inches,  and  the  safe  resistance  9009  x  6.25  =  56306  lbs.    As  the  shear  at  the  end  is  56181 
lbs. ,  these  plates  will  be  sufficient.     The  same  stiffeners  may  be  used  under  the  stringers. 

As  to  the  rivets,  the  size  already  determined  is  f|  '.     The  bearing  resistance  for  this  size  and  ^"  plate  is,  from 

Rivet  Table  i,  3660  lbs.     The  horizontal  stress  at  the  first  stringer,  which  is  4  feet  from  the  end,  is — 

28. 5 

--  about  94620  lbs.     The  horizontal  stress  beyond  this  point  at  any  point  is  the  same.     The  vertical  load  is  56181  lbs. 


IIOOOO 


The  resultant  stress  is  then  far  the  half  span^  V47.3*  +  28*  =  55  tons  =  iioooo  lbs.     This  requires — jj—-  —  about 

30  rivets.     If  we  pitch  the  rivets  then  at  3  inches  for  the  entire  length,  which  is  allowable,  as  this  pitch  is  greater  than 
3  times  the  diameter,  we  shall  have  about  30  rivets  in  the  half  span. 

Beam  Hangers. — When  the  cross  girder  is  not  riveted  to  the  post,  it  is  hung  from 
the  pin  by  beam  hangers,  as  represented  in  Fig.  268,  Plate  20.  The  hangers  go  in  pairs, 
and  each  one  takes  therefore  \  and  each  leg  \  of  the  total  load  W  -f  W\  on  a  cross  girder. 
Owing  to  impact,  the  unit  stress  is  taken  very  low,  about  50CX)  lbs.  per  square  inch.  The 
allowance  for  upset  ends  and  nuts  will  be  found  on  page  459. 

Example. — In  the  preceding  example^  what  should  be  the  site  of  the  beam  hangers  ? 

The  total  load  W  +  ff^has  been  found  to  be  1 12362  lbs.  The  tension  on  each  leg  is  therefore  14045  lbs.  At 
9000  lbs.  per  square  inch,  this  gives  2.809  sq.  ins,  or  about  \\"  diameter.  The  length  of  rod  required  to  make  a  beam 
hanger,  since  the  cross  girder  is  35 . 5  inches  deep,  will  be  about  74  inches.  To  this  add  2  feet  (page  408)  for  upset 
ends,  and  we  have  about  8  feet.     The  weight  will  be,  from  Carnegie,  about  73  lbs.  for  each  hanger. 

Plate  Girder  Bridges,  Live  Load. — Below  80  feet,  plate  girder  bridges  are 
usually  preferred  to  pin  connected  trusses  with  open  web.* 

The  designing  of  a  plate  girder  is  similar  to  that  of  a  track  stringer  or  cross  girder, 
except  that  the  flanges  cannot  usually  be  made  of  angle  irons  alone,  but  must  be  re-en- 
forced by  cover  plates  laid  on  top  of  the  angles  and  riveted  to  them.  The  flange  area  can 
thus  be  adjusted  to  the  stress  at  different  points,  by  increasing  the  number  of  cover  plates 
or  their  thickness  from  end  to  centre  of  girder. 

Total  External  Load, — Our  equations  (i)  and  (2),  will  give  us  a  good  estimate  of  the 
weight  of  girder  and  least  weight  clear  depth,  provided  the  total  external  load  W  is  known. 
About  T^ths  of  this  depth  maybe  taken  as  the  least  cost  effective  depth.  The  total  exter- 
nal load  is  composed  of  the  flooring,  rails,  ties,  etc.,  which  for  single  track  railway  may  be 
taken  at  400  lbs.  per  foot ;  of  the  weight  of  the  track  stringers  and  cross  girders ;  of  the 
wind  bracing ;  and  of  the  live  load.     We  have  just   learned  how   to  design  the  track 

♦  Plate  girders  are  practically  limited  to  lengths  which  do  not  require  more  than  two  ordinary  flat  cars  33  feet  long 
for  transport,  i.e,,  65  feet  span.  The  length  is  more  rarely  extended  to  three  car  lengths,  or  about  100  feet  maximum. 
They  are  riveted  at  the  shops,  and  are  preferable  to  lattice  girders,  being  cheaper,  costing  less  for  maintenance,  and 
having  greater  security  ;  as  faulty  rivets  produce  less  reduction  of  strength.  They  are  also  more  free  from  comers  and 
recesses,  and  are  therefore  cleaner  and  less  exposed  to  oxidation. 
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stringers  and  cross  girders  and  find  their  weight.  The  formulae  for  weight  of  wind  bracing, 
page  457,  will  give  a  good  estimate.  The  equivalent  distributed  live  load  for  any  span  can 
be  found  from  our  diagram,  Part  I,  page  88.  We  give  in  the  following  Table  the  equivar 
lent  distributed  live  load  thus  found  for  a  system  very  similar  to  Class  A  of  Cooper's  Specu 
fications.  The  values  given  are  for  single  track,  and  for  all  the  girders.  Thus,  if  two  plate 
girders  are  used,  one  half  the  tabular  values  should  be  taken.  For  double  track,  double 
the  tabular  value  gives  the  total  live  load,  which  is  to  be  divided  among  the  girders  accord- 
ing to  their  number.  The  allowance  for  impact  is  30  per  cent,  of  the  load  for  spans 
under  25  ft.,  and  40  —  |/  for  greater  spans,  where  /  is  the  span  in  feet. 

Equivalent  Distributed  Live  Load  for  Single  Track  Plate  Girder  Bridges.* 


span  in  feet. 

Live  load. 

span  in  feet. 

Live  load. 

1 

ISpan  in  feet. 

Live  load. 

Span  in  feet. 

Live  load. 

10 

50000 

28 

130700 

46 

192860 

64 

235520 

II 

54550 

29 

I34140 

47 

195190 

65 

237280 

12 

66670 

30 

137670 

48 

198420 

66 

239130 

13 

73080 

31 

140310 

49 

200340 

67 

240850 

14 

78580 

32 

143 1. -0 

50 

203500 

68 

242500 

15 

83340 

33 

152700 

51 

205270 

69 

244750 

16 

87500 

34 

154950 

52 

207970 

70 

246770 

17 

91180 

35 

157000 

53 

209790 

71 

248530 

18 

94450 

36 

158900 

54 

212480 

72 

250470 

19 

97370 

37 

163000 

55 

213960 

73 

252380 

20 

lOOOOO 

38 

170000 

56 

217300 

74 

253940 

21 

104760 

39 

172800 

57 

218770 

75 

256070 

22 

109090 

40 

176280 

58 

222040 

76 

258470 

23 

I I 3040 

41 

179I90 

59 

224900 

77 

260760 

24 

I 16670 

42 

181 890 

60 

227770 

78 

262770 

25 

120000 

43 

184580 

61 

229860 

79 

264490 

26 

123080 

44 

186940 

62 

231820 

80 

267120 

27 

127040 

45 

189300 

63 

233700 

Girder  Spacing, — Single  track  plate  girder  deck  bridges  usually  have  the  girders  spaced 
6'  6"  from  centre  to  centre,  and  double  track  deck  bridges  have  usually  3  girders  spaced 
9'  3"  apart,  so  that  each  girder  will  carry  an  equal  share  of  the  total  load  on  both  tracks. 

Single  track  plate  girder  through  bridges  should  be  at  least  1 5  feet  from  centre  to 
centre  of  girders,  and  double  track  have  usually  3  girders  likewise  15  feet  apart,  in  which 
case  the  outer  girders  carry  one-half  the  total  load  on  one  track,  and  the  middle  girder  the 
entire  load  of  one  track.  If  only  two  girders  are  used,  they  can  be  spaced  28  feet  from 
centre  to  centre,  each  one  carrying  the  entire  load  for  one  track. 

The  spacing  of  the  main  girders  determines  the  length  of  panel  for  the  wind  bracing, 
which  may  be  taken  a  little  longer  than  the  width,  and  so  as  to  make  an  even  division  of 
the  length.  The  number  of  panels  being  thus  chosen,  the  total  weight  per  ft.  lineal  of  the 
wind  bracing  may  be  found  from  the  formula  of  page  417,  viz. : 

total  weight  per  ft.  lineal  of  wind  bracing  —  3.6  iV  H — —, 

where  /  =  length  in  feet  of  span,  N  —  number  of  panels,  /  =  panel  length  in  feet. 
For  double  track,  multiply  by — ,  where  b  is  the  width  in  feet. 

The  length  of  cross  girders  will  be  also  determined  by  the  width,  and  the  length  of 
track  stringers  by  the  panel  length  just  found.  The  cross  girders  and  stringers  may  there- 
fore be  calculated  as  already  illustrated.     The  flooring,  rails,  ties,  etc.,  being  then  esti- 


*  Increase  these  values  by  18  per  cent,  for  the  system  of  loads  given  by  our  diagram,  Part  I,  page  88, 
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mated,  and   finally  the  live  load  taken  from  the  preceding  Table,  we  can  find  the  total 
external  load  W. 

Weight  and  Depth. — This  load  can  then  be  divided  among  the  girders  according  to 
their  number  and  spacing.  We  can  then  find  the  weight  and  least  weight  clear  depth  of 
the  girders,  from  the  equations, 

weight  =    ,^^j^a-i2l^  - 


depth  = -^  4-  f  ^- 4-  (^), 


where  W^=the  total  external  load  per  girder,  R=  allowable  unit  stress  =  8ooo  lbs,, 
/=  length  in  feet,  d=  depth  in  inches. 

About  T^^ths  of  the  least  weight  clear  depth  may  be  taken  as  the  least  cost  effective 
depth. 

Floor  System. — For  single  track  deck  plate  girders  the  cross  ties  are  notched  to  the 
girder  flanges  and  secured  to  them  through  the  guard  strips  by  bolts.  The  rails  are  laid 
over  the  cross  ties  in  the  usual  way.  No  stringers  or  floor  beams  are- required.  For  the 
girder  spacing  already  given,  the  ties  are  of  sawed  white  oak,  about  8'  6"  long,  j"  deep  and 
8"  wide,  spaced  about  i6"  from  centre  to  centre.  For  double  track,  for  the  girder  spacing 
as  given,  the  cross  ties  may  be  about  2o'  6",  9"  deep  and  8"  wide,  spaced  16"  between  cen- 
tres.  The  pine  guard  strips  are  6"  by  8",  laid  outside  of  and  parallel  to  the  rails,  and 
spliced  and  bolted  at  joints. 

For  through  plate  girder  bridges,  iron  floor  beams  and  stringers  should  be  used.  The 
ties  and  rails  are  laid  upon  the  stringers  precisely  as  in  the  case  of  deck  bridges.  The  iron 
track  stringers  are  usually  spaced  6'  6"  between  centres.  They  may  rest  upon  the  floor 
beams  or  be  riveted  between  them.  In  the  first  case  they  must  be  strongly  spliced  at  the 
joints,  and  continued  over  the  piers,  and  rest  at  the  pier  ends  upon  bearing  plates  so  as  to 
allow  of  contraction  and  expansion.  In  the  second  case  they  may  be  supported  by 
bracket  angles  riveted  to  the  floor  beams,  and  the  stringer  ends  should  be  riveted  to  the 
web  of  floor  beams  by  angle  irons. 

Web  and  Flanges. — The  web  for  the  heaviest  bridge  is  rarely  over  f "  thick,  and  never 

W'  -^^  W 
less  than  \".     Within  these  limits  it  may  be  proportioned  by  our  rule ^^,  • 

Crippling  or  buckling  of  the  web  is  to  be  guarded  against  by  the  formula 

safe  resistance  per  sq.  inch  = -j^ — , 


I  4- 


3COO/ 


where  d  is  the  depth  and  /  the  thickness  in  inches,  and  the  stiffeners  are  to  be  calculated 
by  the  same  formula,  and  spaced,  for  girders  over  three  feet  in  depth,  at  distances  apart 
not  exceeding 'the  depth,  with  a  maximum  limit  of  five  feet.  Under  three  feet  depth,  3 
feet  apart. 

The  flange  angles  are  of  equal  section  throughout  and  re-enforced  by  cover  plates  as 
the  stress  increases  towards  the  centre.  These  cover  plates  should  project  slightly  beyond 
the  outer  edges  of  the  horizontal  legs  of  the  angles,  and  are  riveted  to  them  by  rivets  of 
proper  size  and  number. 

Web  and  flange  angles  can  nearly  always  be  ordered  in  one  length.  If  the  web  is 
ordered  in  sections,  it  can  be  so  arranged  that  the  splices  come  at  the  stiffeners.  The 
flange  angles  at  least  should  be  always  in  one  length. 
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In  through  bridges  knee  braces  may  be  introduced  at  every  floor  beam  for  lateral  sup- 
port to  the  girders.  The  wind  bracing  oflfers  no  special  points  of  difference  from  ordinary 
bridges. 

Rivets. — The  size  of  rivet  may  be  taken  from  our  rule, 

where  d  is  the  diameter  and  /  the  greatest  thickness  of  plate,  in  inches,  provided  that  the 
result  is  not  less  than  f".  The  pitch  should  never  exceed  6",  or  to  prevent  buckling,  16 
times  the  thinnest  outside  plate,  nor  be  less  than  3  diameters.  The  distance  from  edge  to 
centre  of  rivet  hole  should  not  be  less  than  i^',  and  if  practicable  at  least  2  diameters. 
When  the  flange  plates  are  over  12  inches  wide,  or  more  than  3"  project  beyond  the 
angles,  an  extra  line  of  rivets  with  a  pitch  of  not  over  9"  should  be  driven  along  the  edges 
to  draw  the  plates  together  and  keep  out  water. 

Solid  Floor  Plate  Girder. — Instead  of  the  style  of  floor  consisting  simply  of 
cross  girders,  stringers,  and  ties,  there  is  a  decided  tendency  on  the  part  of  some  of  our 
leading  railroads  to  "  solid  floors,*'  the  ballast  and  roadway  being  continued  on  the  bridge 
itself.  The  accompanying  illustration,  taken  from  the  Engineering  News  iox  November  16, 
1889,  shows  the  practice  in  this  respect  of  the  N.  Y.  C.  &  H.  R.  R.R.,  as  given  by  George 
H.  Thomson,  C.E.,  Bridge  Engineer  of  the  Company. 
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The  top  section  shows  a  floor  built  of  Pencoyd  standard  heavy  trough  sections,  fas- 
tened by  rivets.  This  form  of  floor  is  for  small  spans.  The  lower  section  shows  half  of  a 
four  track  bridge,  length,  24  feet,  clear  span,  21  feet,  2  feet  depth  of  floor. 

The  two  elevations  given  between  the  two  sections  show  short  spans  of  similar  floors. 

In  the  next  illustration,  we  have  the  system  for  larger  spans. 

Mr.  Thomson,  in  an  abstract  of  a  paper  on  **  Railway  Structural  Economics,"  sum- 
marized in  Engineering  News,  November  23,  1889,  classifies  floors  under  the  following 
heads : 

By  a  first-class  floor  is  meant  a  solid  floor  of  the  type  illustrated. 

By  a  second-class  floor  is  meant  the  usual  system  of  cross  girders  and  stringers. 

By  a  third-class  floor  is  meant  wooden  floor  beams  and  cross  ties. 

The  phenomena  of  "'bunching*'  and  "scooping,"  which  occur  with  second  and  third, 
cannot  obtain  with  first-class  floors. 


J-LOOK   sysTI-:Af—Cf;OSS   Clh'nhftSSTKIA-C/.KS—fLOO/l. 


A  (leraiicd  train  is  admirably  provided  for  in  the  first  class.     The  danycr  of  fires  is  nil. 
The  cost  of  masonry'  is  less  than  for  second  and  third  class. 


WIZI 


BliD    CLCVATI 


First  class  are  often  cheaper  than  the  other  classes,  especially  where  the  thickness  of 
rfoor  is  limited. 

There  is  no  shock  on  entering  and  leaving  the  bridge,  such  as  always  occurs  when  the 
ballast  is  followed  on  the  briilge  by  cross  ties  resting  on  the  back  walls. 

Bed  Plates  and  Rollers. — Under  50  feet  one  end  may  be  left  free  to  slide  on  planed  sur- 
faces.    The  pressure  of  bed  plates  on  masonry  should  not  exceed  350  lbs.  per  square  inch. 

Over  50  feet,  nests  of  turned  friction  rollers  should  be  used  at  one  end  as  described  on 
page  458. 

Much  valuable  information  upon  plate  girders  may  be  found  in  a  paper  by  M.  J, 
Becker,  Eng.  P.  C.  &  St.  L.  R.  R.,  published  in  the  Sixth  Annual  Report  of  the  Ohio  Soc. 
of  Civil  Engineers,  from  which  many  of  the  points  above  given  are  taken. 

EXAMFLE.— AVjttiVir-i/  IB  design  a  tingle  Iraek  Ihraiigh  plategirJerhiJgc,  tj  Jeet  long  ami  rj/tfl  jeiifr.  ctntre  bi  iiHtrt. 

In  Ihis  case  we  may  take  ihc  dislance  bclwceii  ihc  floor  licams  at  V  =^  15-73  f'--  ""J  we  thus  have  4  panels  and  5 
floor  beams.  The  stringer  length  will  be  15.5  feet.  The  rails,  cross  ties,  etc.,  we  may  lake  at  400  lbs.  per  foot,  or 
»oo  lbs.  (or  each  girder. 

The  total  weight  per  fool  for  the  wind  bracing  is  then 


-  ?^    =  48..rs.-iy  5olb». 


For  each  girder  then,  we  have  as  lbs.  per  ft.  for  wind  bracing.     The  weight  of  stringer  is  given  by  our  Ubie  at  about 
I2qa  lbs.     As  there  are  8  stringers,  the  total  weight  is  10336  lbs.,  or  516a  lbs.  for  each  giriltt. 

The  economic  depth  o(  floor  bcum<i  is.  from  our  Table  for  floor  beams,  i'>ths  of  34  =  27  inches,  and  weigh!  about 
1706  lbs. 
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Weight  and  Depth. — We  have  found,  then,  for  each  girder,  the  wind  bracing  25  lbs.  per  foot,  or  25  x  63=  1575  l^s- 

per  girder.     The  stringers  give  5168  lbs.  per  girder.     The  floor  beams  give =  4265  lbs.  per  girder.   The  rails, 

2 

233700 
ties,  floor,  etc.,  give  100  x  63  =  12600  lbs.  per  girder.     The  live  load  from  our  Table  is — - —  =  1 16850  lbs.  per 

girder.    The  total  is  140458  lbs.  per  girder.    The  allowance  for  impact  is  40  —  f/  per  cent.,  or  14.8  per  cent.,  or  20787. 
llie  total  external  load  for  one  girder  then,  including  impact,  \s  fV  =  161 245  lbs. 
Taking  this  value  for  IV,  we  have  the  depth  for  our  case. 


,        10  X 
a  = 


63«      |/6  X  161245  X  63        /IP  X  63'y^  i^^hes  or  7.7  feet, 

o         ^  8000  V    8000  / 


8000 

Taking  Aths  of  this,  we  have  about  6  feet  for  the  effective  economic  depth,  from  centre  to  centre  of  rivet  holes 
The  weight  of  one  girder  is  then 

,.-,  ...  12    X     I61245    X    63*    +    2    X    8000    X    63    X   72*  ,,^^-^  iKe 

IV   =  weight  = ^^ — -—^ :r-m^ -^  =  20050  lbs. 

1 . 2  X  8000  X  72  —  12  X  63' 

The  total  load  per  girder,  including  weight  of  girder,  is  then 

PV'  +  IV  =  161245  +  20050  =  181295  lbs. 

We  may  take  the  thickness  of  web  at  ^  inch. 

Flanges. — If  we  take  the  effective  depth  in  calculation  of  the  flanges,  the  web  should  be  taken  into  account.     If  the 

RI      Rtd^ 
clear  depth,  the  web  may  be  neglected.     The  moment  of  the  stress  in  the  web  is  —  =  —7-,  where  /  is  the  thickness  of 

the  web  in  inches,  and  d  is  the  depth  in  inches,  and  R  is  the  allowable  stress  per  square  inch. 
The  moment  in  inch  lbs.  at  any  point  distant  x  feet  from  the  left  end  due  to  the  loading  is 


(^+   W)  I2jr 


(■-7). 


2 

where  x  is  in  feet  and  /  in  feet.     If  we  subtract  the  moment  due  to  the  web,  we  have  the  moment  to  be  resisted  by  the 
flanges.     Dividing  then  by  d  in  inches,  we  have  the  stress  in  the  upper  flange,  taking  the  web  into  account, 

I2(  W->t  W'^x  (  _       x\      Rtd 
2d 

or  if  Xj  /  and  d  are  all  in  feet,  and  /  in  inches, 

(fV+  W")x 

2d 


/  x\      Rtd 


(-7)- 


2  Rtd. 


The  last  term  is  omitted  if  the  web  is  to  be  disregarded  in  the  calculation. 

In  the  present  case,  W  +  PV'  =  181295,  d=t,  R  =  8000,  /  =  |,  /  =  63,  hence  we  have  for  any  distance  of  x  feet 
from  the  left,  the  upper  flange  stress 

I5Io8j:^  I  -  ^ j  -  3600a 

Let  us  take  for  the  angle  irons  in  the  top  flange,  angles  6  x  6  x  ),  area  14.52  sq.  ins.     This  is  nearly  the  largest 
size  given  by  Carnegie.     At  8000  lbs.  per  sq.  inch,  such  angles  will  sustain  a  stress  of  14  52  x  8000=  116160  lbs. 

Putting  then  116160  =  isio&r  (  i Z~)  ""  S^ooo,  we  find  x  =  about  13  feet  for  the  point  at  which  the  angles 

need  to  be  re-enforced  by  a  top  plate.     For  the  sake  of  security  and  to  allow  for  the  net  area  of  the  lower  flange,  let  us 
take  jr  =  10  feet. 

The  first  top  plate  then  must  be  63  —  20  —  43  feet  long.     Let  us  take  this  plate  13  inches  wide  by  i  inch  thick. 
Its  area  then  is  6.5  sq.  ins.  and  the  total  area  of  flange  is  now  14.52  +  6.5  =  21.02  sq.  ins.     At  8000  lbs.  per  sq. 

inch,  this  will  give  a  resistance  of  21.02  x  8000  =  168160  lbs.     We  have  then  168160  =  i5io8jr  (  ^  ~  "7")  "  3^^°^* 
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orx=  about  20  feet,  for  the  distance  from  the  end  at  which  the  angles  and  top  plate  cease  to  be  sufficient.     Taking 
jr  =  18,  we  have  the  second  top  plate  63  —  36  =  27  feet  long. 

Let  us  take  this  plate  13"  wide  by  \"  thick,  area  4.87.     The  total  area  is  then  21.02  +  4.87  =  25.89,  or  at  8000 

lbs.  per  square  inch,  25.89  x  8000  =  207120  lbs.     But  the  stress  at  the  centre  is  15108  x  —  f  i ^—  \   —  36000 

=  20195 1,  which  is  less  than  the  flange  resistance.     No  other  plate  is  needed. 

The  size  of  rivets  for  the  angles  is  by  our  rule  ii/  +  i^  =  5  '^  i  +A  =  Ji.  or  about  1"  diameter,  and  for  top 
plates  f  X  f  +  t%  =  51'.  The  net  area  of  lower  flange  is  then,  at  10  feet  from  end,  14.52— -^^zr  13. 27  sq.  ins.  At  8000 
lbs.  this  gives  106160  lbs.,  while  the  stress  at  10  feet  from  the  end  is  15108  x  10  (i  —  i§)  —  36000  =  91100  lbs.  The 
net  area  of  lower  flange  is  therefore  sufficient  here. 

At  18  feet  from  the  end  the  net  area  is  21.02  —  ^1/^  —  )J  =  18.96,  and  resistance  18.96  x  8000=  15 1680  lbs. 
The  flange  stress  is  15108  x  18  (i  —  {%)  —  36000  =  158245  lbs.  The  net  area  is  therefore  a  little  small.  If  we  take 
the  second  lower  flange  plate  as  commencing  at  17  feet  from  the  end,  instead  of  18,  and  therefore  63—34  =  29  ft.  long, 
it  will  be  sufficient. 

If  the  top  plates  are  in  two  lengths,  a  splice  plate  at  centre  Mrill  be  required.  If  in  one  length,  no  splice  is  neces- 
sary.    The  angles  should  be  in  one  length  always. 

mt.-Thc  shear  at  the  end  is  ii^  =  90647  lbs.     If  we  take  the  web  J"  thick,  its  area  is  72  x  }=  27  sq.  Ins. 

At  8000  lbs.  this  gives  a  resistance  of  216000,  or  much  greater  than  the  shear. 
SHffeners. — At  the  end  the  resistance  of  the  web  to  buckling  is 


I  + 


0000         lOOOO  ,,  .   , 

—  - —  = =  1052  lbs.  per  square  inch. 

d*  60"  X  64 

7%       I  + 

3000  /'  3000  X  9 


The  shear  is  2——    =  3357  lbs.  per  square  inch. 

As  this  is  more  than  the  web  will  stand  without  buckling,  we  need  stiffeners.     These  we  must  space  at  intervals  of  5 

feet,  and  calculate  them  for  the  shear  at  each  point. 

At  the  end,  if  we  take  two  angles  4x4x1,  area  5 . 7  sq.  ins. ,  and  two  filling  plates  4  x  f ,  area  5  sq.  ins. ,  the  total 

area,  including  the  web,  is5.7  +  5+  1.5=  12. 25  sq.  ins.,  and  the  thickness  is/=|  +  J  +  }  =  2i".     The  safe  resist-^ 

ance  per  square  inch  of  cross  section  is  then 

lOOOO  -    , 

=  8264. 


I  + 


66*   X   64 
3000  X  19* 


The  total  resistance  is  then  8264  x  12.25  =  101234  lbs. 

As  the  shear  at  the  end  is  90647  lbs.,  the  resistance  of  these  stiffeners  is  sufficient. 

For  the  other  stiffeners,  let  x  =  any  distance  from  end,  and  u  the  static  load,  and  w  the  live  load  per  foot*     Then 
the  shear  at  any  point  distant  x  feet  from  the  end  is 


ul  w  (/  -  xY 

2  2/ 


In  the  present  case,  the  live  load  per  foot  is 


and  the  static  load  per  foot  is 


116850  +  116850  X  0.148  „ 

w  = = T— 2 —  =  2130  lbs., 

63 

181295  „  ,, 

u  =  — 2-^^  —  2130  =  748  lbs. 
63 


In  the  present  case,  therefore,  the  maximum  shear  at  any  point  is 

23562  —  748jf  +  16.9  (63  —  x)*. 

At  5  feet  from  the  end,  the  maximum  shear  is  then  76673  lbs.  If  we  take  2  angles  3i  x  3  x  j|,  area  4  62,  and  two 
filling  plates  3  x  f ,  area  3.75,  the  total  area  is  4.62  +  3.75  +  1.12  =  9.5,  and  since  the  thickness  is  still  2}",  the 
safe  resistance  is  as  before  8264  lbs.  per  sq.  inch.  The  total  safe  resistance  is  then  8264  x  9.5  =  78508,  or  greater 
than  the  maximum  shear. 
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At*io  feet  from  the  end,  the  maximiim  shear  is  63554  lbs.  If  we  take  here  two  angles  2  x  2  x  |,  area  2.88,  and 
two  filling  plates  3  x  f ,  area  3.75,  the  total  area  is  2.88  +  3.75  +  1.12  =  7.75;  the  thickness  is  as  before,  and  the  re- 
sistance 8254  ^  7-75  =  64046,  or  greater  than  the  maximum  shear. 

At  15  feet  from  the  end,  the  maximum  shear  is  51279  lbs.  If  we  take  here  two  angles  2  x  2  x  },  area  2.88,  and 
two  filling  plates  2.5  x  ^,  area  3.125,  the  total  area  is  2.88  +  3.125  +  0.75  =  6.75;  the  thickness  is  as  before,  and  the 
resistance  8264  x  6.75  =  55782,  or  greater  than  the  maximum  shear. 

At  20  feet  from  the  end,  the  maximum  shear  is  39850  lbs.     If  we  take  here  two  filling  plates  3.5  x  f,  area  4.375, 

lOOOO 

the  total  area  is  5.68,  the  thickness  is  ij",  the  safe  resistance -^—^ —  =  6900,  and  the  resistance  is  6900  x  5.68 


I  +  - 


60*  X  64 


3000  X  13' 
=  39192,  or  about  the  same  as  the  shear. 

At  25  feet  from  the  end,  the  maximum  shear  is  29265  lbs.  If  we  take  here  two  filling  plates  3  x  J,  area  3.75,  the 
total  area  is  4.87,  the  thickness  as  before  i^",  the  resistance  6900  x  4.87  =  33603  lbs. 

At  the  centre  the  maximum  shear  is  16770  lbs.  Two  filling  plates  2  x  ^  will  give  a  total  area  of  3.25  and  a  resist- 
ance of  3.25  X  6900  =  22425  lbs. 

Rivets, — The  size  of  rivets,  as  already  found,  is  about  i"  for  the  flange  angles,  and  |§"  for  the  flange  plates.  In 
the  top  plate,  we  may  have  a  pitch  of  4  inches.  As  the  top  plate  is  13"  wide,  we  can  run  an  extra  line  of  rivets  along 
the  edge  with  a  pitch  of  8  inches,  to  draw  the  plates  together.  The  bearing  resistance  of  a  flange  rivet  for  i"  web  is, 
from  Rivet  Table  I.,  4690  lbs.  The  total  load  is  181295  lbs.  We  have  found  the  horizontal  stress  at  13  feet  from  the 
end  to  be  116160  lbs.  or  58  tons.  At  20  feet,  16S160  lbs.  or  84  tons.  At  the  centre,  201951  lbs.  or  100  tons.  We  have 
then  for  the  first  13  feet  58  tons,  for  the  next  7  feet  84  —  58  =  26  tons,  for  the  next  11. 5  feet  100  —  84  =  16  tons,  to  te 
taken  by  the  rivets.  The  load  per  ft.  is  2878  lbs.  or  18.7  tons  on  the  first  13  feet,  10  tons  on  the  next  7  feet,  and  16.5 
on  the  next  11 . 5  feet.     The  resultant  stresses  are 


^^58*  +  18. 7'  =  61  tons  =  I28000  lbs.,     /y/26*  +  lo*  =  28  tons  =  56000 lbs.,     ^Jid^  +  16. 5*  =  23  tons  =  46000  1*>6. 

122000  56000 

We  have  then  for  the  number  of  rivets  in  the  first  13  feet    ^^ =  27,  in  the  next  7  feet   ^^^^  =  13,  in  the  remaining 


4690 


4690 


XI. 5  feet 


46000 
4690 


=  10.     If  we  space  the  rivets  at  5  inches  for  the  first  20  feet,  and  at  6  inches,  which  is  the  largest  pitch 


ftUowable,  for  the  rest  of  the  way  to  centre,  we  shall  have  more  than  are  called  for. 

Web  Splices  for  Plate  Girders—Floor  Beams  and  Stringers.— The  web  of  a 

plate  girder,  floor  beam,  or  stringer  is  usually  a  single  plate.     If  the  web  is  in  sections,  it 
should  be  spliced,  and  the  splice  should  come  where  a  stiffener  is  placed  if  possible. 
The  splice  may  be  a  single  plate  on  each  side,  as  shown  in  Fig.  i. 
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For  a  f "  web  -^j''  splice  plates  would  be  used. 

In  Fig.  I  the  splice  plates  must  transmit  the  shearing  and  bending  stresses  at  the  section. 
If  such  a  splice  as  represented  in  Fig.  i  is  too  heavy  or  expensive,  we  may  splice  as  in 
Fig.  2.     Here  the  splice  plates  at  top  and  bottom  transmit  the  stress  due  to  bending  in  the 
web.  while  the  vertical  splice  plate  transmits  the  shear  at  the  section. 
Design. — Let  A  =  the  area  of  flange  section,  top  or  bottom  ; 

h  =  height  of  girder  between  centres  of  mass  of  flanges ; 
0"  =  allowed  unit  stress  for  flanges. 
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Then  the  resisting  moment  for  the  flanges  is 

Mp  =  A(Th. 

Let  /  =  thickness  of  web. 

Then  the  resisting  moment  for  the  web  is,  by  the  theory  of  flexure, 

^«  =  -6- (0 

If  M  is  the  moment  at  the  splice,  we  have  then 


M^Aah^'^-^ (2) 


From  (2)  we  obtain 

M 


a  = 


Inserting  this  value  of  cr  in  (i),  we  have  for  the  resisting  moment  of  the  web 

Let  r  =  the  stress  on  the  extreme  rivet  of  the  splice  in  Fig.  i  ; 

V  =  the  distance  from  the  neutral  axis  to  the  extreme  rivet  of  the  splice  in  Fig.  I ; 

d  =  the  distance  of  any  rivet  from  the  neutral  axis,  above  or  below. 
Then  the  stress  on  any  rivet  of  the  splice  at  a  distance  d  is 


V 


The  moment  of  this  stress  is 


'-d\ 

V 


The  sum  of  the  moments  of  the  stresses  in  all  the  rivets  is  then 

2^d\ 

V 

This  should  be  equal  to  M^^  or  the  resisting  moment  of  the  wel).     Hence 


r  M  V 

2-d*  =  M„    or    2d^  =  -^, 


where  M„  is  given  by  (3). 

If  /  is  the  pitch  and  n  is  the  number  of  rivet  spaces  above  and  below  the  neutral  axis, 
then 

Substituting,  since  np  =  z/,  we  have 

(«  +  1)(2«  +  I)  =  ^^. 
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Since  n  is  practically  equal  to  «  +  ^  when  n  is  large,  and  2«  +  '  ^^  equal  to  the  number 
N  of  rivets  on  one  side  of  the  joint,  we  have  practically 

N=^-^ (4) 

TV  ' 

for  the  number  iVof  rivets  on  each  side  of  the  splice  in  Fig.  i. 

In  Fig.  2,  since  the  top  and  bottom  splice  plates  transmit  the  stress  due  to  bending  in 
the  web,  we  have,  if  ^/  =  the  distance  between  the  centres  of  these  plates  and  r  is  the  stress 
carried  by  a  rivet,  for  the  number  of  rivets  on  each  side 

M 

If  the  shear  at  the  section  is  5,  then  the  number  of  rivets  on  each  side  of  the  vertical 
splice  plate  in  Fig.  2  is 

N=^ (6) 

Example. — Let  the  moment  M  at  the  splice  be  lopoopoo  inch  pounds^  the  depth  h  be  60  inches,  the  area  of  flange 
yjf  =  14  sq.  inches,  and  of  web  th  =  20  sq.  inches^  Let  the  distance  v  from  the  neutral  axis  to  the  extreme  rivet  in 
Fig,  I  be  24  inches.  If  the  rivet  resistance  is  r  =  4000  lbs.,  find  the  number  of  rivets  required  on  each  side  of  the  splice 
in  Fig,  I. 


We  have  from  (3) 


_  -        looooooo  X  20  .     .  . 

Mw  = ; r —  =  1923977  »nch  pounds. 


'(-+?) 


and  from  (4) 


A^=  3X1923077^^^ 
4000  X  24 


That  is,  we  must  have  60  rivets  on  each  side  of  the  joint  in  Fig.  i. 

If  we  make  the  splice  as  in  Fig.  2,  we  have  from  (5),  taking  d=z  40, 

4000X40 

We  have  then  12  rivets  on  each  end  of  each  upper  and  lower  plate  in  Fig.  2.     If  the  shear  is  52000  lbs.,  we  have 
from  (6) 

52000 

N  = =  13, 

4000 

or  13  rivets  on  each  side  of  the  vertical  plate  in  Fig.  2.     In  Fig.  i,  then,  we  have  120  rivets.     In  Fig.  2,  74  rivets 
The  latter  splice  is  then  to  be  preferred. 


CHAPTER    VIII. 

ROOF   AND   BRIDGE  TRUSSES— DEAD  WEIGHT— ECONOMIC  DEPTH. 

For  highway  trusses  the  allowable  live  load  has  been  given  on  page  470.  The  weight 
of  flooring,  etc.,  will  depend  upon  the  circumstances  of  the  case,  and  must  be  estimated  in 
accordance  with  such  circumstances.  The  weight  of  stringers  and  floor  beams,  and  of 
lateral  bracing,  can  be  estimated  as  in  Chap.  VII.,  page  474,  and  Chap.  VI.,  page  457.  It 
remains  to  find  the  dead  weight  of  the  truss  itself.  When  this  is  known,  the  maximum 
stresses  due  to  loading  can  be  found,  and  the  various  members  designed  in  accordance  with 
the  preceding  rules  and  principles. 

The  same  remarks  hold  good  for  railway  bridges,  except  here  the  weight  of  flooring, 
rails,  cross  ties,  etc.,  may  be  taken  at  once  at  400  lbs.  per  foot  for  single  track  and  750  per 
foot  for  double  track.  The  entire  external  load  of  a  truss  can  then  be  easily  found.  It 
remains  to  estimate  the  dead  weight  of  the  truss  itself. 

For  roof  trusses,  we  have  already  taken  the  horizontal  wind  pressure  at  50  lbs.  per  ft. 
and  have  given  in  Part  I.,  page 64,  a  Table  giving  the  normal  pressure  upon  an  inclined 
surface  due  to  the  wind  force,  and  shown  how  to  find  the  stresses  due  to  it.  The  only 
other  loads  to  which  a  roof  truss  is  subjected  are  the  snow  load  and  the  weight  of  roof 
covering.  The  total  external  load  being  known,  it  remains  to  estimate  the  dead  weight  of 
the  truss  itself.  The  maximum  stresses  may  then  be  found  and  the  various  members  pro- 
portioned. 

Roof  Trusses — Snow  Load  and  Roof  Covering. — The  snow  load  for  roofs 
may  be  taken  at  30  lbs.  per  square  foot  as  a  maximum.  Locality  should  be  considered  of 
course  in  the  design,  as  also  pitch  of  roof. 

The  wind  pressure  can  be  found  as  in  Part  I.,  page  65,  and  the  pressure  at  the  end 
supports  due  to  it  can  be  found. 

The  weight  of  roof  covering  can  be  estimated  from  the  following  Table : 

Weight  of  Various  Roof  Coverings  in  lbs.  per  Square  Foot. 


Shingles,  16  inch 2 

Shingles,  long 3 

Thatch 6.5 

Felt  and  asphalt i 


Cast  iron  plates  (i") 15 

Sheet  iron  (tV") 3 

Slates  (ordinary) 5  to  9 

Slates  (large) 9  to  11 


Felt  and  gravel 8  to  10     Tiles  (average) 12 

Tin 0.7  to  1.25     Tiles  (large) 7  to  20 

Sheet  lead 5  to  8  j  Tiles  (with  mortar) 25  to  30 

Copper 0.8  to  1 .  25     Slates  and  iron  laths lO 

Zinc I  to  2  I  Sheathing,  pine,  i  inch  thick 3 

Iron,  galvanized i  to  3  .  Sheathing,  chestnut  or  maple 4 

Iron,  corrugated I  to  3 .  75     Sheathing,  ash,  hickory,  pine,  oak 5 

Sheet  iron  and  laths 5     Laths  and  plaster 9  to  zo 
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To  the  weight  of  roof  covering  thus  estimated,  must  be  added  the  weight  of  the 
'^purlins''  or  stringers,  whether  wood  or  iron,  which  are  laid  across  from  truss  to  truss  at 
the  apices,  to  support  the  roof  and  covering.  In  any  case,  then,  we  may  make  a  close 
estimate  of  the  total  external  load,  due  to  wind,  snow,  roof  covering  and  purlins.  Call 
this  total  external  load  W.  It  is  now  required  to  estimate  the  dead  weight  W  of  the 
truss. 

Roof  Trusses — Dead  Weight. — Let  the  length  of  span  in  feet  be  /,  and  rise  in  feet 
be  r,  and  the  allowable  stress  per  square  inch  be  cr. 

Then  the  stress  in  the  tie  will  be  ^^ — —- tan  6/,  where  0  is  the  angle  of  the  rafter 

2 

with  the  vertical.     Since  tan  6^  =  — ,  we  have  the  tie  stress  ^ — — — .     The  cross  section 

2r  4r 

of  tie  is  then  ^^ — — -.     Let  y  be  the  weight  of  12  cubic  inches  of  material.     Then  the 

4(rr  ^  ^  ^ 

weight  of  the  tie  per  foot  is  ^-^ ■ ^,  and  the  weight  of  the  entire  tie  is  ^-^ ' <—, 

The  rafter  stress  is 


2  2  r 

Divide  by  (t  and  we  have  the  cross  section.     Multiply  by  y  and  we  have  the  weight  per 


foot.     Multiply  by  y [-  r*  and  we  have  the  weight  of  one  rafter.     For  two  rafters  then 

4 


the  weight  is 


ar 


The  total  weight  of  both  rafters   and  the  tie  is  then,  disregarding  the  bracing,  approx- 
imately the  weight  of  the  truss,  or 


^,  ^  y{W+w')  m      A 

ar  \2  / 


err 

hence, 

W 


ar 

—  I 


For  iron,  we  have  y  =  ^,  (t  =  loooo.  For  wood  ;/  =  0.35,  <t  =  1200.  We  have  neg- 
lected the  web  in  this  formula,  but  for  short  spans  its  influence  is  small.  On  the  other 
hand,  we  have  treated  the  rafter  as  of  constant  cross  section,  which  for  long  spans  gives  an 
excess  and  tends  to  balance  the  error  in  disregarding  the  web. 

Example. — An  iron  roof  truss ^  with  corrugated  iron  covering,  has  a  span  of  100  feet  and  a  rise  of  20  feet.  It  is 
spaced  T  feet  from  the  adjacent  trusses  on  each  side.  Each  rafter  is  divided  into  4  equal  panels,  and  the  purlins  are 
rolled  iron  beams.      What  is  the  dead  lueight  ? 

Here  /  =.  100,  r  =  20,  ^  =  J^,  cr  =  loooo.     It  remains  to  estimate  the  total  external  load  W, 

The  maximum  snow  load  is  100  X  7  X  30  =  21000  lbs.     The  angle  of  roof  with  horizon  is  21"*  48'.     From  our 


loooo  X  20  10.  II 

10  -  ^ 
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Tabie»  Part  I.,  page  65,  the  norma]  pressure  per  square  ft.  of  wind  is  24.77  1^  The  length  of  rafter  is  53.85  ft 
The  exposed  area  is  53.85  x  7  =  376.95  sq.  ft.  The  normal  wind  pressure  is  376.95  x  24.77  =  93^6  lbs.  The  verti- 
cal component  of  this  pressure  is  9326  cos  21^  48'  =  9326  x  0.9285  =  8660  lbs. 

The  weight  of  roof  covering  is  say  3  lbs.  per  sq.  ft.  The  whole  weight  is  53.85  x  7  x  3  x  2  =  2262  lbs.  One- 
eighth  of  this  acts  at  each  apex.  So  also  for  the  snow  load.  For  the  wind  load  \  of  8660  =  2165  lbs.  acts  at  an  apex. 
The  total  apex  load  is  then 

2262       21000 

-g-  +  — g—  +  2165  ?=  5070  lbs. 

This  is  the  load  on  a  purlin. 

From  Carnegie,  we  see  that  a  5  inch  I  beam,  10  lbs.  per  foot,  will  be  required  for  the  purlins.  Each  pur- 
lin weighs  then  70  lbs.     There  are  8  purlins,  and  their  weight  is  560  lbs. 

The  total  external  load   W  is  now 

W  =  21000  -f  8660  -h  2262  -h  560  =  32482  lbs. 
The  dead  weight  of  the  truss  is  there&)re 

^,  ^ 3»48? ^  3?48?.  ^  ^ 

loooo  X  20  —  --       -^ 

I  — -f  20' I 

Now  that  we  know  the  dead  weight  of  the  truss  itself,  also  the  snow  load,  the  weight  of  roof  covering  and  of  pur. 
lins,  we  can  find  the  stresses  due  to  total  static  loading.  Then,  as  detailed  in  Part  I,  page  65,  we  can  lind  ilie 
wind  stresses,  and  can  then  make  out  the  maximum  stress  for  each  member.  The  various  members  can  then  be 
proportioned  in  accordance  with  preceding  principles. 

Bridge  Trusses— Dead  Weight.— For  highway  bridges  we  must  estimate  the 
flooring  and  roadway  according  to  the  design  and  case  in  hand.  No  general  estimate  can 
be  given.  For  railway  bridges,  we  may  take  the  rails,  ties,  planking,  etc.,  at  400  lbs.  per 
ft.  for  single  track,  and  800  lbs.  per  ft.  for  double  track. 

We  can  then  find  the  weight  of  the  stringers,  as  detailed  in  the  preceding  chapter, 
whether  the  stringers  are  of  wood  or  iron.  Next  we  can  find  the  weight  of  the  cross 
girders  or  floor  beams. 

We  can  then  estimate  the  weight  of  the  lateral  system  or  wind  bracing  by  the  formu- 
las of  page  457-  If  we  denote  by  w^  the  weight  per  ft.  per  truss  of  the  wind  bracing,  these 
formulae  may  be  written  as  follows : 

For  single  tracky 

270 
for  pony  trusses — depth  below  12.5  feet,  w$  =  1.8  -A^  -f  -^  ; 

for  through  trusses,  without  vertical  sway  bracing — depth  between  12.5  and  24  feet, 

Wa  =  3.2  ;V  +  ^  ; 

for  through  trusses,  with  vertical  sway  bracing,  depth  above  24  feet,  or  for  deck  bridges, 

xNl      568 

where  /  =  span  in  feet,  N  =  the  number  of  panels,  and  /  =  panel  length  in  feet 

For  double  track,  multiply  by  --  where  b  =  width  in  feet. 

We  represent  the  weight  per  foot  per  truss  of  the  stringers,  cross  girders,  and  of  the 
rails,  ties,  planking,  etc.,  by  Wt,  and  the  weight  per  foot  per  truss  of  the  uniformly  dis- 
tributed load,  equivalent  to  the  live  load  assumed,  by  Wx*  This  equivalent  load  can  easily  be 
found  from  our  diagram.  Part  I,  page  88,  for  any  span.    Let  the  weight  per  foot  of  one  main 
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truss  be  w^y  and  let  Wq  be  the  weight  per  foot  of  lattice  bars,  pins,  eye  bar  heads,  splice  and 
cover  plates,  rivets,  etc.  Then  the  total  load  per  foot  per  truss,  is  Wi  +  zc/q  +  w^a  +  ^s  +  w^. 
Let  the  length  of  panel  be  /,  then  (wi  +  Wo  +  w^s  +  w^a  +  ^'4)  /  will  be  the  total  panel  load  for 
one  truss.  Let  N  be  the  number  of  panels,  d^  the  depth  in  feet,  and  /=  the  span  in  feet. 
Let  us  consider  first  the  Warren  girder,  Fig.  8^,  Part  I,  page  103.  The  reaction  at  end 
for  full  load  is,  according  to  our  notation, 

2 

The  stress  in  the  ist  lower  panel  is  the  reaction  multiplied  by  the  half  panel  length  -,  and 

divided  by  the  depth  d.  If  this  stress  is  divided  by  the  stress  per  square  inch  for  tension, 
y?<,  we  have  the  area  in  square  inches.  The  area  multiplied  by  the  length  of  panel,  /,  will 
be  the  volume,  and  this  multiplied  by  ^  will  give  the  weight.  We  have  then  for  the 
weight  of  the  first  lower  panel, 

I2R4 

m 

In  a  similar  way  we  can  easily  find  the  weight  of  each  lower  panel,  and  thus  obtain  the 
following : 

Wt.  of  1st  lower  panel,  10  K -^  ^0  +  ^2^+ ^a  +  z.,)/  ^^__  ^^^ 

2d      "  "  "  [3(^-0-2]. 

3d      **  "  "  [5(^-0-8]. 

4th    **  "  "  [7(^-  0-18], 

and  so  on. 

Summing  up  by  series,  we  have  for  the  weight  of  Slower  panels, 

5  {wi  +  zt/p  +  ze/2  4-  zc^s  4-  w^)  Nf  {N^  —  i) 

i^Rtd 

Since  Np  z=z  I  z=z  the  span,  the  weight  per  ft.  per  truss  of  the  lower  chord  will  be  given  by 

5  (ze/i  -f  ze/p  4-  ze/2  4-  zc/fl  +  ze/4)  j?  {N^  —  i) 

iSRfd 

In  a  precisely  similar  manner,  we  find  for  the  weight  of  the  upper  chord  per  ft.  per  truss, 

5  (ze/i  4-  zf/p  -f  ZfAg  -f  ze/g  4-  zc;4) /^  {J\P  —  i) 

where  R^  is  the  stress  per  square  inch  for  compression. 


n 
u 
a 


For  the  braces,  the  sec  0  = -j =  — ^— -^ • 


We  have  then  for  full  loading,  the  stress  in  the  first  tie  = 


/  (zc/i  -f  ze/p  4-  tt/>  4-  ze/a  4-  ze;4)  V4 rf^  4-  /^  [iV—  ll 

4// 
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We  have,  then,  multiplying  by  the  length  — — ^,  dividing  by  R^  and  multiplying 

.     byV: 

Weight  of  1st  tie,  5  K  ^w,^w,  ^w^^  w,)  {i^  ^  f)  p  ^^  ^  ^^^ 

'*    2d      "  "  [(iV-  I)-  2]. 

"  3d     "  "  [(^-  0-4]- 

"  4th  "  "  [(i\r-  I) -6], 

and  so  on. 

The  weight  of  Arties  is  then  5  («^.  +  «>o  +  «>,  +  w^^wj)  {t^  ^  ^  tPp 

The  weight  per  foot  per  truss  of  the  ties  is  then 

5  (ze/i  -h  ze^o  +  w^  4-  zc/s  -f-  w^  {jf^  +  4^  N 

2AtR^  ' 

and  for  the  struts  we  have,  in  precisely  similar  manner, 

2^RJ  ' 

where  Re  is  the  stress  per  square  inch  for  compression. 

The  whole  weight  per  foot  is  therefore,  exclusive  of  details,  w^  = 

lid  L        Rt         '^         Re         '^  Rt  "^  ^c  J* 

For  the  sake  of  brevity  let  us  put 

^-  = Ysd Ir^^k'^k} 

where  T  refers  to  the  lower  chord  and  ties,  C  to  the  upper  chords,  and  5  to  the  struts ; 
hence  T={N^-i)f-{-  o./S^V  (/  +  Ad%  C={N^-i)f,  and  5  =  0.7SN  {f  +  ^iP). 
We  have  then, 

w/i  4-  zc/q  +  ze/Q  +  Wz 

•^  —  I 


2i     c_     ^ 

Ri       Re       Rg 


Rankine's  formula  for  long  struts  is,  for  the  upper  chords,  Re  = -3 — ,  and  for  the 

I  -f  -^—i 
250  ri* 

struts  Rg  = -^ ^5- ,  where  m  =  8000  and  r^,  rj  are  the  least  radii  of  gyration  of  the 

I  +  — — ^-^ 
4  X  125  r,* 

cross  section.     We  have  then, 

Wi  +  ze/o  +  zf  s  4-  ze/s 


Zf  1  = 


3-6/^^  _  J 
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Now  Rx  is  on  the  average  about  9000  lbs.,  and  /i  =  8cxx)  lbs.     We  shall  make  but 
slight  error  in  taking—  =  i.  For  r^  the  simple  expression  r^  =  ^ ^-^  gives  very  close 

/l|  ICO 

N  —  I 
values  as  compared  with  practice.     For  the  struts  we  take  r}  = multiplied  by  the 

square  of  the  length,  or,  in  this  case, 

^.^(^-  i)(/  +  4^') 

If,  then,  we  put,  for  the  sake  of  brevity, 
we  have 


7V^  = 


af^  +  pd^  4- 


5(^-0 


The  form  of  this  equation  is  entirely  rational,  and  only  the  constants  a  and  /?  and 

Wq  remain  to  be  determined. 

Nd 
For  Wq  we  have  the  empiric  formula  Wq  = \-  A,  where  A  =  0.875^(12  —  N)  +  6. 

We  have  finally,  then,  the  following  formula  for  the  weight  per  foot  of  one  truss : 
Formula  for  the  Dead  Weight  of  one  Main  Truss. 

Let  zc/j  =  the  weight  per  ft.  per  truss  of  the  equivalent  uniform  load. 
Wq  =  the  weight  per  ft.  per  truss  of  details, 
ze/j  =  the  weight  per  ft.  per  truss  of  the  stringers,  cross  girders,  and  of  the  rails» 

ties,  planking,  etc. 
w^  =  the  weight  per  ft.  per  truss  of  the  wind  bracing. 
W4,  =  the  weight  per  ft.  of  one  main  truss. 
p   =  the  panel  lengfth  in  feet. 
d   =  the  depth  in  feet. 
N  =  the  number  of  panels, 
/i  =  the  numerator  of  Gordon's  formula  =  8000  for  iron.     Then 

W4  =  — ^ j: = -; .    •       (1.) 

where  Z  =  ^'  ^ 


and 


Nd 

w,  =  —+A,     A  =  0.87SN {12  -  N) -i- 6. 
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We  have,  then,  total  weight  of  iron  per  foot  =  2  (ze/j  —  2QO  +  zc/q  +  ^s  +  ^4)  \  also  for 
the  values  of  a  and  y^,  we  have 

/w"  Warren  girder^ 

a  =  (2iV2  4-  i.sA^- 2);      /?  =  6iV. 

In  precisely  the  same  way  as  for  the  Warren  girder  we  may  deduce  for 
Single  intersection  Pratt  truss, 

a  =  (2A^«+  3^^- 2);     /?=6A^-  12  +^. 

Double  intersection  Whipple, 


A^  N 


For  Post  truss, 


a  =  2N^  -f  3.7SiV-2i.5  4-—;    /?=  3^-6  +  ^. 
For  parabolic  bow-string. 

For  double  parabolic  bow-string, 

a  =  iN^p ;     /?  =  24A^. 

Tables  for  Facilitating  Calculation  of  Dead  Load.— For  ready  application 

of  the  formula  I.,  for  dead  weight  of  truss,  we  recapitulate  here  the  formulas  for  weight  per 
ft.  per  truss  of  wind  bracing,  w^,  and  also  give  Tables  for  the  value  of  the  equivalent  uni- 
formly distributed  live  load  per  ft.  per  truss,  or  w^,  for  the  value  of  the  weight  of  stringers, 
floor  beams,  flooring,  rails,  ties,  etc.»  per  ft.  per  truss,  or  w^,  and  for  the  values  of  A  for 
single  and  double  intersection  Pratt  truss.  Post  truss,  and  Warren  girder.  This  Table 
can  easily  be  extended  to  the  other  systems  for  which  the  value  of  A  is  given,  if  desired. 
Formulas  for  w^. — ¥  or  singk  tracks  v/'idth  15  feet, 

270 
for  pony  trusses,  depth  below  12.5  feet,  w^  =  i.8iV  H — —  ; 

for  through  trusses,  without  vertical  sway  bracing,  depth  between  12.5  and  24  feet, 

w^  =  3.2iV  +  ^  ; 

for  through  trusses,  with  vertical  sway  bracing,  depth  above  24  feet,  or  for  deck  bridges, 


-3Ay^568. 
170        /    ' 


Wj^  =  ^rr-  4- 


where  /=  span  in  feet,  N  =  number  of  panels,/  =  panel  length  in  feet.     For  any  width^ 
divide  by  15  and  multiply  by  the  width. 
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TABLE    I. 

Values  of  a  and  fi  for  Different  Trusses. 


%.T 

Single  Intersection. 

Double  Intersection. 

Mrftrren. 

PC 

a 

wt. 

N 

a 

^ 

a 

fi 

a 

^ 

fi 

2 

12 

16.5 

12 

24 

9 

12 

9 

12 

3 

25 

17 

24 

19 

20.5 

18 

17-75 

II 

4 

42 

20.25 

42 

18 

36 

•  24 

33 

12 

5 

63 

23.6 

64.8 

18.6 

55 

5 

30 

53.25 

17.8 

6 

88 

29  5 

92 

20 

79 

36 

76.33 

16 

7 

"7 

34- 714 

123.48 

21.857 

106 

5 

42 

107 . 036 

18.45 

8 

150 

40  125 

159 

24 

138 

48 

139.875 

21 

9 

187 

45.666 

198.666 

26 . 333 

173 

5 

54 

177  584 

23.67 

lO 

228 

513 

242.4 

28.8 

213 

60 

219 

26.4 

II 

273 

57 

290.18 

31.36 

266. 

5 

66 

264.477 

29.15 

12 

322 

62.666 

342 

34 

304 

72 

314 

32 

13 

375 

68.538 

397 . 846 

36.69 

355. 

5 

78 

367 -557 

34.8465 

14 

432 

74.357 

457.714 

39.4285 

411 

84 

425  143 

37.715 

15 

493 

80.2 

521.6 

42.2 

470. 

5 

90 

486  75 

40.6 

i6 

558 

86.0626 

589- 5 

45 

534 

96 

551-4375 

43.5 

17 

627 

91.941 

661.412 

47.8235 

601. 

5 

102 

622.018 

46.412 

i8 

700 

97 • 833 

737-333 

50.666 

673 

108 

695.666 

49-333 

19 

777 

103 . 737 

817.263 

53  5263 

748. 

5 

114 

773-329 

52.263 

20 

858 

109.65 

901.4 

56.4 

828 

120 

855 

55.2 

TABLE   II.— Values  of  wi* 

Equivalent  Uniform  Load  wi.  in  lbs.  per  foot,  per  truss,  for  the  Ix)AD  System  Similar  to  "Class  A" 

OF  Cooper's  Specifications. 

Tafilf  gives  values  of  W\  for  single  track  for  one  truss.     For  double  track  take  double  these  values. 


Span  =50  55         60        65         70         75         80  90 

Wx  =  1848  1733     1718     1677     1618     1570  1546  1552 

Span  =     140         150         160         170         180  190  200 

W^   —      1574    1562    1556    1546    1533  I516  I5II 


100  no  120    130  feet. 

1560  1569  1579   1586  lbs. 

210  220    230  feet  and  over. 

1506  1502  1500  lbs. 


The  table  gives  Wi  for  one  trus.s,  single  track,  on  the  assumption  of  two  trusses  to  the 
bridge. 


TABLE  III.— Values  of  w^  = 


Nd 


^  A. 


Nd 
For  the  weight  per  foot  per  truss  of  details,  w^  —    —  -^  A,  where  A  =  0.875 A'' (12  —  N)  4-  6  wf  have  the  following 

values  of  A . 

N—       45  6  7         8  9  10  II        12       13  14         15        16         17         18  19  20 

A  —  -*ryA  +36.6  +  37.5  +  36.6  +  34  +  29.6  +  23.5  +  15.6  +  6  —  5.37  —  18.5—  33.4—  50  —  68.4—  88.5  —  110.4—  134. 

For  the  values  of  ze;,,  we  have  the  following  Table,  based  upon  the  Tables  for  weight 
of  stringers  and  cross  girders  already  given,  the  weight  of  rails,  ties,  etc.,  being  taken  at 
400  lbs.  per  foot  for  single  track,  and  800  lbs.  for  double  track. 


*  Increase  these  values  by  18  per  cent  for  the  system  of  loads  given  by  our  diagram.  Part  I,  page  88. 
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TABLE  IV  * 


Single  track— 

•15  feet  wide. 

Double  track- 

-25  feet  wide 

« 

Panel  length 

Panel  length 
in  feet. 

in  feet. 

i  cross  gird 'r 

X  Stringer. 

i  floor. 

w. 

\  cross  gird'r 

3  Stringers 

Floor. 
2000 

w. 

5 

507 

188 

1000 

339 

5 

1555 

376 

786 

6 

582 

248 

1200 

338 

6 

1783 

496 

2400 

780 

7 

631 

315 

1400 

335 

7 

1934 

630 

2800 

766 

8 

679 

386 

1600 

333 

8 

1992 

772 

3200 

745 

9 

695 

463 

1800 

327 

9 

2135 

926 

3600 

740 

10 

716 

545 

2000 

326 

10 

2192 

1090 

4000 

728 

ZI 

750 

657 

2200 

328 

II 

2291 

1314 

4400 

727 

12 

776 

825 

2400 

333 

12 

2374 

1650 

4800 

735 

13 

806 

974 

2600 

337 

13 

2443 

1958 

5200 

738 

14 

831 

1 130 

2800 

340 

14 

2540 

2260 

5600 

743 

15 

853 

1292 

3000 

343 

15 

2606 

2584 

6000 

746 

i6 

872 

1460 

3200 

345 

16 

2664 

2920 

6400 

748 

17 

886 

1634 

3400 

348 

17 

2700 

3268 

6800 

751 

i8 

906 

1816 

3600 

351 

18 

2775 

3632 

7200 

755 

19 

930 

2003 

3800 

354 

19 

2841 

4006 

7600 

760 

20 

949 

2197 

4000 

357 

20 

2871 

4394 

8000 

763 

21 

968 

2420 

4200 

361 

21 

2957 

4840 

8400 

771 

22 

983 

2652 

4400 

365 

22 

3004 

5304 

8800 

777 

23 

lOOI 

2900 

4600 

369 

23 

3030 

5800 

9200 

783 

24 

1018 

3133 

4800 

373 

24 

3080 

6266 

9600 

789 

25 

1034 

338a 

5000 

376 

25 

3128 

6764 

lOOOO 

795 

26 

1048 

3633 

5200 

380 

26 

3172 

7266 

10400 

801 

27 

1062 

3904 

5400 

384 

27 

3213 

7808 

10800 

808 

28 

1077 

4180 

5600 

387 

28 

3282 

8360 

II200 

816 

29 

1086 

4463 

5800 

391 

29 

3332 

8926 

1 1600 

822 

30 

1104 

4756 

6000 

395 

30 

3373 

9512 

12000 

829 

With  the  aid  of  these  Tables  and  Formula  I.,  we  can  readily  and  easily  compute  the 
weight  of  any  R.R.  bridge. 

Example  I. — Let  us  take  a  single  track  R,  R.  bridge^  1^0  feet  span,  g  panels,  double  intersection,  27.8  feet  deep. 

Since  the  depth  is  greater  than  24  feet,  we  have  the  weight  per  foot  per  truss  for  wind  bracing,  from  the  formula, 
page  440,  w%-=  SI  lbs.  per  foot  per  truss. 

If  there  are  9  panels,  each  panel  is  z6f  feet  long.  We  have  then,  from  Table  IV.,  wt  =  347  lbs.  per  foot  per 
truss. 

From  Table  II.,  we  have  Wi  =  1562  lbs.  per  foot  per  truss.  From  Table  III.,  te;o  =  113.  Hence  Wi  +  w«  +  w» 
•f  te^o  =  2079  lbs.  per  foot  per  truss.  From  Table  I.,  for  9  panels,  double  intersection,  we  have  a  =  198J,  fi  =  26^, 
and  from  Formula  I.,  taking//  =  8000,  w^  =  327  lbs.  per  foot  per  truss. 

The  weight  of  each  main  truss  is  then  327  lbs.  per  foot.  For  the  total  weight  of  iron  in  the  structure  we  have  for 
the  trusses  327  x  2  =  654  lbs.  per  foot.  For  the  details  113  x  2  =  226  lbs.  per  foot.  For  the  floor  and  win  J  bracing  we 
have  347  —  200  =  147  lbs.  per  foot  per  truss,  for  the  floor,  and  57  lbs.  per  foot  per  truss  for  wind  bracing,  or  147  -H  57 
=  204  lbs.  per  truss,  or  408  lbs.  per  foot  for  the  structure.  We  subtract  200  lbs.  from  347,  because  the  rails,  ties,  plank- 
ing, etc.,  weigh  400  lbs.  per  foot  for  both  trusses,  and  this  portion  is  not  part  of  the  structure.     The  structure  weighs 

103200 

then  408  +  654  +  226  =  1288  lbs.  per  foot,  or  1288  x  150  =  193200  lbs.     The  panel  dead  load  is  — +  200  x  i65 

2x9 

=  14066  lbs.  per  truss.    The  stresses  can  now  be  found  for  this  loading  and  for  ihe  live  load  assumed. 

In  the  same  way  we  can  find  the  weight  of  truss  and  of  structure  for  any  other  kind  of  truss,  single  or  double  track. 


Economic  Depth  and  Best  Number  of  Panels.— If  our  Formula  (I.)  is  reliable, 
and  gives  even  with  tolerable  accuracy  the  weight  of  truss,  then,  since  it  is  rational  in 
form,  the  least  weight  depth,  or  the  depth  which  gives  the  least  weight,  can  also  be  deter- 

^■■■—^1  ■■  -I.  ■■  ■  ■  11    ■■■■-■■  !■  ■■■^■.»  -»  ■  *  '■— ■ 

*  Increase  the  values  for  cross  girder  and  stringer  by  18  per  cent,  for  the  system  of  loads  given  by  our  diagram} 
Part  I,  page  88.      The  floor  reniains  the  9aroe. 
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mined.     The  least  cost  depth,  or  economic  depth,  ought  to  be  somewhat  less  than  this, 
usually  by  about  Jth.* 

Differentiating  and  putting  the  first  differential  equal  to  zero,  we  have 


^i/: 


a 


I   + 


5(^-i)J 


v^vw 


T)] 


+ 


1.2  ^N 


(II.) 


{wi  -¥  w^  •¥  w^  ■\-  Wo)  +  A 


The  values  of  a  and  /3  are  taken  from  Table  I.  and  of  A  from  Table  III,  For  stand- 
ard specifications  and  the  locomotive  system  adopted,  we  may  take  Wi  -^  w^  +  zv^  ■}■  w^ 
=  2000  lbs.  without  noticeable  error. 

If  we  use  this  value  of  Wi  -{-  w^  -^  w^  +  ze/o.  we  can  make  at  once  the  following  tabula- 
tion, which  will  enable  us  to  find  directly  the  best  depth  for  any  span,  single  or  double 
intersection,  or  Warren. 

TABLE   V. 

Least  Weight  Depth,  d  =  C7.     Values  of  C  Given  in  Table. 


JV 

Warren. 

Sin^fle  Intersection. 

Double  Intersection. 

C 

C 

C 

4 

0.2207 

0.2510 

0.2592 

5 

0.1978 

0.2258 

0.2436 

6 

0.1805 

0.2018 

0.2272 

7 

0.1669 

0.1846 

0.2122 

8 

0.1559 

0.1708 

0.1992 

9 

0.1467 

0.1596 

0.1875 

lO 

0.1389 

0.1502 

0.1773 

II 

0.1348 

0. 1420 

0.1684 

12 

0. 1263 

0.1350 

0.1605 

13 

O.I2II 

0.1290 

0.1534 

14 

O.II64 

0.1235 

0. 1470 

15 

O.II23 

O.II96 

O.1413 

i6 

0. 1084 

O.I 142 

0.1360 

17 

0. 1049 

0.II02 

O.1312 

i8 

O.IOI6 

0.1065 

0.1267 

19 

0.0986 

O.IO3I 

0.1226 

20 

0.0958 

0.0^ 

O.I187 

For  constructive  reasons  it  is  well  to  limit  p  to  about  30  feet  and  d  to  50  feet  Within 
these  limits  we  can  find  best  depth  from  Table  V.,  and  best  number  of  panels  .A^by  trial 
The  total  weight  per  foot  of  all  the  iron  is  2  (ze/j  +  w^  +  w^  -\-  Wq—  200).  That  value  of  N 
which  gives  this  a  minimum  is  the  best. 

Thus,  for  span  104  feet,  single  intersection,  we  have  for  iV=  4, 

N=  4,  Wi=  1564,  d=  0.251,  /=  26  feet,  /  =  26  feet,  w^  =  380,  ze/g  =  29,  w^  =  68, 
«  =  42,     /3  =  20^. 

*  Least  weight  does  not  necessarily  mean  least  cost.  The  relative  amount  of  the  various  kinds  of  iron,  the  cost  of 
manufacturing  the  various  shapes  and  members,  whether  riveted,  rolled,  or  forged,  facility  of  transportation  and  erection, 
all  influence  the  cost.  The  influence  of  these  factors  varies  from  time  to  time,  and  the  factors  themselves  may  even 
vary  at  the  same  time  at  different  manufactories.  Constant  employment  in  the  preparation  of  competitive  designs  and 
alternate  plans  is  necessary  to  enable  a  designer  to  choose  best  proportions.  But  even  to  such,  the  determination  of 
proportions  for  least  weight  will  be  valuable,  and  to  others  most  important  as  a  guide  to  the  judgment. 
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Therefore, 
Wi  +  Wi  -h  Ws  -{-  Wo  =  2041,       3.6/^^  =  748800,       a/*  =  28392,       /3d^  =  1 3689,       L  =  1 5.72. 

We  have,  then,  from  (I.),  w^  =  138,  and  total  weight  per  foot  of  iron  =  830  lbs. 

For  ^=  5,  we  have, 
Wi  =  1564,    d  =  23.5,    /  =  20.8,     «;,  =  360,     w/j  =  36,     n^o  =  7S»     '^  =  63,     /3  =  23.6, 
Wi  +  Ws  +  ze/s  4-  Wo  =  2035,     3.6/i^  =  676800,     ^r/*  =  27256,      /Sd^  =  13033,     Z,  =  1 5.26, 
and  w^  =  142  ;   total  weight  per  foot  of  iron  =  826  lbs. 

ForiV=6, 

z«/i=i564.    //=2i,    /=i7i,    ^8  =  349*    ^«'8=39'     «'o  =  79*     ^^  =  88,    /?  =  29.5, 
«/i  +  zc/j  +  tt'8  +  ^0  =  2031,      3.6//^/  =  604800,      ^/^  =  26365,      /3d^  =  13005,       Z  =  14.23, 

and  W4  =  152  ;  total  weight  per  foot  of  iron  =  838  lbs. 

We  see  at  once  that,  as  the  number  of  panels  diminishes,  or  the  panel  length  increases, 
the  truss  grows  lighter,  but  at  the  same  time  the  floor  grows  heavier,  as  shown  by  Table 
IV.  There  is,  then,  a  best  number  of  panels,  in  this  case  yft/r,  for  which  the  total  weight 
is  a  minimum.     The  best  panel  length  is,  then,  20.8  feet. 

The  corresponding  best  depth  is  23.5  feet.  Formula  I.,  however,  shows  that  for  the 
best  number  of  panels  a  considerable  change  in  depth  affects  the  weight  of  truss  but  little. 
This  may  then  be  taken  more  or  less  than  the  value  from  Table  V.,  without  much  effect 
on  weight.  In  any  case  the  best  value  of  -A^is  easily  found  by  trial,  and  in  case  /  is  greater 
than  30  feet,  it  would  be  well  to  limit  It  to  that  value. 

For  span  150  feet,  double  intersection,  we  have,  iV=  5, 
Wx  =  1562,     d=  2,6,    p=  30,     W2  =  395,     w^  =  32,     Wq  =  96,     a  z=  64.8,     /?  =  18.6, 
%j^  =  198  ;  total  weight  of  iron  per  foot  =  1042  lbs. 

.V=6,  ^'1=1562,  ^/=34,  p  =  2^,  tt's  =  376,  «'8=38.  ^0=105,  ^r  =  92,  /^  =  20, 
tv^  =  201  ;  total  weight  of  iron  per  foot  =  1040  lbs. 

N  —T,  ze/i  =  1562,  ^/=  28,  /  =  21.43,  ^^«  =  363*  «'a  =  37»  ^^0  =  102,  it  =  123.428, 
/?  =  21.857,     ze;4  =  221  ;  total  weight  of  iron  per  foot  =  1046  lbs. 

We  thus  establish  iV  =  6  as  the  best  number  of  panels. 

For  span  320  feet,  double  intersection,  we  find  that  the  total  weight  decreases  as  N 
decreases,  until  we  have/  =  29  for  ^=  11.  As  it  is  not  advisable  to  have  a  longer  panel 
than  this,  we  may  take  iV  =  1 1  or  more. 

As  we  have  repeatedly  said  in  the  proper  connection,  double  intersection  trusses  are 
no  longer  built.  The  single  advantage,  that  for  large  depths  the  long  posts  can  be  pinned 
at  centre,  is  equally  well  obtained  by  some  modification  of  the  Baltimore  Truss  (Part  I, 
pajs^c  124),  such  as  the  "sub-Pratt,**  illustrated  in  Part  I,  page  124. 

LiMiTiNc;  Length  of  Girder.— If  we  denote  by  L  the  limiting  length  of  girder,  or 
that  length  for  which  the  girder  will  just  support  its  own  weight,  we  have 

r  i  \     1  W\-\-    tVa  4-    TVft 

w^L  =  {wi  -\-  W2-\-  w^  +tt^4)  h  or  w^  =— ^— — ?. 

This  expression  is  precisely  similar  in  form  to  Formula  L 
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We  have,  therefore,  by  reference  to  Formula  I., 

~  "^  * »'- *  °{^) 

and  this  equation  will  give  for  any  case  the  limiting  length.  Thus,  for  a  span  of  104  feet, 
single  intersection,  iV=:  6,/  =  i/^,  ^/  =  24,  if  we  take  w/i  +  zt/g  4-  w/g  4-  w©  =  2031,  we  have 
L  =  1480  feet. 

Highway  Bridges— Dead  Load.— Our  method  is  equally  applicable  to  highway 
bridges.     We  have  only  to  figure  up  the  value  of  ze/j,  w^^  and  w^  for  the  case  in  hand. 

Example. — A  singU  intersection  iron  Pratt  truss  highway  bridge^  of  **  Class  A**  page  420^  is  160  ft,  long  and  14 
ft.  wide,  and  has  8  panels.  What  should  be  the  depth?  Also  if  the  floofing  is  j  inch  pine  ^  what  is  the  weight  of  each 
main  truss ^  what  is  the  total  weight  of  iron ^  and  what  is  the  total  static  locul?  The  cross  girders  are  to  be  of  iron ^  and 
the  stringers  of  white  pine. 

The  3  inch  flooring  will  weigh  i^  x  12  x  3^  x  0.35  =  176.4  lbs.  per  ft.  lineal,  or  3528  lbs.  per  panel.  From  our 
Table,  page  470,  we  have  for  the  live  load  for  '*  Class  A,"  80  lbs.  per  sq.  ft.  or  11200  lbs.  per  panel  per  truss.  The 
total  panel  floor  load  is  then  3^28  +  22400  =  25928  lbs.     If  this  is  carried  by  6  joists  or  stringers,  each  one  must  carry 

=  4320  lbs.     From  our  Table,  page  472,  we  see  that  joists  6"  x  14"  will  carry,  if  20  ft.  long,  858  x  6  =  5148 

o  y, 

lbs.,  and  will  therefore  be  suflficiently  strong.     Each  joist  will  weigh  0.35  x  6  x  14  x  20  =  588  lbs.  B*** 

The  load  on  each  cross  girder  is  3528  +  588  x  6  +  22400  =  29456  lbs.  The  least  weight  depth  of  cross  girder  is 
by  out  formula,  page  434, 


10 
8000 


X  14'  ^  J  ^  X  29456  X  14  ,    /iox_i42y_ 

5^5-  ■"  r    8655 ^  (-8555-;  =  '7.6  inches. 


The  weight  of  such  a  cross  girder,  is  from  the  formula,  page  434, 

12  X  29456  X  14'  +  2  X  8000  X  14  X  17.6' 

2 9 =  832  lbs. 

1.2  X  8000  X  17.6  —  12  X  14'  ^ 

Th«re  are  seven  such  cross  girders,  the  total  weight  being  832  x  7  =  5824  lbs.  or  *i^  =  36  lbs.  per  ft.,  or  18  lbs.  per  ft. 

672 
per  truss.     The  wind  bracing  is,  from  page  417,  6.4  x  8  +  -^  =  84  lbs.  per   ft.,  or  42  lbs.  per   ft.  per   truss  =  w%. 

We  have  now  for  the  live  load  per  ft.  per  truss,  W\  = =  560  lbs.     For  the  flooring  we  have  =  88. 2,  for  the 

joists =  88.2,  for  the  cross  girders  18,  and  hence  w%  =  194.4,  and  wi  +  wj  -H  wj  =  791  lbs. 

The  best  depth  from  our  Table  V.  is  then  about  27  ft.,  w%  =  106,  and  the  weight  of  one  truss  is,  from  our  for- 
mula, page  496,  219  lbs.  per  ft. 

Add  to  this  18  for  the  cross  girders  and  42  for  the  wind  bracing,  and  106  for  details,  and  we  have  385  X  2  =  770 
lbs.  per  ft.  of  iron  in  the' entire  structure.  The  total  static  load  is  w«  +  ^'*+  ^«+  Wo  =  561  lbs.  per  ft.  per  truss. 
The  lumber  weighs  342  lbs.  per  fi.  for  the  entire  structure. 

We  can  now  find  the  stresses  and  design  the  structure.  The  total  weight  of  iron  will  be  123200  lbs.,  and  of 
lumber  54720  lbs. 

Results  of  Application  of  Formulas. — We  give  here  the  tabulated  results  of 
our  formulas  for  dead  weight,  for  single  and  double  intersection  railway  bridges,  on  the 
assumption  of  two  trusses,  and  in  accordance  with  the  specifications  assumed  in  this  chap- 
ter. For  the  system  of  loads  assumed  in  our  diagram,  Part  I.,  page  88,the  weight  should 
be  increased  18  per  cent.  The  best  number  of  panels  and  best  depth  as  determined  by 
our  formulas  are  also  given.  A  change  of  depth  of  a  few  feet  will  not  materially  affect  the 
weights  given.     The  total  weight  of  iron  given  does  not  include  shoe-plates,  rollers,  etc. 

The  general  formulas  can  be  adapted  to  any  practice  and  specifications,  by  proper 
Tables  for  w^^  w^^  and  %v^. 
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Dead  Weight  of  Iron  Railway  Bridges,  according   to  our  FoRMULiE,  with 

Economic  Dimensions. 

Table  gives  the  weight  per  foot  of  iron,  exclusive  of  shoe-plates,  roller s,  etc. 
For  single  track  add  400  lbs,  per  foot  for  ties,  rails,  chairs^  spikes,  etc. 
For  double  track  add  ZiX^  '* 


Single  Intersrction. 

Best  Number 
of  Panels, 

DOUB 

Best  Depth 
in  Ft., 

LB  InTBRSBCTION. 

span  in  ft., 

Best  Number 
of  Panels, 
N 

Best  Depth 
in  Ft., 

Single  Track, 

15  ft. 
Total  Weight 

Double 

Track,  25  ft. 

Total  Weight 

Single  Track,   Double 

15  ft.     Track,  as  ft. 
Total  Weight  Total  Weight 

0 

of  Iron  per  ft. 

of  Iron  per  ft. 

*» 

15 

of  Iron  per  ft. 

of  Iron  per  ft. 

60 

4 

15 

628 

1 194 

5 

632 

I186 

70 

4 

18 

658 

1238 

5 

17 

660 

1234 

80 

5 

18 

695 

1310 

5 

20 

696 

1288 

90 

6 

18 

740 

1438 

5 

22 

730 

1342 

100 

6 

20 

822 

1504 

5 

24 

784 

1436 

1 10 

6 

23 

872 

1594 

5 

27 

840 

1532 

120 

6 

24 

924 

1686 

5 

29 

892 

16 12 

130 

5 

29 

968 

1770 

5 

26 

947 

1700 

140 

5 

32 

1020 

1864 

6 

32 

996 

1780 

150 

5 

34 

1076 

1956 

6 

34 

1044 

1866 

160 

6 

32 

II38 

2056 

6 

36 

IIOO 

1938 

170 

6 

34 

I2I2 

2188 

7 

36 

1160 

2048 

180 

6 

36 

1264 

2278 

7 

38 

1206 

2130 

190 

7 

35 

1340 

2398 

7 

40 

1258 

2216 

200 

7 

37 

1404 

2512 

7 

42 

1316 

2318 

210 

7 

40 

1468 

2614 

7 

46 

1370 

2398 

220 

9 

35 

1560 

2776 

8 

44 

1460 

2546 

230 

8 

39 

1634 

2916 

8 

46 

1504 

2618 

240 

8 

41 

1722 

3046 

8 

48 

1570 

2726 

250 

9 

40 

1816 

3220 

9 

47 

1656 

2870 

260 

9 

41 

1924 

3406 

9 

49 

1730 

2982 

270 

9 

43 

1984 

3506 

9 

50 

1782 

3086 

280 

10 

42 

2120 

3770 

10 

50 

1906 

3260 

290 

10 

46 

2210 

3884 

II 

49 

2006 

3432 

300 

10 

45 

2304 

4056 

12 

48 

2120 

3636 

Empiric  Formulas  for  Total  Weight.— As  variations  in  depth  do  not  greatly 

affect  the  weight  of  truss,  it  would  seem  possible  to  construct  an  empiric  formula,  which 
shall  contain  the  span  as  the  only  variable,  and  give  at  once,  with  little  calculation,  and 
with  sufficient  accuracy,  the  entire  weight  of  iron. 

We  have  seen  that  the  total  weight  of  iron  in  lbs.  per  foot  is  given  by 


2  («;,  —  200  4-  Wg  +  zt/o  +  ^4)*  or  putting  for  tv^  its  value  —^ jr— — ^, 


we  have 


[' 


(«/,  —  200  +  w»  +  Wo)  L  +  zvi  +  200 


Z-i 


• 


constant 
Now  we  find  that  L  =  j very  nearly.     We  have,  then,  at  once,  for  the  form 


of  empiric  formula. 


total  weight  per  foot  = 


a  •\-  bl 

c^r 


This  formula,  we  find,  gives  very  excellent  results  when  the  proper  values  of  a,  b^  and 
c  are  used,  and  these  values  will  vary  according  to  specifications  and  kind  of  bridge. 

For  the  specifications  of  this  chapter  and  live  load  similar  to  Class  A  of  Cooper's 
Specifications^  we  have. 
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For  Single  Intersection, 

single  tracky  weight  per  foot  of  iron  in  lbs.  =  -^ — ^^ 7-^; 

000  —  / 

double  tracks  weight  per  foot  of  iron  in  lbs.  =        ^p^L >        * 

For  Double  Intersection, 

single  tracks  weight  per  foot  of  iron  in  lbs.  =         ^ .  ^    ; 

double  track,  weight  per  foot  of  iron  in  lbs.  =  ^ — — 7 . 

704  —  / 

For  Deck  Plate  Girders,  8  feet  wide,  ties  on  top  chord, 

single  track,  weight  per  foot  of  iron  in  lbs.  = 777^^ 

*  »        6      I-  I  no—/ 

For  double  track,  about  70  per  cent,  greater. 

For  Iron  Highway  Bridges,  of  Class  A  (page  430), 

weierht  of  iron  in  lbs.  per  foot  = ^  w  ; 

^  ^  iioo  — / 

weight  per  foot  of  lumber  =  120  +  i2Wj  where  w  =  width  of  roadway  in  feet. 
For  the  live  load  of  our  diagram,  Part  I,  page  88,  add  18  per  cent,  to  weight. 

Practical  Formulae  for  Weight  of  Truss. — The  dead  load  is  made  up  of  the 
weight  of  the  track,  which  ranges  from  300  to  500,  usually  taken  at  400  lbs.  per  linear 
foot,  the  floor  system,  and  the  trusses  and  lateral  system. 

As  the  weight  of  the  floor  has  no  connection  with  the  weight  of  the  rest,  it  is  in  prac- 
tice designed  first,  and  its  correct  weight  is  then  always  known.  There  remains,  therefore, 
only  to  estimate  the  weight  of  the  trusses  and  lateral  system. 

For  this  purpose  the  following  empiric  formulas  are  in  general  use : 

For  SINGLE  TRACK  PLATE  GIRDER  SPANS, 

weight  per  foot  of  girders  and  lateral  system  =  10/. 

For  AVERAGE  SINGLE  TRACK  PRATT  TRUSS, 

weight  per  foot  of  trusses  and  lateral  system  =  5/, 

where  /  =  span  in  feet. 

For  lattice  girder  spans  take  the  weight  intermediate  between  plate  girders  and  Pratt 
truss. 

For  AVERAGE   SINGLE  TRACK  PIN-CONNECTED   PIVOT   SPANS, 

weight  per  foot  of  trusses  and  laterals  =  6  to  7/, 

where  /  =  length  of  one  arm. 

For  double  track  double  these  values. 

These  formulas  are  purely  empiric,  and  the  coefficients  must  be  varied  according  to 
judgment,  to  suit  different  specifications  and  live  loads. 

Example. — Single  track  through  Pratt  truss  I  =  iS3  ffft.      To  be  designed  for  the  live  load  of  our  diagram,  page 
Sg,  and  by  Cooper's  Specifications. 

From  our  Table,  page  502,  we  have,  for  best  proportions,  that  is,  for  N  •=■  ^  and  d  about  34  feet,  the  weight  of 
iron  per  foot  =  iioo  lbs.  for  live  load,  similar  to  Class  A  of  Cooper's  Specifications.  We  also  find,  page  496, 
w%  —  57,  from  Table  IV.,  page  498,  wi  =  348,  and  from  Table  III.,  wo  =  108.  The  floor  and  laterals  weigh,  there- 
fore, 2  (wo  +  «»»  H-  w«  —  200)  =  626  lbs.  per  foot. 
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If  wc  wish  weight  for  the  live  load  of  our  diagram,  Part  I,  page  88,  we  add  i8  per  cent.,  and  have  weight 
=  1300  lbs.  per  foot  for  best  dimensions.     From  our  empiric  formula,  page  503,  we  have, 

276250+ 1890  X  153  _  „^  .. 

T-r-T =  HOG  lbs., 

666  —  153 

agreeing  perfectly  with  our  Table,  page  502. 

If  we  use  the  formula,  page  495,  and  take  N  =  g,  ^=26,  we  have  weight  of  iron  per  foot  =  1x86  instead  of 
1 100.  This  shows  the  result  of  departing  from  the  best  dimensions.  For  the  live  load  of  our  diagram,  Part  1, 
page  88,  we  add  18  per  cent.,  and  have  weight  of  iron  per  foot  =  1400  lbs. 

From  ihe  practical  formula,  page  503,  we  have  for  weight  of  trusses  and  lateral  system  5/=  765  lbs.  per  foot.  If 
the  floor  is  found  by  actual  design  to  weigh  340  lbs.,  we  would  have  weight  —  1105  lbs.  per  foot,  agreeing  with  pre- 
ceding results. 

Economical  Span. — When  there  are  a  number  of  spans  and  piers,  the  question 
arises,  what  length  of  span,  taking  into  account  the  cost  of  the  piers,  will  be  the  best,  that 
is,  corresponds  to  the  least  cost. 

We  have  seen,  page  503,  that  the  weight  of  iron  per  foot  is  given  by ^,  where  /is 

the  span  in  feet,  and  a,  d,  and  c  are  constants  for  which  we  have  already  given  the  values. 
Let  there  be  ;/  spans  of  length  /,  and  let  L  =  nl  he  the  total  lengfth.  Let  C  be  the 
cost  in  cents  per  pound  of  the  iron,  including  manufacture,  freight,  erection,  etc.     Then 

^-7 yf  will  be  the  cost  in  dollars  of  all  the  spans,  or,  inserting  /=  -,  — ^^ — 7 ft-- 

ioo{c-l)  K      »      »  s         ^»    ioo{cn-L) 

Now  let  the  average  cost  of  a  pier  be  P,  then  the  total  cost  will  be 


100  L    cn  —  L   J  ^  ^ 


Differentiating,  and  placing  the  first  differential  equal  to  zero,  we  have  for  minimum 
cost,  after  reduction, 

From  this  formula,  when  the  estimated  average  cost  of  a  pier  is  known,  the  economi- 
cal span  /  is  easily  determined. 

If  we  take,  for  instance,  C  =  $  cents,  and  as  already  given,  page  503,  a  =  276250, 
i  =  1890,  c  =  666,  then  for  single  track,  single  intersection. 

Suppose  that  in  any  case  the  estimated  average  cost  of  piers  is  $5000.  Then  we  have, 
4.91/=  666,  or  /=  135  feet.  If  the  distance  to  be  spanned  were  from  500  to  600  feet  we 
should  then  have  four  spans. 

The  formula  (i)  can  be  adapted  to  any  cost  C,  and  any  form  of  span,  by  giving  to 
a,  6,  and  c  proper  values,  as  given,  page  503. 

It  will  be  seen  that  the  usually  accepted  rule,  that  the  economical  span  is  that  which 
costs  the  same  as  one  pier,  is  not  strictly  correct.  For  the  same  values  of  C,  and  a,  *,  and  r, 
the  cost  of  a  span  of  135  feet  would  be  $6755,  or  1.35  times  as  much  as  the  average  pier. 

In  case  of  a  long  structure,  where  the  erection  of  piers  offers  no  special  difficulty,  and 
the  cost  of  a  pier  can  be  accurately  estimated,  our  formula  may  give  valuable  information 
as  to  the  length  of  span  which  should  be  selected. 


kOOF  AND  BRIDGE   TRUSSES— DEAD    WEIGHT— ECONOMIC  DEPTH. 


• 


505 


The  Bismarck  Bridge,  for  instance,  consists  of  three  spans,  single  track,  double  inter- 
section, each  400  feet  long.  The  cost  of  the  spans  was  about  eight  cents  per  lb.,  the 
freight  being  very  high.    The  cost  of  the  piers  was  actually  as  follows: 

1st  pier $54144 

2d     " 171 123 

3d      "   155800 

4th    "   65372 

Total $446439 

The  cost  of  a  span  was  $84,000.    Total  cost,  $698,439  for  piers  and  spans. 

By  comparison  with  the  actual  weight  of  a  span,  we  find  that  we  should  take  only  ^  of 
the  weight  given  by  our  formula,  page  503,  for  double  intersection,  the  difference  being 
due  to  the  use  of  steel  and  different  train  load. 

For  the  present  case  we  have,  then,  P  =%\  1 1,609,  and, 


p^  56/'/  1337250  \ 
^""iooo\(654-/)V* 


(654  -  n 

This  gives  for  economical  span  /=  360  feet.  As  the  distance  to  be  spanned  is  1200 
feet  we  should  have  either  three  spans  of  400  feet  each,  as  actually  built,  or  two  spans  of  350 
and  two  of  250  feet,  or  three  spans  of  350  and  one  of  150  feet.  The  extra  pier  can  be 
taken  at  $170,000,  and  the  cost  of  these  different  suppositions  easily  estimated. 

In  the  present  case  the  actual  choice  of  three  spans  of  400  feet  is  justified  by  the  cal- 
culation. 

The  practical  difficulty  of  estimating  the  average  cost  of  pier  may,  in  many  cases,  pre- 
vent our  formula  from  being  used.  Where  this  difficulty  does  not  exist,  its  use  may  be  a 
guide  in  the  selection  of  length  of  spans. 


CHAPTER    IX. 

SPECIFICATIONS— LIST   OF   BRIDGE    MEMBERS. 

When  a  bridge  is  to  be  built,  either  for  a  railway  or  a  city,  the  work  is  generally 
advertised  and  let  to  some  responsible  company,  bridge-builder,  or  contractor,  who  gives 
bonds  for  the  satisfactory  performance  of  the  work  within  a  certain  specified  time  and  for 
a  certain  specified  price.  In  such  case,  it  is  the  duty  of  the  engineer  of  the  city  or  railway 
to  draw  up  a  **  specification,*'  which  shall  give  precisely  and  in  sufficient  detail  the  require- 
ments as  to  construction  and  finish  of  the  work.  The  contractor  must  execute  the  work 
in  exact  accordance  with  these  specifications,  and  it  is  the  duty  of  the  engineer  and  his 
assistants  to  see  that  he  does  so. 

The  drawing  up  of  a  complete  list  of  specifications,  then,  is  a  labor  implying  thorough 
knowledge  on  the  part  of  the  engineer  who  draws  them  up,  not  only  of  all  the  principles 
which  enter  into  the  construction,  of  the  strength  of  the  materials  employed  and  the  best 
way  of  utilizing  them,  of  the  processes  of  erection,  etc.,  but  also  of  those  practical  diffi- 
culties and  sources  of  disagreement  which  often  arise  between  the  engineer  and  the  con- 
tractor. A  complete  list  of  specifications  is  therefore  an  epitome  of  the  science  of  bridge 
construction. 

There  are  many  such  specifications  in  use,  and  the  student  can  easily  obtain  them  by 
application  to  the  engineers  of  our  leading  railroads  and  bridge  companies.  They  differ  in 
many  minor  points  of  more  or  less  importance.  Indeed,  in  this  respect  no  two  are  alike, 
embodying  as  they  do  the  special  experience  and  personal  preferences  of  the  authors.  No 
exercise  will  be  more  profitable  to  the  student  than  the  careful  and  intelligent  comparison 
of  such  points  of  difference. 

In  the  preceding  chapters  we  have  covered  one  by  one  nearly  all  the  points  of  con- 
struction, and  an  orderly  risumi  of  these  points  would  constitute  the  specifications  of  this 
work,  and  the  practice  here  illustrated  and  endorsed.  This  practice  varies  as  intimated, 
and  other  specifications  would  show  points  of  difference  as  well  as  of  agreement.  The 
designer  must  be  prepared  to  work  to  any  given  specification,  and  must  follow  it  closely 
in  his  work. 

We  give  here,  by  permission  of  the  author,  the  Specifications  of  Theodore  Cooper, 
C.  E.,  which  are  deservedly  well  known  and  widely  adopted.  We  shall,  in  future  chapters, 
design  a  bridge  entirely  according  to  these  specifications,  referring  to  the  preceding  chap- 
ters upon  construction,  already  given,  for  principles  and  illustration  of  methods. 

The  Specificatiofis  of  Mr.  Cooper  are  published  by  the  Engineering  News  Publishing 
Company,  Tribune  Building,  New  York,  and  are  easily  obtainable.*  We  give  them  here 
for  convenience  of  reference.  The  portion  in  ordinary  type  comprises  the  specifications 
verbatim  as  given  by  Mr.  Cooper.  We  have  given  on  each  page,  in  fine  print,  in  connec- 
tion with  each  article,  such  explanatory  remarks  as  seem  desirable  for  the  student.  For 
many  of  these  remarks  we  are  indebted  to  Morgan  Walcott,  C.  E.,  formerly  with  the 
Phcenix  Bridge  Company. 

*By  the  same  author  can  be  obtained.  General  Specifications  for  Iron  and  Steel  Highway  Bfidges  and  Viaduets. 
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GENERAL   DESCRIPTION. 

1.  All  parts  of  the  structures  shall  be  of  steel,  except  ties  and  guard  rails. 
Cast  iron  or  cast  steel  may  be  used  in  the  machinery  of  movable  bridges  and 
in  special  cases  for  bed-plates. 

2.  The  following  kinds  of  girders  shall  preferably  be  employed  : 

Kind  of  Girders.     Spans,  up  to    20  feet. . . .  Rolled  beams. 

20  to    75     "   .    . .  Riveted  plate  girders. 

75  to  120    "    Riveted  plate  or  lattice  girders. 

120  to  150    **   ....  Lattice  or  pin-connected  trusses, 
over       1 50    "     ...  Pin-connected  trusses. 
Generally  "  double  track  through  "  bridges  will  have  but  two  trusses,  to 
avoid  spreading  the  tracks  at  bridges. 
Length  of  Span.  In  Calculating  strains  the  length  of  span  shall  be  understood  to  be  the 

distance  between  centres  of  end  pins  for  trusses,  and  between  centres  of  bear- 
ing plates  for  all  beams  and  girders. 
Spacing  of  Girders.         3.  The  girders  shall  be  spaced,  with  reference  to  the  axis  of  the  bridge,  as 

required  by  local  circumstances,  and  directed  by  the  Engineer  of  the  Railroad 
Company.  (§  5.)  Longitudinal  floor  girders  shall  in  no  case  be  less  than  three 
feet  and  three  inches  from  centre  line  of  tracks.    (§  6.) 

1.  The  flooring,  floor  joists,  ties,  and  guard  rails  are  of  wood.  The  machinery  of  movable  bridges,  of  course, 
allows  of  the  use  of  cast  iron.  But  it  is  not  allowed  in  any  part  of  the  structure  proper.  It  is  of  no  value  in  tension, 
and  is  not  so  good  as  wrought  iron  in  compression.  It  is  considered  as  unreliable  by  reason  of  brittleness  and  want  of 
homogeneousness. 

For  bed-plates,  a  special  case  where  it  might  be  allowed  is  when  a  space  occurs  between  the  bottom  of  the  pedestal 
and  the  masonry,  of,  say  3  inches.  This  must  be  filled  up,  and  as  wrought  iron  is  not  rolled  so  thick,  it  might  be 
cheaper  to  use  a  cast  plate  rather  than  build  up  a  wrought  gridiron. 

Again,  if  the  span  is  on  a  grade,  and  the  bed-plate  has  to  be  made  with  a  slant  or  bevel,  it  is  cheaper  to  cast  it,  as, 
if  it  were  of  wrought  iron,  it  would  have  to  be  faced  down. 

2.  The  tracks  are  generally  13  feet  apart,  c.  to  c.  on  straight  lines.  If  we  had  a  "  double  track  through  bridge," 
with  three  trusses,  one  in  centre,  we  should  have  to  allow  about  2  feet  for  width  of  centre  truss,  and  7  feet  clearance 
Irom  centre  of  each  track,  making  16  feet  from  c.  to  c.  on  the  bridge.  This  would  require  the  tracks  to  be  spread, 
which  the  railroad  company  would  wish  to  avoid. 

The  length  c.  to  c.  of  girders  is  their  *'  effective  lengrth,"  and  should  be  disting;uished  from  actual  length,  or 
"  length  over  all." 

3.  To  space  the  stringers  nearer  than  6'  6"  makes  the  cross-girders  heavier.  The  moment  for  a  cross-girder  is  its 
reaction  at  end  multiplied  by  the  distance  from  end  to  the  -  stringer.  The  less  this  distance  the  smaller  the  moment  for 
the  cross-girder. 

On  the  other  hand,  the  track  is  4'  8^",  and  if  the  stringers  are  spaced  much  farther  than  this,  there  is  large  bending 
in  the  ties. 
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4.  For  all  through  bridges  and  overhead  structures  there  shall  be  a  clear  Head-room, 
head-room  of  21  feet  above  the  base  of  the  rails,  for  a  width  of  six  feet  over 

each  track. 

5.  In  all  through,  bridges  the  clear  width  from  the  centre  of  the  track  to  cicar  width, 
any  part  of  the  trusses  shall  not  be  less  than  seven  (7)  feet  at  a  height  exceed- 
ing one  foot  above  the  rails  where  the  tracks  are  straight,  and  an  equivalent 
clearance  where  the  tracks  are  curved. 

6.  The  standard  distance,  centre  to  centre  of  tracks  on  straight  lines,  will 
be  thirteen  (13)  feet. 

7.  Each  trestle  bent  shall,  as  a  general  rule,  be  composed  of  two  support-  XrcsUc  Towcre. 
ing  columns,  and  the  bents  united  in  pairs  to  form  towers  ;  each  tower  thus 

formed  of  four  columns  shall  be  thoroughly  braced  in  both  directions,  and 
have  struts  between  the  feet  of  the  columns.  Transversely  the  columns  shall 
have  a  batter  of  not  less  than  one  horizontal  to  six  vertical.  The  feet  of  the 
columns  must  be  secured  to  an  anchorage  capable  of  resisting  double  any  pos- 
sible uplifting.     (§  25.) 

8.  Each  tower  shall  have  sufficient  base,  longitudinally,  to  be  stable  when 
standing  alone,  <vithout  other  support  than  its  anchorage.     (§§  25,  26.) 

9.  Tower  spans  for  high  trestles  shall  not  be  less  than  30  feet.  Treatic  Spans. 

10.  Unless  otherwise  specified,  the  form  of  bridge  trusses  may  be  selected  Form  of  Trusses. 
by  the  bidder;  for  through  bridges  the  end  vertical  suspenders  and  two  panels 

of  the  lower  chord,  at  each  end,  will  preferably  be  made  rigid  members.  In 
general,  all  spans  shall  have  end  floor  beams  for  supporting  the  stringers  ;  such 
end  floor  beams  may  have  one  intermediate  bearing  on  the  masonry. 

11.  Preference  will  in  all  cases  be  given  to  those  designs  using  stiff  lateral 
and  portal  bracing  of  angles  and  shapes,  and  to  those  designs  having  the  least 
possible  number  of  adjustable  members. 

12.  The  wooden  floors  will  consist  of  transverse  ties  or  floor  timbers ;  their  Wooden  Floor, 
scantling  will  vary  in  accordance  with  the  design  of  the  supporting  steel  floor. 

(§  15.)  They  shall  be  spaced  with  openings  not  exceeding  six  inches,  and  shall 
be  secured  to  the  supporting  girders  by  f-inch  bolts  at  distances  not  over  six 
feet  apart.  For  deck  bridges  the  ties  will  extend  the  full  width  of  the  bridge, 
and  for  through  bridges  at  least  every  other  tie  shall  extend  the  full  width  of 
bridge  for  a  footwalk. 

4.  This  clear  head-room  is  only  requisite  at  the  centre  of  the  bridge,  for  a  space  of  about  6  feet  for  single  track. 
The  brackets  or  knee-braces  reduce  this  clear  depth  at  the  sides. 

5.  The  cover-plate  on  the  inclined  end-post  is  usually  the  widest  part,  so  that  the  distance  c.  to  c.  of  trusses,  on  a 
straight  line,  is  14  feet  in  clear,  plus  the  width  of  a  cover-plate. 

*'  Equivalent  clearance  "  means  that,  on  a  curve,  the  circle  tangent  to  the  sides  of  the  cars  must  have  the  clear> 
ance  specified      This  requires  that  the  circle  through  the  corners  of  the  cars  shall  have  an  equivalent  clearance. 

6.  This  is  to  agree  with  the  railroad  company. 

7.  A  trestle  bent  consists  of  two  columns,  one  on  each  side  of  track,  each  inclined  or  battered  toward  the  axis 
in  a  vertical  plane,  and  connected  by  transverse  bracing.  A  tower  consists  of  two  trestle  bents  united  by  longitudi- 
nal bracing.  Every  other  pair  is  thus  united,  making  every  other  span  an  expansion  span,  with  a  fixed  span  between. 
The  usual  transverse  batter  is  6  vertical  to  i  horizontal  ;  often,  however,  8  vertical  to  i  horizontal. 

8.  That  is,  the  fixed  or  tower  spans  must  be  stable  when  standing  alone  with  the  maximum  wind  force,  and  no 
dependence  is  placed  on  the  girder  connections  at  the  cap. 

9.  This  is  to  secure  stability. 

12.  It  is  always  necessary,  especially  in  deck  spans,  to  figure  the  sizes  of  ties  required.  If /*  is  the  weight  of 
the  heaviest  single  driver  and  a  the  distance  from  rail  to  end  bearing  of  tie,  then  Pa  is  the  moment,  and  (page  292) 

RI 
Pa  =  — ,  where  R  is  the  allowed  fibre  stress  and  v  is  the  distance  from  centre  of  gravity  of  cross-section  to  outer 

V 

fibre.     For  a  rectangular  cross-section  /  =  -  -    and  v  =  -  ,  where  d  =  breadth  and  d  =  depth  in  inches.     Thcre- 
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Guard  Timbers.  1 3.  There  shall  be  a  guard  timber  (scantling  not  less  than  6x8'^)  on  each 

side  of  each  track,  with  its  inner  face  parallel  to  and  not  less  than  3  feet  3 
inches  from  centre  of  track.  Guard  timbers  must  be  notched  one  inch  over 
every  floor  timber,  and  be  spliced  over  a  floor  timber  with  a  half-and-half  joint 
of  six  inches  lap.  Each  guard  timber  shall  be  fastened  to  every  third  floor  tim- 
ber and  at  each  splice  with  a  three-quarter  (|)  inch  bolt.  All  heads  or  nuts  on 
upper  faces  of  ties  or  guards  must  be  countersunk  below  the  surface  of  the 
wood.     (§  57.) 

14.  The  guard  and  floor  timbers  must  be  continued  over  all  piers  and  abut- 
ments. 

Aik)wcd  Strain  on  1 5.  The  maximum  strain  allowed  upon  the  extreme  fibre  of  the  best  yellow 

pine  or  white  oak  floor  timbers  will  be  i,ooo  pounds  per  square  inch.  The 
weight  of  a  single  engine  wheel  may  be  assumed  as  distributed  over  three  ties 
spaced  as  per  §  12. 

16.  The  floor  timbers  from  centre  to  each  end  of  span  must  be  notched 
down  over  the  longitudinal  girders  so  as  to  reduce  the  camber  in  the  track,  as 
directed  by  the  Engineer. 

17.  All  the  floor  timbers  shall  have  a  full  and  even  bearing  upon  the  string- 
ers; no  open  joints  or  shims  will  be  allowed^ 

18.  On  curves  the  outer  rail  must  be  elevated,  as  may  be  directed  by  the 
Engineer. 

Proposals.  'Q-  I»^  Comparing  different  proposals,  the  relative  cost  to  the    Railroad 

Company  of  the  required  masonry  or  changes  in  existing  work  will  be  taken 
into  consideration. 

20.  Contractors  in  submitting  proposals  shall  furnish  complete  strain 
sheets,  general  plans  of  the  proposed  structures,  and  such  detail  drawings  as  will 
clearly  show  the  dimensions  of  all  the  parts,  modes  of  construction,  and  the 
sectional  areas. 

21.  Upon  the  acceptance  of  the  proposal  and  the  execution  of  contract, 
all  working  drawings  required  by  the  Engineer  must  be  furnished  free  of  cost. 

22.  No  work  shall  be  commenced  or  materials  ordered  until  the  working 
drawings  are  approved  by  the  Engineer  in  writing ;  if  such  working  drawings 
are  detained  more  than  one  week  for  examination,  the  Contractor  will  be 
allowed  an  equivalent  extension  of  time. 

LOADS. 

23.  All  the  structures  shall  be  proportioned  to  carry  the  following  loads : 


Approval  of  Plans. 


fore  </  =    i/  -— -  .where  /  can  'je  found  for  any  assumed  value  of  ff.     As  the  rails  are  stiff  it  is  customary  to  assume 

'     ho 

the  load  as  carried  by  three  lies. 

Example. — Tie  of  white  oak.  weight  of  driver  P  =  25,600  lbs.,  n  =  i'  4".  Take  A*  =  800  lbs.  per  square  inch. 
Then  for  one  tie  we  have  g  P  =  8,533  ^^s.  instead  of  P.     If  we  take  d  =  q  inches,  we  have  t/  —  10  inches. 

16.  The  camber  causes  the  centre  of  the  truss  to  be  higher  ihan  its  ends.  This  notching  down  reduces  the  track 
on  bridge  to  the  desired  grade. 

18.  This  is  the  same  as  is  done  on  all  curves. 

19.  One  proposal  may  require  entirely  new  masonry,  or  great  changes  in  the  existing  masonry.  Another  may 
utilize  the  existing  masonry  without  material  change,  by  taking  dimensions  for  the  truss  to  suit.  If  in  such  case  the 
truss  is  more  costly,  it  is  but  fair  to  consider  the  saving  of  masonry.  Again,  one  plan  may  call  for  more  costly 
masonry  than  another,  even  when  there  is  none  already  existing. 

20.  In  many  cases  a  complete  strain  sheet  is  considered  sufficient  without  detail  drawings. 

21.  These  drawings  are  required  for  jse  by  the  inspectors. 

22.  Many  roads  do  not  require  the  working  drawings  at  all. 

23.  The  dead  load  can  be  estimated   as  directed,  page  495.      Whatever  the  sys^eo)  s^dopted,  the  maximum 
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1st.  The  weight  of  metal  in  the  structure.  2d.  A  floor  weighing  400 
pounds  per  linear  foot  of  tracky  to  consist  of  rails,  ties,  and  guard  timbers  only. 

These  two  items,  taken  together,  shall  constitute  the  **  dead  load."  Dead  Load. 

3d.  A  **live  load,"  on  each  track,  supposed  to  be  moving  in  either  direc- Utc  Loads, 
tion,  consisting  of  two  "consolidation"  engines,  coupled  and  followed  by  a 

train  load,  distributed  as  shown  on  diagram  E ;  or  100,000  pounds  equally 

distributed  on  two  pair  of  driving  wheels,  spaced  seven  and  a  half  feet,  centre 
to  centre. 

Note. — As  all  the  wheel  loads  in  each  diagram  are  made  of  the  same  per- 
centages of  the  driving  wheel  loads,  the  strains  due  to  the  different  engine  dia- 
grams will  be  proportionate  to  the  numerical  classes  of  the  engines. 

Any  intermediate  numbers  may  be  selected,  with  the  understanding  that 
this  rule  of  proportion  applies. 
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The  maximum  strains  due  to  all  positions  of  either  of  the  above  "live 
loads,"  of  the  required  class,  and  of  the  "  dead  load,"  shall  be  taken  to  propor- 
tion all  the  parts  of  the  structure. 

24.  To  provide  for  wind  strains  and  vibrations,  the  top  lateral  bracing  in  wmd  Bracing, 
deck  bridges,  and  the  bottom  lateral  bracing  in  through  bridges,  for  all  spans 


stresses  are  found  as  illustrated,  page  88,  by  the  use  of  a  diagram  prepared  for  each  system.  The  introduction  of 
this  method  by  diagram,  and  its  invention,  are  due  to  Mr.  Cooper,  and  also,  independently,  Mr.  Robert  Escobar, 
C.  E.,  of  the  Union  Bridge  Company, 

24.  The  exposed  area  of  the  train  is  about  10  square  feet  for  every  foot  in  length.  At  30  lbs.  per  square 
foot  this  gives  300  lbs.  for  every  foot  of  length,  which  should  be  treated  as  a  moving  load. 

The  truss  would  probably  not  have  more  than  about  10  square  feet  of  exposed  surface  for  every  foot  in  length  ; 
this  also,  at  30  lbs.  per  square  foot,  would  give  300  lbs.  per  foot  of  length  for  wind  pressure  on  the  whole  truss. 
Taking  one-half  of  this  on  each  chord,  upper  and  lower,  we  have  a  fixed  load  of  150  lbs.  per  linear  foot  on  each 
chord.  We  have  thus,  as  specified,  150  lbs.  fixed  load,  per  linear  foot,  for  the  unloaded  chord,  and  450  lbs.  per 
linear  foot  for  the  loaded  chord,  of  which  300  is  live,  and  150  fixed.  We  have  used  these  values  in  the  example  of 
page  449. 
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up  to  300  feet,  shall  be  proportioned  to  resist  a  lateral  force  of  450  pounds  for 
each  foot  of  the  span ;  300  pounds  of  this  to  be  treated  as  a  moving  load,  and 
as  acting  on  a  train  of  cars,  at  a  line  8.5  feet  above  base  of  rail. 

The  bottom  lateral  bracing  in  deck  bridges,  and  the  top  lateral  bracing  in 
through  bridges  for  all  spans  up  to  300  feet,  shall  be  proportioned  to  resist  a 
lateral  force  of  150  pounds  for  each  foot  of  the  span. 

For  spans  exceeding  300  feet,  add,  in  each  of  the  above  cases,  10  pounds 
for  each  additional  30  feet  of  span. 

25.  In  trestle  towers  the  bracing  and  columns  shall  be  proportioned  to 
resist  the  following  lateral  pressures,  in  addition  to  the  strains  from  dead  and 
live  loads  : 

1st.  With  either  one  track  loaded  with  cars  only,  or  with  both  tracks 
loaded  with  maximum  train  load,  the  lateral  forces  specified  in  §  24 ;  and  a 
lateral  pressure  of  lOO  pounds  for  each  vertical  lineal  foot  of  the  trestle 
bents ;  or 

2d.  With  both  tracks  unloaded,  a  lateral  force  of  500  pounds  for  each 
longitudinal  lineal  foot  of  the  structure,  acting  at  the  centre  line  of  the 
girders ;  and  a  lateral  pressure  of  200  pounds  for  each  vertical  lineal  foot  of 
the  trestle  bents. 

26.  The  strains  produced  in  the  bracing  of  the  trestle  towers,  in  any 
members  of  the  trusses,  or  in  the  attachments  of  the  girders  or  trusses  to  their 
bearings,  by  the  greatest  tractive  force  of  the  engines  or  by  suddenly  stopping 
the  maximum  trains  on  any  part  of  the  work,  must  be  provided  for;  the 
coefficient  of  friction  of  the  wheels  on  the  rails  being  assumed  as  0.20. 

27.  Variation  in  temperature,  to  the  extent  of  150  degrees,  shall  be  pro- 
vided for. 

28.  When  the  structures  are  on  curves,  the  additional  effects  due  to  the 
centrifugal  force  of  trains  shall  be  considered  as  a  live  load.  It  will  be 
assumed  to  act  5  feet  above  base  of  rail,  and  will  be  computed  for  a  speed  of 
50  —  2d  miles  per  hour ;  d  being  the  degree  of  curve. 

29.  All  parts  shall  be  so  designed  that  the  strains  coming  upon  them  can 
be  accurately  calculated. 


Tensile  Strains. 


PROPORTION   OF  PARTS. 

30.  All  parts  of  the  structures  shall  be  proportioned  in  tension  by  the  fol- 
lowing  allowed  unit  strains  : 

25.  Generally,  the  true  wind  forces  are  taken  at  their  actual  points  of  application,  as  we  have  done  in  the  ex- 
ample, page  449. 

26.  The  stresses  from  traction  should  always  be  figured  for  viaducts.  If  ^f'is  the  weight  on  a  bent,  and  <p  the 
coefficient  of  friction,  the  tractive  force,  /%  acting  longitudinally  at  the  top  of  the  bent,  \%  F  —  <pW. 

27.  A  bar  of  iron  i  foot  long  will  lengthen  about  0.000006  foot  for  a  rise  of  temperature  of  i  degree.  For  150 
degrees  this  gives  o  0009  foot  per  foot,  or,  for  a  bar  100  feet  long.  0.09  foot,  or  about  i  inch.  Hence  the  rule,  ^*  one 
inch  per  one  hundred  feet  .'*  In  designing  the  roller  bed  plates,  allowance  should  be  made  so  that  the  checks  for 
the  rollers  shall  permit  of  the  expansion  and  contraction  of  the  truss. 

28.  The  centrifugal  force  for  curves  has  been  given   page  448. 

29.  If  it  is  impossible  to  avoid  an  indeterminate  member,  the  member  should  be  designed  for  the  maximum 
stresses  which  can  occur,  whichever  way  the  stresses  go. 

30.  The  floor-beam  hangers  arc  liable  to  sudden  loading  and  impact,  and  this  is  allowed  for  by  taking  a  small 
anit  stress.  The  lateral  bracing  is  called  in  play  only  at  long  intervals,  perhaps  never  to  its  full  extent,  and  the 
stress  is  applied  slowly.  The  unit  stress  fs  therefore  taken  large.  For  the  main  chords,  the  dead  load  forms  quite 
a  large  percentage  of  the  live  load,  and  hence  the  unit  stress  is  large  for  the  dearl  load,  and  reduced  for  the  live  load. 

By  net  section  is  meant  the  section  after  rivet-holes  are  deducted.  The  stresses  are  reduced  for  swing  bridges  to 
allow  for  effects  of  motion. 
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For  Medium  Steel, 

Pounds  per 
square  inch. 

Floor  beam  hangers,  and  other  similar  members  liable  to  sudden  load-  Mediun>  sieei. 

ing  (bars  with  forged  ends) 7,CXX) 

Floor  beam  hangers,  and  other  similar  members  liable  to  sudden  load- 
ing (plates  or  shapes),  net  section 6,oOo 

Longitudinal,  lateral,  and  sway  bracing  for  wind  and  live  load  strains 

(§§  24-28) 18,000 

Solid  rolled  beams,  used  as  cross  floor  beams  and  stringers. .    10,000 

Bottom  flanges  of  riveted  cross  girders,  net  section    10,000 

Bottom  flanges  of  riveted  longitudinal  plate  girders,   used   as  track 

stringers,  net  section 10,000 

For  For 

live  loads,     dead  loads. 

Bottom  chords,  main  diagonals,  counters,  and  long  verti- 
cals (forged  eye-bars) 10,000        20,000 

Bottom  chords  and  flanges,  main  diagonals,  counters,  and 

long  verticals  (plates  or  shapes),  net  section 9,000         18,000 

For  swing  bridges  and  other  movable  structures,  the  dead  load  unit 
strains,  during  motion,  must  not  exceed  three-fourths  of  the  above  allowed 
unit  strains  for  dead  load  on  stationary  structures. 

The  areas  obtained  by  dividing  the  live  load  strains  by  the  live  load  unit 
strains  will  be  added  to  the  areas  obtained  by  dividing  the  dead  load  strains 
by  the  dead  load  unit  strains  to  determine  the  required  sectional  area  of  any 
member.     (§  45.) 

Soft  steel  may  be  used  in  tension  with  unit  strains  ten  per  cent,  less  than  Soft  steei. 
those  allowed  for  medium  steel. 

31.  Angles  subject  to  direct  tension  must  be  connected  by  both  legs,  or 
the  section  of  one  leg  only  will  be  considered  as  effective 

32.  In  members  subject  to  tensile  strains  full  allowance  shall  be  made  for  Net  section, 
reduction  of  section  by  rivet-holes,  screw-threads,  etc.     (§  56.) 

33.  Compression  members  shall  be  proportioned  by  the  following  allowed  ^sJ^^'-^'^* 
unit  strains  : 

For  Medium  Steel. 

Chord  segments,  P  =  loooo  —  45-  for  live  load  strains. 

r 

I 

P  =  20000  —  90-  for  dead  load  strains. 

r 


31.  Thus,  if  the  diagonal  ties  of  a  Warren  girder  are  angles,  and  are  riveted  to  the  chords  by  one  leg  only,  the 
section  of  one  leg  only  is  to  be  considered  as  effective.  To  make  both  legs  effective,  the  other  leg  must  be  also  at* 
tached  to  the  chords  by  means  of  connecting  angles.  It  is,  however,  sometimes  considered  allowable,  in  the  first  case, 
to  take  \}^^  gross  section  of  the  leg,  under  the  assumption  that  the  metal  taken  out  by  rivet-holes  is  balanced  by  the 
metal  in  the  other  leg. 

32.  The  diameter  of  hole  multiplied  by  thickness  of  plate  gives  area  to  be  taken  out.  In  compression  there  is 
evidently  no  deduction  to  be  made. 

33.  The  chords  arc  usually  considered  as  having  fixed  ends,  while  the  posts  have  pin  ends.  Mr.  Cooper  re. 
duces  the  stresses  in  the  posts  on  account  of  their  liability  to  blows  from  derailment,  and  not  because  of  their  eocl 
conditions, 
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Medium  Steel. 


All  posts  of  through  bridges, 


P  =    8500  —  45-  for  live  load  strains. 

r 


P-=.  17CXX)  —  00-  for  dead  load  strains. 

r 


All  posts  of  deck  bridges  and  trestles,    P  =    9000  —  40-  for  live  load  strains. 

T 


P=^  18000  —  80-  for  dead  load  strains. 

r 


End  posts  are  not  to  be  considered  chord  segments. 


Lateral  struts  and  rigid  bracing, 


P=  13000  —  70-  for  wind  strains  ; 


Soft  StceL 


Alternate  Strains. 


Effect  of  Wind  on 
Chord  Strains. 


for  live  load  strains  use  two-thirds  of  the  above. 

Lateral  struts,  with  adjustable  bracing,  will  be  proportioned  by  the  above 
formula  to  resist  the  maximum  due  either  to  the  wind  and  load  or  to  an 
assumed  initial  strain  of  10,000  pounds  per  square  inch  on  all  the  rods  attached 
to  them.    (§  39.) 

P  =  the  allowed  strain  in  compression  per  square  inch  of  cross  section,  in 
pounds. 

/  =  the  length  of  compression  member,  in  inches. 

r  =  the  least  radius  of  gyration  of  the  section,  in  inches. 

No  compression  member,  however,  shall  have  a  length  exceeding  125 
times  its  least  radius  of  gyration. 

So/i  steel  may  be  used  in  compression  with  unit  strains  fifteen  per  cent, 
less  than  those  allowed  for  medium  steel. 

For  swing  bridges  and  other  movable  structures,  the  dead  load  unit 
strains  during  motion  must  not  exceed  three-fourths  of  the  above  allowed 
unit  strains  for  dead  load  on  stationary  structures. 

34.  For  long  span  bridges,  when  the  ratio  of  the  length  and  width  of 
span  is  such  that  it  makes  the  top  chord,  acting  as  a  whole  a  longer  column 
than  the  segments  of  the  chord,  the  chord  will  be  proportioned  for  this 
greater  length. 

35.  Members  subject  to  alternate  strains  of  tension  and  compression  shall 
be  proportioned  to  resist  each  kind  of  strain.  Both  of  the  strains  shall,  how- 
ever, be  considered  as  increased  by  an  amount  equal  to  ^  of  the  least  of  the 
two  strains,  for  determining  the  sectional  areas  by  the  above  allowed  unit 
strains.     (§§  30,  33.) 

36.  The  strains  in  the  truss  members  or  trestle  posts  from  the  assumed 
wind  forces  need  not  be  considered  except  as  follows : 


35.  If  a  member  has  tension  of  130,000  lbs.,  and  compression  of  90,000  lbs.,  -f^  of  the  latter  is  72,000  lbs.  The 
increased  stresses  are.  therefore,  tension  202,000  lbs.,  compression  162,000  lbs.  If  the  allowable  unit  stress  is 
10,000  lbs.  per  square  inch  for  tension,  and  7,000  for  compression,  the  member  should  have  20.2  square  inches,  net, 
for  the  tensile,  or  23.14  square  inches,  gross,  for  the  compressive  stress,  whichever  comes  out  largest. 

36.  If  the  dead  load  stress  on  a  chord  is  60,000  lbs.,  the  live  load  140,000  lbs.,  and  the  wind  stress  80,000  lbs., 
the  total  stress  from  live  and  dead  is  200.000  lbs.     One  quarter  of  this  is  50,000  lbs.,  which  the  wind  stress  exceeds. 

Now  if  &  is  the  allowable  unit  stress  for  live  load  Z,  and  G  for  dead  load  Z>,  and  u  it  the  unit  stress  for  dead 

and  live  loads  combined,  we  have  —  4-  _  =  —X—  ,  or  «  =  ^ .     If,  in  our  present  case,  a  =  16,000  lbs.,  </  =3 

8,000  lbs.,  then  u  =  9,400  lb$.     Increasing  this  by  4,  we  have  10,750  lbs.  as  the  allowable  anit  strew  for  coiQbined 


su 
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1st.  When  the  wind  strains  on  any  member  exceed  one-quarter  of  the 
maximum  strains  due  to  the  dead  and  live  loads  upon  the  same  member. 
The  section  shall  then  be  increased  until  the  total  strain  per  square  inch  will 
not  exceed  by  more  than  one-quarter  the  maximum  fixed  for  dead  and  live 
loads  only. 

2d.  When  the  wind  strain  alone  or  in  combination  with  a  possible  tem- 
perature strain  can  neutralize  or  reverse  the  strains  in  any  member. 

37.  The  rivets  in  all  members,  other  than  those  of  the  floor  and  lateral  "^pf^*  ^*^  "*** 
systems,  must  be  so  spaced  that  the  shearing  strain  per  square  inch  shall  not 

exceed  9,000  pounds  ;  nor  the  pressure  on  the  bearing  surface  (diameter  X 
thickness  of  the  piece)  of  the  rivet-hole  exceed  15,000  pounds  per  square 
inch. 

The  rivets  in  all  members  of  the  floor  system,  including  all  hanger  con- 
nections,  must  be  so  spaced  that  the  shearing  strains  and  bearing  pressures 
shall  not  exceed  80  per  cent,  of  the  above  limits 

The  rivets  in  the  lateral  and  sway  bracing  will  be  allowed  50  per  cent, 
increase  upon  the  above  limits. 

In  the  case  of  field  riveting  (and  for  bolts  as  per  §  57)  the  above  allowed 
shearing  strains  and  pressures  shall  be  reduced  one-third. 

Rivets  and  bolts  must  not  be  used  in  direct  tension. 

38.  Pins  shall  be  proportioned  so  that  the  shearing  strain  shall  not  exceed 
g,ooo  pounds  per  square  inch  ;  nor  the  crushing  strain  on  the  projected  area 
of  the  semi-intrados  of  any  member  (other  than  forged  eye-bars,  see  §  80)  con- 
nected to  the  pin  be  greater  per  square  inch  than  15.000  pounds;  nor  the 
bending  strain  exceed  18,000  pounds,  when  the  applied  forces  are  considered 
as  uniformly  distributed  over  the  middle  half  of  the  bearing  of  each  member. 

39.  When  any  member  is  subjected  to  the  action  of  both  axial  and  bend- Combined  stnuM. 
ing  strains,  as  in  the  case  of  end  posts  of  through  bridges  (§  36),  or  of  chords 

carrying  distributed  floor  loads,  it  must  be  proportioned  so  that  the  greatest 

dead,  live,  and  wind  stresses  of  280.000  lbs.     This  calls  for  26  square  inches,  while,  if  the  wind  were  disregarded, 
only  21.2  square  inches  would  be  needed. 

If  the  compressive  wind  stresses  in  the  lower  chord  are  greater  than  the  tensile  due  to  dead  load,  it  will  beneces. 
sary  to  stiffen  ihe  lower  chord  10  make  the  difference. 

37.  We  must  therefore  test  the  rivets  for  both  shear  and  bearing  (page  436).  If  rivets  were  used  in  direct  tension, 
the  heads  would  tear  off. 

38.  Main  pins  are  only  figured  for  trending  and  bearing  (page  428).  If  large  enough  for  these  they  are  also  large 
enough  for  shear.     Bolts  and  small  pins  should  be  figured  for  shear  also. 

39.  For  combined  flexure  and  direct  stress  see  page  378.  Let  M  ■=  the  maximum  bending  moment  in  the  mem- 
ber. Let  S  =  the  direct  stress,  tension,  or  compression.  Let  0"i  =  the  allowable  unit  stress  for  direct  stress,  and 
G%  for  bending.  Let  a  —  the  area  of  the. member,  and  /  =  the  moment  of  inertia  of  its  cross-section  =  ar*,  where 
r  is  the  radius  of  gyration.      Let  a  —  a^  -\  cr^.     Then,  from  theory  of  flexure  (page  292). 


Hence 


M  =  — — -,  where  y  is  the  distance  from  neutral  j.xis  to  extreme  fibre. 
y 

as  =  — —  =  — 5  .      But  0-1  =  —.     Therefore 
/  ar*  a 

If  the  fibre  stress  due  to  weight  of  member  were  just  10  per  cent,  of  the  allowed  unit  stress,  it  would  add  ^  of  ik 
square  inch  to  the  cross-section.  If  it  exceeds  this,  the  specification  requires  it  should  be  considered.  This  if  rarely 
the  case.  The  inclined  end-posts  are  the  most  apt  to  exceed  the  limit.  For  very  large  bridges  the  limit  may  be  ex^ 
ceeded. 


SPECIFICA  riONS. 


515 


CompresBion 
Flanges. 


Depth  of  Girders. 


Plate  Girders. 


Web  Plates. 


fibre  strain  will  not  exceed  the  allowed  limits  of  tension  or  compression  on 
that  member. 

If  the  fibre  strain  resulting  from  the  weight  only  of  any  member  exceeds 
ten  per  cent,  of  the  allowed  unit  strain  bn  such  member,  such  excess  must  be 
considered  in  proportioning  the  areas. 

40.  In  beams  and  plate  girders  the  compression  fl.nges  shall  be  made  of 
same  gross  section  as  the  tension  flanges. 

41.  Riveted  longitudinal  girders  shall  have,  preferably,  a  depth  not  less 
than  -^  of  the  span. 

Rolled  beams  used  as  longitudinal  girders  shall  have,  preferably,  a  depth 
not  less  than  -^  of  the  span. 

42.  Plate  girders  shall  be  proportioned  upon  the  supposition  that  the 
bending  or  chord  strains  are  resisted  entirely  by  the  upper  and  lower  flanges, 
and  that  the  shearing  or  web  strains  are  resisted  entirely  by  the  web-plate ;  no 
part  of  the  web-plate  shall  be  estimated  as  flange  area. 

The  distance  between  centres  of  gravity  of  the  flange  areas  will  be  con- 
sidered as  the  effective  depth  of  all  girders. 

43.  The  webs  of  plate  girders  must  be  stiffened  at  intervals,  about  the 
depth  of  the  girders,  wherever  the  shearing  strain  per  square  inch  exceeds  the 
strain  allowed  by  the  following  formula: 

12,000 
Allowed  shearing  strain  = 


iV" 


1  + 


Rolled  Beams. 


Counters. 


DeUils. 


3»ooo 

where  H  =■  ratio  of  depth  of  web  to  its  thickness;  but  no  web-plates  shall  be 
less  than  three-eighths  of  an  inch  in  thickness. 

44.  Rolled  beams  shall  be  proportioned  (§§  30,  40)  by  their  moments  of 
inertia. 

45.  The  areas  of  counters  shall  be  determined  by  taking  the  different  in 
areas  due  to  the  live  and  dead  load  strains  considered  separately  (§  30);  the 
counters  in  any  one  panel  must  have  a  combined  sectional  area  of  at  least 
three  square  inches,  or  else  must  be  capable  of  carrying  all  the  counter  live 
load  in  that  panel. 

DETAILS  OF  CONSTRUCTION. 

46.  All  the  connections  and  details  of  the  several  parts  of  the  structures 
shall  be  of  such  strength  that,  upon  testing,  rupture  will  occur  in  the  body  of 
the  members  rather  than  in  any  of  their  details  or  connections. 

42.  This  is  contrary  to  some  specifications,  which  allow  \  of  the  web  to  aid  each  flange,  or  \  of  the  web  in  all 
available  for  flange  section.  The  web  undoubtedly  does  assist  the  flanges.  The  "  effective  depth  "  is  to  be  used  in 
figuring  all  stresses.  The  web  is  omitted  by  Mr.  Cooper  partly  on  account  of  splicing,  partly  as  an  allowance  for  the 
Indefinite  impact  stresses. 

43.  Web  plates  are  not  made  less  than  f  inch  thick,  in  order  to  resist  the  action  of  rust  and  to  prevent  the  web 
from  being  unsteady,  and  to  enable  it  to  resist  impact  as  well  as  to  reduce  the  stffening  angles. 

The  practice  of  stiffening  the  webs  of  plate  girders  differs  widely.  Some  specifications  require  many  stiffeners. 
Some  require  them  spaced  closer  at  the  ends,  others  at  equal  distances  throughout  the  length. 

44.  For  rolled  beams  we  have  M  —  — ^- .  where  M  is  the  maximum  moment,  /  the  moment  of  inertia  of  the 

cross-section,  0*3  the  allowable  fibre  stress,  v  the  distance  from  neutral  axis  to  extreme  fibre.     If  a  —  <  he  area  of  the 

Mv 
cross-section,  then  /  =  ar^^  where  r  is  the  radius  of  gyration,  and  a  —    —5  . 

lfv=zr,  as  is  the  case  for  a  pin,  we  have  a  =    —  .  where  ris  the  half  depth.     If  d  denote  the  depth,  a  =  ——7, 

lAf  r         «  ^        Bending  Moment 

or,  total  area  of  both  flanges  =  u cr«  =   "7"  •  <"'»  ^^^^  ®^  °"^  flange  =  ^  aa,  =  -^   =  — 

46.  This  makes  (he  qnain  members  limit  the  safety  of  the  span. 
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47.  Preference  will  be  had  for  such  details  as  shall  be  most  accessible  for 
inspection,  cleaning,  and  painting;  no  closed  sections  will  be  allowed. 

48.  The  pitch  of  rivets  in  all  classes  of  work  shall  never  exceed  6  inches,  RiveUog. 
or  sixteen  times  the  thinnest  outside  plate,  nor  be  less  than  three  diameters  of 

the  rivet. 

49    The  rivets  used  shall  generally  be  |  and  \  inch  diameter. 

50.  The  distance  between  the  edge  of  any  piece  and  the  centre  of  a  rivet- 
hole  must  never  be  less  than  ij  inches,  except  for  bars  less  than  2\  inches 
wide ;  when  practicable  it  shall  be  at  least  two  diameters  of  the  rivet. 

51.  For  punching,  the  diameter  of  the  die  shall  in  no  case  exceed  the 
diameter  of  the  punch  by  more  than  -^  of  an  inch,  and  all  holes  must  be  clean 
cuts  without  torn  or  raggcti  edges. 

52.  All  rivet-holes  must  be  so  accurately  spaced  and  punched  that  when 
the  several  parts  forming  one  member  are  assembled  together,  a  rivet  ^  inch 
less  in  diameter  than  the  hole  can  generally  be  entered,  hot,  into  any  hole, 
without  reaming  or  straining  the  metal  by  **  drifts ;  *'  occasional  variations  must 
be  corrected  by  reaming. 

53  The  rivets  when  driven  must  completely  fill  the  holes.  The  rivet- 
heads  must  be  round  and  of  a  uniform  size  for  the  same-sized  rivets  liuoughout 
the  work.  They  must  be  full  and  neatly  made,  and  be  concentric  to  the  rivet- 
hole,  and  thoroughly  pinch  the  connected  pieces  together. 

54.  Wiicrever  possible,  all  rivets  must  be  machine  driven.  The  machines 
must  be  capable  of  retaining  the  applied  pressure  after  the  upsetting  is  com- 
pleted.    No  hand-driven  rivets  exceeding  \  inch  diameter  will  be  allowed. 

55.  Field  riveting  must  be  reduced  to  a  minimum  or  entirely  avoided, 
where  possible. 

56.  The  effective  diameter  of  a  driven  rivet  will  be  assumed  the  same  as  nu  sections, 
its  diameter  before  driving      In  deducting  the  rivet-holes  to  obtain  net  sec- 
tions in  tension  members,  the  diameter  of  the  rivet-holes  will  be  assumed  as  \ 

inch  larger  than  the  undriven  rivets. 

The  rupture  of  a  riveted  tension  member  is  to  be  considered  as  equally 
probable,  either  through  a  transverse  line  of  rivet-holes  or  through  a  diagonal 
line  of  rivet-holes,  where  the  net  section  does  not  exceed  by  30  per  cent,  the 
net  section  along  the  transverse  line. 

The  number  of  rivet-holes  to  be  deducted  for  net  section  will  be  deter- 
mined by  this  condition. 


48.  A  greater  pitch  than  6  inches  in  compression  mi^ht  allow  the  plate  to  *'  buckle."  For  this  reason,  if  16  times 
the  thickness  of  the  plate  is  less  than  6  inches,  that  should  be  the  limit.  A  less  pitch  than  3  diameters  renders  the 
holes  liable  to  tear  out,  as  well  as  injures  the  metal  when  punched. 

49.  For  girders  and  main  compression  members,  y  is  the  size  generally  used. 

50.  This  for  the  same  reason  as  §48. 

51.  If  the  clearance  between  the  punch  and  the  die  is  over  ■^'',  there  is  a  tendency  to  draw  and  bunch  the  iron 
and  make  a  ragged  hole. 

52.  Reaming  is  expensive,  and  forcing  holes  into  opposition  by  driving  through  a  steel  drifting-pin  is  injurious 
to  the  metal.     On  the  shop  drawings  the  rivet-holes  are  always  ordered  to  be  punched  -f^  ''  larger  than  the.  rivet. 

53  Rivets  which  do  not  fill  the  hole  when  driven  are  called  "  loose  rivets.  The  inspector  should  require  them 
to  be  replaced.     The  rivets,  by  pinching  the  plates,  develop  friction  which  increases  their  value. 

54.  The  rivet  spacing  should  be  so  designed  that  all  may  be  machine  driven.  It  is  sometimes  impossible  to 
avoid  driving  some  by  hand,  owing  to  the  locality.     Field  rivets  are  usually  driven  by  hand. 

If  the  machine  is  not  capable  of  retaining  the  applied  pressure  after  the  upsetting  is  completed,  the  plates  will 
not  remain  thoroughly  pinched  together. 

In  the  case  of  a  large  rivet  exceeding  {'  it  would  be  impossible  to  properly  upset  it  by  hand  driving. 

56.  For  a  I"  rivet  the  hole  would  be  punched  {{".  If  this  hole  is  reamed  it  may  e^ily  reach  l'\  ai^4  ^e  ne(  9^« 
tion  is  assumed  on  this  basis. 
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57.  When  members  are  connected  by  bolts,  the  holes  must  be  reamed 
parallel  and  the  bolts  turned  to  a  driving  fit.  All  bolts  must  be  of  neat  lengths, 
and  shall  have  a  washer  under  the  heads  and  nuts  where  in  contact  with  wood. 
Bolts  must  not  be  used  in  place  of  rivets,  except  by  special  permission. 

58.  The  several  pieces  forming  one  built  member  must  fit  closely  together, 
and  when  riveted  shall  be  free  from  twists,  bends»  or  open  joints. 

59.  All  joints  in  riveted  tension  members  must  be  fully  and  symmetrically 
spliced. 

60.  In  compression  members,  abutting  joints  with  planed  faces  must  be 
sufficiently  spliced  to  maintain  the  parts  accurately  in  contact  against  all  ten- 
dencies to  displacement. 

61.  In  compression  members,  abutting  joints  with  untooled  faces  must  be 
fully  spliced,  as  no  reliance  will  be  placed  on  such  abutting  joints.  The  abut- 
ting ends  must,  however,  be  dressed  straight  and  true,  so  there  will  be  no  open 
joints. 

62.  The  webs  of  plate  girders  must  be  spliced  at  all  joints  by  a  plate  on 
each  side  of  the  web. 

63.  All  web-plates  must  have  stifleners  over  bearing  points  and  at  points 
of  local  concentrated  loadings ;  such  stifleners  must  be  fitted  at  their  ends  to 
the  flange  angles,  at  the  bearing  points. 

64.  All  other  angles,  filling  and  splice  plates  on  the  webs  of  girders  and 
riveted  members  must  fit  at  their  ends  to  the  flange  angles,  sufficiently  close 
to  be  sealed,  when  painted,  against  admission  of  water. 

65.  Web-plates  of  all  girders  must  be  arranged  so  as  not  to  project  be- 
yond the  faces  of  the  flange  angles,  nor  on  the  top  be  more  than  ^  inch 
below  the  face  of  these  angles,  at  any  point. 

66.  Wherever  there  is  a  tendency  for  water  to  collect,  the  spaces  must  be 
filled  with  a  suitable  waterproof  material. 

67.  In  girders  with  flange  plates,  at  least  one-half  of  the  flange  section 
shall  be  angles  or  else  the  largest  sized  angles  must  be  used. 

68.  In  lattice  girders  and  trusses,  the  web  members  must  be  double  and 
connect  symmetrically  to  the  webs  of  the  chords.  The  use  of  plates  or  flats, 
alone,  for  tension  members  must  be  avoided,  where  it  is  possible ;  in  lattice 
trusses,  the  counters,  suspenders,  and  two  panels  of  the  lower  chord,  at  each 
end,  must  be  latticed.     (See  Arts.  85,  86,  and  87.) 

69.  The  compression  flanges  of  beams  and  girders  shall  be  stayed  against 
transverse  crippling  when  their  length  is  more  than  twenty  times  their  width. 

70.  The  unsupported  width  of  plates  subjected  to  compression  shall  not 


60  Th^  faced  joints  are  relied  upon  to  transmit  the  strain,  but  there  should  be  enough  splice  plates  to  prevent 
displacement  from  jars,  etc.     Tension  joints  must,  of  course,  be  fully  spliced  to  take  the  entire  stress. 

61.  This  is  a  "  full  splice.*'     Open  joints  admit  rain,  and  are  hard  to  paint  or  protect  from  rust. 

65.  This  clearance  allows  cover  plates  to  fit  closely  against  the  backs  of  the  flange  angles.  If  there  is  no  cover 
plate,  a  clearance  of  more  than  ^**  would  collect  and  hold  water,  and  would  be  difficult  to  protect. 

67.  This  corresponds  pretty  well  with  the  rule  that  the  flange  angle  shall  be  ^'^  thicker  than  the  cover  plate. 
The  object  of  the  clause  is  to  prevent  the  using  of  small  angles  and  piling  up  cover  plates.  It  also  favors  the  concen- 
tration of  the  flange  material  as  near  as  possible  to  the  web  connection. 

68.  To  avoid  eccentricity  of  stress. 

69.  If  a  girder  has  a  top  flange  \7."  wide,  it  would  be  necessary  to  brace  it  against  transverse  crippling  if  its  length 
was  over  30  feet.  In  a  deck-plate  girder  this  would  be  done  by  transverse  bracing  to  the  other  girder.  In  a  through 
plate  girder  knee-braces  can  be  used  at  every  ten  or  fourteen  feet,  depending  upon  the  distance  c.  to  c.  of  girder. 

70.  A  cover-plate  for  a  top  chord  \'  thick  should  not  have  an  unsupported  width  exceeding  20  inches.     The  un 
supported  width  would  be  the  distance  between  the  lines  of  rivets  in  the  flanges.    This  clause  is  to  preveoC  the  cover- 
plate  from  buckling  transversely. 
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exceed  thirty  times  their  thickness;  except  cover  plates  of  top  chords  and  end 
posts,  which  will  be  limited  to  forty  tijnes  their  thickness. 

71.  The  flange  plates  of  all  girders  must  be  limited  in  width  so  as  not  to 
extend  beyond  the  outer  lines  of  rivets  connecting  them  with  the  angles  more 
than  five  inches  or  more  than  eight  times  the  thickness  of  the  first  plate. 
Where  two  or  more  plates  are  used  on  the  flanges,  they  shall  either  be  of  equal 
thickness  or  shall  decrease  in  thickness  outward  from  the  angles.  # 

72.  Where  the  floor  timbers  are  supported  at  tiieir  ends  on  one  flange  of 
an  angle,  such  angle  must  have  two  rows  of  rivets  in  its  vertical  leg,  spaced  not 
over  4  inches  apart. 

73.  No  metal  shall  be  used  less  than  -f^  inch  thick,  except  for  lining  or 
filling  vacant  spaces. 

74.  The  heads  of  eye-bars  shall  be  so  proportioned  and  made  that  the  Bye  Bart, 
bars  will  preferably  break  in  the  body  of  the  original  bar  rather  than  at  any 

part  of  the  head  or  neck.  The  form  of  the  head  and  the  mode  of  manufacture 
shall  be  subject  to  the  approval  of  the  Engineer  of  the  Railroad  Company. 
(Art.  132.) 

75.  The  bars  must  be  free  from  flaws  and  of  full  thickness  in  the  necks. 
They  shall  be  perfectly  straight  before  boring  The  holes  shall  be  in  the  cen- 
tre of  the  head,  and  on  the  centre  line  of  the  bar. 

j6.  The  bars  must  be  bored  to  lengths  not  varying  from  the  calculated 
lengths  more  than  -^  of  an  inch  for  each  25  feet  of  total  length. 

JJ,  Bars  which  are  to  be  placed  side  by  side  in  the  structure  shall  be  bored 
at  the  same  temperature  and  of  such  equal  length  that  upon  being  piled  on 
each  other  the  pins  shall  pass  through  the  holes  at  both  ends  without  driving. 

78.  The  lower  chord  shall  be  packed  as  narrow  as  possible. 

79.  The  pins  shall   be  turned  straight  and  smooth  ;  chord  pins  shall  fit  Pins, 
the  pin-holes  within  -^  of  an  inch,  for  pins  less  than  4^  inches  diameter;  for 
pins  of  a  larger  diameter  the  clearance  may  be  -^  inch.     Lateral  pins  shall  fit 
the  pin-holes  within  -^  of  an  inch. 

80.  The  diameter  of  the  pin  shall  not  be  less  than  three-quarters  the 
largest  dimension  of  any  eye-bar  attached  to  it.  The  several  members  attach- 
ing to  the  pin  shall  be  so  packed  as  to  produce  the  least  bending  moment 
upon  the  pin,  and  all  vacant  spaces  must  be  filled  with  wrought-iron  filling  rings. 

81.  All  rods  with  screw  ends  shall  be  upset  at  the  ends,  so  that  the  di- U|>set  Ends, 
ameter  at  the  bottom  of  the  threads  shall  be  -^  inch  larger  than  any  part  of 

the  body  of  the  bar. 


71.  If  the  cover-plaics  extended  over  5  inches  beyond  the  outer  line  ot  rivets,  there  would  be  a  tendency  to  buckle 
along  their  outer  edges. 

73.  Metal,  less  than  yV'  thick,  mig       after  a  little  exposure,  become  unfit  to  perform  its  duty. 

77.  When  bars  are  side  by  side,  it  is  still  more  necessary  that  their  lengths  should  be  the  same,  otherwise  they 
are  strained  unequally. 

78.  In  order  to  concentrate  the  material  as  near  as  possible  to  the  centre  line  of  stress. 

79.  1 1  is  customary  to  turn  off  from  the  rough  pins,  ^  to  ^f^  of  an  inch,  according  to  the  size  of  the  pin,  in  ordej- 
to  get  a  smooth  and  straight  pin  surface.  If  the  pin-hole  and  pin  were  of  exactly  the  same  size,  the  erectors  would 
be  unable  to  drive  the  pin  without  injury  to  it. 

80.  Eye-bars  cannot  have  pin  plates  riveted  to  them  in  order  to  get  sufficient  pin  bearing.  It  is  therefore  nec- 
essary to  have  enoup:h  pin  bearing  without  any  pin  plates.  Too  small  a  pin  would  not  give  sufficient  bearing.  The 
ratio  we  have  deduced,  page  420,  is  }.  For  a  less  diameter  the  head  must  be  thicker  than  the  bar,  in  order  to  get 
sufficient  bearing.  Vacant  spaces  on  pins  must  always  be  filled  with  filling  rings,  to  prevent  displacement  of  the 
members  on  the  pin.     Cast  filling  rings  are  liable  to  be  broken. 

81.  This  is  to  make  the  screw  ends  at  least  as  strong  as  the  body  of  the  bar.  The  process  of  "  upsetting"  con- 
sists in  making  the  member  larger  at  a  particular  point  than  it  is  elsewhere.     This  is  done  by  forging. 
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82.  AH  threads   must  be  of  the  United  States  standard,  except  at  the 
ends  of  the  pins. 
fianffefB.  83.   Floor  beam  hangers  shall  be  made  without  adjustment  and  so  placed 

that  they  can  be  readily  examined  at  all  times. 

84.  All  the  floor  beams  must  be  effectually  stayed  against  end  motion  or 
any  tendency  to  rotate  from  the  action  of  the  lateral  system. 
Compression  85.  Compression  members  shall  be  of  steel,  and  of  approved  forms. 

86.  The  pitch  of  rivets  at  the  ends  of  compression  members  shall  not  ex- 
ceed four  diameters  of  the  rivets  for  a  length  equal  to  twice  the  width  of  the 
member. 

87.  The  open  sides  of  all  compression  members  shall  be  stayed  by  batten 
plates  at  the  ends  and  diagonal  lattice-work  at  intermediate  points.  The  bat- 
ten plates  must  be  placed  as  near  the  ends  as  practicable,  and  shall  have  a 
length  not  less  than  the  greatest  width  of  the  member  or  ij  times  its  least 
width.  The  size  and  spacing  of  the  lattice  bars  shall  be  duly  proportioned  to 
the  size  of  the  member.  They  must  not  be  less  than  2  X  ^^  inches  for  posts  6 
inches  wide,  nor  2^  X  yV  inches  for  posts  15  inches  wide.  They  shall  be  in- 
clined at  an  angle  not  less  than  60°  to  the  axis  of  the  member  for  single  lattic- 
ing, nor  less  than  45°  for  double  latticing  with  riveted  intersections.  The  pitch 
of  the  latticing  must  not  exceed  the  width  of  the  channel  plus  nine  inches. 

88.  Where  necessary,  pin-holes  shall  be  re-enforced  by  plates,  some  of 
which  must  be  of  the  full  width  of  the  member,  so  the  allowed  pressure  on  the 
pins  shall  not  be  exceeded,  and   so  the  strains  shall  be  properly  distributed 

•  over  the  full  cross  section  of  the  members.  These  re-enforcing  plates  must 
contain  enough  rivets  to  transfer  their  proportion  of  the  bearing  pressure,  and 
at  least  one  plate  on  each  side  shall  extend  not  less  than  six  inches  beyond  the 
edge  of  the  batten  plates.    (§  ^j.) 

89.  Where  the  ends  of  compression  members  are  forked  to  connect  to  the 
pins,  the  aggregate  compressive  strength  of  these  forked  ends  must  equal  the 
compressive  strength  of  the  body  of  the  members. 

90.  In  compression  chord  sections,  the  material  must  mostly  be  concen- 
trated at  the  sides,  in  the  angles  and  vertical  webs.  Not  more  than  one  plate, 
and  this  not  exceeding  ^  inch  m  thickness,  shall  be  used  as  a  cover  plate,  ex- 
cept when  necessary  to  resist  bending  strains,  or  to  comply  with  §70.    (§39.) 

91.  The  ends  of  all  square-ended  members  shall  be  planed  smooth,  and 
exactly  square  to  the  centre  line  of  strain. 


83.  Owing  10  iheir  severe  duty,  importance,  and  position,  the  hangers  should  be  specially,  examined,  and  such 
examination  should  be  aided  by  making  every  part  accessible. 

86.  It  is  usually  the  custom  to  space  the  rivets  3"  apart  for  two  or  three  feet  at  the  ends  of  compression  mem- 
bers, and  in  the  centre  6"  apart,  unless  this  distance  is  not  tjreater  than  16  times  the  thickness  of  the  thinnest  plate, 
in  which  case  the  rivets  in  centre  would  be  spaced,  say  4J  "  apart. 

87.  The  battens  or  stay  plates  cannot  be  put,  in  jjeneral,  directly  at  the  ends,  because  of  the  inclined  ties  and 
counters,  which  would  interfere.  Practice  varies  somewhat  as  to  size,  and  stay  plates  about  as  long  as  wide 
are  common.  For  main  members  the  angle  of  lattice  bars  should  not  be  less  than  60';  but  for  lateral  struts  and 
small  members  it  is  allowable  to  take  the  angle  somewhat  less. 

88.  The  last  sentence  is  to  prevent  a  single  channel  from  being  overstrained  at  the  end  before  the  channel  is 
united  to  the  other  channel  by  the  batten,  after  which  the  stress  runs  through  the  section  as  a  whole.  The  radius 
of  gyration  for  a  single  channel  is  less  than  for  the  whole  section,  ?\nd  the  allowed  unit  stress  in  the  jaw  would  there- 
fore be  less  than  for  the  whole  member.  Hence  there  should  be  an  excess  of  section  until  the  stress  has  reached  the 
main  member  proper. 

90.  The  cover  plate  of  a  top  chord  unites  the  two  channels  forming  its  webs,  but  it  would  seem  doubtful  whether 
it  lakes  its  share  of  its  stress,  as  it  does  not  directly  touch  the  pin.  while  the  webs  do.  Therefore  Mr.  Cooper  keeps 
•he  proportion  of  cover  plate  to  total  section  as  small  as  is  consistent  with  a  firm  union  of  the  two  channels. 

91.  This  is  to  get  the  full  value  out  of  the  abutting  top  chord  ''vnis. 
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92.  All  members  must  be  free  from  twists  or  bends.     Portions  exposed  to 
view  shall  be  neatly  finished. 

93.  Pin-holes  shall  be  bored  exactly  perpendicular  to  a  vertical  plane  pass- 
ing through  the  centre  line  of  each  member,  when  placed  in  a  position  similar 
to  that  it  is  to  occupy  in  the  finished  structure. 

94.  Where  rods  are  used  in  the  lateral,  longitudinal,  or  sway  bracing  (§  11),  Lateral  Bracing, 
they  shall  be  square  bars,  but  in  no  case  shall  they  have  a  less  area  than  one 

square  inch.     Rods  with  bent  eyes  must  not  be  used. 

95.  All  through  bridges  shall  have  latticed  portals,  of  approved  design,  at  Transverse  Oiacro 
each  end  of  the  span,  connected  rigidly  to  the  end  posts  and  top  chords.     They 

shall  be  as  deep  as  the  specified  head-room  will  allow.     (§  4.)     (§  11.) 

96.  When  the  height  of  the  trusses  exceeds  25  feet,  an  approved  system 
of  overhead  diagonal  bracings  shall  be  attached  to  each  post  and  to  the  top 
lateral  struts. 

97.  All  bars  and  rods  in  the  web,  lateral,  longitudinal,  or  sway  systems 
must  be  securely  clamped  at  their  intersections  to  prevent  sagging  and  rattling. 

98.  Pony  trusses  and  through  plate  or  lattice  girders  shall  be  stayed  by 
knee  braces  or  gusset  plates  attached  to  the  top  chords  at  the  ends  and  at  inter- 
mediate points,  and  attached  below  co  the  cross  floor  beams  or  to  the  transverse 
struts. 

99.  All  deck  girders  shall  have  transverse  braces  at  the  ends.  All  deck 
bridges  shall  have  transverse  bracing  at  each  panel  point.  This  bracing  shall 
be  proportioned  to  resist  the  unequal  loading  of  the  trusses. 

100.  All  bed-plates  must  be  of  such  dimensions  that  the  greatest  pressure  Bajpiaics. 
upon  the  masonry  shall  not  exceed  250  pounds  per  square  inch. 

lOi.  All  bridges  over  75  feet  span  shall  have  at  one  end  nests  of  turned  Friction  Roiien. , 
friction  rollers  running  between  planed  surfaces.     These  rollers  shall  not  be 
less  than  2J  Inches  diameter  for  spans  100  feet  or  less,  and  for  greater  spans 
this  diameter  shall  be  increased  in  proportion  of  i  inch  for  100  feet  additional. 

The  rollers  shall  be  so  proportioned  that  the  pressure  per  lineal  inch  of 
roller  shall  not  exceed  the  product  of  the  diameter  in  inches  by  300  pounds 

(300  d.y 

The  rollers  must  be  of  machinery  steel  and  the  bearing  plates  of  medium 
steel. 

The  rollers  and  bearings  must  be  so  arranged  that  they  can  be  readily 
cleaned  and  so  that  they  will  not  hold  water. 


93.  This  is  to  insure  chat  the  pin-hole  in  one  channel  of  a  built  member  shall  come  directly  opposite  that  in  the 
other. 

95.  There  are  a  great  variety  of  designs  fonhese  portals,  but  those  in  which  the  metal  is  curved  are  no  longer 
"approved  design."  The  weight  of  the  portal  bracing  and  its  arrangement  depend  more  on  the  width  of  the  bridge 
than  anything  else. 

96.  If  there  is  suflScient  head-room,  deep  bracing,  with  either  a  stiff  lattice  system  or  rods,  is  generally  used, 
preferably  ».he  former,  as  in  this  case  knee-braces  can  also  be  used,  running  to  a  panel  point  of  the  lattice.  If  the 
head-room  does  not  allow  a  deep  strut,  a  shallow  one  with  knee-braces  is  used. 

99.  In  deck-plate  girder  spans  which  are  long  enough,  it  is  good  practice  to  put  in,  besides  the  end  transverse 
bracing,  intermediate  transverse  cross-braces.  The  transverse  bracing  must  be  figured  to  transmit  the  panel  wind 
load  to  the  lower  chord,  and,  if  on  curves,  for  unequal  loading  and  the  centrifugal  force.  The  transverse  bracing 
between  the  inclined  end-posts  of  deck  spans  should  carry  the  entire  wind  load  which  may  come  to  the  abutment 
through  the  top  chord. 

100.  The  quality  of  masonry  is  apt  to  vary  considerably.  If  it  is  known  that  the  masonry  is  particularly  good, 
300  lbs.  per  square  inch  will  not  be  too  great  a  pressure. 

loi.  The  rollers  are  kept  in  position  by  straps  uniting  their  centres.  They  roll  thus  together  en  masse  on  the 
planed  surface  of  the  bed-plate.  Angle-iron  checks  riveted  to  the  bed-plate  keep  them  from  rolling  too  far.  These 
checks  should  allow  for  change  of  length  of  the  truss  due  to  temperature. 
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Pedettala  and 
Plates. 


Camber. 


Trestle  Towers. 


Bed-Plates. 


Workmanship. 


102.  Bridges  less  than  75  feet  span  shall  be  secured  at  one  end  to  the 
masonry,  and  the  other  end  shall  be  free  to  move  longitudinally  upon  planed 
surfaces. 

103.  Where  two  spans  rest  upon  the  same  masonry,  a  continuous  plate, 
not  less  than  f  inch  thick,  shall  extend  under  the  two  adjacent  bearings,  or 
the  two  bearings  must  be  rigidly  tied  together. 

104.  Pedestals  shall  be  made  of  riveted  plates  and  angles  All  bearing 
surfaces  of  the  base  plates  and  vertical  webs  must  be  planed.  The  vertical 
webs  must  be  secured  to  the  base  by  angles  having  two  rows  of  rivets  in  the 
vertical  legs.  No  base  plate  or  web  connecting  angle  shall  be  less  in  thickness 
than  f  inch.  The  vertical  webs  shall  be  of  sufficient  height  and  must  contain 
material  and  rivets  enough  to  practically  distribute  the  loads  over  the  bearings 
or  rollers. 

Where  the  size  of  the  pedestal  permits,  the  vertical  webs  must  be  rigidly 
connected  transversely. 

105.  All  the  bed-plates  and  bearings  under  fixed  and  movable  ends  must 
be  fox-bolted  to  the  masonry:  for  trusses,  these  bolts  must  not  be  less  than 
i\  inches  diameter ;  for  plate  and  other  girders  not  less  than  f  inch  diameter. 
The  Contractor  must  furnish  all  bolts,  drill  all  holes,  and  set  bolts  to  place  with 
sulphur  or  Portland  cement 

106.  While  the  roller  ends  of  all  trusses  must  be  free  to  move  longitudi- 
nally under  changes  of  temperature,  they  shall  be  anchored  against  lifting  or 
moving  sideways. 

107.  All  bridges  shall  be  cambered  by  giving  the  panels  of  the  top  chord 
an  excess  of  length  in  the  proportion  of  |  of  an  inch  to  every  ten  feet. 

108.  The  lower  struts  in  trestle  towers  must  be  capable  of  resisting  the 
strains  due  to  changes  of  temperature  or  of  moving  the  tower  pedestals  under 
the  effects  of  expansion  or  contraction. 

For  high  or  massive  towers,  these  lower  struts  will  be  securely  anchored 
to  intermediate  masonry  piers,  or  the  tower  pedestals  will  have  suitably  placed 
friction  rollers,  as  may  be  directed  by  the  Engineer. 

109.  All  joints  in  the  tower  columns  shall  be  fully  spliced  for  all  possible 
tension  strains,  and  to  hold  the  parts  firmly  in  position. 

1 10.  Tower  footings  and  bed-plates  must  be  planed  on  all  bearing  surfaces, 
and  the  holes  for  anchor  bolts  slotted  to  allow  for  the  proper  amount  of  move- 
ment.    (§  27.) 

111.  All  workmanship  shall  be  first-class  in  every  particular. 

112.  All  eye-bars  must  be  made  of  medium  steel. 

113.  Eye-bars,  all  forgings,  and  any  pieces  which  have  been  partially 
heated  or  bent  cold  must  be  wholly  annealed.  Crimped  stifleners  need  not 
be  annealed. 


102.  Such  short  spans  will  slide  on  the  bed-plate,  and  rollers  are  unnecessary.  The  holes  for  the  foundatior 
bolls  are  oblong  at  the  expansion  ends,  thus  leaving  room  for  play. 

103.  To  protect  ihe  masonry. 

105.  Foundation  bolts  are  **  swedged  *  and  '*  fox-bolted,"  as  shown  page  445.  Melted  sulphur  run  into  the  holes 
when  the  bolts  are  in  place,  cools,  expands,  and  hardens,  and  grips  the  bolt  firmly. 

106.  For  this  it  is  necessary  to  run  the  foundation  bolts  through  the  pedestal  plate  in  ob/ong  holes,  as  well 
as  through  the  bed-plate. 

107.  We  have  treated  camber  fully,  page  462. 

loS.  If  these  struts  were  not  able  to  move  the  tower  columns,  the  diagonal  rods  would  slacken,  owing  to  the 
movement  of  the  girders  resting  on  the  top  of  the  columns.  For,  as  these  expand  or  contract,  the  columns  are  pulled 
out  of  the  vertical. 

109.  Sometimes  the  wind  may  cause  tension  in  the  windward  columns. 
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114.  No  reiiaiice  will  be  placed  upon  the  welding  of  steeL 

115.  No  sharp  or  unfilleted  angles  or  corners  will  be  allowed  in  any  piece 
of  metal. 

116.  Riveted  work  of  medium  steel  will  be  subject  to  the  following  con- 
ditions : 

All  sheared  edges  of  plates  and  angles  will  be  planed  ofif  to  a  depth  of  \ 
of  an  inch,  and  all  punched  holes  will  be  reamed  to  a  diameter  \  of  an  inch 
larger  so  as  to  remove  all  the  sheared  surface  of  the  metal;  unless  the  material 
is  such  that  any  rivet-holes  punched  as  in  ordinary  practice  (§§49,  50,  51)  will 
stand  drifting  to  a  diameter  one-third  greater  than  the  original  holes,  without 
cracking  either  in  the  periphery  of  the  holes  or  on  the  external  edges  of  the 
piece,  whether  they  be  sheared  or  rolled. 

Medium  steel  may  be  used  in  compression  in  chords,  posts,  flanges,  and 
bearing  plates  without  reaming  for  any  thicknesses  of  metal  which  will  stand 
the  above  drifting  test.  Medium  steel  may  be  used  in  tension  without  ream- 
ing up  to  a  thickness  of  -^  of  an  inch,  if  the  metal  of  this  thickness  will 
stand  the  above  drifting  test  and  the  adjacent  edges  of  the  pieces  be  rolled  or 
planed  ofl,  as  above  required. 

117.  Soft  steel  need  not  be  reamed,  if  it  satisfies  the  above  drifting 
test  (116). 

118.  All  parts  of  any  tension  or  compression  flange  or  member  must  be 
of  the  same  kind  of  steel,  but  webs  of  plate  girders  and  the  tension  members 
of  all  girders,  plate  or  lattice,  may  be  made  of  soft  steel  in  connection  with 
compression  members  of  medium  steel. 

119.  All  splices  must  be  of  the  same  kind  of  steel  as  the  parts  to  be 
joined. 

120.  Pilot  nuts  must  be  used  during  the  erection  to  protect  the  threads 
of  the  pins. 

QUALITY  OF  MATERIAL. 

Steel. 

121.  The  steel  must  be  uniform  in  character  for  each  specified  kind.  The 
finished  bars,  plates,  and  shapes  must  be  free  from  cracks  on  the  faces  or  cor- 
ners, and  have  a  clean,  smooth  finish.  No  work  shall  be  put  upon  any  steel 
at  or  near  the  blue  temperature  or  between  that  of  boiling  water  and  of  igni- 
tion of  hard-wood  sawdust.  , 

122.  All  tests  shall  be  made  on  samples  cut  from  the  finished  material 
after  rolling.  The  samples  to  be  at  least  12  inches  long,  and  to  have  a  uniform 
sectional  area  not  less  than  \  square  inch. 

123.  Material  which  is  to  be  used  .without  annealing  or  further  treatment 
is  to  be  tested  in  the  condition  in  which  it  comes  from  the  rolls.  When 
material  is  to  be  annealed  or  otherwise  treated  before  use,  the  ^specimen  rep- 
resenting such  material  is  to  be  similarly  treated  before  testing. 

The  elongation  shall  be  measured  on  an  original  length  of  8  inches.  Two 
test  pieces  shall  be  taken  from  each  melt  or  blow  of  finished  material,  one  for 
tension  and  one  for  bending.    (Art.  137.) 

124.  All  samples  or  full-sized  pieces  must  show  uniform  fine-grained  fract- 
ures of  a  blue  steel-gray  color,  entirely  free  from  fiery  lustre  or  a  blackish 
cast. 

125.  Medium  5/^^/ shall  have  an  ultimate  strength,  when  tested  in  samples  Medium  steei. 


120.  A  pilot  nut  is  a  rounded  cap  screwed  on  the  thread  of  the  pin,  so  that  when  the  pin  is  driven  into  pU 
the  thread  is  protected.     The  pilot  is  then  removed,  and  the  pin  nut  screwed  on.  The  pilot  nut  has  a  hole  in  the 
end,  so  that  by  putting  a  rod  through,  it  may  be  screwed  and  unscrewed. 
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of  the  dimensions  above  stated,  of  60,000  to  68,000  pounds  per  square  inch,  an 
elastic  limit  of  not  less  than  one-half  of  the  ultimate  strength,  and  a  minimum 
elongation  of  22  per  cent,  in  8  inches.  Steel  for  pins  may  have  a  minimum 
elongation  of  15  per  cent. 

126.  Before  or  after  heating  to  a  low  cherry  red  and  cooling  in  water  at 
82  degrees  Fah.,  this  steel  must  stand  bending  to  a  curve  whose  inner  radius 
is  one  and  a  half  times  the  thickness  of  the  sample,  without  cracking. 
SoftSted  127.  Soft  steel  shall  have  an  ultimate  strength,  on  same-sized  samples,  of 

54,000  to  62,000  pounds  per  square  inch,  an  elastic  limit  not  less  than  one- 
half  the  ultimate  strength,  and  a  minimum  elongation  of  25  per  cent,  in  8 
inches. 

128.  Before  or  after  heating  to  a  light  yellow  heat  and  quenching  in  cold 
water,  this  steel  must  stand  bending  180  degrees,  to  a  curve  whose  inner 
radius  is  equal  to  the  thickness  of  the  sample,  without  sign  of  fracture. 

129.  Rivet  steel  shall  have  an  ultimate  strength  of  50,000  to  58,000 
pounds  per  square  inch  and  an  elongation  of  26  per  cent. 

130.  The  steel  for  rivets  must,  under  the  above  bending  test  (128),  stand 
closing  solidly  together  without  sign  of  fracture. 

131.  Eye-bar  material,  i\  inches  and  less  in  thickness,  shall,  on  test  pieces 
cut  from  finished  material,  fill  the  above  requirements.  For  thicknesses 
greater  than  ij  inches,  there  will  be  allowed  a  reduction  in  the  percentage  of 
elongation  of  i  per  cent,  for  each  \  of  an  inch  increase  of  thickness,  to  a 
minimum  of  20  per  cent.      (Art.  112.) 

132.  Full  sized  eye-bars  shall  show  not  less  than  10  per  cent,  elongation 
in  the  body  of  the  bar,  and  an  ultimate  strength  not  less  than  56,000  pounds 
per  square  inch.  Should  a  bar  break  in  the  head,  but  develop  10  per  cent, 
elongation  and  the  ultimate  strength  specified,  it  shall  not  be  cause  for  rejec- 
tion, provided  not  more  than  one-third  of  the  total  number  of  bars  tested 
break  in  the  head. 

133.  A  variation  of  cross-section  or  weight  in  the  finished  members  of  2^ 
per  cent,  from  the  specified  size  may  be  cause  for  rejection. 

Steel  Castings. 

134.  Steel  castings  will  be  used  for  drawbridge  wheels,  track  segments, 
and  gearing.     (Art.  i.) 

They  must  be  true  to  form  and  dimensions,  of  a  workmanlike  finish,  and 
free  from  injurious  blowholes  and  defects. 

When  tested  in  specimens  of  uniform  sectional  area  of  at  least  J  square 
inch  for  a  distance  of  2  inches,  they  must  show  an  ultimate  strength  of  not 
less  than  67,000  pounds  per  square  inch,  an  elastic  limit  of  one-half  the  ulti- 
mate, and  an  elongation  in  2  inches  of  not  less  than  10  per  cent. 

The  metal  must  be  uniform  in  character,  free  from  hard  or  soft  spots,  and 
capable  of  being. properly  tool  finished. 

Cast  Iron. 
CMiiroo.  135-  Except  where  chilled  iron  is  required,  all  castings  must  be  of  tough, 

gray  iron,  free  from  cold  shuts  or  injurious  blowholes,  true  to  form  and  thick- 
ness, and  of  a  workmanlike  finish.  Sample  pieces,  i  inch  square,  cast  from  the 
same  heat  of  metal  in  sand  moulds,  shall  be  capable  of  sustaining,  on  a  clear 
span  of  12  inches,  a  central  load  of  2,400  pounds,  when  tested  in  the  rough 
bar.  A  blow  from  a  hammer  shall  produce  an  indentation  on  a  rectangular 
edge  of  the  casting  without  flaking  the  metal 
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TIMBER. 

136.  Thd  timber,  unless  otherwise  specified,  shall  be  strictly  first-class 
Southern  yellow  pine  or  white  oak  bridge  timber,  sawed  true,  and  out  of  wind, 
full  size,  free  from  wind  shakes,  large  or  loose  knots,  decayed  or  sap  wood, 
worm  holes,  or  other  defects,  impairing  its  strength  or  durability.  It  will  be 
subject  to  the  inspection  and  acceptance  of  the  Engineer. 

INSPECTION. 

137.  All  facilities  for  inspection  of  the  materials  and  workmanship  shall 
be  furnished  by  the  contractor.  He  shall  furnish  without  charge  such  speci- 
mens (prepared)  of  the  several  kinds  of  iron  or  steel  to  be  used,  as  may  be 
required  to  determine  their  character. 

138.  The  contractor  must  furnish  the  use  of  a  testing  machine  capable  of 
testing  the  above  specimens  at  all  mills  where  the  iron  or  steel  may  be  manu- 
factured, free  of  cost. 

139.  Full-sized  parts  of  the  structure  may  be  tested  at  the  option  of  the 
Engineer  of  the  Railroad  company,  but  if  tested  to  destruction,  such  material 
shall  be  paid  for  at  cost,  less  its  scrap  value  to  the  contractor,  if  it  proves 
satisfactory.  If  it  does  not  stand  the  specified  tests,  it  will  be  considered 
rejected  material,  and  be  solely  at  the  cost  of  the  contractor. 

PAINTING. 

140.  All  iron-work,  before  leaving  the  shop,  shall  be  thoroughly  cleansed 
from  all  loose  scale  and  rust,  and  be  given  one  good  coating  of  pure  raw 
linseed  oil,  well  worked  into  all  joints  and  open  spaces. 

141.  In  riveted  work  the  surfaces  coming  in  contact  shall  each  be  painted 
before  being  riveted  together.  Bottoms  of  bed-plates,  bearing-plates,  and  any 
parts  which  are  not  accessible  for  painting  after  erection,  shall  have  two  coats 
of  paint;  the  paint  shall  be  a  good  quality  of  iron-ore  paint,  subject  to  approval 
of  the  Engineer. 

142.  After  the  structure  is  erected,  the  iron-work  shall  be  thoroughly  and 
evenly  painted  with  two  additional  coats  of  paint,  mixed  with  pure  linseed 
oil,  of  such  color  as  may  be  directed.  All  recesses  which  will  retain  water,  or 
through  which  water  can  enter,  must  be  filled  with  thick  paint  or  some  water- 
proof cement  before  receiving  the  final  painting. 

143.  Pins,  bored  pin-holes,  and  turned  friction  rollers  shall  be  coated  with 
white  lead  and  tallow  before  being  shipped  from  the  shop. 

ERECTION. 

144.  The  contractor  shall  furnish  all  staging  and  false  work,  shall  erect 
and  adjust  all  the  metal-work,  and  put  in  place  all  floor  timbers,  guards,  etc., 
complete,  ready  for  the  rails. 

145.  The  contractor  shall  so  conduct  all  his  operations  as  not  to  impede 
the  operations  of  the  road,  interfere  with  the  work  of  other  contractors,  or 
close  any  thoroughfare  by  land  or  water. 

146.  The  contractor  shall  assume  all  risks  of  accidents  to  men  or  material 
prior  to  the  acceptance  of  the  finished  structure  by  the  Railroad  Company. 

The  contractor  must  also  remove  all  false  work,  piling,  and  other  obstruc- 
tions, or  unsightly  material  produced  by  his  operations. 

FINAL  TEST. 

147.  Before  the  final  acceptance  the  Engineer  may  make  a  thorough  test 
by  passing  over  each  structure  the  specified  loads,  or  their  equivalent,  at  a 
speed  not  exceeding  45  miles  an  hour,  and  bringing  them  to  a  stop  at  any 
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point  by  means  of  the  air  or  other  brakes,  or  by  resting  the  maximum  load   upon  the 
structure  for  12  hours. 

After  such  tests  the  structures  must  return  to  their  original  positions  without  show- 
ing any  permanent  change  in  any  of  their  parts. 


SUPPLEMENTARY. 


The  following  special  clauses  shall  apply,  in  addition  to  previous  general  clauses,  to 
the  special  work  included  in  the  attached  contract : 


Proposals  for  building  and  erecting  complete,  ready  for  the 


a  bridge  over. 


near. 


.,onthe Division 

Railroad,  in  accordance  with  the 


attached  specifications  and  accompanying  profile,  will  be  received  up  to. 
The  live  load  to  be  adopted  for  this  bridge  will  be  Class  E. 


paragraph  23. 

List  of  the  Different  Members  in  a  Bridge. — From  a  paper  read  by  Prof.  J.  A. 

S.  Waddell,  before  the  "  Pi  Eta  *'  Scientific  Society,  Rensselaer  Polytechnic  Inst.,  Troy, 
N.  Y.,  we  extract  the  following  complete  lists  of  the  different  members  which  go  to 
make  up  a  bridge. 


I     HIGHWAY  bridge.— combination  OF  WOOD  AND  IRON. 

WOOD. 


Top  Chords. 
Batter  Braces. 
Vertical  Posts. 
End  Tie  Beams. 
End  Diagonals. 
Floor  Beams. 
Flooring. 
Batter-Brace  Stiffeners. 


Lateral  Braces. 
Joints. 

Hand-rail  Cap. 
Hub  Plank. 
Hand-rail  Post. 
Felloe  Plank. 
Corbels. 
False  Cap9. 


Wall  Plates. 

Cover    Boards    for  Chords    and    Batter 

Braces. 
Lath  for  same. 

Cross  Diagonals  in  Deck  Bridge. 
Lower  Lateral  Struts  in  Deck  Bridc^e. 
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UST  OF  BRIDGE  MEMBERS. 


Bfaia  Diagonals. 
Connten. 
Hip  Verticals. 
Upper  Lateral  Rods. 


WROUGHT  UON. 

Main  Porthns. 

Lower  Lateral  Rods. 
Bottom-Chord  Bars. 
End  Lateral  Struts. 
Batter-Brace  Ties. 
Star  Iron  Side  Braces. 


Cross  Diagonals  in  Deck  Bridge. 
Lower  Lateral  Struts  in  Deck  Bridge* 
*Floor  Beams. 
Beam  Truss  Rods* 


BOLTS.  •> 


Chord  Bolts. 

Batter-Brace  Bolts. 

Post  Bolts. 

Bracket  Bolts. 

Hand-mil  Post  Bolts. 

Name-Plate  Bolts. 

Bed-Plate  Bolts. 

Expansion  Pedestal  Fastening  to  Bed  Plate. 

Lower  Lateral-Rod  Bolts. 

Drift  Bolts. 

Floor-Beam  Packing  Bolts. 


DXTAILS. 

Beam  Hangers. 

Beam-Hanger  Plates. 

Hip  Vertical  Plates  on  Castings. 

Lacing  on  Hip  Verticals. 

Side-Brace  Connections  to  Chord  Pins. 

Side-Brace  Connections  to  Floor  Beams. 

Lateral-Rod  Connections  to  Floor  Beams. 

Rollers  and  Roller  Frames. 

Jaws  on  End  Struts. 

Doweb  for  Upper  Lateral*. 

Fillers  for  Pins. 


SPECIAL  WROUGHT-IRON   DETAILS. 

Hip-Joint  Boxes.  Lower  Post  Sockets. 

Upper-Chord  Panel  Connections.  Pedestals. 

Bed  Plates. 

CORRUGATED  OR  GALVANIZED  IRON. 

Corer  for  Top  Chords  and  Batter  Braces. 


CAST  IRON. 


Bed  Plates. 

Hip-Joint  Boxes  or  Hoods. 

Pedestals. 

Upper  Post  Sockets. 

Upper-Chord  Panel  Connection. 

Lower  Post  Sockets. 

Lateral  Angle  Blocks. 

Name  Plates. 

Brackets. 

Washer  Plates  for  Main  Diagonals  and  Counters. 


WASHERS. 


Chord-Bolt  Washers. 
Batter-Brace  Bolt  Washers. 
Post-Bolt  Washers. 
Upper  Lateral-Rod  Washers. 
Lower  Lateral-Rod  Washers. 
Beam-Hanger  Washers. 
Name-Plate  Bolt  Washers. 
Bracket-Bolt  Washers. 
Hand-rail  Post  Bolt  Washers. 
Bed-Plate  Bolt  Washers. 
Bevel  Washers. 
Floor-Beam  Bolt  Washcia. 


PACKING  WASHERS. 


'  Chord-Bolt  Packing  Washers. 
Lateral-Rod  Packing  Washers. 
Batter-Brace  Bolt  Packing  Washers. 
Tie-Bar  Packing  Washers  in  Batter  Braces. 
Post-Bolt  Packing  Washers. 
Bracket-Bolt  Packing  Washers. 
Floor-Beam  Bolt  Packing  Washers. 


*  for  details  of  built  floor  beams,  see  list  of  members  in  Iron  Highway  Bridge. 


LIST  OF  BRIDGE  MEMBERS. 
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II.     HIGHWAY   BRIDGE. 


WROUGHT  IRON. 


Main  Portions, 


CHANNEL  BARS. 


'  Top  Chords. 
Batter  Braces. 
Posts. 

Lateral  Struts. 
Portal  Braces. 


BARS.    - 


j  Top  Chords. 
PLATE.    ( Batter  Braces. 


'  Main  Diagonals. 
Counters. 
Hip  Verticals. 
Upper  Lateral  Rods. 
Lower  Lateral  Rods. 
Cross  Diagonals  on  Batter  Braceia 
Cross  Diagonals  on  Posts. 
Lower  Chord  Bars. 


T  IRON.     Lower  Lateral  Struts. 


I  BEAMS. 


Floor  Beams. 
Intermediate  Stmts. 
Upper  Lateral  Struts. 
Lower  Lateral  Struts. 
Top  Chords. 
Batter  Braces. 


STAR  IRON,  i  Side  Biacing. 


( Hip  Verticals. 


IRON  HAND-RAILING. 
FLOOR  BEAMS. 
BEAM  TRUSS  RODS. 


DETAILS. 


STAY  PLATES. 


Top  Chords. 
Ends  of  Posts. 
Middle  of  Posts. 
Ends  of  Lateral  Struts. 
Batter  Braces. 
Portal  Braces. 


FILLING 
PLATES 


5  (  At  Panel  Points  of  Top  Chord. 


REINFORCING 
PLATES. 


Floor  Beams. 


COVER 


(  Shoe. 

PLATES.    JH^PJoi"*- 

V  Intermediate  Panel  Points  Top  Chord. 


Hip  Inside. 

Hip  Outside. 

Top    Chord,    Intermediate    Panel   Points 

Inside. 
Top    Chord,    Intermediate    Panel    Points 

Outside. 
Bottom  Chord,  Intermediate  Panel  Points 

Inside  and  Outside  for  Channel  Bottom 

Chords. 
Shoe  Inside. 
Shoe  Outside. 

Lower  Ends  of  Posts  Inside. 
Lower  Ends  of  Posts  Outside. 
Middle  of  Posts  Inside. 
Middle  of  Posts  Outside. 
Floor  Beam  at  holes  for  Beam  Hangers. 
Floor  Beam  Lateral  Connections. 


CONNECTING 
PLATES. 


Batter  Brace  to  Top  Chord. 
Post  to  Top  Chord. 
Lateral  Struts  to  Top  Chord. 
Intermediate  Struts  to  Posts. 
Portal  Braces  to  Batter  Braces* 


OTHER 


/  Shoe  Under  Lateral  Connection  to  Floor  Beams. 
«,  .—o     \  Roller  Plates.     Name  Plates. 

PLATES.      J 

\  Beam  Hanger  Plates.  Top  Plate  in  Floor  Beam. 
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UST  OF  BRIDGE  MEMBERS. 


LAaNG  OR 
LATTiaNG. 


[  Top  Chord  Upper. 
Top  Chord  Lower. 
Batter  Brace  Upper. 
Batter  Brace  Lower. 
Posts. 

LatenJ  Struts. 
Portal  Braces. 


/Posts. 
TRUSSING.  \  Lateral  Stmts. 
( Portal  Braces. 


Bottom  Chord. 

Top  Chord. 

Middle  of  Posts. 

Upper  Lateral  ConnectkNU 

Lower  Lateral  Connection. 

Cross  Diagonal  Connection* 


PINS. 


BOLTS. 


,  Bracket  Bolts. 

Name-Plate  Bolts. 

Cross  Diagonal  Bolts  in  Batter  Braces. 

Cross  Diagonal  Bolts  in  Posts. 

Bed-Plate  Bolts. 

Expansion  Pedestal  Fastening  to  Bed  Plate. 

Upper  Lateral- Rod  Connection  to  Chords. 

Lower  Lateral-Rod  Connection  to  Floor  Beanu 

Hand-rail  Post  Bolts. 

Lateral  Struts  Connection  to  Chord. 
(  T-Iron  Brace  Bolts. 


BRACKETS  FOR   PORTALS,    INCLUDING  ORNAMENTAL  WORK. 

( Posts  to  Lateral  Struts. 


T-IRON  BRACES. 


BEAM   HANGERS. 
TURN   BUCKLES. 

I  Upper  Lateral  Struts. 

JAW5  •<  Intermediate  Lateral  Struts. 

'  tx)wer  Lateral  Struts. 

f  Upper  Lateral  Strut  Connection. 
PIECES  OF  J  Lower  Lateral  Strut  Connection. 
CHANNELS.  I  Batter-Brace    Channel    Connection 

under  Plates. 


( StifiFeners  in  Built  Floor  Beams. 

FILLERS  FOR   HNS.  EXPANSION  ROLLXRS. 

ROLLER  FRAMES.  SLEEVE  NUTS. 

r  Intermediate  Struts  to  Posts. 
Upper  Lateral  Struts  to  Chord. 
Lower  Lateral  Struts  to  Pedestal. 
ANGLE  j  Lower  Lateral  Struts  to  Chord  (Channel  Lowei 
IRON.     I  Chords). 

Batter  Braces  to  Shoe  Under  Plates, 
to    Shoe  Side  and  End  Angles  for  Roller  Plates. 

Angles  in  Built  Beams. 

WASHERS  FOR  HAND-RAIL  POST  BOLTS. 


RITET  HEADS.    ' 


DETAILS  OF 
BUILT  BEAMS 


-I 


Top  Plate  to  Chord  and  Batter-Brace  Channels. 
Latticing  or  Lacing  to  Channels  in  Top  Chords,  Posts  and  Struts. 
Stay  Plates  to  Channels. 
Reinforcing  Plates  to  Channels. 
Cover  Plates  to  Channels. 
Connecting  Plates  to  Channels. 
Lateral  Connection  to  Floor  Beam. 
Trussing  to  Channels  on  Bars. 
Ornamental  Work  in  Brackets. 
T-Iron  Braces  to  Posts  and  Struts. 
Jaws  to  Lateral  Struts. 

The  Various  Angle  Irons  to  the  Parts  which  they  Connect. 
.  The  Various  Pieces  of  Channels  to  the  Parts  which  they  Connect 

Web. 

Top  Plate. 
Upper  Angles. 
Lower  Angles. 
Stiffening  Angles. 
T  Stiffeners. 
FiUing  Plates. 
Lateral-Rod  Connections. 
Reinforcing  Plates  at  Beam  Hanger  Holes* 
t  Rivet  Heads. 


f 


TIMBER.     * 


'  Joist. 
Flooring. 

Hand-rail  Cap  Pieces 
Hand-rail  Posts. 
Hub  Plank. 
Felloe  Plank. 


LIST  OF  BRIDGE  MEMBERS, 
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III.     WOODEN    HOWE   TRUSS    RAILROAD   BRIDGE. 


WCX)D. 


Lower  Chords. 

Clamps  and  Keys  in  same. 

Upper  Chords  and  Keys  for  same. 

Upper  Lateral  Braces. 

Lower  Lateral  Braces. 

Cross  Diagonal  Braces  in  Deck  Bridge. 

Batter  Braces  and  Keys  for  same. 

Main  Braces. 

Counter  Braces. 

Tie  Beams  at  Ends  of  Top  Chords. 


Spreaders  at  Ends  of  Bottom  Chord. 

End  Diagonals  at  Portals. 

Track  Stringers  and  Packing. 

Batter-Brace  StifTeners. 

Floor  Beams. 

Guard  Rails. 

Corbels. 

Wall  Plates. 

Keys— Corbels  to  Wall  Plates 

Track  Ties. 


WROUGHT   IRON. 


Truss  Rods. 

Upper  Lateral  Rods. 

Lower  Lateral  Rods. 

Batter-Brace  Ties. 

Camp  Bars. 

Rods  for  Batter-Brace  StifTeners. 

Dowels  for  Lateral  Braces. 


SPIKES 


j  Ties  to  Stringeis. 


Guard  Rails  to  Ties. 
Truss-Rod  Plates  at  Top  and  Bottom. 


Upper  Chord  Bolts. 
Batter-Brace  Bolts. 
Lower  Chord  Bolts. 
Intersectional  Bolts. 
Track  Stringer  Bolts. 
Floor  Beams  to  Chords. 
BOLTS.  \  Track -St  ringers  to  Floor  Beams. 
Guard  Rails  to  Ties. 
Corbels  to  Chords. 

Brackets  to  Tic  Beams  and  Batter  Braces. 
Name-Plate  Bolts. 
Anchor  Bolts. 
Drift  Bolts. 


CAST  IRON. 


Top-Chord  Angle  Blocks. 
Bottom-Chord  Angle  Blocks. 
End-Chord  Angle  Blocks. 
Top-Chord  Lateral  Angle  Blocks. 
Bottom-Chord  Lateral  Angle  Blocks. 

Upper  Lateral- Rod  Washers 
Lower  Lateral-Rod  Washers. 
Chord  Bolt  Washers. 
Intersectional  Bolt  Washers. 
Track -Stringer  Bolt  Washers. 
WASHERS.  \  Batter-Brace  Bolt  Washers. 
Bracket-Bolt  Washers. 
Batter-Brace  Stiffening  Rod  Washers. 
Name-Plate  Bolt  Washers, 
Corbel  or  Anchor-Bolt  Washers. 
Guard-Rail  Bolt  Washers. 


Brackets. 
Name  Plates. 
Clamp  Heads. 
Lower  Chord  Keys. 


PACKING 
WASHERS. 


"  Chord-Bolt  Packing  Washers. 

Batter-Brace  Bolt  Packing  Washers. 

Lateral-Rod  Packing  W^ashers. 

Track-Stringer  Bolt  Packing  Washers. 

Bracket-Bolt  Packing  Washers. 
L  Tie-Bar  Packing  Washers  in  Batter  Braces. 


IV.     COMBINATION   PRATT   TRUSS   RAILROAD    BRIDGE. 


Top  Chords. 

Batter  Braces. 

Lateral  Braces. 

Vertical  Posts. 

End  Tie  Beams. 

End  Diagonals  on  Batter  Braces. 


WOOD. 

Floor  Beams. 

Track  Stringers. 

Track  Stringer  Packers. 

Ties. 

Guard  Rails. 

Chord  and  Batter-Brace  Covering. 


Lath  for  Same. 

Batter-Brace  StifTeners. 

Corbels. 

False  Caps. 

Cross  Diagonals  in  Deck  Bridge. 

Lower  Lateral  Struts  in  Deck  Bridge. 
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LIST  OF  BRIDGE  MEMBERS. 


WROUGHT   IRON. 


Main  Portions, 


Main  Diagonals. 

Counters. 

Hip  Verticals. 

Upper  Lateral  Rods. 

Lower  Lateral  Rods. 

Bottom  Chord  Bars. 

Bottom  Chord  Channels  for  Stiffened  End  Panels. 

End  Lateral  Struts. 

Batter-Brace  Ties. 


Cross  Diagonals  in  Deck  Bridge. 
Lower  Lateral  Struts  in  Deck  Bridge 
*Floor  Beams. 
Track  Stringers. 
Side  Braces  in  Pony  Trusses. 
Batter-Brace  Stiffening  Rods. 
End-Post  Bracing  Ties» 
Beam  Truss  Rods. 


DETAILS. 


BOLTS.  < 


Chord  Bolts. 

Batter-Brace  Bolts. 

Post  Bolts. 

Bracket  Bolts. 

Name-Plate  Bolts. 

Bed-Plate  Bolts. 

Expansion  Pedestal  Fastening  to  Bed  Plate. 

Lower  Lateral-Ro<l  Bolts. 

Stringer  Packing  Bolts. 

Joint  Boxes  to  Top  Chord. 

Guard  Rail  to  Ties. 

Side  Brace  Bolts. 

Drift  Bolts. 

Floor-Beam  Packing  Bolts, 

Track  Stringers  to  Floor  Beams. 

Corbels  to  Foundations. 


Beam  Hangers. 

Beam- Hanger  Plates. 

Hip  Vert.  Plates  on  Castings. 

Lacing  on  Hip  Verts,  in  Pony  Trusses. 

Side-Brace  Connection  to  Chord. 

Side-Brace  Connection  to  Floor  Beams. 

Lateral-Rod  Connection  to  Floor  Beams* 

Pins. 

Rollers  and  Roller  Frames. 

Jaws  on  End  Struts. 

Dowels  for  Upper  Laterals. 

Rods  for  Trussing  Beams. 

Boat  Spikes. 

Lacing  or  Latticing,   Stay  Plates.   Reinforcing  Plates  and 

Rivets  for  Bottom  Chord  Channels. 
Fillers  for  Pins. 
Turn-buckles. 
Sleeve-nuts. 


Hip-Joint  Boxes. 

Upper  Chord  Panel  Connection. 


SPECIAL  WROUGHT-IRON   DETAILS. 

Lower  Post  Sockets. 
Pedestals. 


Bed  Plates. 

Jaws  for  Lower  Lateral  Struts. 


CORRUGATED   OR   GALVANIZED   IRON. 

Cover  for  Top  Chords  and  Batter  Braces. 


Bed  Plates. 

Hip-Joint  Boxes  or  Hoods. 

Pedestals. 


WASHERS.  - 


CAST   IRON. 

Upper  Post  Sockets. 

Upper  Chord  Panel  Connection. 

Lower  Post  Connection. 

Castings  for  Trussing  Wooden  Beams. 

Chord-Bolt  Washers. 
Batter-Brace  Bolt  Washers. 
Post-Bolt  Washers. 
Upper  Lateral-Rod  Washers. 


Lateral  Angle  Blocks. 
Name  Plates. 
Brackets. 


Lower  Lateral-Rod  Washers. 
Beam -Hanger  Washers. 
Name-Plate  Bolt  Washers, 
Bracket-Bolt  Washers. 
Track-Stringer  Bolt  Washers. 
Bed-Plate  Bolt  Washers. 
Joint-Box  Bolt  Washers. 
Guard-Rail  Bolt  Washers. 
Side-Brace  Bolt  Washers. 
Batter-Brace  Stiffening-Rod  Washers. 
Floor-Beam  Bolt  Washers. 


PACKING 
WASHERS. 


Chord-Bolt  Packing  Washers. 

Lateral-Rod  Packing  Washers. 

Batter-Brace  Bolt  Packing  Washers. 

Tie-Bar  Packing  Washers  in  Batter  Braces. 

Post-Bolt  Packing  Washers. 

Bracket-Bolt  .   Packing     Washers,    in    Battel 

Braces. 
Stringer-Bolt  Packing  Washers. 
Floor-Beam  Bolt  Packing  Washers. 


♦  For  details  of  built  floor  beams,  see  list  of  members  in  Iron  Highway  Bridge. 


LIST  OF  BRIDGE  MEMBERS. 
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CHANNEL 
BARS. 


V.     WROUGHT-IRON    RAILWAY   BRIDGE. 

MAIN  PORTIONS. 


I  BEAMS.  ^ 


Top  Chords. 

Batter  Braces. 

Posts. 

Lateral  Struts. 

Portal  Braces. 

Bottom  Chords. 

Track -St  ringer  Bracing  Struts. 


Floor  Beams. 
Intermediate  Struts. 
Upper  Lateral  Struts. 
Lower  Lateral  Struts. 
Top  Chord^. 
Batter  Braces. 
Track-Stringer  Bracing  Struts. 


PLATE.  \  "^"P  ^''°'^*- 

(  Batter  Braces. 


BARS.  H 


T  IRON. 


FLOOR  BEAMS. 


TRACK  STRINGERS. 


^  Main  Diagonals. 
Counters. 
Hip  Verticals. 
Upper  Lateral  Rods. 
Lower  Lateral  Rods. 
Portal  Bracing  Diagonals. 
Track-Stringer  Bracing  Diagonals. 
Vibration  Rods. 
Lower  Chord  Bars. 

Lower  Lateral  Struts. 

Side  Bracing. 

Hip  Verts. 

Track-Stringer  Bracing  Stmts. 

RAILS. 


PLATES. 


PLATES. 


STAY  PLATES.     -< 


REINFORCING  PLATES.     < 


FILLING 
PLATES. 


COVER  PLATES. 


DETAILS. 

Top  Chords. 

Ends  of  Posts. 

Middle  of  Posts. 

Ends  of  Lateral  Struts. 

Batter  Braces. 

Portal  Braces. 

Stiffened  Bottom  Chords. 

Hip  Inside. 

Hip  Outside. 

Top  Chord  Intermediate  Panel  Points  Inside. 

Top  Chord  Intermediate  Panel  Points  Outside. 

Bottom  Chord  Intermediate  Panel  Points  Inside 
and  Outside  for  Channel  Bottom  Chords. 

Shoe  Inside. 

Shoe  Outside. 

Lower  Ends  of  Posts  Inside. 

Lower  Ends  of  Posts  Outside. 

Middle  of  Posts  Inside. 

Middle  of  Posts  Outside. 

Floor  Beam  at  Holes  for  Beam  Hangers. 
.  Floor  Beam  Lateral  Connection. 

(At  Panel  Points  of  Top  Chord. 

•<  At  Panel  Points  of  Stiffened  Bottom  Chords. 

( Floor  Beams. 

( Shoe. 

•<  Hip  Joint. 

( Intermediate  Panel  Points  Top  Chords. 

Batter  Brace  to  Top  Chord. 
Posts  to  Top  Chord. 
Lateral  Struts  to  Top  Chord. 
Intermediate  Struts  to  Top  Chord. 
Portal  Braces  to  Hatter  Braces. 
Track-Stringer  Splice  Plates  on  Web. 
Track  Stringer  Splice  Plates  on  Flanges 
Iron  Stnnger  Connection  to  Floor  Beams. 
W^ooden  Stringer  Connection  to  Floor  Beams. 
Track-Stringer  Bracing  Connection  to  Stringer^ 


CONNECTING  PLATES. 


Pedestal  Plates. 

Roller  Plates. 

Beam  Hanger  Plates. 

Lateral  Connection  to  Floor  Beam. 

Name  Plates. 

Top  Plate  in  Floor  Beam. 

Bottom  Plate  in  Floor  Beam. 

Top  Plate  in  Track  Stringer. 

Bottom  Plate  in  Track  Stringer. 

Bed  Plates  for  Track  Stringers. 
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LIST  OF  bridge;  members. 


LACING  OR 
LATTICING. 


Top  Chord  Upper. 

Top  Chord  Lower. 

Bottom  Choni  Upper. 

Bottom  Chord  Lower. 

Batter  Brace  Upper. 

Batter  Brace  Lower. 

Posts. 

Lateral  Struts. 

Portal  Baces. 

Track-Stringer  Bracing  Struts. 

TRUSSING  I  Verts  in  Pony  Trusses. 

Bottom  Chord. 

Top  Chord. 

Middle  of  Posts. 

Upper  Lateral  Connection. 

Lower  Lateral  Connection. 

Vibration  Diagonal  Connection. 

Track-Stringer  Bracing  Diagonal  Connection. 


BOLTS.  < 


PINS. 


Bracket  Bolts. 

Name-Plate  Bolts. 

Vibration  Diagonal  Bolts  in  Batter  Braces. 

Vibration  Diagonal  Bolts  in  Posts. 

Bed-Plate  Bolts. 

Expansion  Pedestal  Fastening  to  Bed  Plates. 

Upper  Lateral-Rod  Connection  to  Chords. 

Lower  lateral.  Rod  Connection  to  Floor  Beams 

Lateral  Strut  Connection  to  Chords. 

T-Iron  Brace  Bolts. 

Track-Stringer  Bracing  Connection. 

Rail  Splice  Bolts. 

Track-Stringer  Packing  Bolts. 

Guard  Rails  to  Ties  and  Track  Stringers 

Shim  Bolts. 


BRACKET  CONNECTION    FOR   POSTS  TO   FLOOR  BEAMS   IN   PONY   TRUSSES. 
BRACKETS   ATTACHING    IRON   TRACK-STRINGERS  TO   BEAMS. 
BRACKETS   FOR    PORTALS,    INCLUDING   ORNAMENTAL  WORK. 


T-IRON   BRACES. 


BEAM   HANGERS. 
EXPANSION    ROLLERS, 
ROLLER    FRAMES. 


JAWS 


Upper  Lateral  Struts. 
Intermediate  Lateral  Struts. 
Lower  Lateral  Struts. 
Track-Stringer  Bracing  Struts. 


PIECES  OF 
CHANNELS. 


Upper  Lateral  Strut  Connection. 
Lower  Lateral  Strut  Connection. 
Batter- Brace  Channel  Connection  to  Pedestal 
Plates. 


ANGLE   IRON.   -« 


WASHERS   FOR   STRINGER   BOLTS. 


RIVET  HEADS.      < 


Posts  to  Lateral  Struts. 

Stiffeners  in  Built  Floor  Beams  and  Track  Stringers. 

FILLERS   FOR   PINS. 

SPLICE   PLATES   FOR   RAILS. 

SPIKES   FOR  TIES   AND   GUARD-RAIL   FACING. 


Intermediate  Struts  to  Posts. 

Upper  lateral  Struts  to  Chords. 

Lower  lateral  Struts  to  Pedestals. 

Lower  Lateral  Struts  to  Chords  (Channei 
Lower  Chords). 

Batter  Braces  to  Pedestal  Plates. 

Side  and  End  Angles  for  Roller  Plates. 

Angles  in  Built  Beams  and  Track  Stringers. 

Wooden  Track. Stringer  Side  Fastening  to 
Beams. 

Wooden  Track-Stringer  Supporting  Angles. 

Iron  Track.  Stringer  Supporting  Angles. 

Facing  on  Guard  Rails. 
Top  Plate  to  Chord  and  Batter-Brace  Channels. 
Latticing  or  Lacing  to  Channels  in  Chords,  Posts  and  Struts. 
Intersection  of  Lattice. 
The  Various  Stay  Plates  to  Channels. 
The  Various  Reinforcing  Plates  to  Channels. 
Cover  Plates  to  Channels. 
Connecting  Plates  to  Channels,  etc. 
Lateral  Connection  to  Floor  Beams. 
Trussing  to  Channels,  Bars,  or  T  iron. 

Ornamental  Work  in  Brackets.  -         '  " 

T-iron  Braces  to  Posts  and  Struts. 
Jaws  to  Lateral  Struts. 

The  Various  Angle  Irons  to  the  parts  which  they  connect. 
The  Various  Pieces  of  Channels  to  the  parts  which  they  connect. 
Brackets  to  Floor  Beams,  Track  Stringers  and  Posts. 
Track-Stringer  Splice  Plates  to  Stringers. 
Iron  Stringers  to  Floor  Beams. 
Floor  Beams  to  Posts. 


LIST  Of   BRIDGE  MEMBERS. 
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DETAILS  OF 
BUILT  BEAMS. 


r  Web. 

Top  Plate. 

Bottom  Plate. 

Upper  Flange  Angles. 

Lower  Flange  Angles. 

Stiffening  Angles. 
-"    T  Stiffeners. 

Filling  Plates. 

Lateral-Rod  Connections. 

Reinforcing  Plates  at  Beam  Hanger  Holes. 

Rivet  Heads. 

Stringer  Supports. 
,  Stringer  Side  Connection. 


DETAILS  OF  BUILT 
TRACK  STRINGERS. 


J 


Web. 

Top  Plate. 

Bottom  Plate. 

Upper  Flange  Angles. 

Lower  Flange  Angles. 

Stiffening  Angles. 

T  Stiffeners. 

Filling  Plates. 

Connection  for  Bracing. 

Connection  to  Floor  Beams. 

Rivet  Heads. 


LUMBER. 


SHIMS  FOR   TRACK   STRINGERS. 
TRACK   STRINGERS   AND   PACKING. 


GUARD   RAILS. 
TIES. 


LIST   OF   MEMBERS   IN   A   DECK   PLATE   GIRDER    BRIDGE. 


Webs, 

Top  Plates, 

Bottom  Plates, 

Upper  Flange  Angles, 

Lower  Flange  Angles, 

Vertical  Stiffening  Angles, 

Inclined  Stiffening  Angles, 

Filling  Plates, 

Bed  Plates, 

Web  Splice  Plates, 


Anchor  Bolts  with  Nuts, 
Cross  Frames  at  ends, 
Intermediate  Cross  Frames, 
Connecting  Plates  for  same, 
Rivets, 
Tie  Bolts, 
Spikes  for  rails. 
Guard  Rail  Angles, 
Washers  for  Tie  Bolts. 


In  plates  19,  20,  and  21,  will  be  found  illustrations  of  most  of  the  members  included 
in  the  preceding  lists,  so  that  the  student  need  be  at  no  loss  to  understand  precisely  what 
the  terms  used  signify. 


CHAPTER   X. 

COMPLETE    DESIGN    FOR   AN    IRON    RAILWAY   BRIDGE. 

In  the  first  part  of  this  work  we  have  shown  how  to  find  the  stresses,  in  the  second 
part  how  to  design  the  various  members  to  resist  these  stresses.  The  student  is  now  pre- 
pared to  learn  the  art  of  designing. 

We  have  given  at  the  end  of  this  work  the  working  drawings  for  an  actual  bridge,  as 
furnished  by  the  bridge  company  that  designed  and  erected  it.  We  shall  now  give  the 
figuring  necessary  to  design  this  bridge  on  the  basis  of  Cooper's  specifications,  except  that 
we  shall  assume  for  our  live  load  the  system  of  our  diagram,  Part  I,  page  88.  As  the 
bridge  was  actually  designed  according  to  other  specifications  and  live  load,  we  shall  not 
get  precisely  similar  results.  This  is  not  our  object.  But  by  comparison  it  will  be  seen 
what  differences  in  design  we  obtain.  Then*  by  careful  study  of  the  working  drawings 
given,  the  student  should  be  able  to  make  his  own  working  drawings  to  suit  the  new  results. 

Finally,  he  can  obtain,  at  slight  expense,  blue  prints  of  working  drawings  from  some 
of  our  leading  bridge  companies,  and  can  check,  by  actual  calculation,  the  design,  accord- 
ing to  the  specifications  and  live  load  adopted.  He  can  obtain  such  drawings  in  great  variety, 
for  plate  girder  spans,  square  and  skew,  as  well  as  for  swing  spans,  highway  bridges>  etc. 
It  is  therefore  unnecessary  to  multiply  illustrations  here.  Having  brought  the  student  to 
this  point,  his  further  progress  must  be  left  largely  to  himself. 

We  shall,  therefore,  only  give  in  detail  the  calculations  for  this  single  example. 

Required  to  design  a  single  track  Through  Span  Pratt  Truss  Bridge, 

153  ft.  C.  to  C.  of  end  pins;  9  PANELS;   DEPTH,  26  FT.  C.  TO  C.  OF  PINS;   WIDTH,  16  FT. 

3  inches  c.  to  c. ;  stringers,  7  ft.  6  inches  c.  to  c,  riveted  between  floor  beams. 

Floor  beams  riveted  between  posts.     Cooper's  specifications  and  live  load 
according  to  our  diagram,  pari   i,  page  88.    track,  4oo  lbs.  per  ft. 

We  first  proceed  to  design  the  floor  system  by  itself,  and  commence  with  the 
stringers. 

Stringers. — The  end  stringers  which  rest  on  the  masonry  are  longer  than  the  inter- 
mediate stringers.  These  latter  are  17  ft.  "o.  a.,**  over  all,  and  this  length  is  also  effective. 
The  end  stringers  we  shall  take  as  21  ft.  o.  a.  and  18  ft.  effective,  from  c.  to  c.  of  bearing. 

By  Cooper's  specifications  (§  41),*  we  must  take  a  depth  of  not  less  than  ^  of  the  span, 
or  20  inches.  By  our  table,  page  476,  the  least  weight  depth  over  all  is  29  inches,  and 
about  ^j^  of  this  gives  for  the  effective  depth  23  inches,  for  least  cost.  We  shall  take  22 
inches  effective  and  24  inches  o.  a. 

From  our  table,  page  476,  the  weight  for  live  load  is  1,034  lbs.     For  our  assumed  live 

load  we  add  18  per  cent.,  and  have  1,928  lbs.     This  gives  for  weight  per  ft.  -^ —  =  115  lbs. 

nearly,  for  each  stringer.     The  track  is  400  lbs.,  or  200  lbs.  per  ft.  for  one  stringer,  and  the 
dead  load  per  ft.  is,  therefore,  315  lbs. 


*  We  shall  hereafter  always  refer  to  Cooper's  specifications  by  giving  the  clause  number  in  this  manner. 
5S4 
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Our  live  load  concentrates  128,000  lbs.  in  17  ft.,  which  is  32,000  lbs,  at  end  of  each 
stringer.     The  end  shear  therefore  is  32000  -f-  2677  =  34677  lbs. 

The  maximum  moment  due  to  the  dead  load  is  -      =  "^  •  -  -  =  11380  ft.  lbs.     The 

o  o 

maximum  moment  due  to  the  live  load  is  when  the  centre  of  gravity,  of  the  loading;  is  as 
far  on  one  side  of  centre  as  a  driver  is  on  the  other  side,  and  as  much  load  as  possible  is  on 
(page  245).  We  find  for  this  position,  second  driver  at  i^^  ft.  on  left  of  centre,  and  maxi- 
mum moment  225,300  ft.  lbs.  Half  of  this  for  one  stringer  gives  112,650  ft.  lbs.  The 
maximum  moment  then  is  1 12650 -f-  11380  =  124030  ft.  lbs. 

I 2AO^O 

This  ^ives  for  the  chord  stress  —  =  67650  lbs.     (§42.)     For  the  lower  flange  this 

12 
calls  for    ^        =  9.66  square  inches  net,  taking  for  o*  the  values  of  page  369, 

The  web  must  not  be  less  than  ^^-LL  =  8.67  square  inches. 

4000 

We  shall  take  our  web  plate,  24"  X  f  =  9  square  inches.  This  weighs  30  lbs.  per  foot. 
(Note. — Area  in  square  inches  multiplied  by  10  and  divided  by  I  gives  weight  per  foot  for 
iron.     For  steel  add  2  per  cent,)     For  17  feet  long,  we  have  weight  of  web  plate  5 10  lbs. 

We  take,  for  the  lower  flange,  two  angles  each  6"  X  4",  18  lbs.  per  foot.  This  gives  a 
thickness  of  about  ■^"  {Carnegie),  The  area  of  each  angle  is  then  5.4,  or  for  bc^th,  10.8 
square  inches ^r^jj.  For  \'  rivets  we  have  rivet-hole  i".  (§  56.)  Deduct  two  rivet-holes 
2  X  I  X  T^  =  1. 1 3  square  inches,  and  we  have  9.67  square  inches  net.     (§  56.) 

We  take  the  same  top  angles  as  bottom.  The  weight  of  top  angles  is  2X  l8X  i7~6io 
lbs.,  and  bottom  the  same. 

We  must  have  fillers  at  the  ends,  two  at  each  end,  or  four  in  all,  which  fit  in  between 
the  flange  angles,  so  that  the  connecting  angles  which  fasten  the  stringer  to  the  floor  beams 
can  be  riveted  on.  They  must  have  same  thickness  as  the  flange  angles,  or  about  \" . 
Taking  them  6',  their  area  is  about  3  square  inches,  or  10  lbs.  per  foot.  The  weight  of 
four  is  40  lbs. 

We  have  four  connecting  angles,  two  at  each  end,  each  2  feet  long.  Taking  them 
6"X4"»  12.5  lbs.,  they  weigh  25  lbs.  apiece,  or  lOO  lbs. 

The  allowable  shear  (§43),  since  // =  64,  is  5,074  lbs.  per  square  inch.  As  the  web 
at  ends  is  safe  for  4,ck3o  lbs.  unit  strain,  no  intermediate  stiffcners  are  required. 

If  we  pitch  the  rivets  at  3"  throughout  the  top  flange,  and  6"  for  centre  8J  feet  of 
bottom  flange,  and  3"  at  ends,  we  have  140  rivets.  Weight  from  Carnegie,  43.1  lbs.  per 
100.     Hence,  rivets  weigh  60  lbs. 


N. 
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the  intermediate,  viz.,  24"  over  all,  and  22"  effective.  We  take  the  weight  a  little  larger 
than  for  the  intermediate,  say  120  lbs.  per  foot.  The  track  makes  the  total  dead-load 
320  lbs.  per  foot. 

Our  live-load  gives  end  shear  33,780  lbs.,  and  dead-load  2,880  lbs.,  total  end  shear 
=  36,660  lbs. 

The  maximum  moment   for  live-load  is  249,555  ft.  lbs.,  for  dead-load  12,960  ft  lbs., 

total  137,760  ft.  lbs. 

137760 
The  chord  stress  is  then =  75140  lbs.,  and  hence  for  the  lower  flanges,  at  7,000 

12 

lbs.  per  square  inch,  we  have   10.73  square  inches,  net,  taking  for  <r  the  value  of  page  369. 

^6660 

The  area  of  web  plate  should  not  be  less  than =  Q.16  square  inches.     This  is  so  close 

4000        ^        ^ 

to  9  square  inches  that  we  take  web  plate  as  before,  viz.,  24"  x  f "  =  9  square  inches,  30 

lbs.  per  foot,  or  630  lbs.  in  all. 

For  the  lower  flange  we  take  two  angles  6"  X  4",  20  lbs.  per  foot.  This  gives  a  thick- 
ness of  about  4"  {Carnegie).  The  area  is  then  12  square  inches  gross.  Deduct  for  rivets 
2  X  I  X  t  =  1.25  square  inch,  and  we  have  10.75  square  inches,  net.     (§  56.) 

Taking  same  top  angles  as  bottom,  we  have  weight  of  top  angles  2  X  20  X  21  =  840 
lbs.,  and  bottom  the  same. 

At  the  cross-girder  end  we  have  two  end  fillers  i  foot  long,  6"  x  J"  =  3.75  square 
inches,  or  12.5  lbs.  per  foot,  weight  25  lbs.  We  have  also  two  end  connecting  angles  2 
feet  long,  6"  x  4",  12.5  lbs.  per  foot,  weight  50  lbs.  At  the  masonry  end  we  take  four  end 
fillers  I  foot  long,  3"  x  |"  =  1.87  square  inches,  or  6.25  lbs.  per  foot,  weight  25  lbs.,  and 
four  end  angles  2  feet  long,  3J"  x  3",  7*3  lbs.  per  foot,  weight  60  lbs. 

No  intermediate  stiffeners  are  necessary. 

If  we  pitch  the  rivets  as  before,  we  have  180  ^"  rivets,  weight  43.1  lbs.  per  100,  or 
80  }\^s\Carnegie), 

In  addition  we  have  a  foundation  or  wall  plate,  say  24"  x  6^'  x  J",  weight  30  lbs.,  and 
two  foundation  bolts  i"  diameter  and  10"  long,  weight  10  lbs. 

We  have,  then,  for  end  stringer, 

1  web  plate  24''  x  |",  area  9  square  inches 630  lbs. 

2  top  angles  6"  x  4"  x  J",  20  lbs.,  12  square  inches  gross 840 

2  bottom  angles  6"  x  4'  x  ^",  20  lbs.,  10.75  square  inches  net  .  840 

2  end  fillers  6"  x  |". 25  •* 

2  end  angles  6"  x  4",  12.5  lbs 50  " 

4  end  fillers  3"  x  f ' 25  " 

4  end  angles  3J"  x  3  ",  ^\  lbs 60  " 

180  i"  rivets 80  " 

1  wall  plate  24"  x  6i"  x  J" 30    ** 

2  foundation  bolts  i",  10"  long 10    " 

2,590 

Weight  per  foot-^^-=  123  lbs.,  assumed  120  lbs. 

There  are  four  of  these  end  stringers,  and  their  weight  is  2590  x  4  =  10360. 
Finally  we  have,  at  the  masonry  ends,  between  end  stringers,  two  sets  of  end  cross- 
frames,  as  shown  in  Plate  27  at  end  of  this  work,  at  140  lbs.  per  set,  weight  280  lbs. 

Cross-girders. — ^The  width  of  bridge  c.  to  c.  is  16'  3".    Allowing  for  posts,  we  take 
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for  the  floor  beams  or  cross-girders  a  length  of  15'  6"  o.  a.  and  effective.     From  our  Table 
page  478,  we  see  that  the  depth  is  about  34".     But  the  stringers  have  been  taken  at  24". 
In  order  that  they  may  be  riveted  to  the  floor-beam  webs  without  interference  of  the 
angles,  we  take  the  depth  of  floor  beams  at  36"  o.  a.,  or  34"  effective.     From  Table,  page 
478,  the  weight  is  1,725  for  live  load.     For  our  assumed  live  load  add  18  per  cent.,  and  wc 

203  5 
have  for  weight  of  a  cross-girder  2,035  lbs.     This  gives  for  weight  per  ft.  —  —  =  130  lbs., 

'  5*5 
nearly. 

The  half  weight  of  an  intermediate  stringer  is  965  lbs.,  of  an  end  stringer,  1,295. 
Hence,  load  concentrated  on  floor  beam  at  points  where  stringers  are  attached,  taking  in 
the  track,  is  965  +  1295  ^-  200  x  17  =  5660  lbs.  The  concentration  at  each  of  these  points 
due  to  the  assumed  live  load  is  46,680  lbs.  Total,  52,340  lbs.  The  half  weight  is  1,018  lbs., 
and  hence  end  shear  is  52340  -f-  1018  =  53360  lbs.,  nearly. 

The  stringers  are  attached  4  ft.  from  ends,  hence  the  moment  due  to  external  loading 

is  52340  X  4  =  209360  ft.  lbs.,  and  due  to  own  weight  of  girder,  — — ^  =  3900  ft.  lbs., 

nearly.     Total  bending  moment  =  209360  +  3900  =  213260  ft.  lbs. 

2 1 ^260 
The  chord  stress  is  then      -     -    =  75270  lbs.,  and  hence,  for  the  area  of  lower  flanges 

34 

12 
at  8,000  lbs.  (§  30),  we  have  9.4  sq.  in.  net,  taking  for  c  the  values  of  page  369.     The  area  of 

C  "2  760 

web  plate  should  not  be  less  than  —  - —  =  13.34  sq.  in.     We  take  web  plate  36"  X  f",  area 
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13.5  sq.  ins.,  weight  45  lbs.  per  ft.,  or  15.5  X  45  =  700  lbs.,  nearly. 

For  the  lower  flange  we  take  two  angles,  6"  X  4",  17I  lbs.  per  ft.  This  gives  a  thick, 
ness  of  about  -^^"  {^Carnegie),  The  area  is  10.6  sq.  ins.  gross.  Deduct  for  rivets,  2  X  i  X  1*5 
=  1. 1 3,  and  we  have  9.47  sq.  ins.  net.     (§  56.) 

We  take  the  same  top  angles  as  bottom,  10.6  sq.  ins.  gross,  or  35^  lbs.  per  ft. 
Weight  of  top  angles,  35^  x  15.5  =  550  lbs.,  nearly,  and  bottom  flanges  the  same. 

At  each  end  we  have  two  end  fillers,  6"  x  -^^\  area,  3.375  sq.  ins.,  and  weight,  11.25 
lbs.  per  ft.     Each  of  these  is  2  feet  long,  and  weighs  22.5  lbs.     Weight  of  the  four,  90  lbs. 

We  also  have  four  connecting  angles,  6"  x  4",  45  lbs.  per  ft.,  or  weight  =15x3x4 
=  180  lbs. 

If  we  pitch  the  rivets  6"  for  7  feet  in  centre,  and  3"  at  ends,  and  allow  for  rivets  in 
stringer  connecting  angles,*  we  have  130  rivets.  Weight  at  43.1  lbs.  per  \qo  {Carnegie), 
about  60  lbs. 

We  have,  then,  for  one  cross-girder, 

1  web  plate,  36"  x  |",  area  13.5  sq.  ins 700  lbs. 

2  top  angles,  6"  x  4"  x  ^^\  area  10.6  sq.  ins.,  gross 550  " 

2  bottom  angles,  6"  x  4"  x  f^\  area  9.47  sq.  ins.,  net 550  " 

4  end  fillers,  6"  x  ^" 90  " 

4  end  angles,  6"  x  4",  15  lbs 180  " 

130  J"  rivets 60  " 

2,130  lbs. 

*  Value  of  \'  rivet  in  double  shear,  2,256  lbs.  (Table  I.,  page  436).     Hence,      -^-  =  24  rivets,  stringer  to  floor 

53360 
beam,  -zr-r  =  24  rivets,  floor  beam  to  post. 


i< 

tt 

<4 
(< 


538  COMPLETE  DESIGN  FOR  AN  IRON  RAILWAY  BRIDGE. 

2 1  ^O 

This  gives  for  weight  per  ft.,  — -   =  138  lbs.,  assumed  130  lbs.     There  are  eight  of 

*  5  •  5 

these  floor  beams,  and  their  weight  is  2130  x  8  =  17040  lbs. 

In  Fig.  206,  Plate  8,  page  397,  we  have  illustrated  the  connection  of  floor  beam  to 
post,  and  stringers  to  floor  beam. 

It  will  be  seen  that  there  are  plates,  or  "  diaphragms,**  between  the  post  channels,  just 
as  though  the  web  of  the  floor  beam  ran  straight  through  the  inside  channel.  These 
plates  are  fastened  by  angles  on  inside  of  post  channels.  We  consider  these  diaphragms 
as  continuation  of  the  floor-beam  web,  and  hence  consider  them  with  their  angles  as  part 
of  the  floor  system. 

We  take  the  diaphragms,  each  8"  x  |"  x  36",  weight  30  lbs.  Also  four  angles,  5"  x  3" 
X  36",  8J  lbs.  per  ft.,  or  100  lbs.  And  including  rivets  for  floor  beam  to  post,  80  J"  rivets, 
weight  40  lbs. 

Hence  diaphragm,  angles,  and  rivets  weigh  170  lbs.  There  are  sixteen  of  these,  or 
170  X  16  =  2720  lbs. 

We  can  now  recapitulate  the  results  for  the  floor. 

FLOOR. 

14  Intermediate  stringers  @  1930  lbs 27020  lbs. 

4  End  stringers  @  2590  lbs 10360 

2  Sets  of  end  cross  frames  @  140  lbs 280 

8  Floor  beams  (a  2130  lbs 17040 

16  Diaphragms  @  170  lbs 2720 

Total  for  floor 57420  lbs. 

Weight  per  ft.  of  floor.  ^^^  =  376  lbs. 

These  results  are  entirely  independent  of  length  of  span,  and  can  be  obtained  for  given 
width  and  panel  length  and  live  load,  without  reference  to  any  special  span.  In  the 
office,  such  designs  are  numerous,  and  in  any  special  case  a  floor  system  can  generally  be 
found  to  suit,  already  estimated,  so  that  this  portion  of  the  design  need  take  but  little 
time,  especially  if  a  close  estimate  of  weight  for  a  bid  is  all  that  is  needed. 

We  now  proceed  to  design  the  main  trusses.  We  have  the  track  400  lbs.  per  ft.,  and 
the  floor,  as  just  found,  about  380  lbs.  per  ft. 

W^e  must  estimate  the  weight  of  trusses  and  laterals.  This  we  can  do  as  illustrated  in 
the  example,  page  501,  according  to  any  of  the  methods  there  given.  For  the  case  in 
hand,  we  have  there  found  the  total  weight  of  iron  1,400  lbs.  per  ft.  We  have  just  found 
the  floor  about  380  lbs.  per  ft.,  and  if  we  subtract  this  from  1,400,  we  have  1,020  lbs.  for 
trusses  and  laterals. 

We  have,  then, 

{Track,  400  lbs.  per  ft. 

Floor,  380   •* 

Trusses,  etc.,  1020  "        " 

1800 

About  half  of  the  weight  of  trusses,  etc.,  is  taken  as  acting  on  the  unloaded  chord, 
or,  in  this  case,  the  upper.  The  rest  on  the  loaded,  or  lower,  chord.  We  have  thus  500 
lbs.  per  ft.  for  upper  chords,  and  1,300  lbs.  per  ft.  for  lower  chords.  We  must  take  one- 
half  of  these  for  one  truss,  or  4,250  lbs.  upper  apex  dead  load,  and  1 1,050  lower  apex  dead 
load,  per  truss. 
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We  can  now  find  the  stresses  for  dead  load  and  for  live  load,  by  use  of  our  diagram,  as 
illustrated  on  page  88. 

We  give  these  stresses  here,  and  the  student  should  check  them.  A  comparison  with 
those  given  on  Plate  22,  at  the  end  of  this  work,  will  show  the  differences  caused  by  our 
live  load  and  specifications,  from  that  of  the  Bridge  Company.  The  results  of  Plate  22 
represent  the  practice  of  several  years  ago.  We  have  changed  the  notation  of  Plate  22  to 
one  which  seems  more  convenient. 

We  allow,  for  estimating,  3  ft.  additional  length  for  chord  bars  and  ties,  in  order  to 
make  the  eye-bar  heads.  This  makes  length  of  chord  bars,  for  estimate,  20  ft.,  and  of  ties, 
34  ft.     The  length  of  posts  over  all  is  taken  at  27  ft.,  of  inclined  end-posts,  at  32.5  ft. 

For  the  hip  vertical  7J,  we  add  1.5  feet  for  length  over  all.  The  end  upper  panel.  A, 
we  take  17.5  feet  long,  the  rest  17  feet. 


Stresses. 


jK  Live,    135250 
^  (  Dead,    54840 

J.  \  Live,    100620 
^  I  Dead,    36560 

js  i  Live,     70500 
'  I  Dead,    18280 

^^  i  Live,     45380 
*  (  Dead,        o 

^  J  Live,       8340 
^  (  Dead,        o 

J  I  Live,     95760 
(  Dead,    40C00 

2     Same  as  i . . . . 

I  Live,  163680 
I  Dead,  70040 

(  Live,  207940 
(  Dead,  90040 

(  Live,  233580 
I  Dead,  100040 


Unit 

Stresses 

(§  30;. 
8000 

16000 

8000 
16000 

8000 
16000 

8000 
16000 

8000 
16000 

8000 
16000 


Area  u  " 


Total  area 


required. 

16.91  I   ^^  ,^ 
^     \  20.33 

3-42  1 
12.58 


Sizes. 


4  Bars  5"  x  \" 


Area  d 


20 


Total 
length. 

136  ft. 


Weight. 
9070  lbs. 


2.28 

8.81  ) 

1. 14  ) 
5.67 

o 

1.04  ( 

o     \ 


14.86 


9-95 


5.07 


1.04 


2  Bars  5"  X  iV'         15  136  ft.     6800 


2  Bars  5  '  X  I  '  10         136  ft.     4530 

2  Bars  I  J"  square      6.12     144  ft.     2940 


I  Bar   iV'  square       1.27     144  ft.       610 


« 


<( 


(( 


(t 


"•^7  [14.47 
2.50) 


2  Bars  6"  x  i^\"       14.26       80  ft. 


J.  j  Live,     46 
^  I  Dead,    1 1 


46680 
050 


8000 
16000 

8000 
16000 

8000 
16000 

7500 
15000 


20.46 


24.84 


31.63 


4.38 
26.0 

5.63 

29.20)  _.  .. 
6.25  f  ^5-^5 


2  Bars  6"  x  2-^'      24.75       80  ft. 


3800   ** 

3800   " 
6600   " 


4  Bars  6"  x  \{\"      31.52       80  ft.     8400   ** 


6.22 
0.74 


[    6.96 


net  " 


4  Bars  6"  X  iV'        36  40  ft.     4800   " 

Two  12"  channels,  20  lbs. 

per     ft.,     12     sq.     inches 

gross.     Deduct  for  rivets  no  ft.     4400   " 

4  X   i"  X  -jSq"  =  1.25  and 

2  X  i"x  I"  =  0.75. .  10 net. 


In  designing  the  built   sections  for  posts  and  upper  chords,  we  shall  make  use  of 
**Osborn*s  Tables'*  {Tables  of  Moments  of  Inertia^  etc.,  by  Frank  C.  Osborn,  Engineering 
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News  Publishing  Co.,  New  York,  1889).  These  can  be  readily  obtained  by  the  student,  and 
are,  together  with  Carnegiey  necessary  in  checking  our  results.  Bridge  companies  have,  of 
course,  their  own  tables  of  built  sections.  We  take  built  sections  because  they  can  be  made, 
at  present  prices,  cheaper  than  rolled. 

Thus,  for  /j  we  have  live  load  stress,  174,970  lbs. ;  dead  load,  73,120  lbs.,  /  =  372  inches. 
Taking  r  =  6.2,*  we  have  (page  402)  for  the  unit  stresses  allowable  for  live  load,  4,600 
lbs. ;  for  dead,  9,200  lbs.  Hence  area  =  30  +  6.3  =  36.3.  From  Osborn's  Tables^ 
page  61,  we  see  that  No.  106  very  nearly  fills  the  requirements.  If  we  make  the  top  plate 
20"  X  J",  the  area  will  be  46.04  sq.  ins.  As  the  eccentricity  is  1.25,  this  will  add  to  the 
moment   of  inertia  i  x  (8  —  1.25)^  =  45.56  inch  lbs.     We  have,  then,  /=  1770.56,  and 

r*  =      \        =  38.46,  or  r  =  6.2,  which  agrees  with  what  we  assumed. 
4^^*04 

In  this  way  we  get  the  following  results: 


Stresses. 


Unit 
stresses    Area  required. 

(I  33). 


p^  jLive,   174970 
\  Dead,    73120 


/=  372"        4600    38.03 
r=      6.2      9200 


'•^^45. 
7.94  f"" 


97  \ 


1  Cover  Plate  20"  x  i", 

2  Webs  16"  X  li". 

2  Angles  3"  X  3",    9.6  lbs. 
2      '*       3"  X4",  13.8  lbs. 


lo.o    sq.  ins. 
22 

5.76 
8.28 


130  ft.     19950  Ib^ 


^  jLive,  163680 
I  Dead,    70040 


/=  204 

r=      6.5     141: 


7060    a3.i8l,8 

4120       405) 


46.04 

fi  Cover  Plate  20"  x  |", 

7.5 

2  Webs  16"  X  A". 

lO.O 

2  Angles  3"  X  3",    6.8  lbs. 

4.0 

2      *•       3"  X  4",  ii.6  1bs. 

6.9 

70  ft.       6615  lbs. 


o  j  Live,   207940 
( Dead.   90040 


/=204  7060    29.45 

r=      6.5     14120      6 


.35  s  ^^ 


8 


28.4 

1  Cover  Plate  20"  x  i",  area  lo.o 

2  Webs  16"  X  1^,  14.0 
2  Angles  3"  X  3",    6.4  lbs.       3.84 
2       ''      3'  X  4".  13.6  lbs.       8.16 


68  ft.       8160  lbs. 


^  (Live,  233580 
C  Dead,  100040 


/=204         7013    33 
r=     6.2     14026 


^.,3}  40.43- 


36 

'  I  Cover  Plate  20"  x  |",  area  lo.o 
2  Webs  16"  X  I,  .    20.0 

2  Angles  3"  X  3",    6.3  lbs.       3.78 
2       "      3"  X  4 ',  12     lbs.       7.2 


68  ft.       9290  lbs. 


40.98 


D      Same  as  for  C 34  ft. 

„    (Live,   84200       /=3I2  4056      20.76)  ^     ^  „    ,  ,         o  It 

P%\t^     \        o  o  f  25.06    Two  12"  channels,  4ii  lbs.,  25  sq.  ins. 

t Dead,  34850      r—     4.24      8112        4.30)     ^  .  t  3        .    ^ -^ 


20. 
4.30 
59000       /=3I2  4144 


108  ft. 


^«  ]  ^\   ^^°^  ^      ^"  f'fl  ^"^'^i  16.60  Two  12"  channels,  27J  lbs.,  16.6  sq.  ins.     108  ft. 

(Dead,  19550  r=      4.4  8288  2.36)                                             »    /j        .          -«i 

_   j  Live,   37980  /  =  312  4200  9.04 )  .^          »,    ,          ,          ,, 

P^\^     *                                   ,  o  {    9-54  Two  12"  channels.  20  lbs.,  12  sq.  ins. 

(Dead,    4250  r=     4.46  8400  0.5    )    ^ ''^                                               »       ^-i 


no  ft 


4645  lb4 
9010  lbs. 

5980  Ibi 

4400  lbs 


These  are  the  lightest  12"  channels  we  can  take. 


Total  weight  of  trusses 123800  lbs. 

We  take  for  the  pins . 

8  End  Pins,  57^",  14  ft 940  lbs. 

28  Intermediate,  41%,  44  feet 2400  ** 

Nuts  for  same 400  '* 

3740  lbs. 


Total  weight  of  trusses  and  pins 127540  lbs. 

4 
*  An  approximate  rule  for  assuming  r,  is  to  take  r,  —  of  the  depth  of  web  desired.     In  this  case,  for  16"  web^ 

we  have  r  =  6.4.     With  this  to  guide  us  we  use  the  Table. 
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Laterals  and  Details. — In  the  example,  page  448,  we  have  already  calculated 
the  stresses  in  the  lower  lateral  ties  for  this  case  of  153  feet  span.  Taking  the  unit  stress, 
8,coo  lbs.  (§  30),  we  have  the  following  sizes,  referring  for  notation  to  the  figure,  page 
448.  The  areas  and  weights  of  rods  for  different  diameters  are.  given  in  Carnegie^ 
The  length  of  a  panel  diagonal  is  about  23  feet.  But  we  shall  attach  the  lateral  rods  at 
bottom  by  clevises,  so  that  the  length  of  each  rod  is  only  about  20  feet.  As  wc  have  two 
rods  in  each  panel,  one  for  wind  on  one  side  and  one  for  wind  on  the  other  side,  wc  shall 
want  40  feet  of  rod  in  each  panel,  on  each  side  of  centre ^  and  40  feet  in  centre  panel. 

We  have  then : 

Strain. 

End  panel  (i),  44,280  lbs.,  2.95  sq.  ins.,  i  rod  2"    diam.,  80'  long,  840  lbs. 

(2),  34,028    "     2.27   "     **      I    "    ij"      "       80'    **      640  " 

(3),  24,600    "      1.64   "     '*      I    **     if      "       80'    "      470  " 

(4),  16,000    ''     1.07   "     ''      I    "     li^"      "       80'    "       320  " 

Centre  panel  (5),    8,200    **     0.55    "     ''      i    "    iV'       "       40' long,  130  " 

*  36  clevises  for  these  rods 500  " 

Pin  plates 700  " 

Bolts 200  " 

3,800  lbs. 

The  clevises  are  attached  by  a  bolt  passing  through  a  pin  plate  riveted  to  the  bottom 
flange  of  the  cross  girder.  There  are,  therefore,  no  bottom  lateral  struts  except  at  the 
ends  between  end-posts. 

We  make  these  struts  of  two  angles  each,  6"  x  4",  13^  lbs.  per  foot,  or  434  lbs.  the 
pair,  adding  angle  rests  and  rivets,  450  lbs.  each  strut,  or,  for  both  struts,  900  lbs. 

For  the  top  laterals  we  take  all  rods,  i^^"  diameter,  3.313  lbs.  per  foot,  and  350  feet  of 
rod  gives  1,160  lbs.  There  are  twenty-eight  angle  brackets  for  these  rods,  at  20  lbs.  each, 
Jiaking  560  lbs.,  or,  total,  1,720  lbs. 

For  the  top  intermediate  struts  we  take  two  angles,  3"  x  2j",  4J  lbs.  per  foot,  and  a 
plate  4"  X  I",  as  represented  in  Plate  11,  Fig.  221,  page  400.  Weight  of  plate  5  lbs.  per 
foot.  The  struts  are  16  feet  c.  to  c.  of  flange  angles ;  weight  of  angles  and  plate,  218  lbs. 
Taking  64  rivets  at  43  lbs.  per  100,  we  have  27  lbs.  for  rivets.  Total  weight  of  strut  about 
250  lbs.     There  are  six  of  these  struts,  and  weight  =  250  x  6  =  1,500  lbs. 

For  the  portal  struts,  we  take  four  angles  3J"  x  3",  7§  lbs.  per  foot,  latticed ;  weight, 
including  lattice  bars  and  rivets,  600  lbs.     Two  of  these  make  1,200  lbs. 

We  have  twelve  knee  braces,  each  2  angles,  3"  x  2^\  4|  lbs.  per  foot,  each  weighing 
75  lbs.,  or  900  lbs.  for  all. 

Also,  four  portal  knee  braces,  consisting  of  2  angles,  3 J"  x  3",  7J  lbs.  per  foot,  at  150 
lbs.  apiece,  or  600  lbs.  for  all. 
Total  for  laterals  : 

Lowpr  lateral  ties 3,8co  lbs. 

2  lower  end  struts  at  450 900 

Top  lateral  ties  with  brackets i»720 

6  top  intermediate  struts  (a  250 itSOO 

2  portal  struts  ^  600 l,2O0 

12  intermediate  knee  braces  ^75 900 

4  portal  knee  braces  @  1 50 600 


«« 


«« 


*« 


«« 


«• 


«< 


Total  weight  of  laterals 10,620 

*  For  wdght  of  cktises  icc  pafe  425- 


u 


542 


COMPLETE  DESIGN  FOR  AN  IRON  RAILWAY  BRIDGE. 

Details. — Of  top  chord. 

2400  J''  Rivets 1,070  lbs. 

12  Intermediate  web  splices,  9"  x  |"  x  12" 130   " 

6         .    **              cover  splices, 20"  X    ^"  x2i"..  270   " 

14  Bottom  splice  and  battens,  24"  x  -^'  x  24". .  700   " 

*  3"  X  f "  Lattice 480   " 

Pin  plates  at  hip 150   " 

2  Hood  plates,  20"  x  y\"  x  21" 100   " 


2,870  X  2 5,740  lbs. 

Details. — Of  inclined  end-posts, 

560  f  Rivets 250  lbs. 

2  Battens,  24"  x  -jB^"  x  24" 100   " 

3  "  X  I"  Lattice 160   " 

Pin  plates 300   ** 


810  X  4 3,240  lbs. 

Details. — Of  intermediate  vertical  posts  and  suspenders. 

120  3"  Rivets 60  lbs. 

4  Battens,  14"  x  ^<r"  x  1 5" 70   " 

2i"  X  I"  Lattice 300   ** 

Jaw  plates 200   " 


630  X  16. .  10,080  lbs. 


Total  for  laterals  and  details 29,680  lbs. 

Subtract  from  this  900  for  lower  end  struts,  and  we  have  28,780  lbs.     We  have  then 
already  found. 

Floor 57>420  lbs. 

Laterals  and  details 28,780  ** 

Trusses  and  pins 127,540   ** 


213,740  lbs.,  or, — ^^^  =  1397  lbs.  per  foot. 

We  assumed  for  our  calculation  1,400  lbs.  per  foot. 

Masonry  Members. — For  the  pedestals,  we  have,  from  Table  L,  page  427,  for  the  lineal 
bearing  on  pin  5^^",  0.031  inches  per  ton.    The  end  shear  is  146,420  live,  61,200  dead,  total, 

207,620  lbs.,  and  hence  lineal  bearing  is  ^^ —   x  .03  =  3.1  inches.  At  250 lbs.  per  square 

inch,  we  require  -  =  830  square  inches  of  wall  plate. 

We  take,  for  the  pedestal, 

2  12"  X  i"  Webs,  32"  long 150  lbs. 

2    6"  X  6"  angles,  29  lbs.,  32"  long 150   " 

2    6"  X  f  fillers,  28"  long 60" 

For  fixed  pedestal,  i  base  plate,  Jo"  x  ^"  x  32".  240   " 
For  roller  pedestal,  i  base  plate,  30"  x  |"  x  32".  200 

600         560 


For  weight  of  lattice  see  page  406. 
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We  have  then, 


« 


2  Fixed  pedestals  @  600 i,2CX)  lbs. 

2  Roller        "         "560 1,120" 

2  Sets  of  rollers     **  520 1.040  " 

2  Roller  wall  plates,  30"  x  J"  x  32" 520   " 

8  Foundation  bolts,  if',  18" 70   " 

3,950  lbs. 

Our  total  weight  is  then  as  follows : 

Masonry  members 3>950  lbs. 

Laterals  and  details  and  end  struts 29,680 

Floor 57420 

Trusses  and  pins 127,540 

Total  net  weight  of  span 218,590 

^  Add  li 6,560 

Gross  weight  of  span 225,1 50  lbs. 

The  excess  of  this  weight  over  that  given  for  same  span  at  end  of  this  work  is  due  to 
the  very  heavy  live  load,  and  to  the  proportions,  as  well  as  to  the  specifications  adopted. 

A*s  we  have  seen,  page  501,  by  taking  5  or  6  panels  instead  of  9,  and  a  depth  of  about 
32  feet  instead  of  26  feet,  we  could  reduce  the  weight  to  1,300  lbs.  instead  of  1,400  lbs.  per 
foot.     This  shows  the  use  of  our  formula  for  weight,  page  453. 

The  allowance  of  3  per  cent,  is  to 'cover  waste,  corners  of  plates  clipped  off,  holes 
punched  out,  etc. 

Estimate  of  Cost. — We  can  now  estimate  the  cost  of  the  bridge,  somewhat  after 
the  following  manner: 

Iron,  say 2. i^  per  lb. 

.    Labor i.i^   *  " 

Freight — for  a  haul  of  100  miles *.  o.i^      " 

Engineering 0.3^       ** 

Profit 0.4^       " 

Erection  (varies  according  to  local  circumstances). .    r.o^       " 

5  cts.  per  lb. 

For  a  plate  girder  span  labor  would  be  less,  say  0.7  cent  per  lb.  Erection  varies 
more  widely  than  any  of  the  other  items.  Local  freight  rates  can  always  be  ascertained. 
The  cost  of  the  iron,  **  f.  o.  b.,"  that  is,  **  free  on  board,*'  oV  loaded  on  cars  ready  for  ship- 
ment, would  t)e,  in  the  above  case,  3.9  cents  per  lb.,  after  deducting  freight  and  erection. 

The  total  cost  of  our  span  would  now  be  225150  x  .05  =  $11257.50,  and  on  this  basis 
a  bid  can  be  made,  offering  to  deliver  and  erect  the  bridge  for  so  much,  the  masonry,  of 
course,  to  be  supplied  by  other  parties.  Accompanying  this,  a  stress  diagram  is  furnished, 
which  consists  of  a  skeleton  outline  of  the  truss,  with  the  live  load,  dead  load,  and  all  other 
data  on  it,  and  also  all  the  sections.  In  short,  all  the  results  we  have  just  figured  out, 
similar  to  Plate  22,  at  the  end  of  this  work. 

The  Memorandum.    Cambered  Lengths,  and  Sketches  of  Details. — Before 

the  working  drawings  can  be  made,  and  the  work  put  into  the  shop,  the  actual  length  of 
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the  various  members   must   be  carefully  figured  as  detailed  in  the   Example,  page  462. 
After  these  lengths  are  found,  the  engineer  must  carefully  sketch  the  details  at  each  joint, 
and  get  the  data  so  arranged  that  the  draughtsmen  can  commence  on  the  shop  drawings. 
All  these   data  and   results  should   be   noted   by   the   engineer,   and   constitute  the 

"  MEMORAXnUM/' 

In  our  case,  taking  E  —  26000000  lbs.,  we  have,  page  461,  for  the  length  of  lower 
chord  bars,  taking  panel  5, 


r=  —  _  -  „-T=  0.000108,     and 

100040      233580 

16000         8000  « 


26000000 


length  of  laiver  chord  bars  c.  to  c,  —  204"  —  0.022  —  0.025  =  16  feet  1 1  },^  inches. 

For  the  other  panels  we  would  get  the  same  result,  but  as  no  difference  is  ever  made 
in  the  lengths  of  chords,  or  posts,  we  take,  in  applying  our  method,  the  heaviest  member 
of  each  kind,  and  find  the  cambered  length  for  it,  and  make  the  others  the  same. 

Thus,  for  the  posts,  we  have,  taking  7^^, 

34*^50  , 

e=        V-     o  o         -,=0.000053,      and 

34850      84200^  ^-^ 


26000000 


^^OSC^J 


8112 

/fugth  of  post  c,  to  f.  =  312'   4-  0.016  -f  .025  z=  36  feet  oJJ  inch. 

For  the  upper  chord  panels  we  have,  taking  Z>, 

11  =  8307,         //  =  941 1,         /  =  6.000908,         c  =  0.000096. 

We  have,  then,  for  Ay 

length  of  A  =  210"  4-  0.19  -f  0.02  =  17  feet  6.,'\j  inches. 

For  the  other  panels, 

length  —  204"  +  0.19  -f  0.02  ^  17  feet  o^V  inch. 

For  the  inclined  ties  we  have,  for  71, 

ip 
i  =  0.000908,         e  =  0.000103.         /  +  ■^-  =  204.0926,         /  =  372.82, 

length  of  ties  c.  to  c.  =  372.82 '  —  0.028  —  0.025  =  31  feet  oj  inch. 

Sketches  of  the  details  for  top  and  bottom  chord  packing  at  every  joint,  giving  the 
exact  distances,  clearances,  thickness  of  pin  plates,  width  of  jaws,  arrangement  of  top  chord 
splices,  etc.,  should  now  be  made.  Also  list  of  all  the  eye  bars,  with  data  for  ordering  the 
same.  The  pins  can  now  be  refigured  exactly,  to  see  that  they  are  not  overstrained  (page 
424).    This  completes  the  memorandum. 


CHAPTER   XL 

SHOP     DRAWINGS. 
By   morgan   WALCOTT,    C.  E. 

To  make  a  shop  drawing  well  requires  some  little  skill  and  practice.  The  constant 
aim  should  be  to  make  everything  clear  and  plain  for  the  men  in  the  shops.  All  necessary 
dimensions  should  be  plainly  marked  on  the  drawings  in  shop  units,  that  is,  in  feet,  inches, 
and  halves,  quarters,  eighths,  sixteenths,  and  thirty-seconds  of  an  inch  ;  this  latter  being 
the  smallest  measurement  used  in  bridge  engineering.  Unnecessary  dimensions  should  be 
avoided.  End  views,  or  sections,  should  be  placed  at  the  ends  which  they  represent. 
For  the  sake  of  clearness,  any  brackets  or  other  details  on  one  end  of  a  piece,  which  would 
show  in  a  true  mechanical  drawing  or  projection  of  the  other  end,  are  nevertheless  not 
shown  in  this  projection ;  but  a  special  view  of  their  end  is  made,  on  which  they  are 
shown. 

With  beginners,  the  drawings  should  first  be  made  with  pencil  on  paper,  as  there  will 
probably  be  alterations  which  can  more  readily  be  made  on  paper  than  on  tracing  linen. 
Experienced  draughtsmen,  however,  generally  make  simple  drawings  directly  on  the 
tracing  linen.  In  order  to  "  take  "  the  iqk,  the  surface  of  the  tracing  linen  must  be  per- 
fectly clean.  To  secure  this,  rub  the  surface  thoroughly  with  a  clean  towel,  and  if  this 
does  not  answer,  rub  a  very  little  powdered  chalk  on  it.  If  it  becomes  necessary  to  erase, 
and  afterwards  to  draw  over  the  spot,  the  ink  will  probably  blot,  unless  the  spot  has  been 
rubbed  with  soapstone.  When  the  work  to  be  erased  is  of  any  magnitude,  nothing  but  a 
prepared  rubber  ink  eraser  should  be  used.  Small  points  or  short  lines  can  often  be 
picked  out  with  the  sharp  point  of  a  penknife  or  ink  scratcher. 

It  is  usual  to  use  the  dull  or  unglazed  side  of  the  tracing  linen.  The  advantage  of 
using  the  smooth  or  glazed  side,  is  that  ink  lines  are  more  easily  erased  than  on  the  dull 
side.  The  advantages  of  the  dull  side  are  :  (i)  If  it  is  desired  to  make  pencil  sketches  on 
the  finished  drawings,  the  pencil  marks  will  show  better  on  this  side.  (2)  If  the  ink  lines 
are  on  the  dull  side  of  .the  cloth,  the  drawings  will  lie  flat,  while,  if  they  are  on  the  glazed, 
the  drawings  will  curl,  or  roll  up.  The  reason  of  this  is,  that  the  preparation  on  the  glazed 
side,  and  the  ink  lines,  both  tend  to  shrink  the  sides  that  they  are  on,  and  thus  make  the 
drawing  roll  up.  If  the  glazing  and  the  ink  lines  are  on  opposite  sides  of  the  cloth,  their 
tendencies  to  roll  the  cloth  up  neutralize  each  other. 

All  drawings  should  be  made  in  black  ink ;  red  ink  is  rarely  used  even  for  dimensions. 
Black  ink  is  preferred  because  it  takes  better  blue  prints  than  any  other  color.  Outlines 
are  made  heavy,  and  the  dimension  lines  fine. 

A  good  scale  for  the  shop  drawings  is  one  inch  to  the  foot ;  sometimes  a  scale  of 
three-quarters  of  an  inch  to  the  foot,  and  sometimes  a  scale  of  an  inch  and  a  half  to  the  foot, 
may  be  used  advantageously.  The  drawings  should  be  on  sheets  of  tracing  linen  usually 
about  3  feet  long  by  20  inches  wide.  Frequently  long  posts  and  other  sections  can  be 
shortened  up  by  omitting  the  central  portions,  and  indicating  the  length  by  some  such 
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devipe  as  '*  lO  Panels  (a  2'— o"  each  =  20'— o"."  If  there  are  any  brackets  or  pin-holes  in 
the  centre  portion  of  the  piece,  it  may  be  impossible  to  indicate  the  length  in  this  manner. 
Or,  it  may  be  possible  by  making  two  breaks  in  the  piece  instead  of  one.  It  is  well  to 
make  the  drawings  to  scale,  as  this  serves  as  a  check  in  designing.  The  exact  scale,  how- 
ever, is  not  of  such  importance  as  it  might  seem  at  first  sight,  as  every  needed  dimension 
should  be  clearly  marked  on  the  drawing,  and  the  men  in  the  shops  are  not  allowed  to 
scale  distances.  If  any  dimension  is  lacking,  it  must  be  supplied  by  the  draughtsman  who 
made  the  drawing.  Some  of  the  general  data  which  should  go  on  every  shop  drawing  are  : 
sizes  of  rivets,  sizes  of  open  holes,  number  of  pieces  wanted  and  their  mark,  title,  scale, 
date,  and  initials  of  draughtsman. 

The  rivets  on  one  drawing  are  quite  apt  to  be  all  of  the  same  size,  so  that  a  general 
remark,  such  as  **  All  rivets  J"o/*  will  often  be  all  that  is  needed.  In  like  manner  the  sizes 
of  the  open  holes  can  generally  be  covered  by  some  such  remark  as  "  All  open  holes  fl  o, 
unless  marked  otherwise."  If  there  are  any  pin-holes  or  bolt-holes  of  a  different  size,  their 
size  is  then  specially  marked  near  them  on  the  drawing,  with  an  arrow  running  to  them. 

In  giving  the  number  of  pieces  wanted,  and  their  marks,  they  can  be  given  thus : 
"  2  pes.  wanted,  mark  PxR* 

The  only  title  necessary  is  something  of  the  following  nature: 

INCLINED   END-POSTS 

FOR 

I — 153' — o"  S.  Tr.  Thro*  Span, 

FOR 
SHEFFIELD   SCIENTIFIC    SCHOOL. 

It  is  a  waste  of  time  to  print  titles  for  such  work.  They  should  be  legibly  written  in 
a  large,  plain  hand.  Script  writing  should  be  avoided,  however.  Each  letter  should  be 
distinct,  and  separate  from  the  others.  The  scale,  date,  and  initials  of  the  draughtsman 
should  be  written  in  small  letters  in  the  extreme  lower  right-hand  corner  of  the  drawing. 
It  is  often  customary,  after  the  word  **  scale,**  to  put  a  dash,  and  omit  giving  the  scale  on 
the  drawing.  Writing  the  word  "  scale  **  shows  that  the  draughtsman  has  not  forgotten  it, 
while  the  dash  after  it  warns  any  one  not  to  take  distances  from  the  drawing  by  scale. 
When  the  two  halves  of  a  member  are  alike,  it  is  only  necessary  to  show  one-half  in  full, 
and,  at  most,  the  general  outlines  of  the  other  half,  placing  on  the  drawing  some  such  note 
as  "  This  half  exactly  like  other  half.*'  Or,  if  the  two  halves  differ  slightly,  the  note  would 
be  something  like  this :  "  All  dimensions  on  this  half,  not  marked  otherwise,  same  as  for 
other  half." 

Wherever  it  is  possible  to  make  two  pieces  alike,  or  only  differing  in  right  and  left, 
it  should  always  be  done,  as  then  the  punching  of  the  two  pieces  is  alike,  and  a  complete 
set  of  templets  is  saved.  Having  the  pieces  alike  may  also  facilitate  erection.  In  draw- 
ing lattice  bars,  it  is  only  necessary  to  draw  their  centre  lines,  except  for  one  or  two  at  the 
ends,  which  should  be  drawn  in  full.  If  there  is  reason  to  fear  rough  handling  of  the  iron 
in  transit,  it  may  be  necessary  to  ship  pieces  loose,  which  could  otherwise  be  shipped  fast, 
but  the  more  loose  pieces  the  more  field  riveting,  and  field  riveting  is  expensive,  not  so 
good  as  shop  riveting,  and  delays  erection. 

Rivets  are  denoted  either  by  a  cross  or  by  a  circle  of  the  same  size  as  the  head.  The 
latter  method  is  about  as  quick  and  easy  as  the  first,  and  shows  more  clearly  what  it  is 
intended  to  represent. 
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Open  holes  through  which  rivets  are  to  go  in  the  field,  are  denoted  by  a  blackened 
hole  of  the  same  size  as  the  rivet. 

A  countersunk  rivet  is  one  which  has  either  one  or  both  of  its  heads  flush  with  the 
plate.  A  flat-head  rivet  has  either  one  or  both  of  its  heads  flat,  generally  |"  high. 
Countersunk  rivets  are  used  only  when  it  is  necessary  to  get  sufficient  clearance,  or  in  the 
bottom  of  a  plate  which  rests  on  masonry,  or  another  plate.  If  it  is  possible  to  substitute 
a  f"  flat-head  for  a  countersunk  rivet  it  should  always  be  done. 

Pin-holes  are  too  large  to  blacken,  and  should  be  hatched,  to  indicate  that  they  are 
open. 

The  following  Table  gives  Osborn's  notation  for  rivets.  This  notation  has  now  been 
very  generally  adopted  by  all  the  large  bridge  companies : 


Two  full  heads. 


Shop 

O 


Field 


Countersunk  inside. 


Countersunk  outside.  (       ) 


K 


Countersunk  both  sides. 


I"  Flat-head  inside. 


% 


m 


f "  Flat-head  outside. 


•  o 


g"  Flat-head  both  sides 


The  foundation  of  the  system  is  the  diagonal  cross  to  represent  a  countersink,  the 
blackened  circle  for  a  field  rivet,  and  the  vertical  stroke  to  represent  a  flattened 
head.  The  position  of  the  cross  with  respect  to  the  circle  (inside,  outside,  or  both 
sides)  indicates  the  location  of  the  countersink,  and  the  number  and  position  of  the 
vertical  strokes  indicates  the  height  and  position  of  the  flattened  head.  Any  combination 
of  field,  countersunk,  and  flat-head  rivets,  liable  to  occur,  may  be  readily  indicated  by  the 
proper  combination  of  these  signs. 

A  point  which  comes  up  in  the  notation  for  rivets  is,  **  Which  side  of  the  piece  is 
inside  and  which  outside  ?  '*  About  as  good  a  way  as  any  other  is  to  let  the  outside  be 
the  near  side,  or  side  shown  in  the  view  in  question  ;  and  to  let  the  inside  be  the  far  side, 
or  the  side  not  shown  in  the  view  in  question. 

After  laying  out  a  complete  system  of  rivets  for  any  member,  the  draughtsman  may 
check  his  addition  by  seeing  that  the  sum  of  the  rivet  spaces  and  end  distances  are  equal 
to  the  length  of  the  member. 
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Allowing  the  rivets  in  the  webs  of  girders,  posts,  chords,  etc.,  to  come  opposite  the 
rivets  in  the  flanges  should  be  carefully  avoided.  First,  because  it  may  necessitate  hand 
driving  the  rivets ;  and,  secondly,  because  if  the  member  is  in  tension  it  will  takeout  more 
section  in  a  given  line  than  if  the  rivets  were  staggered.  When  there  are  more  than  two 
consecutive  rivet  spacings  alike,  instead  of  giving  them  separately  they  should  be  given 
thus:  "9  spaces  (<i:  3"  each  -  2  3  '.*'  This  also  applies  to  panels  of  lattice  bars,  which 
may  be  given  thus:  **  11  panels  (it  17"  =  15'  7".'* 

Instead  of  giving  the  exact  sizes  of  the  pin-holes,  it  is  preferable  to  give  the  sizes 
of  the  pins  which  are  to  go  through  them,  thus:  **  Bored  for  4f  j"o  turned  pin." 

When  angles  are  turned  off,  they  should  be  given  in  feet  and  inches,  not  in  degrees. 
This  is  done  by  giving  the  slope  ;  that  is,  so  many  feet  horizontal  to  so  many  vertical. 
Thus,  a  53°  angle  may  be  given  by  a  distance  of  i'  11  J"  horizontal  to  2  y-^"  vertical.  The 
templet  makers  can  then  lay  the  angle  off  directly  from  measurements.  In  some  cases  it 
is  permissible  to  give  the  angle  45*^  in  degrees.  Thus,  when  there  is  a  projecting  comer, 
it  may  be  ordered  **  clipped  at  45^.'*  But  in  all  other  cases  angles  should  be  given  by  their 
slopes  in  feet  and  inches. 

In  giving  the  sizes  of  pin-plates,  battens,  and  other  small  plates,  it  is  better  to  give 
these  sizes  in  the  nearest  clear  space  to  the  plate,  and  draw  an  arrow  to  the  plate,  rather 
than  to  put  the  size  directly  on  the  plate,  if  in  so  doing  it  is  necessary  to  crowd  it  in 
with  rivet  spacing  and  other  data.  The  size  of  a  plate  should  always  be  given  thus, 
**  10"  X  ^"  pL,  14^"  Ig.,**  the  first  being  the  width  of  the  plate,  that  is,  the  direction  at 
right  angles  to  the  fibres.  A  plate  may  thus  have  a  greater  width  than  length,  as 
"  24"  A  f "  pL,  22"  Ig.**  When  lattice  bars  are  in  a  position  where  they  will  be  seen,  they 
should  have  rounded  ends.  In  giving  their  lengths,  give  them  both  from  centre  to  centre 
of  rivet  holes  and  over  all,  thus,  "  All  lattice  3"  x  ^ ",  iSy"  c.  to  c,  22tJ^"  o.  a."  If  the 
lattice  is  in  a  position  where  it  will  not  be  seen,  the  ends  may  be  cut  bevel. 

In  splicing  the  top  chord  the  splice  plates  should  be  so  arranged  that  all  the  field- 
priven  rivets  do  not  come  in  the  same  member. 

For  the  sake  of  appearance,  projecting  corners  of  gussets  and  brackets  should  be 
clipped  off. 

When  cover  plates  or  stiff  lateral  bracing  is  used,  on  plate-girder  spans,  care  must  be 
taken  that  the  rivets  in  the  flange  do  not  come  opposite  those  in  the  web,  and  also  that 
the  flange  rivets  do  not  come  opposite  the  leg  of  a  stiffener,  otherwise  the  stiffener  must 
be  clipped  or  the  rivet  countersunk.  To  countersink  one  or  two  holes  in  a  long  plate 
requires  a  special  handling  of  that  plate,  and  is  expensive.  To  clip  the  leg  of  the  stiffener 
would  be  cheaper,  but  looks  badly. 

The  number  of  views  necessary  to  show  a  piece  depends  upon  the  piece  and  the 
amount  of  detail  there  is  on  it. 

Generally  a  top  view,  an  elevation,  a  sectional  plan,  and  a  couple  of  end  views  or  sec- 
tions will  be  all  that  is  necessary. 

The  reason  that  a  sectional  plan  is  preferred  to  a  bottom  vie\y  is  that,  in  the  sectional 
plan,  details  are  shown  in  the  same  relative  position  as  in  the  top  view.  When  the  mem- 
ber has  a  system  of  lattice  on  both  sides,  in  the  top  view  the  top  lattice  should  be  shown 
with  full,  and  the  bottom  lattice  with  broken,  lines.  The  bottom  lattice  should  be  shown 
in  the  top  view,  as  the  relative  position  of  the  two  systems  of  lattice  is  thus  clearly  shown. 

The  following  is  a  list  of  the  shop  drawings  which  would  probably  be  required  for  an 
ordinary  1 50  foot  pin-connected  through  span : 

1.  Inclined  end-posts. 

2.  End  chord  sections. 
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3.  Intermediate  chord  sections. 

4.  Intermediate  posts. 

5.  Vertical  suspenders,  if  other  than  forged  eye-bars. 

6.  Portal  bracing. 

7.  Intermediate  upper  bracing. 

8.  End  lower  struts. 

9.  Intermediate  stringers. 

10.  End  stringers. 

1 1 .  Floor  beams. 

12.  Pedestals. 

13.  Roller  frames  and  rollers. 

14.  Wall  plates. 

15.  Castings,  such  as  filling  rings. 

16.  Pilots  for  pins. 

The  last  four  items  are  often  only  sketched  on  the  lists  ordering  the  iron,  instead  of 
making  a  regular  drawing. 

The  eye-bars,  counters,  lateral  rods,  pins,  and  blacksmith  work  are  also  in  general  only 
sketched  on  the  order  lists.  For  longer  bridges,  the  number  of  drawings  will  increase,  as 
several  sheets  will  be  necessary  for  the  chords  and  posts.  If  the  bridge  is  on  a  skew,  the 
number  of  shop  drawings  needed  will  be  nearly  doubled. 

To  sum  up  :  Make  all  drawings  clear  and  distinct.  Do  not  crowd  any  of  the  dimen- 
sions or  data  so  they  cannot  be  read.  Do  not  waste  time  on  fancy  lettering.  Make  figures, 
especially,  plain  ;  words  may  be  guessed  at,  but  not  figures.  Aim  to  simplify  the  work  of 
the  men  in  the  shops. 


Note. — The  drawings  at  the  end  of  this  work  can  now  be  carefully  inspected,  referring  to  the  data  of  the  strain 
sheet.  Then,  with  the  data  already  made  out  in  the  preceding  chapter,  the  student  will  be  prepared  to  make  his  own 
working  drawings  for  the  span  figured  out.  By  application  to  our  large  bridge  companies,  he  can  also  undoubtedly 
obtain  blue  print  copies  of  working  drawings  in  great  variety.     A  careful  study  of  these  will  do  much  for  the  student 


CHAPTER   XII. 

THE   ORDER   BOOK,    SHIPPING,  AND   INSPECTING. 

After  the  shop  drawings  have  been  made,  or  while  they  are  in  course  of  preparation, 
all  the  iron  needed  must  be  ordered  of  proper  dimensions  for  the  shop.  The  orders  are 
grouped  according  to  some  convenient  system  on  sheets  properly  ruled  and  headed,  and 
these  sheets  when  bound  together  constitute  the  **  Order  Book."  The  Order  Book  thus 
contains  a  list  of  every  piece  of  iron  which  goes  into  the  bridge.  The  forms  for  the  Order 
Book  are  various.  Without  professing  to  give  the  actual  practice  of  any  company,  we 
shall  give  in  thii^  chapter  a  series  of  forms  which  will  ilkistrate  sufficiently  well  how  such 
a  book  may  be  made,  and  the  information  it  should  contain. 
The  different  forms  may  be  classified  as  follows : 

Form  A.  Castings. 

Form  B.   Built  members. 

Form  C.    Eye-bars  and  upset  rods. 

Form  D.  Pins,  pin-nuts,  and  pilots. 

Form  E.  Bolts  and  small  forgings. 

Form  F.   List  of  shop  rivets. 

Form  G.  List  of  field  rivets. 
As  an  example  of  Form  A,  we  give  the  following: 


FORM   A. 


CASTINGS. 


For  117  6"  D.  Tr.  Tro.  Skkw  Span.>;... 


I 

2 

3 
4 
5 
6 

7 
8 

9 
10 


NO.  OF 
VCS. 


2 

8 
I 
2 


MARK. 


C,  R 

L  P. 
W  D. 

28  N 


DBSCRIPnON. 


Check  washers. 

yl"   X   2J'   collars. 

Wall  plates,  13^"  between  lugs. 

Bed  plates,  29"  between  lugs. 


FACINGS. 


Rough. 

Rough. 

Rough. 

I 


PIN-HOLE 
BORSD  KOR. 


Core 
Core 


I5k' 
37' 


iW 


X     I 


1" 


DIA.   OF 

TENON 

TURNED. 


2\r 

6" 
X  iS' 
X  30' 


PATTERN    DRAWING 


I  shippf.k's 


NO. 


New. 

New. 
New. 
New. 


NO. 


5000 
5000 
5010 
5011 


NO.  OK 
PCS. 


2 

8 
I 
2 


GENX 
MARK. 

I 


C,  R 
h  P, 
W  D. 

28  N 


The  span  is  117'  6",  double  track,  through  skew. 

In  the  first  column  is  the  number  of  the  item.     The  sheet  may  be  of  any  length,  to 

accommodate  any  desired  number  of  items,  as  for  instance  30,  on  a  page.     In  the  second 

column  the  number  of  pieces  wanted  is  given,  and  in  the  third  the  mark  which  is  to  be 

put  on  each.     In  the  fourth  is  a  description,  and  when  necessary  sketches  may  be  made 

in  it.     In  the  fifth  is  given  the  number  of  facings.     In  the  sixth  the  size  of  pin-hole,  if  the 

hole  is  bored.     In  the  seventh  the  diameter  of  any  turned  tenons  which  the  casting  may 
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have.  In  the  eighth  the  pattern  number,  and  in  the  ninth  the  drawing  number,  which 
enables  the  working  drawing  for  the  piece  to  be  found. 

In  the  tenth  column  is  given  the  shipper's  number  of  pieces,  which  will  generally  be 
the  same  as  the  number  of  pieces  in  the  second  column  ;  but  if  two  pieces  cast  separately 
are  bolted  together  for  shipment,  the  shipper's  number  would  be  different.  In  the  last 
column  the  general  mark  of  the  piece  is  given,  which  may  differ  from  that  in  the  third 
column  for  the  same  reason. 

We  have  filled  in  a  few  items  for  illustration  merely.  The  first  item  is  two  check 
washers  which  are  not  faced  smooth,  and  are  therefore  marked  **  rough."  As  they  have 
no  bored  pin-hole  nor  a  tenon,  it  is  simply  noted  that  the  core  is  2fJ"  diameter.  The 
patterns  being  new,  shows  that  there  are  no  old  patterns  of  the  size  required. 

The  next  item  is  8  collars,  7^"  outside  diameter  and  2|"  thick,  with  a  core  6"  diameter, 
no  facings,  bored  pin-holes,  or  tenons. 

The  next  item  is  a  wall  plate  13I"  between  the  "lugs**  or  projections  for  confining 
the  rollers,  faced  on  one  side. 

All  the  castings  required  are  thus  entered,  one  by  one,  and  the  iron  required  can  be 
furnished,  put  into  the  shop,  and  finished  according  to  the  drawing  for  each  piece. 

FORM   B 

BUILT    MEMBERS. 
For  117'  6"  D.  Tr.  Tro.  Skew  Span,  for 


NO. 
OF 

rc8. 

MARK. 

SHAPE  AND  SIZE. 

TOTAL 
LENGTH. 

HOW 
CUT. 

MAY 
VARY. 

BBVBL. 

I 

TOTAL  NO.  AND 

DSSCRIPTION  OP 

FINISHED    PISCES. 

DRAW- 
ING 
NO. 

NO. 

OF 

PCS. 

GSN*L 
MARK. 

I 

8 

12    X    VV  Pis.  Web. 

26    0 

Sq. 

1 1 

±  i 

^ 

2 

8 

"ix    A  Pis-  Pin. 

23 

Sq. 

3 

8 

nix   APIs.  Pin. 

2      I 

Sq. 

2 

P.  R 

4 

8 

6    X    T^  Fillers. 

23 

Sq. 

Riveted  up 

5 

8 

6   X    T^  Fillers. 

2      I 

Sq. 

into     4     Int. 
Posts,  26'  oi" 

7081 

6 

7 

16 
208 

I7ix    A  Pli*   Battens. 
2i  X    ?     Pi.  Lattice  Bars. 

21 
20i 

Sq. 
Temp. 

(I7i 

1  Ig.  0.  a.,  25' 
oA"  c.  to  c. 
of   pin-holes, 
i2i    0.  to  0. 

2 

PtL 

8 

16 

3x3      angles,  i8  p.  y. 

26      0 

Sq. 

±  t 

of  angles. 

9 

4 

5x3      angles,  28  p.  y. 

12 

Sq. 

10 

4 

3i  X  3      angles,  23  p.  y. 

Ili 

Sq. 

II 

TO 

4 

3    X    ,^  Fillers. 

6 

Sq. 

* 

13 

- 

(  2  comers 

X 

14 
16 

12 
48 

24 

36    X    f    Sh.  PI.  S.  S.  Web. 
6    X    1    PI.  Fillers. 
6x4      angles,  68  p.  y.  Top  Fl. 

23     5 
2     3 
23     3i 

Sq. 
Sq. 
Sq. 

X  clipped, 
( 4  kinds. 

4  kinds. 

Riveted  up 

into    12    Int. 

Track  String- 

Urs,    23'    5f' 

9158 

3 
3 

IDi 
ID, 

17 

24 

6x4      angles,  62  p.  y.  Bot.  Fl. 

23     5 

Sq. 

±i 

All  alike. 

back  to  back 
of  end  stiffs., 

3 

ID, 

18 

48 

6x4      angles,  39  p.  y.  End  Stiff. 

2  loi 

Temp. 

R.&L. 

36"  deep. 

3 

ID4 

19 

96 

3   X  2i    angles,  13  p.  y.  Int.  Stiflf. 

2   lO^ 

after 

bend'g 

J 
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Form  B.  Built  Members. — Under  the  heading  '*  Total  Length,"  is  given  the  length 
over  all.  Under  **  How  Cut/'  square  denotes  that  the  ends  are  cut  perpendicular  to  the 
length  of  the  piece,  and  can  therefore  be  sheared  off  without  a  templet.  A  templet  is 
made  of  wood  of  the  exact  shape  desired,  and  is  laid  on  the  iron,  its  ends  and  edges 
marked,  and  the  iron  is  then  cut  by  these  marks.  Under  the  heading  **  May  Vary,'*  the 
margin  of  variation  of  length  is  put.  Thus  ±  ]"  means  that  the  piece  must  not  be  longer 
or  shorter  than  the  required  length  by  more  than  ]",  while  —  \"  would  indicate  that  it 
must  not  be  shorter  than  \'\  and  must  not  be  longer  than  order. 

In  the  7th  item,  for  lattice  bars,  two  lengths  are  given,  20i"  length  over  all,  and  17^" 
length  c.  to  c.  of  rivet-holes. 

There  is  no  **  bevel  "  in  the  items  given.  A  piece  whose  ends  are  cut  slanting  to  its 
length,  is  beveled,  and  the  bevel  given  is  the  length  of  the  projection,  in  the  direction  of 
the  length,  of  the  slant  side.  It  is  the  base  of  the  right  triangle,  of  which  the  slant  side  is 
the  hypothenuse,  and  the  width  of  piece  the  other  side. 

In  item  14,  **  Sh.  PI."  stands  for  **  Sheared  Plate."  This  directs  the  mill  to  supply  a 
sheared  plate  instead  of  a  universal  rolled  plate.  The  letters  **  S.  S."  stand  for  "  Strain 
Shear."  This  indicates  the  character  of  stress  the  plate  is  subjected  to,  and  may  influence 
the  manner  in  which  the  iron  is  piled  for  rolling  in  the  mill.  The  intermediate  stiffeners, 
which  are  given  in  the  last  item,  are  bent  around  the  flange  angles,  to  avoid  putting  fillers 
underneath  the  stiffeners.  The  length  of  these  stiffeners  is  given  2'  lo^^"  after  bending. 
A  sketch  can  be  made  to  illustrate. 


FORM  c. 


3 

4 

5 
6 

7 

8 

9 
10 

II 

12 


EVE   BARS   AND    UPSET    RODS. 


For  117    6    D.  Tr.  Tro.  Skew  Span.  for.. 


NO.  OF     MARK. 
■     I-CS. 


4 

4 
4 


L  T, 

S3 
SC 

sc 

SC 


FINISHED   LENGTH. 

ROUGH 

t 

FIN-HOLE 

SIZE  OF 

SHIPPERS 

•sllAPR   AND   SIZE. 

LENGTH 

BORED 

RING  OR 

NO.   OF   DIE. 

NO.  OF 

GBN*L 

FOR    M.   0. 

0.   A. 

C    TO  C.             FOR 
C.  TO 

ITI'SBT. 

PCS. 

MARK. 

END. 

/      1 1 

^ 

'         " 

1 1 

It           n 

6'  X  ii|  '  eye  bar. 

38  6 

35     SH 

US 

14X1* 

I4xii 

179 
179 

h 

LT, 

5  '  X  r^'   eye  bar. 

26  6 

1 

23     5il 

4iS 

12  X  r& 

93 

4 

s. 

2i     sq.  eye  and  upset  rod. 

33  3 

29  Hi 

4U 

9^3 

Rt.  Th'd. 

) 

2\"  sq.  eye  and  upset  rod. 

7  9 

4     0     ,     4H 

9-3 

Left  Th'd. 

[  * 

SC 

Cleveland  Turn  buckles. 

2d  length 

9"  clear 

3"  th'd 

R  &  L 

Form  C.  Em:  Bars  and  Upset  Rods. — In  the  illustration  given,  item  5  is  a 
counter,  made  of  square  bar  iron  in  two  pieces,  these  pieces  united,  before  shipment,  by  a 
Cleveland  Turn  buckle.  As  drawings  are  seldom  made  for  counters,  a  sketch  of  counter 
can  be  made  to  give  any  dimensions  not  provided  for  in  the  columns.  The  lengths 
29'  1 1^"  and  4'  o"  are  from  the  centre  of  pin-hole  to  end  of  rod,  not  from  c.  to  c,  as  is  the 
case  for  eye  bars.  In  item  i,  the  pin-holes  at  each  end  are  of  different  sizes,  as  they  fit 
different-sized  pins.     In  item  2,  both  ends  go  on  same-sized  pins. 
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FORM  D. 


PINS,    PIN-NUTS,   AND   PILOTS. 
For  117'  6"  D.  Tr.  Thro.  Skew  Span,  for 


SHAPE   AND  SIZB. 

NO.  OP 
PCS. 

MARK. 

TOTAL 
LENGTH. 

SKETCH. 

DESCRIPTION. 

BHIPPBR*B 
NO.  OF  PCS. 

GSN*L 

MARK. 

ROUGH. 

FINISHRD. 

I 

4 

L   E 

6" 

5H" 

2'    2f" 

4 

LE 

2 

3 

4 
5 

I 

LEP 

6" 

sW 

7 

Pilot  with  4^"  th'd  to 

fit  on  L  E 

I 

LEP 

6 

7 

8 

etc. 

MALLEABLE   NUTS   FOR  ABOVE    PINS. 


NO.  OP  PIECES. 

MARK. 

HOLS. 

DIA.  OP  THREAD. 

SHORT  DIAM. 

THICKNESS. 

THREAD. 

RECESS. 

24 

32 

P.O 

3i" 

3i" 

6i" 

li" 

I" 

i" 

25 

8 

P.a 

4f 

4i' 

f  t 

7 

If 

2" 

*" 

26 

27 

28 

etc. 

Form  D.  Pins,  Pin-Nuts,  and  Pilots.— In  the  columns  headed  **  Shape  and  Size," 
the  rough  diameter  gives  the  size  of  iron  as  rolled,  the  finished  diameter  is  that  to  which 
the  pin  is  turned  down.  The  pilot  protects  the  thread  of  the  pin  while  it  is  being  driven. 
The  pin-nuts  have  a  recess  on  inside,  so  as  to  fit  over  the  head  of  the  pin.  Item  i  should 
have  a  sketch,  giving  length  of  pin  between  shoulders,  length  of  pin  over  all,  length  of 
threaded  ends,  and  diameter  of  thread. 


FORM  E. 


BOLTS  AND   SMALL   FORCINGS. 
For  117   6"  D.  Tr.  Thro.  Skew  Span,  for 


NO.   OP 
PIECES. 

Mark. 

SHAPE  AND   SIZE. 

LENGTH 
POR  M.  O. 

PINISHED 
LENGTH. 

SKETCH. 

SHIPPBR*S 
NO.  OP 
PIECES. 

NOTE  POR 
SHIPPER. 

cenY 

MARK. 

I 

14 

® 

i\"  Foundation  Bolts. 

I8" 

14 

(D 

2 

14 

® 

Stand.  Hex.  Nuts  for 

li" 

th'd 

li"  thick. 

Fast  on. 

® 

3 

4 

5 
6 

7 

8 

9 
etc. 

Form  E.  Bolts  and  Small  Forcings.— We  can  use  this  form  for  bolts  and  black- 
smith work,  such  as  loop  swivels,  clevises,  and  other  small  forgings.  The  example  given 
is  for  a  swedged  foundation  bolt  (page  444).  A  sketch  should  be  made,  giving  length  over 
all,  length  of  thread  on  end,  distances  between  indentations  or  shoulders,  etc. 
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FORM   F. 


LIST   OF   SHOP    K I  VETS. 
For  117'  6"  D.  Tr.  Thro.  Skew  Si»an,  for 


NO.    OP 
PIECES. 

408 

MAKK 
OK  MEM- 
BER. 

SIZE  OP 
KIVET. 

J" 

LENGTH 

UNDER 
HEAD. 

23 

LOCATION. 

DKAW- 
ING  NO. 

I 

I  Pc. 

button.    Cov.  PL  +  angles,  also  Top  Fl.  angles + Web.     Also  Splice  PI.  +  Web. 

2 

SC 

and 

1                                                   -                           - 
1 

3 

12 

I  Pc. 

1" 
(1 

countersunk.     Ins.  PL  +  Web  +  Filler  +  Outs.  PI.  +  Jaw  PL 

4 

S  A 

S 

6 

7 
8 

9 

10 

etc. 

Form  F.  List  of  Shop  Rivets.— We  have  given  an  illustration  of  round-head 
rivet,  and  also  of  a  countersunk  rivet.  The  length  of  round-head  and  flat-head  rivets 
should  be  given  from  underneath  the  head,  the  other  head  is  made  when  the  rivet  is  put 
in.  The  length  of  a  rivet  with  one  round  and  one  countersunk  head  should  be  given  from 
underneath  the  round  head,  the  countersunk  head  being  made  when  the  rivet  is  put  in. 
A  rivet  with  two  countersunk  heads  should  have  its  length  over  all  given.  Sketches 
should  be  inserted  for  items  i  and  3,  showing  the  rivet  with  length  marked. 

The  following  Table  gives  the  additional  length  for  making  head,  to  be  added  to 
length  of  metal  passed  through. 


DIAMBTBX  OP  RIVET. 

ADDITIONAL   LENGTH    REQUIRED  TO   PORM   ONE   HEAD   IN    PASSING  THROUGH   THE  FOLLOWING  THICKNESSES  OP  METAL. 

\"  and  below. 

\\"  and  below  to  \". 

2)  ''  and  below  to  i|". 

above  a|" 

It 

\ 

I 

:! 

t 
I* 

» f 

I 
I* 

It 
I 

li 
If 

No  percentage  for  waste  need  be  added  to  the  number  of  shop  rivets  ordered. 


form  g. 


LIST  OF  FIELD  RIVETS. 
For  117'  6'  D.  Tr.  Thro.  Skew  Svkh  far 


I 

2 

3 
4 

5 

6 

etc. 


NO.  OK 
PIECES. 


50 
100 


SIZE  OP 
RIVETS. 


LENGTH. 


2^  button. 

34      " 


LOCATION. 


Int.  knee  brace  +  Gusset,  also  Int.  knee  brace  +  Bracket. 

Hood  +  Pl.  on  Portal  +  Flange  End  Post, 

also  Stiflf.  Bracing  +  Loose  PI.  +  Stringer  Flange. 


SHIPPER*S 
NO.  OP  PCS, 


50 
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Form  G.  List  of  Field  Rivets. — Anywhere  from  5  ^  to  25  ^  should  be  added  for 
waste,  due  to  burning  of  rivets  in  the  field,  etc.  The  greater  the  number  of  short  rivets 
the  less  the  percentage  allowed,  and  the  greater  the  number  of  long  rivets  the  greater  the 
percentage  allowed,  because  a  short  rivet  can  be  made  from  a  long  one,  if  the  short  rivets 
run  out.  It  is  a  help  to  the  erectors  to  order  each  item  separately,  even  if  the  rivets  are 
the  same  size  and  length,  as  they  can  thus  see  the  number  required  for  any  particular  joint. 

Shipping. — Every  piece  of  iron  shipped,  except  rivets  and  bolts,  should  have  its 
mark  for  the  erectors. 

Rivets  and  bolts  are  shipped  in  boxes,  and  have,  in  the  case  of  rivets,  their  size  marked 
on  the  outside.  In  the  case  of  bolts  the  bolt  mark  is  on  the  outside,  if  the  bolt  has  a 
mark,  if  not,  their  size  is  given  on  outside  of  box. 

The  mark  of  a  member  should  not  consist  of  more  than  three  figures  or  letters  if  pos- 
sible, and  it  is  well  to  have  the  marks  have  some  meaning  so  far  as  may  be,  as  P,  R,  for 
intermediate  post,  "  right.'*  A  membei*  is  right  or  left  when  it  can  only  be  used  on  one 
side,  and  is  not  reversible,  so  as  to  be  used  on  the  other.  Two  members,  as  posts,  may  be 
exactly  alike  in  all  respects,  except  that  the  addition  of  a  bracket,  or  some  similar  addi- 
tion, on  one  side,  may  prevent  it  from  being  used  on  the  other  truss,  as  in  that  case  the 
brackets  would  come  on  the  wrong  side. 

A  list  of  all  the  iron  ordered  can  be  sent  to  the  erectors,  and  with  an  erection  plan, 
consisting  of  a  skeleton  outline  of  the  truss,  with  the  mark  and  location  of  every  piece, 
they  can  erect  the  bridge  without  the  shop  drawings. 

In  general  a  piece  over  ten  or  twelve  feet  high  cannot  be  shipped  as  a  whole,  but 
must  be  spliced  in  the  field.  Girders  seldom  exceed  this  height.  They  can  be  shipped  on 
two  or  three  flat  cars  coupled  together,  properly  braced  by  wooden  braces. 

Chord  sections,  posts,  eye  bars,  etc.,  can  be  shipped  in  one  piece.  A  deep  portal, 
over,  say,  twelve  feet  high,  will  have  to  be  shipped  loose  and  riveted  up  in  the  field,  as  it 
cannot  be  taken  on  its  side,  or  vertical. 

A  short  deck  girder  span  would  have  the  girders  shipped  separately,  as,  if  the  trans- 
verse bracing  were  riveted  on  in  the  shop,  and  the  whole  shipped  together,  it  would  be 
clumsy  to  manage  in  erection,  and  the  transverse  bracing  liable  to  injury. 

Inspecting. — When,  as  is  sometimes  the  case,  iron  bridges  have  been  standing  for 
years,  which  were  originally  designed  for  much  lighter  loads  than  those  in  present  use,  a 
careful  examination  is  necessary.  A  judicious  strengthening  of  such  a  structure,  based  on 
such  examination,  may  prolong  its  life  for  many  years.  A  neglect  of  such  examination 
may  result  in  disaster  and  loss  of  life.  The  fact  that  a  structure  has  fulfilled  its  duty  for 
many  years  is  no  evidence  of  its  present  efficiency,  and  sometimes  is  quite  the  contrary. 

The  examination  should  consist  in  a  careful  external  inspection  for  external  evidence 
of  weakness,  and  calculations  of  the  strains  to  which  each  member  is  subjected,  based 
upon  the  present  traffic  and  the  actual  dimensions,  as  given  by  the  working  drawings  or  by 
actual  measurement.  Both  of  these  investigations  are  necessary,  as  a  bridge  may  be  weak 
and  give  no  external  evidence  of  its  condition ;  and,  on  the  other  hand,  there  may  be 
defects  of  construction,  material,  manufacture,  or  injuries,  which  can  only  be  discovered  by 
actual  inspection.     All  bridges  should  have  such  a  field  examination  at  least  once  a  year. 

As  rolling-stock  increases  in  weight  and  heavier  locomotives  are  built,  many  iron 
bridges  carry  daily  loads  in  excess  of  those  assumed  in  the  original  design.  Such  struct- 
ures, however,  are  often  sufficiently  strong  to  serve  their  purpose  for  years,  or  may  be  made 
so  by  proper  strengthening.  Others  possibly  require  immediate  removal.  Constant  and 
thorough  examination  thus  becomes  more  imperative  every  year. 

Of  equal  importance  is  the  inspection  of  structures  in  process  of  construction,  to 
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insure   that   the  requirements  of  the   specifications   are  comph'ed  with.     (See   Coopei^s 
specifications  under  the  head  of  "  Inspection.**) 

The  following  paragraphs  are  from  the  Atlantic  Coast  Line's  specifications:  "For 
wrought  iron  a  set  of  specimens  shall  include  one  specimen  tensile,  transverse  or  compres- 
sive test,  and  one  specimen  bending  tests.  A  set  of  specimens  for  channels  and  beams 
shall  be  understood  to  include  one  set,  as  above  specified,  from  the  web,  and  one  set  from 
the  flange.  The  test  specimens  and  the  pieces  from  which  they  are  taken  shall  be  marked 
with  the  same  stamp,  so  that  these  pieces  can  be  found  if  they  prove  defective.  The  test 
specimens  shall  be  prepared  from  pieces  selected  by  the  inspector,  and  shall  be  sufficient  in 
number  to  fairly  represent,  in  his  judgment,  the  material  furnished,  not  to  exceed  the  fol- 
lowing, however,  at  the  option  of  the  inspector : 

**0n  any  contract  for  wrought  iron  a  minimum  number  of  ten  sets  of  specimens  shall 
be  tested,  and  when  the  contract  is  for  an  amount  exceeding  100,000  pounds,  one  set  of  speci- 
mens shall  be  tested  for  each  additional  20,000  pounds,  provided  that  each  order  is  com- 
pleted at  one  rolling;  when  this  is  not  the  case,  the  requirements  of  the  preceding  sentence 
may  be  applied  to  each  rolling. 

"  To  determine  the  strength  of  the  eyes,  full-sized  eye-bars  and  rods  with  eyes  may  be 
tested  to  destruction.  Notice  will  be  given  in  advance  of  the  number  and  size  required,  so 
that  the  material  can  be  rolled  at  the  same  time  as  that  for  the  structure. 

**  The  following  tests  shall  be  made  at  the  option  of  the  inspector : 

"One  full-sized  bar  or  rod  for  each  25  bars  or  rods  of  wrought  iron,  unless  a  lot  con- 
tains less  than  that  number,  in  which  case  a  like  number  may  be  required  for  each  lot. 
Any  lot  of  bars  or  rods  from  which  full-sized  members  are  tested  shall  be  accepted,  pro- 
vided : 

**  First.     That  the  bar  or  rod  tested  does  not  break  in  the  head  or  neck. 

"  Second.  That  its  quality  is  not  inferior  to  that  required  by  the  specifications. 

**  All  full-sized  built  members  taken  for  tests,  and  which  prove  to  be  good  and  accept- 
able material,  shall  be  paid  for  by  the  railroad  company,  at  the  net  cost  less  its  scrap  value  ; 
but  no  payment  shall  be  made  for  any  material,  workmanship,  or  testing  of  any  member 
which  proves  defective. 

**  Test  specimens  from  universal  mill  plates  shall  not  be  taken  from  the  edge  of  the 
plate.  No  greater  deficiency  than  2\  per  cent  will  be  allowed  between  the  estimated  and 
the  actual  weight  of  any  piece  of  material. 

**  The  acceptance  of  any  material  by  the  inspector  or  his  assistants  shall  not  prevent 
its  subsequent  rejection,  if  found  defective,  after  delivery  ;  and  such  material  shall  be 
replaced  by  and  at  the  expense  of  the  contractor." 

The  above  gfives  some  idea  of  the  number  of  tests  required,  and  of  the  responsible 
duties  of  the  inspector.  It  is  also  his  duty  to  detect  all  shop  errors  before  shipment. 
Thus,  through  error,  track  stringers  might  be  made  too  long,  so  as  not  to  fit  between  posts, 
or  the  posts  may  be  riveted  up  so  that  the  rivet-holes  for  the  floor  beams  come  in  the  out- 
side web.  Such  errors  affect  the  erection.  Other  errors  may  even  endanger  the  structure, 
as  when  a  plate  girder  should  have  a  J"  cover  plate  on  the  top  flange,  and  a  i"  cover  plate 
on  the  bottom  flange,  and  the  plates  get  reversed  in  the  shop.  Mistakes  aflfecting  erection, 
when  not  corrected  in  the  shop,  cause  delay  in  the  field,  and  are  an  indirect  expense  to 
the  purchaser.  Even  if  the  manufacturer  is  the  erector  also,  there  is  annoyance  and 
expense  to  the  purchaser.  Correction  in  the  field  of  shop  errors  is  also  liable  to  be  done 
hurriedly  and  incompletely,  to  the  detriment  of  the  structure.  Members  having  errors 
which  reduce  strength  but  do  not  affect  erection  are  not  so  likely  to  be  sent  back  for  cor- 
rection. 
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These  facts  show  the  importance,  to  the  purchaser,  of  having  an  inspector  not  only  for 
the  mill,  but  also  for  the  shop. 

The  specifications  quoted  show  that  the  railroad  companies  as  purchasers  appreciate 
this  importance.  As  guardians  of  the  public  safety  it  is  in  some  cases  perhaps  to  be 
regretted  that  they  do  not  seem  to  equally  appreciate  the  importance  of  thorough  and 
regular  inspection  of  their  bridges  after  erection. 


CHAPTER  XIII. 

THE  ERECTION  OF  ENCrlNEKRING  STRUCTURES. 
By  John  Sterling  Deans,  M.  Am.  Soc.  C.  E.,  Chief  Engineer  The  Phcenix  Bkidgk  Company. 

Within  the  past  few  years  the  subject  of  the  final  **  Erection  of  Engineering 
Structures"  has  become  a  much  more  important  branch  of  engineering  work,  and  this 
department,  which  has  until  lately  been  somewhat  slighted  by  most  construction  compa- 
nies, has  been  found  to  demand  the  same  careful  supervision  and  attention  as  are  called 
for  in  the  designing  of  the  permanent  structures  themselves. 

In  the  past  it  was  not  so  much  what  was  an  economical  **  false  work  "  and  **  traveller," 
as  what  war.  *'  strong  enough,"  and  the  competition  amongst  contractors,  and  the  cost  of 
materials  theny  demanded  nothing  different ;  now  these  conditions  have  changed,  and  the 
margins  upon  which  contracts  are  secured  or  lost  are  daily  becoming  les.s. 

These  temporary  structures,  therefore,  must  be  of  the  most  economical  design,  and 
their  principal  members  designed  and  proportioned  for  the  exact  loads  which  will  come 
upon  them.  In  view  of  these  facts,  it  seems  eminently  proper  to  give  this  subject  of 
**  Erection  *'  a  place  in  the  text-books  on  "  The  Strains  in  Framed  Structures,"  that 
students  and  others  interested  may  become  more  familiar  with  this  important  branch  of 
engineering  work. 

To  some  the  present  short  chapter  on  this  subject  may  seem  to  be  written  too  much 
in  detail,  and  contain  points  which  are  so  well  and  generally  known  as  to  hardly  warrant 
insertion  in  such  an  article  ;  but  it  must  be  borne  in  mind  that  this  is  written  primarily 
for  students,  and  those  who  have  not,  as  yet,  been  engaged  in  the  active  work  of  the 
profession. 

Points  to  be  Considered  in  Designing  Permanent  Structures. — From  holding 

the  final  erection  in  view  the  present  type  of  "American  Pin-connected  Truss"  owes 
its  design,  as  much  as  to  any  other  single  fact.  This  truss  requires  the  least  amount  of 
field  work:  its  joints  being  pin-connected  there  is  no  field  riveting  except  that  for  the  floor 
system  and  minor  details,  and  field  rivets  should  be  as  few  as  possible,  since,  owing  to  the 
poorer  facilities  for  doing  the  work,  they  cannot  be  driven  so  well,  nor  so  cheaply,  as  in  the 
shops ;  most  specifications  therefore  require  as  high  as  20  per  cent,  excess  for  field-driven 
rivets.  In  many  instances,  where  rivets  are  hard  to  drive,  it  is  much  better  to  use  turned 
bolts  in  drilled  or  reamed  holes.  In  a  large  bridge  lately  built  in  the  West,  the  con- 
tractors used  turned  bolts  for  all  the  floor  connections,  believing  there  was  a  saving  in  so 
doing. 

Another  important  matter  to  consider,  especially  when  the  structure  is  to  span  a 
stream  subject  to  sudden  rises,  is  to  so  design  the  connections  that  the  trusses  may  be 
swung  and  be  self-supporting  in  the  least  possible  time,  leaving  the  floor  beams,  stringers, 
outer  chord  bars,  and  most  of  the  bracing  to  be  put  in  later,  reducing  the  risks  of  loss  from 
washouts. 

Aside  from  the  economy  in  the  shops,  the  number  of  pieces  composing  a  structure 
shoulil  be  as  few  as  possible,  by  making  long  panels  and  concentrating  the  metal,  since  it 
requires  about  as  much  time  and  power  to  handle  and  connect  a  large  piece  as  a  small  one. 

558 


THE  ERECTION  OF  ENGINEERING   STRUCTURES.  559 

Allow  plenty  of  clearance,  at  least  \",  after  due  allowance  for  packing  of  plates  and 
rivet  heads,  between  the  jaws  of  built  members,  and  also  in  packing  members  between  the 
jaws  of  built  sections ;  to  keep  a  whole  gang  waiting  in  the  field,  while  chipping  is  being 
done,  is  a  very  expensive  piece  of  experience. 

Always  furnish  pilot  nuts  for  each  size  of  pin,  with  an  easy  draught, 
to  facilitate  the  centring  and  connection  of  members  at  panel  points. 
These  pilots  should  have  a  draught  of  at  least  ij  inches ;  in  the 
rough  assembling  of  panels  the  bars  and  other  members  comprising 
the  joint  are  often  over  i  inch  short,  and  the  pilot  on  the  end  of  the  pin  will  catch  and 
centre  these  members. 

Carefully  mark  the  individual  pieces,  composing  each  riveted  joint,  which  have  been 
assembled,  faced,  and  reamed,  or  drilled  together,  in  the  shops,  with  some  distinguishing 
letter,  so  that  the  same  pieces  may  be  put  together  in  the  field,  saving  all  unnecessary 
fitting. 

-    Anchor  bolt  holes  should  be  so  arranged  that  drilling  of  masonry  can  be  done  after  the 
span  has  been  connected  and  swung,  and  its  exact  location  on  the  supports  established. 

Have  as  few  adjustable  members  as  possible,  since  such  members  work  loose,  and  the 
adjustment  is  usually  allotted  to  those  who  fail  to  realize  its  importance  in  the  proper 
working  of  the  structure  under  load.  Many  other  points  which  should  be  borne  in  mind  to 
facilitate  erection  might  be  mentioned,  but  those  indicated  are  the  ones  which  most 
frequently  occur,  and  which  should  be  especially  considered  in  the  designing  of  details. 

Materials  and  Tools  used  in  Erection. — The  principal  timber  used  in  these 
temporary  structures  is  "Long  leaf  Southern  Yellow  Pine,"  owing  to  its  more  uniform 
strength  and  reliability. 

Where  lightness  is  an  item  to  be  considered,  and  where  it  is  necessary  to  do  consider- 
able framing,  "  White  Pine  "  is  used.  "  Oak "  is  used  rarely,  owing  to  its  weight  and 
expense.  **  Hemlock  "  should  be  discarded  except  for  the  most  insignificant  work,  owing 
to  its  unreliability.     "  Spruce  "  is  better  than  hemlock,  but  rarely  used. 

For  **  piling  **  yellow  pine  is  most  generally  used,  and  these  piles  can  be  had  in  perfect 
straight  lengths  up  to  70  feet.  In  localities  where  yellow  pine  is  scarce  and  expensive, 
chestnut,  oak,  beech,  hickory,  or  any  of  the  hard  woods  may  be  used ;  the  latter,  however, 
being  harder  to  remove  after  the  work  is  finished,  when  it  is  only  necessary  to  break  off  the 
piles.  No  pile  should  be  used  less  than  8  inches  full  diameter  at  the  small  end,  and  it 
should  be  straight  throughout  its  length. 

It  should  never  be  left  out  of  sight  that  false  works  are  simply  temporary  structures, 
and  only  intended  to  answer  as  a  support  for  a  very  limited  period,  and  therefore  the 
material  used  should  be  of  suitable  quality  to  answer  such  a  purpose,  with  due  regard  to 
safety  ;  and  the  least  possible  expense  should  be  expended  upon  it  in  framing,  etc.     In 

yj      most  cases  good  round  timber  may  be  used  for  legs  instead  of  square  stuff ;  and 

^'^  I      where  it  is  necessary  to  make  trestles  of  two  or  more  stories,  it  is  rarely  necessary 

t^r^rsj   ^Q  4*  j^p  »'  ^j^g  jggg  jj^^^  ^j^g  ^^pg  .  abutting  the  ends  of  legs  or  abutting  the  legs 

against  the  cap  and  splicing  the  joint  with  a  piece  on  each   side,  answering  every 
purpose.     This  same  idea  should  be  held  uppermost  in  the  framing  of  all  joints, 


=•---•: jji   only  expending  the  amount   of  work  on  each,   which   the  actual  safety  of  the 

^^^       structure  demands — nothing  more. 

For  stringers  and  other  members  subject  to  bending,  the  strain  on  the  ex- 
treme fibres  for  good  yellow  pine  may  be  taken  as  high  as  1,600  lbs.  per  square  inch; 
and  upon  this  assumption  the  following  table  is. figured  ;  this  tabic  shows  the  capacity 
in  bending  moments  (foot-pounds)  for  1,600  lbs.  strain  on  the  extreme  fibres: 
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TABLE  I. 


Width 
Inches. 


3 
4 

5 

6 

7 
8 

9 
10 

12 


Depth  op  Beam  in  Inches. 


6 

7 

8 

9 

xo 

X3 

13066 

16 

18 

30 

n 

24 

2400 

3267 

4266 

5397 

6666 

9600 

17066 

21600 

26666 

32266 

38300 

3200 

4355 

5688 

7200 

8888 

12800 

I  7421 

22755 

28800 

35555 

43020 

51200 

4000 

5444 

7101 

9000 

11112 

16000 

21778 

28441 

36000 

44444 

53770 

64000 

4800 

6533 

8533 

10800 

13333 

19200 

26133 

34133 

43200 

53333 

64533 

768ot> 

5600 

7623 

9956 

12600 

15623 

22400 

30489 

39756 

50400 

62223 

75289 

89600 

6400 

8711 

II378 

14400 

17777 

25600 

34844 

455" 

57600 

71110 

86044 

102400 

7200 

9800 

12800 

16200 

20000 

28800 

39200 

51200 

64800 

80000 

96800 

1 1 5200 

8000 

10889 

14222 

18000 

22222 

32000 

43556 

56890 

72COO 

88889 

137556 

128000 

9600 

13066 

17067 

21600 

26667 

38400 

52266 

68266 

86400 

106666 

129066 

153600 

Timber  Columns. — In  members  subject  to  compression  good  yellow  pine  may  be 
strained  as  high  as  1,100  lbs.  per  square  inch  for  columns,  when  the  ratio  of  least  side  to 
length  does  not  exceed  20;  for  columns  over  this  length  the  unit  strains  should  be  reduced 

by  the  following  formula,  U  =  1500  —  18^,  where  U  equals  unit  strain,  /  equals  length 

in  inches,  and  d  equals  the  least  side  in  inches.  White  pine  should  be  strained  about  30 
per  cent,  less  than  above.  No  column  should  be  used  longer  than  fifty  times  its  least 
width.     The  following  table  has  been  figured  for  timber  columns,  using  the  formula  given  : 

TABLE  II. 


d 

Yellow  Pine. 
1500—  18  , 

White  Pine. 

1000 —  18 
d 

d 

t 

Yellow  Pine. 
«5oo   .8^ 

White  Pine. 

1000  —  18  , 
a 

20 

1 140 

640 

32 

924 

424 

22 

II04 

604 

1   34 

888 

388 

24 

1068 

568 

36 

852 

352 

26 

1032 

532 

'   38 

816 

316 

28 

996 

496 

40 

780 

2S0 

30 

960 

460 

42 

744 

244 

For  structures  where  traffic  is  carried  during  the  erection,  the  strains  per  square  inch, 
in  those  members  supporting  the  live  load,  should  be  reduced  by  20  per  cent,  from  the  unit 
strains  derived  by  using  Tables  I.  and  II.  , 

Piling. — In  the  driving  of  piles  of  sizes  usually  used  in  false  work,  viz.,  8"  to  10"  diam- 

eter  at  small  end  and  60  feet  long,  a  hammer  should  be  used  weighing  about  2,400  pounds, 

and  should  have  a  final  fall  of  30  feet*    After  driving  piles  on  this  plan  and  into  the  ground 

15  to  18  feet,  if  the  pile  docs  not  penetrate  more  than  two  inches  under  the  last  blow,  a  load 

of  18  tons  may  safely  be  placed  upon  it.     Formulae  for  obtaining  the  safe  bearing  values 

of  piles  are  numerous,  but  none  are  entirely  satisfactory,  nor  can  they  be  relied  upon,  as 

so  much  depends  upon  the  particular  soil  into  which  they  are  driven,  and  other  attendant 

circumstances.    The  formula  proposed  by  Sanders  will  answer  for  most  cases,  and  by  using 

a  factor  of  10  a  safe  result  is  obtained, 

^      wh 


where  7^=  ultimate  bearing  value  ;  w  =  weight  of  hammer  in  pounds,  h  =  height  of  last 
fall  in  inches,  5  =  penetration  of  pile  under  last  blow. 
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Prices  and  Specifications. — Good  long  leaf  Southern  yellow  pine  can  be  bought  in 
the  northern  market  of  suitable  sizes  for  $25  per  M.,  and  at  the  mills  in  the  South  as 
low  as  $11  per  M.     The  following  specification  answers  for  false  work  lumber: 

"To  be  long  leaf  southern  yellow  pine,  cut  from  sound,  untapped  trees;  to  be  free 
from  large  or  loose  knots  and  other  material  defects ;  straight,  well  manufactured,  true  and 
full  to  sizes  given.** 

Good  oak  costs  from  $15  to  $30  per  M.,  according  to  location.  Specification  as  fol- 
lows : 

"  To  be  cut  from  sound,  live  trees,  straight-grained,  free  from  knots,  wind  shakes,  and 
other  imperfections." 

The  specifications  for  material  for  permanent  structures  of  course  are  more  severe  ; 
generally  calling  for  three  corners  to  show  heart  lumber  throughout  the  length  of  the 
piece,  and  the  remaining  corner  may  show  s.ip  wood  for  -^^  the  width  of  its  face.  Yellow- 
pine  piling  costs  at  the  site  from  6  to  10  cents  per  lineal  foot. 

**  Piles  must  be  cut  from  sound  trees,  not  less  than  8  inches  in  diameter  at  small  end, 
and  straight  throughout  their  length.** 

Rope. — For  hoisting  and  rigging  purposes  the  best  manilla  rope  should  be  used.  It 
is  sold  in  coils  containing  from  950  feet  in  the  larger  sizes  to  1,100  feet  in  the  smaller  sizes. 
The  following  table  shows  the  weight  per  foot  and  the  ultimate  strength  of  the  usual  sizes. 
The  "working  strain**  is  usually  taken  at  \  of  the  ultimate.  Present  price  of  rope,  8 — 
cents  per  pound. 

TABLE    III. 


DIAMETER. 

WEIGHT  PER  FOOT. 

1 

ULTIMATE  STRENGTH. 

DIAMETER. 

WEIGHT   PER  FOOT. 

ULTIMATE  STRENGTH. 

1" 

* 

I' 

•17 

•25 
.30 

3900  lbs. 

5700      " 
6750      " 

li" 
If 

2" 

•47 
•75 

1.30 

10600  lbs. 

16900      •* 
29300      •* 

Wire  rope  is  also  used  for  guys,  etc.,  and  occasionally  for  hoisting  purposes,  but  for 
general  practice  the  manilla  is  better  and  cheaper.  Only  when  the  wire  rope  is  used  for 
hoisting  and  running  rapidly,  making  it  liable  to  become  heated,  is  it  necessary  to  use  a 
wire  centre  ;  in  all  other  cases  the  wire  rope  should  be  laid  with  a  hemp  centre.  When  it  is 
necessary  to  use  metal,  it  is  generally  better  to  select  steel  rope,  as  it  is  much  lighter  and 
stronger  than  the  iron.  The  following  table  gives  the  weight  per  foot,  ultimate  strength, 
and  cost  of  the  usual  sizes.     Working  strain  taken  at  \  ultimate. 

TABLE   IV. 


DIAMETER. 

WEIGHT  PER  FOOT, 

Iron. 

ULTIMATE  IN 
TONS,  2000. 

8.8 

WEIGHT  PER  FOOT, 

Steel. 

ULTIMATE  IN 
TONS,  aooo. 

PRICE. 

}" 

.88 

.88 

17^ 

li" 

Steel, 

40  cts. 

per  ft. 

1" 

1. 12 

12.3 

1. 12 

22. 

}•■ 

t  • 

19  •* 

(4 

1" 

1.50 

16.0 

1.50 

30. 

il" 

2.28 

25.0 

2.28 

44. 

li" 

Iron, 

30  cts. 

per  ft. 

If 

3-37 

36.0 

3.37 

62. 

.*" 

44 

9   " 

4< 

Chain. — Nothing  but  the  best  material  should  be  used  in  chains,  and  they  should  be 
of  the  most  approved  manufacture  and  nothing  smaller  than  f "  diameter  of  iron  in  links 
should  be  allowed.  These  chains  are  used  principally  in  hoisting,  and  made  usually  about 
J 5  or  30  feet  long,  with  a  hook  at  each  end  and  a  large  ring  in  the  centre,  called  double 
cliains.  Single  chains  are  from  5  feet  to  15  feet  long,  with  liook  at  one  end  and  ring  at  the 
other  end. 
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Crabs. — For  hand  power  hoisting  **  A  "  crabs  are  used  (see  Sketch  i)  having  a  drum 

\  around  which  the  rope  is  wound.     In  some  cases,  as  derricks,  or  when 

attached  to  the  legs  of  the  traveller,  a  "  square-framed  '*  crab  is  more 
V-        convenient. 
\  Blocks. — All    blocks   should    be    of    the    most    approved    pat- 

^  tern,    extra    heavy    strapped,    and    metalline    bushed    sheaves    (see 
Sketch  2). 

Hydraulic  and  Screw  Jacks. — Jacks  are  indispensable  where  it  is  necessary  to 
raise  or  lower  heavy  weights,  and  are  especially  useful  when  ready  to  swing  the  permanent 
truss  free  of  the  false  work,  in  raising  the  truss  to  relieve  the  pressure  on  the  blocking,  so 
that  it  can  be  removec',  and  then  lowering  the  span  (see  Sketch  3). 

Engines. — For  light  hoisting,  the  4-spool  engine  is  usually  used  (see  Sketch  4),  tlic 
hoisting-rope  being  wiapped  around  the  spool.  For  pile  driving  tlic  double-drum  engine  is 
used  (see  Sketch  5).  For  heavy  hoistin<^  the  engine  shown  in  Sketch  6  is  used.  The  engine 
and  boiler  are  fastened  to  a  single  solid  frame,  ni;ikiifg  it  possible  to  move  the  engine  easily 
from  place  to  place.  These  engines  are  made  with  6  or  8  spools,  permitting  the  use  of 
more  hoisting  lines  at  one  time. 

List  of  Tools. — The  preceding  are  the  main  materials  and  tools  used  in  the  erection 
of  structures ;  the  following  will  be  found  an  average  list  of  the  tools  required  for  the  erec- 
tion of  particular  classes  of  work,  but  not  including  falsework  bolts. 


SPANS  UP  TO  100'  AND  WORKING  30  MUN. 


SPANS  100'  TO  JOO'  AND  WORKING  75  MEN. 


4  Sets  10"  Double  Blwks. 
4  Sets    8"  Double  Blocks. 
2  10"  Single  Blocks. 
4  10"  Snatch  Blocks. 

41"  Lines,  160'  each. 

4  I  '  Lines,  160'  each. 

6  1"  Hand  Lines,  40'  each. 
20  Lashings,  30'  each. 

5  Rope  Slings. 

4  'A"  Crabs. 
I  Axe. 

I  Cross-cut  Saw. 

1  Man  Saw. 

4  I'  Crank  Augers. 

2  Iron  Crowbars. 

2  Steel  Crowbars. 

4  Steel  Connecting  Bars. 
4  8-lb.  Sledges. 

1  Complete  Riveting  Kit. 

3  Flat  Chisels. 

3  Round-nose  Chisels. 
3  Cold  Cutters 

2  Chipping  Hammers. 
2  Timber  Jacks. 

2  Fork  Wrenches  for  3  '  Bolts. 
2  Fork  Wrenches  for  V  Bolts. 
2  Monkoy  Wrenches,  18    long. 

2  Stone  Drills. 
12  j|"and  i'  Drift  Pins. 
2  Button  Sets,  \'  rivets. 
2  Button  Sets,  t"  rivets. 


50  f"  Fitting-up  Bolts,  3"  long. 
50  1;"  Fitting-up  Bolts,  3"  long. 

150  Washers. 


4  Sets  16"  Triple  Blocks. 
6  Sets  14'  Double  Blocks. 
6  Sets  12  '  Doul»le  Blocks. 
8  Sets  S    Double  Bl<.cks. 
8  12'   Single  lUocUs. 
8  12"  Snatch  Blocks. 


Si: 


iV 


Lines.  300  feet  each. 
Lines,  200  feet  each. 


10  1 1"  Hand  Line^.  60  feet  each. 
40  i\"  Lashings,  40  feet  each. 
20  Slings. 

2  Coils  f''  Rope. 

2  Cuils  i"  Rope. 

1  Derrick. 
4"  A"Crab.s. 

2  Square  Crabs. 

I  4-spool  Hoisting  Engine. 

3  Complct(?  Rivri-ni  a  i-i. 
I  Blackstniili  K<i. 

1  Dolly  Car. 

6  10-11).  Sledges. 
6  8-lb.  Sledges. 

4  Axes. 

4  Cross-cut  Saws. 

4  Man  Saws. 
10  I"  Crank  Augers. 

6  Iron  Crowbars. 

6  Steel  Crowbars. 

6  Steel  Connecting  Bars. 
12  Flat  and  Round-nose  Chisels. 

6  Cold  Cutters. 

4  Chipj)ing  Hammers. 

6  Timber  T«»cks. 
12  Fork  Wrenches,  \"  and  J'. 

2  Key  Wrenclies, 
4  Monkey  Wrenches,  18 

long. 
2  Stone  Drills. 
12  'I"  and  liV   Drift  Pins. 
10  Button  Sets,  !{  '  and  i". 
6  Cant  Hooks. 
200  5"  Fitting-up  Bolts,  2\"  to  3i 
200  I"  Fitling-up  Bolls,  2\"  to  4" 
500  Wrought  Washers. 


and  21" 


It 


II 


SPANS  300'  TO  600'  AND  WORKING  300  UMS . 


20  Sets  16"  Triple  Blocks. 
20  Sets  14"  Double  Blocks. 
20  Sets  12"  Double  Blocks. 
10  Sets  10  '  Double  Blocl<s. 
20  Sets  8    Double  Blocks. 
16  14"  Snatch  Blocks. 
10  12  '  Snatch  Blocks. 
20  12"  X  14"  Single  Blocks. 
10  Coils  i-i     Rope. 
15  Coils  \\     Rope. 
10  Coils  1     Rope. 
10  Coils  I    Rope. 
20  li     H.ind  Lines,  So'. 
40  I4  "  Lashings. 
40  Slings. 
4  Derricks. 
10  **A"  Crabs. 

4  Square  Crabs. 

5  Hoisting  Engines. 

I  Pile  Engine  nnd  Driver. 

I  Blacksmith  Kit. 

4  Dolly  Cars. 
15  lo-lb.  Sledges. 
10  8-lb.  Sledges. 
10  Axes. 

15  Cross-cut  and  Man  Saws. 
20  Y  Crank  Augers. 

^  Iron  Crowbars. 
10  Steel  Crowbars. 
15  Steel  Connecting  Bars. 
6  Complete  Riveting  Kits. 
20  Chisels  and  Cold  Cutters, 

6  Chipping  HaniuKTS. 
15  Timber  Jacks. 

25  Fork  Wrenches,  'i"  to 3", 
*v  Key  Wrenches. 
()  Monkey  Wrenches. 
15  Cant  Hooks. 
4  Stone  Drills 
20  i?;'and  jV'  Drift  Pins. 
20  Button  Sets,  i"  and  J". 
400  X'  Fitting-uj)  Bolts. 
400  \"  Fitting-up  Bolts. 
1,000  Wrought  Washers. 


"A"  CRAB. 
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Having  reviewed  the  points  which  should  be  borne  in  mind  when  designing  the 
details  of  permanent  structures,  the  materials  required,  and  the  tools  used  for  the  erection 
of  the  temporary  structures,  we  will  now  proceed  to  give  the  methods  and  plans  pursued  in 
the  erection  of  various  sizes  and  types  of  engineering  structures.  In  all  cases  where  rail- 
way spans  are  considered,  they  are  assumed  to  be  for  "  single  track,**  as  the  same  plans 
would  hold  good  for  **  double-track  "  spans,  differing  only  in  the  width  and  strength  of  the 
false  work,  and  the  heavier  rigging  necessary  to  support  and  handle  the  increased  weight. 

SPANS  UP  TO  25'. 

Girders  for  spans  of  this  length  arc  usually  made  of  double  I  beams  for  the  shorter 
lengths,  and  plate  girders  for  those  approaching  25'.  These  girders  are  usually  connected 
with  stiff  lateral  bracing.  Girders  of  this  length  can  be  handled  directly  from  the  car  to 
the  bridge  seat,  by  skidding  down  on  rails  to  a  temporary  wooden  stringer  thrown  across 
the  opening,  and  then  pulled  directly  over  the  final  supports  and  up-ended.  (See  Plate  1.) 
This  is  assuming  the  road  is  a  new  one ;  if  it  is  necessary  to  provide  for  traffic,  only  slight 
interruption  to  which  is  allowed,  it  would  be  better  to  put  the  whole  span  together  near  the 
site,  tear  up  the  track  between  trains,  and  put  it  in  position  by  sliding  it  on  to  the  bridge 
seats  from  the  side,  or  skidding  it  from  a  dolly-car  at  the  end  of  the  track.  A  span  like 
this  should  be  put  in  position  and  finished  completely  by  ten  men  in  two  days ;  the 
heaviest  single  piece  to  handle  being  4,500  pounds. 


PLATE   OR    LATTICE   GIRDERS,    25'   TO   85'. 

The  same  plan  is  to  be  pursued  as  in  the  case  of  the  shorter  spans,  but  owing  to  the 
increased  lengths,  one  or  more  bents  of  the  false  work  should  be  put  in  to  support  the 
girders  as  they  are  being  launched  out  from  the  car ;  bents  made  of  2  —  8"  x  8"  legs  spaced 
•15'  apart  longitudinally,  and  supporting  4  lines  of  8"  x  12"  stringers,  would  be  ample  when 
no  traffic  is  to  be  carried.  These  large  girders  should  be  launched  from  the  car  lying  on 
the  side,  to  prevent  accident  from  upsetting,  and  after  being  set  directly  over  the  bridge 
seat,  turned  up  to  a  vertical  position  by  means  of  a  pole  rigged 
to  one  side ;  or  by  placing  a  temporary  wooden  frame  over  the 
girders  and  attaching  hoisting  blocks  to  it. 

The  longer  span  lattice  girders  are  often  shipped  in  two 
or  more  pieces  to  facilitate  handling,  in  which  case  great  care 
must  be  exercised  to  see  that  the  girder  is  in  perfect  line 
and  has  a  proper  camber  before  riveting  is  commenced.  The 
same  care  should  be  used  in  all  cases,  to  have  the  girders  in 
perfect  line  before  riveting  the  lateral  bracing. 

Girders  are  also  often  put  in  position  from  the  track  by  being  supported  from  the  side 
of  the  car,  run  out  over  the  bridge  seats,  and  lowered  into  position  ;  or  if  the  seat  is  directly 
under  the  rail,  lower  girders  to  one  side,  remove  the  track,  and  slide  them  into  position. 
(See  Plate  II.)  This  is  probably  the  cheapest  plan  for  placing  girders  where  such  a 
method  can  be  used,  and  a  span  should  be  finished  completely  by  fifteen  men  in  three 
days  ;  the  heaviest  piece  to  handle  being  15,000  pounds. 

As  the  spans  approach  the  longer  lengths,  and  become  very  heavy,  it  is  better  to  erect 
two  or  three  bents  of  upper  false  work,  depending  on  the  length  of  girder;  so  that  the 
girder  can  be  picked  directly  off  of  the  car  and  the  car  run  from  under  it,  and  the  girder 
then  lowered  into  position.     (See  Plate  III.) 
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TIIROUGJI    SPANS,    85'   TO    1 50'. 

For  the  erection  of  single  track  through  spans,  the  false  work  is  usually  made  in  bents 
of  3  legs  each,  spaced  about  20  feet  c.  to  c,  and  capped.  On  these  bents  are  placed  4  lines 
of  stringers.     The  sizes  given  in  Plate  IV.  are  for  ordinary  height  and  weight  of  span. 


HnlstlHf;  Rnpo 


Balanco^giiS 


These  bents  of  false  work  are  usually  framed  and  put 
together  on  shore,  and  floated  to  position  and  up- 
ended in  place  by  the  means  of  balance  beams ;  or  if 
it  is  not  practicable  to  float  the  whole  bent  out,  bolted 
together,  it  is  put  in  place  by  the  same  means  piece 
by  piece.  The  top  of  the  false  work  is  so  designed  as 
to  be  at  least  12"  below  the  lowest  iron  to  be  erected, 
so  that  there  may  be  plenty  of  room  to  block  up. 
After  the  false  work  is  ready,  the  "traveller,"  or  top 

movable  staging,  is  put  up ;  this  traveller  runs  on  rails  spaced  sufficiently  far  apart  to  allow 

it  to  span  the  new  truss.    (See  Plate  IV.  for  ordinary  sizes  and  dimensions  for  single  track 

spans.)     The  bents  of  the  traveller  are 

framed    complete    and    bolted    together 

lying  down  on  the  false  work,  and  raised 

to  a  vertical  position  on  the  sills  by  means 

of  a  "  tripper  bent,"  and  the  two  bents 


Truvelcr  Bcut 


are  then  braced  together.  On  the  stringers  on  top  of  the  traveller,  4  "A"  crabs  are 
placed,  one  near  each  corner,  if  the  hoisting  is  to  be  clone  by  man  power.  In  many  cases 
the  crabs  are  placed  on  false  work  near  end  of  span,  to  have  the  men  at  hand  for  other  work. 

After  the  false  work  and  traveller  are  ready,  the  next  proceeding  is  to  lay  out  the  lon- 
gitudinal centre  line  of  the  trusses  on  the  false  work  and  locate  the  position  of  the  panel 
points ;  at  each  of  these  points  a  sufficient  amount  of  blocking  is  placed,  upon  which  the 
iron  rests,  to  give  the  new  truss,  when  first  placed  in  position  and  before  swinging  clear  of 
the  false  work,  an  increased  camber,  varying  from  about  3"  for  100'  spans  to  9"  for  550'. 
spans  ;  this  increased  camber  is  put  on  to  facilitate  the  connection  of  the  new  trusses  by 
shortening  the  distance,  as  it  does,  between  the  diagonal  panel  points.  The  end  wall-plates 
and  shoes  are  then  placed  in  position,  beginning  with  the  fixed  end.  and  on  centres  furnished 
by  the  engineer ;  the  lower  chord  bars  are  then  distributed  at  their  proper  panels,  as  well 
as  the  pins  and  washers. 

The  erection  of  the  trusses  begins  at  the  centre  panel,  for  at  this  point  we  find  diago- 
nal members  running  in  each  direction,  and  the  panel  is  therefore  held  both  ways.  The 
section  of  upper  chord  of  the  centre  panel  is  first  hoisted  slightly  above  its  final  position 
and  lashed  to  the  traveller ;  this  latter  relieves  the  "  A  "  crabs,  and  the  two  interior  posts 
are  taken  hold  of  and  hoisted  into  position,  and  the  lower  pins,  connecting  the  lower 
chord  bars,  tie  bars,  and  interior  posts,  are  then  driven  ;  only  sufficient  chord  bars,  howevei, 
being  put  on  at  this  time  to  complete  the  connection,  as  those  on  the  outside  of  the  post 
can  be  put  on  later.  The  section  of  the  upper  chord  is  then  lowered  slightly  into  its  posi- 
tion over  the  interior  posts,  and,  the  upper  ends  of  the  diagonal  bars  and  counters  being 
hoisted  into  position,  the  upper  pins  are  driven,  thus  completing  one  panel  of  the  truss. 
The  same  plan  is  pursued  simultaneously  with  the  centre  panel  of  the  opposite  truss,  and 
the  upper  lateral  and  transverse  bracing  joining  the  trusses  is  put  in  place.  Great  care 
must  be  exercised  in  the  adjustment  of  this  first  panel  of  the  bracing  to  see  that  the  panel 
points  are  exactly  opposite  and  square  with  the  centre  line  of  the  bridge,  and  that  the  interior 
posts  are  perpendicular.  The  facility  of  final  connection  depends  very  much  on  the  care- 
ful adjustment  of  the  first  panel ;  if  it  is  started  square  and  true,  and  the  others  adjusted  to 
it  as  they  are  erected,  the  chances  are  there  will  be  little  trouble  at  the  end.     During  the 
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erection  the  false  work  should  be  watched  closely,  and  if  it  settles — especially  when  it 
settles  unevenly — the  blocking  should  be  increased  at  such  points,  so  that  the  relative 
elevations  of  the  centre  line  of  the  lower  chord  pins  above  a  level  line  are  kept  as 
intended,  and  in  a  regular,  increased  camber  curve. 

After  the  centre  panel  is  complete  the  traveller  is  moved  one  panel  toward  the 
"  fixed  "  end  of  the  span,  and  this  panel  is  put  in  position  and  connected,  pursuing  exactly 
the  same  course  as  with  the  centre,  and  so  on  to  the  end  ;  the  traveller  is  then  run  back  to 
the  panel  beyond  the  centre  and  toward  the  *'  roller  '*  end,  and  these  panels  are  put  up  in 
order.  The  last  pin  to  be  driven  is  usually  the  pin  at  the  top  of  the  leaning  end-post  It 
is  often  necessary  to  raise  or  lower  the  truss  to  make  connections,  especially  the  final 
ones,  and  for  this  purpose  good,  powerful  hydraulic  jacks  should  be  kept  at  hand.  In 
applying  these  jacks  to  move  any  point,  place  them  under  the  bars  or  pins,  but  close  to 
the  support  in  the  jaws  of  the  post ;  otherwise,  through  the  liability  of  unequal  loading, 
members  would  probably  get  seriously  bent.  After  the  span  is  all  connected  and  all 
splices  well  filled  with  good  bolts,  it  should  be  swung  clear  of  the  false  work  by 
starting  at  the  highest  point ;  this  point  is  shown  plainly  by  the  excessive  buckling  of 
the  diagonal  members ;  and  lowering  this  point  until  the  buckling  is  nearly  taken  out,  and 
then  lower  the  panel  points  adjacent,  working  toward  each  end,  and  lowering  each  point 
about  i"  to  i^",  and  taking  the  greatest  care  not  to  overload  any  point  by  permitting  it  to 
remain  high  and  those  adjacent  too  low ;  this  undue  loading  is  plainly  seen,  as  before 
stated,  by  the  diagonal  members  buckling.  Before  starting  to  **  swing  "  the  span,  the  count- 
ers should  be  slackened  thoroughly,  and  after  the  span  is  swung  and  com- 
plete, including  ties  and  rails  and  any  other  dead  load  it  is  to  carry,  they 
should  be  tightened,  and  brought  simply  to  a  good  square  bearing  on  the  r—J-l 
pins. 

If  the  floor  is  so  designed  that  it  must  be  connected  at  the  same 
time  as  the  lower  chord  bars  and  web  members — that  is,  if  the  floor 
beams  have  riveted  end-hangers  through  which  the  pin  passes — the  floor 
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beams  are  placed  directly  on  the  blocking  first,  the  stringers  put  in  between  them,  and 
then  the  remainder  of  the  erection  proceeds  exactly  as  outlined  above. 

DECK   SPANS,   85'   TO    150'. 

For  the  erection  of  "  Deck  Structures"  up  to  150'  in  length  the  same  character  of 
false  work  is  used  as  for  "  Through  "  spans  of  the  same  length  and  weight ;  and  when  the 
false  work  is  only  run  up  to  the  lower  chord  of  the  iron  truss,  the  erection  of  the  latter  is 
proceeded  with  in  precisely  the  same  manner  as  for  **  Through  "  spans.  At  times,  how- 
ever, it  is  advisable  to  continue  the  false  work  up  to  a  short  distance  below  the  upper  chord. 
(See  Plate  V.)  In  this  plate  the  false  work  is  also  shown  arranged  to  carry  traffic  and  to 
remove  the  old  truss.  The  iron  in  this  case  is  run  out  on  a  derrick  car  and  lowered  into 
position,  the  upper  chord  being  first  lined  out,  starting  from  the  fixed  end  and  from  points 
given  on  the  masonry  by  the  engineer.  At  about  the  level  of  the  lower  chord  the  bracing 
on  the  false  work  is  arranged  with  some  additional  planking  (see  plate),  so  as  to  support 
temporarily  the  lower  chord  and  the  lower  ends  of  the  interior  posts,  until  the  connections 
are  made  by  driving  the  upper  chord  pins  first  and  then  those  for  the  lower  chord,  at  the 
centre  panel,  and  working  from  here  toward  the  "  fixed  "  end,  and  then  from  the  centre 
toward  the  "  roller  *'  end  of  the  span.  The  same  remarks  apply  to  the  adjusting  of  count- 
ers, the  thorough  bolting  of  joints  before  swinging  off,  and  the  care  to  be  exercised  in  the 
adjustment  of  bracing,  and  squaring  and  lining  up  of  trusses,  particularly  of  the  first  paneL 
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SPANS,    150'   TO   350'. 

In  considering  the  longer  spans  we  will  at  the  same  time  assume  that  it  is  necessary  to 
use  high  false  works,  at  least  60'  high.  At  this  height  it  is  advisable  to  increase  the  panel 
lengths,  making  the  stringers  correspondingly  heavier,  thereby  reducing  the  number  of 
bents  required,  the  cost  "  in  place  "  of  these  bents  increasing  rapidly  as  this  height  is  ap- 
proached. For  ordinary  structures  12"  x  12"  stringers  can  be  used  for  panel  lengths  of  20' ; 
over  this  12"  x  16"  up  to  24'  panels,  and  if  necessary  or  advisable  to  increase  the  panels  to 
25'  or  even  30',  the  stringers  can  be  trussed  simply.  (See  Plate  VI.)  This  plate  also  shows 
false  work  arranged  to  carry  traffic  and  to  remove  the  old  structure.  These  long  panels  are 
put  in  where  the  crossing  is  over  streams  subject  to  sudden  freshets,  accompanied  with  a 
heavy  run  of  drift,  in  order  to  leave  as  much  open  water-way  as  possible.  The  braced 
towers  in  such  cases  are  made  less  in  width,  say  12'  to  16',  according  to  the  most  economical 
panel  division.  When  the  false  work  is  50'  high  or  more,  it  is  always  best  to  use  steam 
power  for  hoisting,  as  man  power  is  too  slow  for  the  necessary  long  lifts. 

The  hoisting  engine  is  either  placed  at  some  convenient  place  on  the  bank  and  a  lead- 
line run  from  there  to  sheaves  in  the  ends  of  balance  beams,  or  the  engine  is  set  up  on  a 
travelling  crane  or  derrick  traveller  (see  Plate  XIV.),  and  the  false  work  is  lowered  or  raised 
in  place  from  a  swinging  boom,  which  boom  .is  long  enough  to  command  the  position  of 
all  legs  of  the  bent  ahead  of  the  last  one  erected.  In  our  discussion  so  far  we  have  assumed 
that  false  work  legs  could  be  set  directly  on  the  bottom,  the  formation  being  rock  or  other 
material  sufficiently  hard  to  preclude  the  possibility  of  scour  or  settlement  under  the  loads 
which  are  to  come  upon  them.  When  the  bottom  is  of  a  medium  solid  character,  it  is 
advisable  to  use  a  sill  at  the  foot  of  the  trestle  legs  running  transversely  and  receiving  all 
the  legs  of  the  bent ;  and  if  the  bottom  is  very  soft,  in  addition  to  this  sill  short  mud-sills 
must  be  placed  at  right  angles,  to  still  further  distribute  the  pressure.  If  even  with  these 
additions,  it  is  probable  settlement  or  scour  will  take  place,  piles  must  be  driven.  Piles 
should  be  selected  so  that  they  may  be  well  driven,  and  sawed  off  at  some  distance  above 
the  ordinary  stage  of  water.  Piles  should  be  straight  throughout,  and  before  driving  are 
pointed,  and  the  butts  roughly  dressed  square.  They  are  driven  at  the  panel  points  of  the 
trestle,  and  as  near  as  possible  in  line  transversely  and  longitudinally.  After,  all  the  piles 
in  one  bent  are  driven,  they  are  sawecT  off,  pulled  still  further  into  line  by  being  braced  to 
the  previously  finished  bent,  and  then  capped  and  braced.  The  false  work  is  then  put  on 
this  cap,  in  the  same  manner  as  previously  outlined  for  ordinary  cases,  where  the  false  work 
bent  is  placed  directly  on  the  bottom.  In  ordinary  material  piles  are  usually  driven  12'  to 
18'  with  a  2,600-lb.  hammer,  dropping  at  the  last  blow  40',  and  the  penetration  of  the  pile 
under  this  blow  should  not  be  more  than  2".  Piles  driven  in  such  a  manner  can  sustain 
safely  a  load  of  18  tons.  Forty  piles  should  be  driven  each  day  of  ten  hours,  under 
ordinary  conditions,  with  one  driver.  (See  Plate  VII.,  showing  driver,  boat,  and  engine 
complete.) 

The  travellers  for  these  longer  spans  are  usually  made  of  three  bents,  as  the  panels  of 
trusses  are  generally  made  at  least  25'  long,  and  the  traveller  must  extend  at  least  2'  6" 
beyond  the  centre  of  the  panel,  making  it  28'  centre  to  centre  of  the  end  legs  (see  Plate 
VIIL),  or  the  traveller  may  be  designed  with  two  regular  end  braced  bents  and  a  centre 
cap  supporting  the  upper  stringers,  which  cap  is  supported  by  two  leaning  posts  in  the  same 
plane  as  the  inner  legs  of  the  bents.  (See  Plate  VI.)  This  last  traveller  is  probably  the 
cheaper  design,  containing  less  lumber  and  framing,  and  yet  answering  the  purpose.  Great 
care  must  be  exercised  in  the  framing  and  raising  of  these  large  travellers,  to  see  that  every 
bent  is  square  and  plumb,  and  kept  so  when  hoisting ;  and  if  necessary  to  insure  this,  good 
guys  should  be  used.     We  have  thus  briefly  outlined  the  false  work  and  travellers  required 
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to  raise  and  handle  these  long  spans ;  the  erection  of  the  spans  themselves  does  not  differ, 
in  plan,  from  that  described  under  the  head  of  smaller  spans;  erection  being  begun  at  the 
centre  panel  and  working  first  toward  the  **  fixed  "  end  and  finishing  with  the  "  roller  **  end. 

SPANS,    300'   TO   600'   LONG. 

For  the  very  longest  spans,  where  the  trusses  run  up  to  85'  and  more  in  depth,  the  trav- 
eller becomes  a  very  important  and  expensive  part  of  the  erection  plant.  Usually  it  is  of 
four  bents,  with  its  upper  bracing  a  fiowe  truss  il'  deep  (see  Plate  IX.).  Such  a  traveller, 
when  fully  rigged  for  work,  has  four  hoisting  engines,  of  the  type  shown  in  Sketch  4,  with 
two  boilers ;  lines  from  these  engines  run  to  snatch  blocks  fastened  to  the  lower  platforms, 
and  from  there  to  the  top  of  the  traveller,  passing  through  sheaves  in  twin  beams  resting 
on  the  stringers  which  bear  directly  on  the  Howe  trusses,  and  directly  over  the  new  trusses. 
Fifty  sets  of  blocks  are  required,  varying  in  size  from  the  heaviest  16"  triple  to  8"  single 
blocks;  some  35  coils  of  rope  are  needed,  varying  from  ij"  to  J".  Such  a  traveller  con- 
tains 75,000  feet  B.  M.  of  lumber,  and  requires  twelve  days  to  frame  and  erect,  and  three 
days  to  rig  complete.  In  cases  where  long  spans  are  to  be  erected  on  very  high  falseworks, 
in  localities  subject  to  high  winds,  it  is  best  to  give  more  width  at  the  top  of  falsework  and 
widen  the  traveller  correspondingly  ;  having  the  narrowest  part  of  traveller  at  the  top  instead 
of  at  the  bottom,  as  is  usually  the  case.  (Sec  Plate  IXa,)  It  is  unnecessary  to  point  out 
the  great  increased  stability  of  both  false  work  and  traveller  in  this  design.  However,  only 
in  special  cases  mentioned  would  the  extra  expense  involved  be  warranted. 

The  false  work  for  these  extremely  long  spans  is  similar  to  those  already  described, 
where  the  same  height  and  character  of  bottom  is  found  :  these  spans,  however,  are  gener- 
ally designed  for  the  crossing  of  important  streams,  often  those  subject  to  sudden  and 
heavy  rises,  and  for  such  cases  it  is  advisable  to  still  further  increase  the  unbraced  open 
spans,  and  keep  the  braced  towers  comparatively  narrow.  A  usual  division  is  to  make 
towers  of  about  u'  and  adjoining  openings  50'.     (See  Plate  X.) 

These  towers  are  formed  first  of  piles,  driven  as  previously  described,  and  capped  and 
braced ;  upon  these  the  bents  of  the  false  work  are  erected  and  braced,  and  on  top  of  the 
caps  the  necessary  trusses  or  stringers,  the  long  spans  being  How^e  trusses  about  14'  deep. 
(See  Plate  XL,  showing  a  design  of  heavy  Howe  truss.)  These  trusses  for  false  work  weigh 
probably  six  tons,  and  can  be  framed  and  connected  together  and  launched  into  position 
by  an  *'  upper  '*  traveller  with  overhanging  boom  rigged  for  the  purpose.  This  traveller 
|hould  also  be  provided  with  a  boom  sufficiently  long  to  reach  over  the  tower  in  advance, 
;o  that  it  can  be  erected  by  hoisting  directly  from  the  traveller.  In  case  there  is  not  suf- 
ficient material  over  the  rock  in  which  piles  may  be  driven,  it  is  necessary  to  build  a  crib 
of  rough  timbers  and  fill  the  same  with  stones  until  it  rests  firmly  on  the  bottom  ;  and  on 
this  temporary  pier  erect  the  towers  to  carry  spans.  (See  also  Plate  X.)  In  those  localities 
where  the  stream  is  not  only  subject  to  sudden  rises,  but 
also  to  a  heavy  run  of  drift,  the  false  work  is  not  only 
liable  to  be  carried  away  by  the  heavy  pressure  against 
it,  but  is  subject  to  the  greater  danger  of  being  scoured 
out,  or  literally  washed  out,  by  having  drift  accumulate 
against  it ;  and  after  packing  nearly  to  the  bottom  of  the 
stream,  the  rush  of  water  underneath  scours  out  the  false 
work  until  it  is  so  undermined  and  weakened  that  it  fails. 

To  prevent  this,  a  "  protection  '*  or  boom  should  be  / 
placed    above   the    false   work,  of  V  shape,  and  having 
the  point  of  the  V  at  least  the  full  length  of  the  span 
above  the  centre  of  the  opening,  giving  the  sides  thereby 
a  good  slope.    This  protection  is  best  made  of  piles,  well 
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driven,  with  centres  about  4'  apart,  and  of  sufficient  length  to  be  above  water  during  a 
heavy  rise  ;  these  piles  are  connected  on  the  outside  by  horizontal  pieces  of  6"  X  8",  with 
spaces  between  each  row  of  about  6  inches.  At  points  about  50'  apart  a  group  of  8  or  10 
piles  should  extend  on  the  inside  of  the  V  and  be  thoroughly  braced  together,  giving  great 
strength  to  the  protection  to  resist  the  pressure  of  water  and  drift  Such  a  protection,  in 
plan,  would  appear  like  the  sketch  on  preceeding  page. 

The  false  work  of  the  centre  span  of  the  Ohio  River  bridge  at  Cincinnati,  built  in 
1888,  and  erected  on  piles  driven  into  the  bottom  18'  to  20',  and  the  whole  work  being 
of  the  most  substantial  character,  sustained  successfully  a  flood  and  depth  of  water  of 
45',  and  a  most  unusual  run  of  heavy  drift  lasting  for  three  days,  the  drift  having  accu- 
mulated during  this  time  in  a  solid  triangle  above  and  against  the  false  work,  extending  to 
over  500'  above  the  bridge.  This  drift  was  nearly  solid  to  the  bottom  of  river.  Even  with 
this  tremendous  pressure  the  false  work  showed  no  signs  of  yielding,  and  not  until  the 
upper  line  of  piles  was  completely  undermined  by  scouring  out,  as  was  afterwards  plainly 
shown,  to  a  depth  of  12',  did  the  false  work  yield  and  collapse,  as  it  did  on  August  26, 
1888,  falling  ///  stream.  When  the  false  work  was  again  put  up,  as  was  done  immediately,  it 
was  protected  in  the  manner  above  described,  and  this  protection  withstood  without 
sign  of  weakness  two  floods  of  48'  of  water,  and  while  the  run  of  drift  was  not  very 
heavy,  it  is  believed,  however,  it  would  have  stood  equally  well  the  heaviest  drift,  as  the 
sloping  sides  would  not  allow  it  to  accumulate  and  start  scouring.  It  is  not  necessary  to 
further  discuss  the  erection  of  the  iron-work  of  these  long  spans ;  the  plan  pursued  is 
precisely  similar  to  that  described  for  smaller  spans,  as  given  earlier  in  this  chapter ;  the 
long  spans  simply  demanding  extra-heavy  rigging,  and  care  in  the  handling  of  the  enor- 
mous pieces  required  in   their  construction  ;  some  of  the  members  weighing  40,000  pounds. 

DRAW   SPANS. 

The  erection  of  draw  spans  presents  no  new  problems,  as  far  as  the  false  work  and 
travellers  are  concerned,  the  same  conditions  of  height,  length  of  span,  etc.,  calling  for 
the  same  method  of  erection. 

Still  greater  accuracy,  however,  is  demanded  in  the  masonry  adjustment  and  align- 
ment of  the  span.  The  upper  surface  of  the  lower  track,  upon  which  the  draw  revolves, 
should  be  set  perfectly  level.  This  is  usually  secured  by  imbedding  track  segments  in  a 
composition  of  iron  filings  and  sal-ammoniac  (lOO  parts  filings,  I  part  sal-ammoniac),  which 
composition  soon  sets  into  a  very  hard  and  compact  mass.  With  this  track  set  perfectly 
level  and  at  the  exact  elevation  below  grade,  the  further  erection  of  the  turn-table  should 
give  no  trouble,  as  it  is  all  machine  work  and  **  iron  to  iron."  Especial  care  must  be  taken 
to  set  the  pinion  so  that  it  does  not  gear  too  deeply  into  the  gear  segments  on  the  track, 
or  hard  turning,  caused  by  binding,  will  be  the  result.  Most  of  the  draws  are  now  designed 
to  carry  all  the  dead  load  to  the  centre  ;  therefore,  when  simply  carrying  its  owr.  weight, 
the  rollers  or  wedges  under  the  ends  of  the  draw  should  be  so  adjusted  that  they  simply 
come  to  a  bearing.  The  "  locking  gear  *'  and  shaft  operating  these  rollers  or  wedges  also 
demands  the  most  careful  attention,  to  see  that  it  is  in  perfect  alignment  and  adjustment, 
that  there  may  be  no  binding.  Draws  are  usually  erected  upon  the  **  rest  "  piers,  that  is, 
open ;  the  iron-work  at  the  centre  is  raised  first,  and  from  there  each  way  to  the  ends. 
All  pin-truss  draws  have  an  **  open  joint"  ii  one  of  the  lower  chord  panels  near  and  on 
each  side  of  the  centre ;  shimming  plates  varying  in  thickness  from  J"  to  J"  are  provided 
for  insertion  in  this  joint,  as  the  case  demands.  It  is  impossible  to  estimate  exactly  the 
deflection  of  the  ends  of  draw  trusses,  owing  to  the  inaccuracy  of  workmanship  and  other 
causes,  and  this  deflection  is  found  exactly  during  the  erection,  and  just  sufficient  plates 
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ELEVATED   RAILWAYS, 

Elevated  roads  similar  to  those  in  New  York  and  Brooklyn  come  practically  under  the 
head  of  viaducts,  as  just  discussed  ;  but  as  most  of  these  roads  traverse  crowded  thorough- 
fares, it  is  absolutely  essential  that  the  streets  be  obstructed  as  little  as  possible  ;  the 
traveller,  therefore,  is  placed  on  top,  and  arranged  with  booms  sufficiently  long  to  reach 
out  and  set  the  columns  of  the  bent  ahead,  also  the  transverse  girders  and  bracing,  and  then 
hoist  and  place  the  longitudinal  girders  in  place.  If,  however,  the  streets  are  not  so 
important,  and  can  be  more  or  less  blocked,  a  traveller  designed  to  run  on  sills  on  the 
ground  and  spanning  the  structure  is  probably  the  more  economical  plan  to  pursue,  and  no 
doubt  the  iron  can  be  thus  placed  in  position  more  rapidly.  The  traveller,  with  its  engine, 
boiler,  and  rigging  complete,  is  necessarily  an  expensive  piece  of  machinery,  and  it  should 
only  be  employed  in  raising  and  placing  the  larger  and  more  important  members  of  the 
structure,  only  sufficient  bracing  being  put  in  to  enable  the  traveller  to  be  run  out  safely 
on  the  completed  structure,  or  permit  it  to  move  ahead,  if  it  is  designed  to  run  on  the 
ground.  (See  Plate  XIII.  for  ground  traveller.)  The  remaining  part  of  the  work,  such  as 
the  bracing,  ties,  guards,  and  rails  for  the  track,  can  be  raised  with  a  much  simpler  arrange- 
ment ;  even  a  common  gin-pole,  with  a  set  of  blocks  lashed  to  the  top,  answering  the  pur- 
pose. At  least  150  feet  of  elevated  railway  structure  should  be  erected  complete  each  day 
of  ten  hours,  raising  on  the  above  plans,  where  the  spans  are  about  40  feet,  and  the 
columns  not  over  one  story,  or  20  feet  high.  (See  Plate  XIV.  and  XIV^.  for  viaduct  top 
traveller.) 

TRAIN    SHEDS,   ROOFS,   ETC. 

The  erection  of  ordinary  roof  trusses  is  a  much  more  simple  problem  than  that  of  railroad 
structures,  owing  principally  to  the  fact  that  they  contain  very  much  lighter  pieces  to 
handle  and  connect.  For  roofs  up  to  50-feet  span  the  trusses  are  usually  riveted  together 
on  the  ground,  and  after  the  columns  supporting  the  same  have  been  placed  in  position 
at  the  proper  points,  the  truss  is  hoisted  bodily,  and  placed  on  columns  by  means  of  a  pole 
placed  on  the  centre  line  of  the  building,  and  extending  10  or  15  feet  above  the  highest 
point  of  the  truss  ;  the  top  of  the  pole  being  well  guyed  in  four  directions,  and  having  a  set 
of  falls  fastened  to  it. 

As  the  trusses  increase  in  length  they  soon  become  so  heavy  that  it  is  best  to  use  two 
poles,  one  for  each  side.  Only  assemble  one-half  of  each  truss  on  the  ground,  hoist  the 
same  into  position,  supporting  each  half  with  poles  until  the  centre  connections  are  made, 
thus  forming  one  complete  truss.  When  the  span  reaches  100',  or  more,  it  is  generally 
found  better  to  design  the  roof  trusses  with  pin-connections,  in  which  case  it  is  necessary 
to  put  a  couple  of  bents  of  false  work  in,  to  temporarily  support  the  trusses  while  connec- 
tions are  being  made.  For  train  sheds  of  extra  long  span,  say  250  ft.  to  300  ft.,  two-  and 
three-hinged  arches  are  generally  used,  and  in  this  case  more  elaborate  erection  plant  is 
necessary.  First,  the  arch  must  be  supported  until  finally  connected,  and  movable  traveller 
must  be  so  placed  as  to  command  the  arch  throughout  its  entire  length.  The  plant  used 
in  erecting  the  trusses  of  the  Reading  Terminal  Train  Shed  in  Philadelphia  is  shown  on 
Plates  XV.  and  XV^.  It  will  be  noticed,  false  work  is  placed  on  sills  supported  by  wheels 
having  free  movement  longitudinally,  so  that  it  can  be  transferred  easily  from  arch  to  arch 
as  fast  as  erected  ;  while  the  movable  traveller  rests  on  lower  sills  of  this  false  work,  and  is 
arranged  to  move  transversely,  to  pick  up  and  put  in  place  material  at  any  point  of  the  arch. 
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OCEAN   PIERS. 

The  building  of  ocean  piers  at  the  popular  seaside  resorts  is  becoming  quite  general ; 
these  piers  are  for  promenading  and  pleasure,  as  well  as  for  commercial  purposes.  We 
will  therefore  briefly  outline  the  mode  of  erection  of  these  structures,  only  those  made  of 
iron  being  considered.  Piers  are  usually  made  in  spans  of  about  20'  each,  the  supporting 
columns  being  braced  at  every  panel  transversely,  and  longitudinally  braced  together  in 
pairs,  forming  towers ;  on  these  columns  transverse  girders  are  placed,  and  upon  these  the 
stringers,  which  are  usually  of  wood. 


h 


^15'' >\ 


There  are  several  plans  used   for  the  sinking  of  these  columns ; 

that  most  generally  used,  and,  where  the  material  through  which  the 

column  is  sunk  will  allow  it,  by  far  the  cheapest,  is  by  means  of  a 

I     water  jet,  either  supplied  by  a  force-pump  or  by  the  ordinary  pressure 

j     of  the  city  mains,  if  such  are  convenient.     Generally  the  columns  are 

i|s"   made  hollow,  in  which  case  the  2"  pipe,  ending  in  a  long  metal  nozzle, 

conveying  water,  is  placed  in  the  centre  and  run  down  to  the  point 

of  the  column.     As  soon  as  the  water  is  forced    through  it  loosens 

_jL    the  sand,  and  the  column  sinks  of  its  own  weight  to  the  proper  depth. 

When  the  water-pipe  is  removed,  the  sand  sets  immediately,  and  the  column  is  fixed  in  place. 

The  traveller  required  to  set  these  piers  must  be  provided  at  outer  end  with  guides  for 

setting  columns  accurately  and  keeping  tliem  in  line  during  sinking.     This  is  sliown  clearly 

on  Plate  XVI.,  traveller  used  in  sinking  columns  of  Montauk  Pier,  Long  Island. 

A  depth  of  10  feet  is  sufficient  to  sink  columns  in  ordinary  sand.  In  case  it  is  probable 
obstructions  will  be  met  with,  it  is  advisable  to  design  the  columns  with  a  cast-iron  shoe, 
having  ribs  with  cutting  edges;  and,  as  the  soil  is  loosened  by  the  water,  the  column  is 
turned,  and  assists  the  sinking  by  cutting  the  harder  portions.  If  the  column  is  to  be  sunk 
into  a  very  loose  soil,  giving  little  supporting  friction  to  the  column,  the  end  of  the 
column  is  furnished  with  a  very  large  disk  and  screw  ;  this  is  forced  down  by  turning  the 
column,  and  gives  much  additional  bearing  surface. 

The  columns  are  turned  by  securing  a  square  wooden  frame  to  the  top,  of  a  diameter 
sufficient  to  give  the  leverage  required,  and  the  power  applied,  usually  by  men,  although 
an  engine  can  be  attached,  if  necessary.  It  is  also  the  habit,  in  some  localities,  and  was 
the  plan  used  by  the  government  engineer  in  charge  of  the  pier  just 
finished  at  Old  Point  Comfort,  Va.,  to  first  drive  what  is  known  as  a 
"pilot'*  pile,  usually  creosoted,  some  16'  or  18'  into  the  bottom  by 
means  of  a  pile-driver,  and  cut  ofi"  some  12'  above  the  bottom.  Over  this  I 
pile,  as  a  guide,  the  cast  or  wrought  iron  column — hollow,  of  course — is 
placed,  and,  being  furnished  with  a  screw,  it  is  forced  down  by  revolving. 

By  pursuing  this  plan  a  more  regular  position  of  column  spacing  is  secured,  n ^^ »H 

There  is  nothing  peculiar  to  describe  in  the  placing  of  the  transverse  girders  and 
wooden  stringers,  etc.,  balance  beams  reaching  out  over  the  panel  being  all  the  rigging 
necessary  to  raise  the  material  and  place  it  in  position. 

CANTILEVERS. 

We  finally  come  to  the  consideration  of  the  erection  of  cantilever  trusses,  that  style 
of  structure  which  next  to  the  suspension  bridge  requires  the  leas^^  amount  t)f  false  work 
for  its  erection.  Cantilever  spans  may  be  divided  into  two  general  classes :  first, 
"  Through  "  truss  cantilevers,  or  those  in  which  the  live  load  is  carried  on  the  floor  between 
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the  upper  and  lower  systems  of  lateral  bracing;  second,  "  Deck**  truss  cantilevers,  or  those 
in  which  the  live  load  is  applied  to  the  floor  above  or  in  the  same  plane  as  the  upper  lateral 
bracing.  As  notable  examples  of  the  latter  may  be  mentioned  the  Niagara  bridge  of  the 
Michigan  Central  Railway,  and  the  very  fine  structure  just  finished  spanning  the  Hudson 
River  at  Poughkeepsie,  N.  Y.  As  examples  of  the  former  may  be  mentioned  the  bridge  over 
the  Ohio  River  between  Louisville  and  New  Albany,  Ind.,  and  the  longest  span  in  this 
country,  now  in  course  of  erection  ( 1 890)  at  **  Red  Rock,"  California,  over  the  Colorado  River, 
on  the  line  of  the  Atlantic  and  Pacific  Railway,  it  being  660  feet  centre  to  centre  of  piers. 
The  renowned  "  Forth  Bridge  **  in  Scotland  is  also  a  cantilever  structure  of  this  style,  but 
the  magnitude  of  the  work  (span  being  over  1,700  feet)  demanded  such  treatmeat,  being 
literally  built  piece  by  piece  in  place,  that  it  cannot  be  cited  or  described  as  illustrating 
any  general  or  practical  mode  of  erection. 

The  "  Deck  "  cantilever  structures,  presenting  as  they  do  the  least  difficulties  in  erec- 
tion, will  first  be  considered.  The  false  work  to  temporarily  support  the  anchor  arm  of 
the  structure  is  first  put  in  place,  using  the  same  plan  and  methods,  according  to  the 
various  conditions  of  height,  water,  and  character  of  bottom,  as  have  been  given  under  the 
head  of  ordinary  truss  spans,  previously  considered.  The  pedestals  and  feet  are  then  set 
on  the  pier  with  the  greatest  care,  both  as  regards  elevation  and  lateral  position,  all  being 
done  under  the  immediate  supervision  of  the  engineer,  and  set  to  his  marks  and  centres. 
F'rom  the  centre  of  the  pin  in  this  foot  as  a  starting-point,  the  lower  chord  is  lined  out  and 
connected  to  bars  in  the  anchor  pier;  it  is  assumed  that  the  anchorage,  including  the 
necessary  eye-bars  to  connect  with  the  trusses,  has  been  put  in  place  during  the  construc- 
tion ui  the  pier.  The  traveller  to  erect  the  trusses  is  of  a  pattern  described  earlier  in  this 
chapter,  runs  on  the  regular  track,  and  is  so  designed  that  the  overhanging  portion  projects 
nearly  two  panels  ahead  of  that  part  of  the  structure  connected.  After  the  chord  has 
been  lined  out  from  the  pier  to  the  anchorage,  the  pieces  joined  together  by  the  end 
anchorage  pin  are  then  hoisted  and  held  in  place  from  the  traveller  while  the  pin  is  driven-, 
the  bars  and  members  thus  connected  are  hung  to  the  traveller,  while  the  first  panel  of  the 
upper  chord  is  lowered  into  position  over  the  posts,  and  the  upper  ends  of  the  bars  just 
connected  in  the  lower  chord  are  hoisted  to  their  proper  upper  panel  point  and  the  pins 
driven.  This  completes  one  panel  of  the  truss.  The  floor  beams,  usually  set  directly 
upon  the  chord  at  the  panel  points,  are  then  put  on  and  the  first  panel  of  the  stringers 
placed  in  position,  the  horizontal  and  transverse  laterals  connected,  sufficient  wooden  ties 
and  rails  put  on  the  stringers,  and  the  traveller  can  then  be  run  ahead  one  panel  and  the 
erection  proceeded  with  in  exactly  the  same  manner,  panel  by  panel,  to  the  pier.  It  may 
be  necessary  to  support  the  loose  ends  of  partly  connected  members  to  the  traveller 
while  it  is  moved  ahead ;  this  can  be  done  by  a  proper  arrangement  of  the  supports. 
It  will  also  be  noticed  that  it  is  necessary  to  design  the  details  so  that  the  chord  splices 
occur  near  the  panel  points,  but  on  the  side  away  from  the  traveller  ;  otherwise  the 
traveller  would  have  to  reach  out  nearly  three  panels.  After  the  anchor  arm  is  complete 
the  erection  of  the  lever  arm  continues,  panel  by  panel,  in  the  same  manner,  only  there  is 
no  false  work  under  it,  none  being  necessary,  as  it,  with  the  suspended  span,  is  held  up  in 
position  by  the  dead  weight  of  the  anchor  arm  and  the  masonry  of  the  anchorage.  The 
erection  of  this  lever  arm  presents  no  new  problems  or  difficulties  until  we  reach  the  panel 
between  the  lever  arm  and  the  suspended  span.  In  this  panel  large  and  powerful  vertical 
wedges  are  placed  on  line  of  both  upper  and  lower  chords.  These  wedges  are  for  two 
purposes :  first,  to  raise  or  lower  the  centre  of  the  suspended  span  to  facilitate  the  final 
connections ;  second,  to  shorten  or  lengthen  the  distance  between  the  centre  of  the  sus- 
pended  span  and  the  end   pin  of  the  lever  arm,  or,  in  other  words,  to  increase  or  to 
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diminish  the  length  of  iron-work  between  piers.  This  is  found  to  be  absolutely  necessary, 
for,  even  after  exercising  the  greatest  care  in  the  triangulation  of  the  span  lengths  and 
in  the  placing  of  the  pedestals  and  shoes  on  the  piers,  the  distance  c.  to  c.  is  liable  to 
vary  considerably.  It  will  also  be  seen  upon  reflection  how  necessary  it  is  to  have  the 
adjustment  vertically,  for  with  the  traveller,  tools,  and  men  on  the  centre  of  the  suspended 
span,  it  would  be  impossible  to  figure  the  deflection  to  the  nicety  required  to  make  the 
final  connections.  These  wedges  work  against  frames  built  in  the  members  composing 
the  upper  and  lower  chords,  and  are  worked  by  means  of  heavy,  powerful  screws,  passing 
directly  through  the  wedges  vertically,  the  nuts  of  which  screws  bear  on  an  independent 
frame.  The  pins  connecting  the  sections  of  these  chord  panels  at  the  wedges  pass  through 
oblong  holes  in  the  main  members,  permitting  the  lengfthening  or  shortening  of  the  panel. 
Upon  examination  of  the  diagram  it  will  be  seen  that  the  province  of  the  upper  wedge 

is  simply  to  raise  or  lower  the  centre  of 
the  span,  as  it  cannot  possibly  lengthen  or 
shorten  the  distance  between  the  end  pins; 
while  the  movement  of  the  wedge  in  the 
lower  chord  panels  affects  both  the  eleva- 
tion of  the  centre  and  the  length  between 
the  end  pins.  As  previously  stated,  the 
erection  of  the  lever  arm  is  proceeded  with 
precisely  as  for  the  anchor  arm,  each  panel  being  supported  by  that  portion  of  the  struc- 
ture previously  erected.  This  also  applies  to  the  panels  connecting  the  lever  arm  and  the 
suspended  span  and  the  suspended  span  itself,  and  with  the  elevation  and  length  of  span 
in  our  control,  to  cover  any  discrepancy  in  the  figured  length  or  deflection,  no  diflficulty 
ahould  be  experienced  in  the  final  connection.  After  this  connection  is  made,  the  wedges 
should  be  removed,  allowing  the  suspended  span  to  hang  by  the  vertical  bars  to  the  lever 
arm,  and  free  to  lengthen  or  shorten,  by  means  of  the  oblong  holes  around  the  pins,  for 
variations  of  temperature  and  loading.  Before  the  erection  of  the  suspended  span  is  begun* 
it  is  advisable  to  so  adjust  the  wedges  that  no  raising  of  the  centre  will  be  necessary,  as  it 
is  a  much  easier  matter  to  lower  than  to  raise. 

There  are  no  peculiar  points  to  watch  during  the  erection,  not  already  covered  in  this 
discussion ;  of  course,  the  foreman  will  see  that  his  traveller  is  well  anchored  down  when 
lifting  heavy  pieces,  or  when  it  has  great  weight  hanging  to  it ;  he  will  also  watch  particu- 
larly the  alignment  of  his  trusses  as  the  erection  proceeds,  and  have  ready  means  at  hand 
for  lashing  the  traveller  down  in  case  of  high  winds,  as  it  is  in  a  peculiarly  exposed  posi- 
tion, and  without  the  convenience  of  false  work  to  guy  to.  If  the  structure  is  so  situated, 
it  is  better,  and  at  times  cheaper,  to  hoist  the  iron  directly  from  boats  below  and  place 
it  in  position  ;  if  this  is  not  possible,  it  will  be  run  out,  on  top,  from  the  bank  on  a  separate 
car,  to  the  traveller,  where  it  can  be  reached  with  a  set  of  "  falls  '*  and  lowered  into  position. 
Swinging  platforms  are  hung  from  the  traveller  at  convenient  points  for  the  men  to  work 
at  the  connections,  driving  pins,  etc.  Plate  XVII.  shows  the  Poughkeepsie  Bridge  in  course 
of  erection,  including  the  traveller,  wedges,  etc.,  and  when  ready  to  connect  the  centre  and 
last  panel.  It  is  advisable  to  place  the  hoisting  engine  and  boiler  directly  on  the  traveller* 
near  the  rear  end,  as  it  is  convenient  for  hoisting  material,  and  the  weight  of  machinery, 
etc.,  is  just  what  is  needed  to  help  counterbalance  the  loaded  overhanging  portion  of  the 
traveller. 

THROUGH   CANTILEVERS. 

As  has  been  stated,  "Through  Cantilevers*'  present  more  difficulties  in  erection  than 
•*  Deck  '*  structures,  necessitating  greater  care  and  attention.     First,  the  traveller  must  run 
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on  the  track  and  on  the  inside  of  the  trusses,  as  there  is  no  means  of  support  outside;  this 
necessitates  a  very  narrow  traveller.  Second,  the  traveller  being  on  the  inside  and  extend- 
ing above  the  trusses,  it  is  not  possible  to  put  in  the  transverse  and  upper  lateral  bracing 
until  the  whole  traveller  has  passed  the  panel  point ;  this  necessitates  the  omission  of  brac- 
ing, above  the  floor,  at  two  panel  points  back  of  the  panel  being  erected,  and  demands 
the  closest  attention  of  the  foreman  to  see  that  the  bracing  is  put  in  at  the  earliest  possible 
moment,  and  that  he  is  not  caught  napping  by  high  winds.  This  design  of  structure  also 
demands  the  extra  handling  of  iron;  part,  as  will  be  seen  upon  examinationof  Plate  XVI^. 
must  be  hoisted  and  placed  in  position  above,  part  must  be  lowered  into  place  below; 
while  all  must  be  brought  out  over  the  track  to  the  traveller  and  swung  out  from  the 
centre  until  it  clears,  leaving  the  overhanging  boom,  where  it  is  taken  hold  of  by  other 
sets  of  **  falls  "  and  passed  back  alongside  of  the  traveller,  and  directly  over  the  centre  of 
the  trusses  to  the  proper  point,  and  lowered  or  raised  to  its  position.  The  erection  of 
**  Through  Cantilevers '*  is  begun  and  proceeded  with  in  the  same  manner  as  described 
under  the  head  of  **  Deck  Cantilevers;"  the  wedges  are  provided  in  the  panels  connecting 
the  lever  arm  and  the  suspended  span,  and  operate  in  the  same  manner. 

The  Plate  XVI/z.  shows  '*  Through  Cantilever  "  traveller  in  position  to  raise  the  lever 
arm,  and  by  studying  it  closely  the  above  description  can  be  more  intelligently  followed 
If  the  permanent  structure  details  will  permit  it,  outside  temporary  brackets  at  the  panel 
points,  with  stringers  to  carry  the  traveller,  could  be  provided,  greatly  simplifying  the  erec- 
tion and  reducing  danger,  as  the  traveller  would  then  be  outside  of  all,  and  the  bracing 
could  be  put  in  immediately.  Of  course,  it  would  only  be  necessary  to  provide  brackets 
and  stringers  for  the  number  of  panels  covered  by  the  traveller,  as  they  can  be  moved 
ahead  as  the  erection  proceeds. 

Plate  XVI 1 1,  shows  the  traveller,  shown  in  detail  in  Plate  XVI^.,  raising  the  Red  Rock 
Cantilever. 
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CHAPTER  XIV. 

MODERN    HIGH   BUILDINGS. 
By  William  W.  Crrhore.  Assoc.  M.  Am.  Soc.  C.  E. 

I.  History. —  Immense  structures  involving  important  engineering  problems  have 
occasionally  been  built  ever  since  the  days  of  the  Pyramids;  but  the  construction  of  very 
high  buildings,  for  commercial  purposes  primarily  and  for  architectural  effect  secondarily,  is 
so  distinctly  modern  that  we  have  no  records  or  experience  to  guide  us  in  determining  with 
any  degree  of  certainty  whether  our  methods  will  produce  permanent  or  temporary  struc- 
tures as  compared  with  the  world-renowned  architectural  landmarks  of  Europe,  or  even  with 
some  less  aged  and  less  renowned  in  our  own  country.  A  considerable  part  of  the  so-called 
fire-proof  construction  going  on  to-day  is  recognized  to  be  temporary,  and  is  expected  to 
deteriorate  rapidly  in  a  few  years.  The  larger  part,  however,  is  designed  with  care  and 
intelligence,  and  is  expected  to  remain — how  long?  The  gradual  introduction  of  methods 
of  fire-proofing  has  helped  the  development  of  the  high  building  by  opening  markets  for  the 
very  materials  which  have  become  indispensable  in  high-building  construction.  Improve- 
ment in  the  quality  of  cement  has  been  an  important  factor  in  this  development — not  only 
by  increasing  the  strength  and  capacity  of  masonry  walls,  but  more  especially  in  the 
increased  value  of  cement  concrete  for  heavy  foundations.  Many  early  modes  of  fire-proof 
floor  arching  appeared  and  disappeared  after  a  short  existence ;  but  the  hollow  tile  intro- 
duced in  this  country  about  1871  has  survived  all  competitors  to  the  present  day.  Iron  for 
columns  and  floor  beams  was  originally  used  as  much  on  account  of  its  fire-proof  properties 
as  because  of  its  superior  strength. 

Previous  to  1885  a  building  of  eight  or  ten  stories  was  very  close  to  the  practical  limit 
of  height.  Its  walls  were  built  heavy  enough  to  carry  their  share  of  the  floor  loads,  and  the 
floor  beams  and  girders  rested  on  them.  Interior  columns  were  usually  round  cast-iron  or 
Phoenix  columns,  the  latter  often  having  separate  cast-iron  caps  at  each  floor  for  the  recep- 
tion of  the  floor  beams.  The  floor  arches,  if  fire-proof,  were  usually  segmental  brick  or 
hollow  tile  arches,  filled  in  above  to  the  finished  level.  The  whole  construction  was  heavy, 
clumsy,  and  lacking  in  economy,  according  to  our  more  modern  view ;  but  so  long  as  the 
ground  was  not  overloaded  and  so  long  as  less  wasteful  methods  of  design  were  unknown, 
such  a  building  was  the  standard  by  which  the  price  of  land  was  measured. 

In  the  year  1885  an  eleven-story  building  was  completed  in  Chicago,  in  which  iron 
columns  built  into  the  exterior  walls  received  the  floor  loads  from  the  beams  and  girders, 
thus  relieving  the  walls  from  a  duty  they  had  previously  been  accustomed  to  perform.  These 
walls  were  self-sustaining  only,  and  the  frame-work  of  the  structure  was  erected  entirely 
independent  of  them.  This  was  a  distinct  step  in  advance,  and  was  indicative  of  future 
possibilities.  Other  buildings  constructed  on  the  same  general  principle  soon  followed, 
each  improving  on  its  predecessors  in  important  matters  of  detail;  until  within  two  years 
from  that  time  the  first  real  skeleton  construction  appeared,  in  which  the  exterior  walls  as 
well  as  all  other  loads  were  carried  by  the  columns. 

On  account  of  the  subsoil  of  clay  which  underlies  Chicago,  any  attempt  to  increase 
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concentration  of  loading  liad  to  be  met  by  adequate  means  of  redistributing  these  loads 
upon  the  avaihiblc  <;round  area,  without  goinj^  down  so  deep  that  the  layer  of  underlying 
clay  was  seriously  diminished  in  thickness.  The  first  cfifective  solution  of  this  problem  was 
to  use  two  or  three  courses  of  steel  rails  laid  alternately  at  90  degrees  to  each  other  and 
bedded  in  Portland  cement  concrete,  to  form  a  solid  and  rigid  bed  which  would  resist  bend- 
ing at  any  point.  With  the  adoption  of  this  system  it  was  found  that,  if  the  columns  were 
properly  arranged,  the  weight  of  the  structure  (and  consequently  its  height)  might  go  on 
increasing  until  the  footings  covered  the  whole  lot  within  the  required  limit  of  bearing  per 
square  foot.  New  buildings  were  made  higher  and  gradually  higher  as  better  and  lighter 
building  material  became  known  ;  and  by  the  year  1890  the  first  twenty-story  building  in 
Chicago  and  in  the  country  had  been  erected.  The  use  of  steel  rails  in  the  column  footings 
was  soon  discontinued,  as  steel  I-beams  were  found  to  be  more  suitable,  and  more  econom- 
ical after  the  collapse  of  the  Stcel-lk^am  Trust  in  1890  and  the  consequent  decline  of  30  to 
40  per  cent,  in  prices.  Spread -out  footings  are  now  made  with  one  course  of  steel  beams 
imbedded  in  concrete,  the  column  loads  being  distributed  on  this  bed  by  plate  or  box 
girders  or  other  deep  beams  properly  arranged. 

Other  cities  have  had  the  same  or  different  problems  to  meet  in  the  design  of  high 
buildings;  but  the  history  of  this  subject  began  in  Chicago,  where  the  most  important  prob- 
lems were  first  met  and  solved,  and  even  to-day  one  occasionally  hears  the  method  of 
skeleton  construction  referred  to  as  the  "  Chicago  Style.**  New  York,  Philadelphia,  Boston, 
and  other  large  cities  have  been  applying  the  new  principles  of  construction  during  the  last 
six  years  with  very  substantial  success.  With  the  multiplication  of  rental  space  the  price 
of  land  has  increased,  and  with  the  improvements  in  fire-proofing  insurance  rates  have  de- 
creased. The  impetus  thus  given  to  building  construction  in  New  York  City  is  likely  to  be 
felt  until  most  of  the  downtown  business  property  of  twenty  years*  standing  or  more  has 
been  rebuilt.  The  realization  of  this  fact  is  forcing  itself  more  and  more  strongly  upon  the 
owners  of  the  old  buildings  as  each  spring  finds  them  with  expired  leases  not  renewed. 
The  new  buildings  are  more  attractive,  more  convenient,  and  cleaner  ;  the  elevator  service 
is  more  efficient,  and  all  the  details  are  more  complete  and  more  comfortable.  A  new  era 
has  begun. 

2.  MoDKRN  Steel  Skeleton  Construction.— Steel  skeleton  construction  is  what 

has  made  tall  buildings  a  commercial  possibility.  To  support  any  weight,  or  even  to  stand 
alone,  a  brick  wall  of  very  great  height  must  broaden  out  towards  the  base,  and  would  thus 
occupy  considerable  very  valuable  space  in  the  lower  stories  of  a  tall  building.  Where 
space  is  as  desirable  as  it  now  is  in  the  business  centres  of  our  large  cities,  the  building  of 
very  high  self-supporting  walls  is  precluded.  The  theory  of  modern  skeleton  construction 
is  that  the  steel  framework  shall  be  complete  in  itself,  furnishing  the  strength  and  rigidity; 
and  all  other  portions  of  the  structure — both  inside  and  out, — live  load  and  dead — shall  be 
carried  by  it.  According  to  this  theory  the  walls  of  a  building,  being  supported  at  intervals, 
need  be  no  thicker  at  the  bottom  than  they  are  at  the  top,  provided  the  intervals  are 
not  too  great.  Such  walls  arc  known  as  curtain  walls,  as  they  arc  theoretically  merely  a 
covering  or  protection  from  the  weather.  Practically,  however,  curtain  walls  afford  very 
great  rigidity  to  the  structure,  and  thus  aid  as  well  as  protect  the  steel  skeleton  in  the 
performance  of  its  work. 

The  increasing  use  of  steel  construction  has  stimulated  the  ingenuity  of  designers,  and 
called  forth  many  schemes  for  reducing  the  interior  dead  weight  of  the  building.  Thus 
instead  of  brick  arches  to  support  the  floor  between  beams,  there  are  now  a  dozen  or  more 
floor  systems  in  use  which  weigh  less  per  square  foot.  Some  of  these  floor  systems,  how- 
ever, have  very  little  merit  from  an  engineering  standpoint,  and  it  is  well  to  be  on  guard  in 
selecting  one.     A  few  cardinal  principles  should  be  borne  in  mind.     Systems  requiring 
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close  spacing  of  the  floor  beams  for  ordinary  loading  should  be  avoided,  since  the  beams  if 
designed  economically  will  not  be  deep  enough  to  give  rigidity.  Systems  making  use  of 
rolled  iron  or  steel  sections  whose  shape  differs  radically  from  that  of  the  I-beam  (whether 
large  or  small  sections)  should  be  avoided,  since  the  I-shaped  section  is  the  best  and  most 
economical  section  known  for  beam  work.  Systems  relying  to  any  extent  on  the  tensile 
strength  of  concrete  should  be  avoided. 

TAe  Flat  Hollow  Tile  Arch,  either  side  or  end  construction,  is  at  present  more  univer- 
sally used  than  any  other  system.    (See  Fig.  i.)     The  terra-cotta  blocks  are  made  8",  lo'^ 
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Flg^.  1.— Hollow-tile  SyMtem  of  Arclilng^.— Side  Congtructlon. 

or  12"  deep,  and  are  used  on  spans  from  6  to  6^  times  their  depth.  A  filling  of  cinder  con- 
crete is  spread  over  the  top,  covering  the  arches  and  floor  beams  to  a  depth  of  2  or  3  inches. 
In  this  filling  the  floor  sleepers  are  imbedded,  and  the  finished  floor  is  then  nailed  on. 
Other  systems  of  arching  have  gained  ground  very  rapidly  within  two  or  three  years, 
notably  the  Metropolitan,  the  Roebling,  the  Melan,  and  the  Expanded  Metal  systems. 
The  Metropolitan  system  (Fig.  2)  consists  of  a  series  of  wire  strands  about   i^  or  2  inches 
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Figf.  8.— Metropolitan  System. 

apart  laid  over  the  floor  beams  and  anchored  at  every  fifth  or  sixth  beam.  Between  the 
beams  these  strands  are  held  down  by  a  |"  diam.  rod  to  a  centre  deflection  of  5  or  6  inches. 
A  mixture  of  plaster  of  Paris  and  sawdust  is  then  poured  on  covering  the  strands  and  en- 
casing the  floor  beams.  As  this  mixture  is  in  a  semi-liquid  state,  false  centres  are  required 
for  keeping  it  in  position  until  it  hardens  or  sets.  So  rapidly  does  this  setting  take  place 
that  the  centres  can  be  removed  within  half  or  three-quarters  of  an  hour.  The  wooden 
sleepers  are  sometimes  set  in  place  before  the  mixture  is  poured  on,  in  which  case  they  are 
firmly  imbedded  in  the  floor  plate  when  it  sets,  and  sometimes  they  are  laid  on  top  of  the 
floor  plate  after  it  has  set.*     The  Roebling  system  (Fig.  3)  is  theoretically  an  arch  of  con- 
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Fig:.  3.— Roeblingr  System. 


Crete  between  the  floor  beams.     Permanent  centres,  consisting  of  wire  netting  stiffened  by 
y\"  iron  rods  every  foot  or  two,  are  arched  to  a  central  height  of  about  J  of  the  span.    Con- 


*  The  Metropolitan  Fire-proofing  Co.  is  at  present  just  introducing  a  modification  of  their  system  in  that  the 
ceiling  is  supported  by  i"  X  i  '  steel  bars  set  edgewise  about  18  inches  apart.  These  bars  are  clamped  to  the  under 
side  of  the  I-beams,  and  to  (hem  in  turn  is  secured  the  wire  lathing  which  carries  the  plastered  ceiling.  This  con- 
struction leaves  the  floor  plate  entirely  separate.  The  sides  and  soffits  of  the  beanns  are  covered  with  smaU  blocks 
of  the  mi^terial  securely  cUmped  on. 
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Crete  is  then  spread  on  these  arches  and  levelled  off  to  a  depth  of  \\  or  2  inches  at  the 
crown  of  the  arch.  The  sleepers  and  wooden  flooring  are  then  laid  in  the  usual  manner. 
The  strength  of  the  Mclan  system  of  arching  (Fig.  4)  depends  largely  upon  the  use  of  steel 
ribs  (usually  the  small  sizes  of  I-beams)  bent  to  the  shape  of  the  arch,  having  a  central  height 
of  Jiy  to  ^  the  span,  and  imbedded  in  the  concrete,  which  is  levelled  off  on  top  and  com- 
pletes the  arch.  This  system  is  used  on  spans  of  12  to  16  feet,  where  the  other  systems 
mentioned  are  used  up  to  6-  or  7-foot  spans  only.  The  steel  ribs  are  spaced  from  3  to  5 
feet  apart,  according  to  the  strength  of  floor  required.  Tie-rods  are  placed  one  under  each 
rib  to  take  up  the  thrust.  Many  engineers  criticise  the  Melan  system  severely  on  account 
of  its  use  of  concrete  to  do  beam  work  and  to  act  as  an  arch  at  the  same  time.  This 
objection  becomes  less  important  the  closer  the  ribs  are  spaced.  The  owners  of  the 
Expanded  Metal  system  claim  a  great  variety  of  uses  for  it.  On  wide  spans  of  8  to  16  feet 
they  make  use  of  arched  channels  spaced  every  4  or  5  feet  to  re-enforce  and  stiffen  the  floor 
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Fig.  4.— M«l»n  System. 

plate,  which  is  itself  composed  of  sheets  of  expanded  metal  laid  horizontally  over  the  tops 
of  the  floor  beams  and  imbedded  in  a  layer  of  concrete  3  or  4  inches  thick.  On  this  the 
sleepers  and  finished  floor  are  laid  as  in  other  systems.  When  the  spans  are  less  than  8  feet 
the  arched  channels  are  dispensed  with,  and  the  system  then  depends  upon  the  expanded 
metal  for  its  strength.  Sometimes  flat  bars  used  in  suspension  and  hooked  or  strapped 
over  the  floor  beams  take  the  place  of  the  arched  channels  as  re-enforcement  pieces  on  the 
larger  spans.  Another  method  is  to  use  sheets  of  expanded  metal  for  a  permanent  arch 
centre  and  build  the  concrete  arch  on  it.  This  should  be  done  only  where  the  span  is 
small  enough  to  allow  a  central  height  of  ^  to  ^  the  span,  and  corresponds  in  theory  to  the 
Roebling  system,  which  uses  a  wire  netting  in  place  of  the  expanded  metal.  Where  a  flat 
ceiling  is  desired  with  any  of  these  patent  systems  a  separate  ceiling  plate  is  constructed  of 
the  same  material  as  the  floor  plate,  and  is  hung  beneath  the  floor  beams.  The  hollow-tile 
flat  arch,  however,  requires  no  ceiling  plate,  as  it  fills  up  the  whole  space  to  the  lower  flange 
of  the  floor  beams.  As  long  ago  as  1889  a  system  of  concrete  and  iron  flooring  was  used 
by  a  well-known  firm  of  Philadelphia  architects,  who  held  no  patents  and  made  no  particu- 
lar claim  to  originality.  The  span  between  floor  beams  being  anywhere  from  10  to  18  feet, 
flat  iron  straps  were  suspended  at  intervals  of  one  to  two  feet,  the  ends  of  each  strap  being 
bent  or  hooked  over  the  top  flanges  of  the  beams,  and  the  straps  being  curved  down,  so  that 
midway  between  beams  they  hung  close  to  the  ceiling  line  of  the  story  below.  A  concrete 
floor  plate  was  then  built  in,  completely  encasing  the  straps  and  the  floor  beams,  being 
levelled  off  on  top  and  bottom  to  prepare  for  the  usual  floor  and  ceiling  finish.  The 
strength  of  such  a  system  depends  largely  upon  the  size  and  spacing  of  the  straps.  It 
would  be  classed  as  more  or  less  obsolete  to-day,  except  in  the  rare  instances  where  a  heavy 
floor  is  desirable  :  but  as  such  does  not  possess  the  rigidity  of  the  segmental  brick  arch. 

The  Guastavino  system  of  fire-proof  flooring  was  about  the  first  to  appear  whose 
strength  on  long  spans  and  whose  relative  weight  made  it  an  economical  system  to  use. 
Courses  or  layers  of  hard,  well-burned  clay  tile  weighing  100  lbs.  per  cubic  foot  arc  laid 
flat,  either  in  the  usual  segmental  form  or  dome-shaped,  the  central  rise  being  about  one 
tenth  of  the  span.    These  tile  blocks  are  i  inch  thick,  6  inches  wi(jle,  and  12  inches  lpng« 
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On  spans  up  to.  12  feet  three  courses  are  used ;  up  to  16  feet,  four  courses ;  and  up  to  20 
feet,  five  courses.  This  arch  when  not  accompanied  by  a  ceih'ng  plate  leaves  the  tie-rods 
exposed  to  view  from  below — which  is  a  serious  disadvantage ;  but  it  has  been  used  with 
great  effect  in  ornamental  ceilings  for  theatres,  churches,  corridors,  etc. 

It  ought  also  to  be  mentioned  that  the  terra-cotta  hollow-tile  segmental  arch  has  been 
occasionally  used  on  very  long  spans  with  great  success:  for  instance,  one  of  fifteen  (15) 
feet,  with  rise  of  one  twelfth.  There  are  a  few  buildings  in  New  York  City  containing  this 
construction,  and  the  tests  made  on  these  floors  have  been  in  every  way  satisfactory. 

Tie-rods  spaced  at  intervals  of  eight  times  the  depth  of  the  floor  beam  to  take  up  the 
thrust  of  the  arch  are  required  by  the  Building  Department  in  New  York  City  in  all  sys- 
tems of  floor  arching.  Their  use  began  with  the  brick  and  tile  segmental  arches  and  con- 
tinued with  the  hollow  tile  flat  arch,  but  with  some  of  the  new  systems  of  flooring  they  are 
of  doubtful  necessity. 

Occasionally  a  very  heavy  floor  is  desirable,  viz.,  in  cases  where  the  live  load  is  to  be 
applied  in  the  form  of  shock  or  sudden  vibration.  The  segmental  double  brick  arch  (Fig. 
5),  having  a  central  rise  of  one  sixth  to  one  eighth  of  the  span,  will  prove  to  be  a  rigid  and 
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Fig.  5.— Doable«brlok  Segmental  Arch. 

economical  mode  of  construction  for  this  purpose.  It  is  of  the  utmost  importance,  in  using 
any  of  the  systems  of  floor  arching,  to  have  the  material  properly  mixed  and  set  with  great 
care.  Each  manufacturer  publishes  a  little  catalogue  (which  may  be  obtained  on  applica- 
tion) describing  and  illustrating  his  own  system  in  detail.  It  must  not  be  forgotten  that 
the  tests  recorded  in  these  catalogues  were  made  on  sections  of  flooring  specially  prepared 
by  skilled  workmen  and  under  careful  supervision.  To  produce  the  same  results  in  practice 
something  like  similar  conditions  must  exist. 

Fire-proof  Partitions  formerly  were  an  important  part  of  the  interior  dead  weight  of  a 
building.  These  are  at  the  present  time  most  often  built  of  2  or  3  inch  terra-cotta  blocks, 
stiffened  at  intervals  with  light  angle-iron  "  furring  **  (as  it  is  called)  and  covered  with  wire 
lath  and  plaster.  Each  of  the  patent  floor  systems,  however,  is  accompanied  by  a  cor- 
responding system  of  partitioning  made  similarly  and  with  the  same  materials.  The  result 
is  that  the  interior  partitions  of  skeleton- constructed  buildings  have  come  to  be  regarded 
of  very  little  consequence  as  dead  load,  and  are  placed  anywhere  on  the  floor  regardless  of 
the  positions  of  the  floor  beams — rather,  the  floor  beams  are  placed  regardless  of  the  loca- 
tions-of  the  partitions.  There  is  the  additional  advantage  in  this  that  the  partitions  may 
be  altered,  removed,  or  torn  down  at  any  time  without  affecting  the  floor  construction.  In 
calculating  the  column  loads  their  weight  is  usually  considered  as  part  of  the  assumed 
distributed  total  load  per  square  foot  of  floor  area. 

The  Floor  Beams  receive  the  floor  loads  directly  from  the  arches  or  the  fire  proof  floor 
plates  and  transmit  them  to  the  girders.  Rolled  steel  I-beams  are  invariably  employed  for 
this  purpose.  As  previously  stated,  the  spacing  of  the  floor  beams  depends  somewhat  upon 
the  system  of  fire-proofing  or  arching  to  be  used.  It  also  depends  upon  the  spacing  of  the 
columns  in  the  building  when  their  position  has  to  be  fixed  by  other  than  engineering 
considerations.  A  floor  beam  should  be  placed  opposite  each  column  to  give  stability  and 
to  aid  in  erection,  and  the  space  between  columns  should  be  divided  into  an  odd  number 
of  bays,  wheo  feasible,  so  that  the  girders  may  not  be  loaded  at  thqir  centres.  The  principle 
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is  the  same  as  that  which  makes  a  truss  having  an  odd  number  of  panels  more  economical 
than  one  having  an  even  number,  the  span  and  load  being  the  same  for  each.  Another 
consideration  which  should  have  weight  in  spacing  the  floor  beams  is  that  of  two  beams 
which  will  do  the  same  work  the  deeper  beam  is  stififcr  and  lighter.  When  possible,  there- 
fore, the  spacing  should  be  so  arranged  as  to  use  the  lightest  weight  of  a  given-size  beam  up 
to  the  allowed  limit  of  the  specifications. 

The  Floor  Girders  receive  the  floor  loads  directly  from  the  floor  beams  and  carry  these 
loads  to  the  columns.  A  girder  may  be  simply  an  I-beam  when  the  conditions  permit  the 
use  of  one  ;  or  it  may  be  composed  of  two  I-beams  when  the  use  of  one  alone  is  prohibited 
by  the  depth  allowed  or  the  load  to  be  imposed  ;  or  it  may  be  a  built  plate  or  box  girder 
when  required  by  the  loading.  Girders  carrying  walls  are  usually  composed  of  two  or  more 
I-beams  (even  when  one  beam  could  be  found  strong  enough  to  do  the  work),  so  that  there 
will  be  sufficient  horizontal  surface  for  the  wall  to  bear  on.  The  same  result  is  sometimes 
accomplished  by  riveting  a  plate  of  sufficient  width  on  the  top  or  bottom  flange  of  the 
single  beam,  but  usually  this  method  is  found  less  economical  than  the  other,  to  say  nothing 
of  the  practice  of  using  rivets  in  tension.  When  two  or  more  I-beams  are  used  as  one  gir- 
der they  are  bound  together  by  bolts  passing  through  their  webs  and  through  cast-iron 
separators  placed  between  them  at  intervals  of  six  feet,  more  or  less. 

The  Columns  receive  their  principal  loads  from  the  girders  in  one  direction  and  partial 
loads  from  the  floor  beams  in  the  other  direction,  and  carry  these  loads  down  to  ftie 
foundations.  Their  construction  is  a  very  important  part  of  the  work  in  a  fire-proof  build- 
ing. The  first  question  which  always  arises  is  whether  built-up  rolled-steel  columns  or  cast- 
iron  columns  shall  be  used.  In  a  majority  of  cases  in  buildings  over  eight  or  ten  stories 
high  built  columns  are  selected  without  discussion.  There  are  some  buildings  twelve  or 
fourteen  stories  high,  however,  which  are  carried  by  cast  iron  columns.  At  the  present 
time  the  difference  in  price  is  not  so  much  in  favor  of  cast-iron  colnmns  as  it  used  to  be. 
The  main  objection  to  their  use  in  very  high  buildings  is  the  impossibility  of  using  riveted 
connections  which  are  a  great  aid  to  lateral  stiffness.  In  tall,  narrow  buildings  cast-iron 
columns  are  practically  prohibited  on  account  of  the  importance  of  the  wind  strains.  It 
may  be  said  in  favor  of  cast-iron  columns  that  they  are  not  as  likely  to  warp  and  buckle  in 
case  of  fire  as  the  built  columns  arc.  There  are  very  few  cases  of  fire  on  record,  however, 
where  any  serious  damage  has  resulted  from  the  collapse  of  the  columns,  whether  steel  or 
cast  iron.  When  fire  attains  a  degree  of  heat  sufficient  to  affect  the  skeleton  structure,  the 
beams  and  girders  give  way  first,  owing  to  their  transverse  loading.  The  uncertainty  as  to 
invisible  defects,  the  difficulty  of  inspection,  the  greater  dead  weight  to  handle  during  ship- 
ment  and  erection,  and  the  necessity  of  using  bolts  for  making  connections  are  some  of  the 
points  which  operate  against  the  use  of  cast-iron  columns  in  the  construction  of  a  first-class 
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building.  Cast  columns  are  made  square,  round,  or  rectangular.  The  round  columns  are 
the  most  economical,  but  the  square  and  rectangular  are  used  for  wall  columns,  because  it 
is  easier  to  build  brickwork  and  masonry  around  them. 

There  are  several  kinds  of  built  steel  columns  in  use  to-day.     Probably  the  one  most 
commonly  used  is  the  box  column  built  of  channels  and  plates  or  angles  and  plates,  as  the 
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case  may  require.  (See  Figs.  6  and  7.)  The  Z-bar  column  (Fig  8)  and  the  Phoenix  column 
(Fig.  9)  are  largely  used  but  have  been  proved  less  economical  than  the  box  column  for 
very  heavy  work  For  lighter  loads  we  find  columns  composed  of  two  channels  placed  as 
in  Fig.  6,  but  bound  together  by  lattice  bars  instead  of  plates;  also  columns  composed  of 
four  angles  and  one  plate,  as  in  Fig.  10.     A  style  of  column  lately  introduced,  and  used 
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quite  frequently  in  Chicago,  Philadelphia,  and  Buffalo,  is  the  Gray  column  (Fig.  11).  The 
working  section  of  this  column  is  contained  in  the  angles  and  the  outside  plates.  The 
dotted  lines  represent  bent  plates  8  or  9  inches  wide,  spaced  two  and  a  half  feet  apart  ver- 
tically. These  bars  are  intended  to  bind  the  members  of  the  column  together  to  make  them 
act  as  a  unit.  Upon  this  point  some  eminent  engineers  have  criticised  this  style  of 
column  adversely.     The  published  tests,  however,  give  good  average  results. 

There  are  advantages  and  disadvantages  to  be  found  in  the  use  of  any  kind  of  column, 
and  each  case  ought  to  be  studied  by  itself  with  reference  to  the  kind  of  loading,  the  range 
of  loading  (i.e.,  the  difiference  between  the  average  load  on  top-story  columns  and  that  on 
basement  columns),  the  facility  for  connecting  the  beams  and  girders  to  the  columns,  and  provi- 
sion for  taking  up  wind  strains.  The  greater  the  least  radius  of  gyration  for  a  given  load  and 
unsupported  length,  the  smaller  will  be  the  amount  of  metal  required  in  the  column ;  similarly, 
the  greater  the  load  for  a  given  unsupported  length  and  area  of  section,  the  greater  the  least 
radius  of  gyration  must  be.  A  column  whose  working  members  are  situated  as  far  as  prac- 
ticable from  the  centre  of  gravity  of  its  section,  having  the  greater  least  radius  of  gyration, 
will  consequently  be  more  efficient  than  a  column  otherwise  constructed,  other  things  being 
equal.  The  Phoenix  column  is  ideal  in  this  respect,  but  does  not  compare  favorably  with 
the  box  column  in  mill  or  shop  construction  or  in  facility  of  making  field  connections. 
The  box  column  is  particularly  advantageous  in  building  construction,  because  it  presents  a 
square  surface  for  beam  and  girder  connections,  and  is  easily  built  into  the  wall.  The 
same  may  be  said  of  the  Gray  column,  but  a  comparison  between  the  Gray  and  the  box 
columns  shows  that  there  is  considerable  superfluous  metal  (the  straps  shown  in  Fig.  11  by 
dotted  lines)  in  the  former  which  cannot-  be  counted  in  the  sectional  area  of  the  column, 
whereas  in  the  latter  all  the  sectional  area  is  available.  For  buildings  of  moderate  height 
and  moderate  loading  the  Z-bar  column  is  used  very  often,  and  is  found  economical  because 
the  saving  in  shop  expense  by  reason  of  having  to  drive  only  two  lines  of  rivets  and  the 
facility  in  making  beam  and  girder  connections  outweigh  the  advantages  possessed  by  any 
other  kind  of  column.  When  the  required  area  of  section  is  greater  than  can  be  made  up 
of  Z-bars  without  the  use  of  outside  plates  the  box  column  begins  to  compare  favorably 
with  it.  It  is  quite  common  to  find  two  or  three  styles  of  built  columns  in  the  same  build- 
ing, especially  when  the  range  of  loading  is  wide. 

Bases, — It  is  necessary  to  use  a  shoe  or  distributing  base  underneath  all  basement 
columns  to  apportion  the  load  properly  upon  the  foundation.  The  kind  most  frequently  used 
is  the  cast-iron  shoe,  such  as  that  shown  in  Fig.  12b.  This  shoe  is  made  separate  from  the 
column,  and  can  be  very  accurately  set  on  the  masonry  or  steel-beam  footings,  and  well 
grouted.  Cast-iron  shoes  are  often  found  under  built  columns,  although  the  style  of  shoe 
most  commonly  used  with  the  built  column  is  shown  in  Fig.  13.     It  is  riveted  fast  to  the 
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column  itself,  and  made  up  of  angles  and  plates.  It  is  somewhat  more  difficult  to  set  the 
basement  column  with  the  shoe  attached  than  it  is  to  set  the  shoe  separately ;  but  there  is 
this  advantage  in  the  riveted  shoe,  that  by  means  of  it  the  column's  load  can  be  more 
efBdently  distributed  over  a  rectangular  base  plate  than  by  means  of  a  cast-iron  shoe.     It 


is  sometimes  better,  in  covering  a  great  many  beams  in  the  upper  course  of  the  grillage 
work,  to  have  the  base  plate  of  the  shoe  longer  than  it  is  broad.  A  cast-iron  shoe  can, 
of  course,  be  made  to  cover  a  rectangular  area,  but  it  must  be  very  carefully  designed.  The 
shoe  shown  in  Fig.  \2a  has  a  rectangular  base,  and  only  four  ribs — one  on  each  comer. 
Under  great  pressure,  and  especially  if  there  was  any  unevenness  in  the  grouting,  shoes 
like  this  one  have  been  known  to  crack  and  give  way  on  the  line  x — y.  To  be  really  efHcient, 
a  shoe  of  that  size  should  have  four  intermediate  ribs  besides  the  ones  at  the  comers,  as 
shown  in  Fig.  \2b.  Occasionally  we  find  built  shoes  made  up  of  angles  and  plates,  but 
separate  from  the  column,  like  cast-iron  shoes. 

In  order  to  protect  the  metal  in  the  columns  in  case  of  fire  some  method  of  fireproofing 
them  is  always  provided.  Frequently  the  same  material  is  used  for  fireproofing  the  column 
as  is  used  in  floor  plates  for  fireproofing  the  beams ;  and  most  of  the  patent  systems  of 
fire-proof  flooring  include  systems  of  fireproofing  the  columns.  It  makes  very  little 
difference  what  the  original  shape  of  the  column  was,  as  it  can  be  filled  out  with  fire-proof 
material  to  form  any  conceivable  shape  which  the  architect  may  desire.  There  are  nu- 
merous ways  of  covering  the  columns.  Occasionally,  and  quite  frequently  when  cast-iron 
columns  were  in  the  ascendant,  a  |-inch  cast-iron  shell  was  used,  completely  covering  the 
column,  leaving  an  air  space  of  one  and  one-half  to  two  inches  between  the  shell  and 
the  column  ;  this,  with  an  ornamental  cap  and  base,  was  quite  sufficient  decoration  as  well 
as  protection  for  an  interior  column.  The  use  of  these  shells  is  somewhat  obsolete  at  the 
present  time,  owing  to  the  advantages  and  increased  popularity  of  other  methods  of  fire- 
proofing. 
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Wind  Bracing. — This  subject  received  very  little  attention  so  long  as  the  walls  of  a 
building  were  relied  upon  to  carry  the  loads,  but  as  soon  as  the 
custom  of  carrying  the  walls  themselves  came  in  vogue  some 
method  of  stiffening  the  structure  laterally  had  to  be  adopted. 
The  necessity  for  wind  bracing  increases  with  the  ratio  of  the 
height  to  the  least  dimension  of  the  building.  When  this  ratio 
is  very  great,  as  for  instance  in  a  ten-story  building  on  a  25-foot 
city  lot,  transverse  bracing  must  be  located  at  intervals  in  the 
length  of  the  building  throughout  its  whole  height.*  The  sys- 
tem of  bracketing  shown  in  Fig.  14  is  used  frequently,  but  is  less 
efficient  than  any  of  the  other  systems  here  shown.  Fig.  15 
represents  a  system  of  diagonal  rod  bracing.  Since  diagonal 
bracing  is  always  most  efficient  when  placed  at  an  angle  of  45 
degrees,  it  sometimes  happens  that  the  distance  between  columns  is  great  enough  to  re- 
quire one  panel  of  bracing  to  extend  two  stories  in  height,  instead  of  one,  as  shown  by  the 
dotted  lines.  Rolled  angle  bars  are  sometimes  used  instead  of  rods,  the  connections  in  such 
a  case   being  riveted.      Fig.  16  represents  the  most  common  form   of   wind  bracing  in 


Figr.  14.— Wind  Braclnur  1>7 
means  of  Brackets. 


Ftf;.  15.— Wind  Braclnar 
by  means  of  Bods. 
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Ftg.  16.— Wind  Braolngr  by 
means  of  Lattice  Girders. 


Fiff.  17.— Wind  Bracing 
by  means  of  Portals. 


use  to-day,  i.e.,  a  system  of  lattice  girders.  They  are  usually  situated  in  a  wall  or  partition 
in  order  not  to  interfere  with  the  architectural  effect,  and  are  made  the  full  depth  available 
between  the  window  lintels  of  one  story  and  the  sills  of  the  next.  Being  usually  located  in 
a  curtain  wall,  these  lattice  girders  do  double  duty  in  carrying  the  loads  and  acting  as  struts 
at  the  same  time.  The  ends  of  the  floor  beams  are  connected  to  them  wherever  they 
happen  to  come,  but  preferably  at  a  panel  point.  The  system  shown  in  Fig.  17  is  an 
efficient  but  expensive  one.  The  shaded  portions  represent  solid  plates,  which  are  spliced 
at  convenient  intervals  and  whose  thickness  is  determined  by  the  shearing  stresses  due  to 
the  wind  forces.     This  system  has  been  used  more  in  Chicago  than  elsewhere. 

The  designer  is  usually  limited  in  his  choice  of  wind  bracing  by  other  than  engineering 
considerations,  and  the  greatest  problem  is  how  to  adapt  the  design  to  the  existing  condi- 
tions and  preserve  its  efficiency.    That  this  problem  is  too  often  neglected  is  partly  because 
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*  An  eightecn-story  building  is  now  being  erected  in  New  York  City  on  a  25-foot  lot. 
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of  its  difficulty,  partly  because  no  serious  accidents  have  as  yet  been  recorded  where  tall 
buildings  have  failed  for  lack  of  wind  bracing,  and  partly  because  much  reliance  is  placed 
upon  the  stiffening  effect  of  the  curtain  walls.  The  walls  do  provide  great  stiffness, — just 
how  much  it  is  difficult  to  say, — but  it  should  not  be  relied  upon. 

For  rapidity  and  economy  in  erection  riveted  steel  columns  are  now  generally  made  in 
one  length  for  two  stories.  The  lattice  girders  used  for  wind  bracing  are  often  omitted  in 
such  cases  on  every  alternate  floor  and  are  placed  at  the  tops  of  the  columns,  their  place 
being  supplied  by  beams  or  beam  girders  at  the  intermediate  floor.  This  omission  should 
not  be  made  in  narrow  buildings  where  the  wind  bracing  is  important. 

Connections  are  made  either  by  bolting  or  field  riveting.  The  former  method  is  cheaper 
and  quicker,  but  when  a  structure  has  a  comparatively  small  base  in  proportion  to  its 
height  and  great  rigidity  is  required,  bolted  connections  are  used  with  considerable  risk  to 
the  owners  and  occupants  of  the  building.  With  cast-iron  columns  bolted  connections 
arc  necessary,  since  rivets  cannot  be  driven  without  injury  to  the  castings.  This  fact 
effectually  precludes  the  use  of  cast  columns  in  buildings  where  wind  bracing  plays  an 
important  part  in  the  design.  In  connecting  a  riveted  steel  column  to  the  one  above  it 
vertical  splice  plates  are  usually  placed  on  opposite  sides,  extending  a  foot  and  a  half  or  two 
feet  both  above  and  below  the  joint.  The  end  sought  by  this  means  is  to  render  the  shaft 
continuous  throughout  the  whole  height  of  the  building  and  to  assist  in  overcoming  any 
outside  influence  to  torsion  or  tension. 

The  connections  of  all  girders  and  beams  to  the  columns  are  important,  since  the  stiff- 
ness of  the  structure  depends  upon  the  transmission  of  the  lateral  stresses  through  these 
connections  and  into  the  columns.  Specifications  now  commonly  require  these  connections 
to  be  riveted,  whereas  connections  of  beams  to  beams  or  beams  to  girders  are  allowed 
to  be  bolted.  If  excessive  eccentric  loading  of  columns  cannot  be  avoided,  such  loads  are 
provided  for  by  increasing  the  column's  sectional  area  for  bending  and  not  by  designing  the 
column  unsymmetrically.  Our  conception  of  a  column  should  be  that  of  a  continuous  shaft 
tapering  from  the  bottom  to  the  top  of  the  building,  and  being  loaded  very  irregularly  at 
best  by  a  multitude  of  comparatively  small  loads.  The  building  laws  in  most  of  the  large 
cities  require  such  factors  of  safety,  and  the  single  loads  usually  constitute  such  a  small  per- 
centage of  the  total  load  on  a  column,  that  any  great  refinement  in  the  treatment  of 
eccerttric  loads  is  unnecessary.  It  is  really  more  important  that  the  brackets  or  seats  which 
transmit  the  girder  loads  to  a  column  should  be  designed  so  as  to  bring  these  loads  as  soon 
as  possible  to  the  column's  centre  of  gravity. 

Special  Features, — The  necessity  for  special  features  continually  arises,  audit  is  in  devis- 
ing methods  for  producing  the  desired  result  under  the  existing  conditions  and  restrictions 
that  the  engineer  finds  a  large  field  for  his  ingenuity.  A  few  of  these  features  are  briefly 
described  and  illustrated  below. 

Fig.  18  illustrates  a  truss  set  in  a  partition  longitudinally-through  the  centre  of  a  build- 
ing. On  its  lower  chord  rest  the  ends  of  the  fifth-floor  beams,  on  its  upper  chord  rest  the 
sixth-floor  beams,  the  truss  being  the  full  height  of  the  fifth  story;  the  fourth  floor  beams 
are  hung  from  the  panel  points  of  the  truss.  Some  construction  had  to  be  made  to  avoid 
the  use  of  columns  in  the  second  and  third  stories  directly  underneath,  and  this  was  adopted 
as  being  the  best  way  out  of  the  difficulty.  It  also  happened  that  the  sixth  story  was  to  be 
kept  clear  of  columns,  so  that  there  were  no  concentrated  loads  on  this  truss  from  above 
the  sixth  floor.  The  diagonal  members  of  this  truss  had  to  be  arranged  to  permit  door 
openings  at  fixed  points,  but  the  truss  itself  was  entirely  enclosed  in  a  partition. 

Fig.  19  represents  a  somewhat  similar  problem,  but  on  a  larger  scale,  the  truss  being 
t^o  stories  in  height  instead  of  one,  the  columns  themselves  being  utilized  as  compression 
members  in  the  truss.     The  problem  was  to  keep  the  ground  floor  clear  of  colunins,  yet 
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make  the  building  a  great  many  stories  high.  It  will  be  noticed  that  in  both  of  these 
figurco  (i8  and  19)  very  heavy  concentrated  loads  have  to  be  taken  through  the  columns  at 
the  ends  of  these  trusses  and  down  to  the  foundations. 
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Fig.  18. 


Fig.  20  shows  a  common  form  of  cantilever  girder  used  in  foundation  work.  As  is 
always  the  case  when  the  building  has  to  cover  every  square  inch  of  the  lot  on  which  it 
rests,  some  means  must  be  contrived  for  keeping  the  foundations  also  wholly  within  the  lot. 
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Before  these  very  heavy  buildings  were  the  fashion  there  was  seldom  any  difficulty  in  pro- 
viding a  broad  footing  underneath  the  side  walls  so  that  the  line  of  thrust  should  fall  within 
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the  middle  third  of  the  foundation  course ;  but  with  the  introduction  of  tall  buildings 
exceedingly  heavy  loads  had  to  be  placed  upon  single  footings  or  groups  of  footings,  and, 
as  the  columns  which  carried  these  loads  down  through  the  building  were  situated  in  the 
side  waits  themselves,  it  was  found  impossible  to  bring  the  centre  of  gravity  of  a  column 
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over  the  centre  of  its  footing  by  any  of  the  old  methods.  The  commonest  way  of  over- 
coming this  difficulty  is  by  setting  the  footing  pier  back  from  the  property  line  a  sufficient 
distance  to  spread  it  equally  in  both  directions  from  the  centre  of  pressure,  and  by  the  use 
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of  Steel  girders  (as  shown  in  the  figure),  arranged  in  the  form  of  a  cantilever,  to  carry  the 
column  on  the  projecting  end. 

Fig.  21  represents  a  form  of  cantilever  truss.  The  object  of  using  the  triangular  truss 
instead  of  the  usual  riveted  girder  was  in  this  case  twofold,  namely,  to  save  metal  and  to 
give  extra  room  in  the  sub-cellar  without  taking  away  materially  from  the  head  room.  It 
will  be  seen  that  the  long  arm  of  the  cantilever  includes  two  columns,  both  of  which  rest 
upon  the  ground.  These  two  columns  were  required  as  anchorage  since  there  was  not 
sufficient  dead  load  in  one  of  them  to  serve  the  purpose.  The  beams  of  the  basement 
floor  rest  directly  upon  the  horizontal  chord  of  the  truss.     Tim  triangular  trusses  were 
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niade  in  pairs,  one  on  either  side  of  the  anchorage  columns,  and  firmly  secured  to  them  by 
large  inverted  brackets.  The  load  on  the  short  projecting  arm  is  brought  from  the  wall 
column  to  the  trusses  by  short  plate  girders.     This  construction  was  thought  to  be  eco- 
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Fig.  29. 

nomical  on  account  of  the  gain  in  depth  over  the  ordinary  foundation  cantilever  made  of 
riveted  girders. 

Rarely  we  find  the  form  of  construction   shown  in   Fig.  22,  where  the  side  wall  is 
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carried  by  cantilever  beams  and  girders  at  each  floor  level ;  the  projecting  arm  being   long 
enough   to   span    a  hallway   in    the   building.       This  construction  is  not  usually  an    eco- 
nomical one  if  the  building  is  very  high,  as  it  requires  more  metal  in  the  girders  than   one 
single  cantilever  girder  in  the  foundations  would. 

In  Fig.  23  we  find  rather  a  novel  arrangement.  The  building  (now  in  process  of  con- 
struction) is  to  be  eighteen  stories  high,  and  stands  on  a  very  narrow  lot.  The  twelve 
columns  are  all  wall  columns,  and  the  loads  from  them  are  transferred  by  means  of  two  sets 
of  cantilever  girders  into  three  foundation  piers,  so  that  each  of  these  piers  will  finally  re- 
ceive the  load  from  four  columns.  The  manner  of  transferring  these  loads  through  the 
two  sets  of  cantilever  girders  can  be  seen  from  the  figure. 
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Fig.  84. 


Now  and  then  an  architect  desires  that  no  columns  shall  be  built  in  the  walls,  but  that 
they  shall  be  fireproofed  inside  of  the  building  itself,  so  that  they  may  be  easily  gotten  at 
and  examined.  Fig.  24  shows  such  a  system.  The  tendency  to  eccentric  loading  is  relieved 
by  using  double  beams  or  channels  for  the  floor  girders  and  allowing  them  to  project  by  the 
columns  on  either  side,  forming  cantilevers  whose  short  arms  carry  the  ends  of  the  wall 
girders. 

There  are  other  features  of  modern  building  to  be  found  in  the  construction  of  theatres, 
armories,  train-sheds,  factories,  etc.,  etc.,  which  are  not  properly  classified  under  skeleton 
construction,  and  are  consequently  outside  the  province  of  this  chapter. 

3.  Method  of  Design. — The  work  of  designing  naturally  proceeds  in  the  following 
order:  Select  the  fire-proof  floor  arch  ;  arrange  the  spacing  of  beams,  girders, and  columns  , 
determine  the  wall  sections  and  method  of  supporting  the  walls ;  make  schedule  of  loads  on 
columns  and  foundations ;  design  the  foundations  ;  calculate  sizes  of  beams  and  girders; 
calculate  the  columns  ;  calculate  wind  bracing. 

Before  proceeding  with  the  design  an  assumption  for  the  live  loads  must  be  made. 
Generally  accepted  practice  calls  for  40  to  75  lbs.  per  square  foot  on  floors  used  for  oflfice 
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purposes,  hotels,  or  dwellings;  lOO  to  120  lbs.  per  square  foot  on  floors  used  for  stores, 
ball-rooms,  theatres,  or  places  of  public  assembly;  150  lbs.  per  square  foot  and  upwards  for 
factory  or  warehouse  floors  or  floors  subject  to  vibration  or  shock. 

The  New  York  City  building  law  at  present  requires  the  following  assumptions  of  live 
load  to  be  made :  70  lbs.  per  square  foot  for  floors  in  hotels  and  dwelling-houses ;  100  lbs. 
for  floors  in  office  buildings;  120  lbs.  for  floors  in  all  places  of  public  assembly;  150  lbs. 
and  upwards  for  floors  in  factories,  stores,  warehouses,  etc.  This  is  a  heavier  requirement 
than  municipal  governments  usually  enforce  ;  but  considering  that  it  includes  the  weights  of 
partitions,  stationary  and  movable  furniture  (including  small  safes)  in  the  general  require- 
ment for  live  load,  and  that  the  law  itself  makes  no  provision  for  increasing  the  loads  on 
the  columns  affected  by  wind  forces,  the  general  result  produced  by  its  enforcement  is  not 
far  removed  from  good  practice. 

The  choice  of  fire-proof  arch  depends  somewhat  upon  the  purpose  for  which  the  floor 
is  to  be  used,  but  of  the  several  efficient  systems  that  which  weighs  least  will  ordinarily  be 
cheapest,  as  thereby  the  amount  of  metal  in  the  beams  and  columns  will  be  slightly  less. 
Because  one  floor  system  weighs  less  than  another  in  a  given  case,  it  should  not  be  con- 
cluded that  it  will  in  another  case  using  a  different  size  of  beams  differently  spaced.  As 
conditions  vary  greatly,  each  case  requires  special  study,  and  some  consideration  should  be 
given  at  the  same  time  to  the  beam  and  column  spacing,  since  restrictions  here  often  help 
in  determining  the  selection  of  the  floor  arch.  When  the  selection  has  been  made  the  total 
dead  weight  of  the  floor  per  square  foot  should  be  carefully  calculated  from  the  actual 
material  composing  it. 

In  designing  the  floor  beams  use  the  formula 

where  m  =  total  load  in  load  in  lbs.  per  square  foot, 
_y  =  distance  between  beams  in  feet, 
/  =  span  of  beam  in  feet, 

T=  allowed  fibre  stress  in  lbs.  per  square  inch, 
and      R  =  the  section  modulus  in  inch  units,*  which  for  a  plate  girder  is  equal  to  the 

effective  depth  in  inches  multiplied  by  the  area  of  one  flange  in  square 
inches ; 
or  the  formula 

*=^ (=) 

where  W^=  the  total  uniformly  distributed  load  on  the  whole  beam,  the  other  quantities 
being  as  denoted  above,  f 

Having  found  from  equation  (i)  or  (2)  what  the  section  modulus  should  be,  the  proper 
Lbeam  can  be  selected  from  any  of  the  mill  hand-books  which  give  as  beam  properties 
either  the  section  modulus  or  the  moment  of  inertia, — the  former  being  the  quotient  ob- 
tained by  dividing  the  latter  by  one  half  the  depth  of  the  beam.  Tables  based  on  equa- 
tions (i)  and  (2)  are  more  convenient  in  practice  than  those  giving  safe  loads  which  are 
commonly  found  in  the  mill  hand-books  (although  the  latter  are  more  easily  comprehended 
by  the  layman),  because  R  represents  a  characteristic  property  of  the  beam  which  might  be 
termed  its  strength,  and  its  value  may  be  very  readily  compared  with  the  weight  of  the 


*  Until  recently  improperly  called  the  moment  of  resistance. 

t  It  is  assumed  that  the  student  can  derive  these  simple  equations,  and  others  which  arc  to  follow,  by  th^ 
Cl^pnentary  principles  learned  in  the  early  part  of  his  work. 
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beam  per  linear  foot,  both  of  which  quantities  are  constant  for  all  spans  and  conditions  of 
loading. 

The  lightest  beam  which  will  do  the  work  (i.e.,  whose  value  of  R  is  sufficiently  large) 
should  be  selected.  Adherence  to  this  rule  will  invariably  secure  the  deeper  of  two  beams 
having  their  section  moduli  alike,  a  fact  which  confirms  the  economy  of  the  deeper  beam. 
If,  now,  no  beam  can  be  found  whose  section  modulus  is  close  to  the  required  value  of  /?,  it 
may  be  feasible  to  rearrange  the  spacing  of  the  beams  to  suit  some  one  particular  size  of 
beam.  For  this  purpose  solve  equation  (i)  for  y^  substituting  the  value  of  R  desired  and 
the  other  quantities  as  before.  This  will  give  the  maximum  spacing  allowed  for  the  given 
I-beam. 

If,  however,  no  change  in  the  spacing  is  feasible,  perhaps  a  rearrangement  of  the 
columns  might  be  made  so  as  to  change  the  span  of  the  beams.  To  find  the  maximum 
span  on  which  a  particular  size  of  beam  might  be  used  solve  equation  (i)  for  /,  substituting 
all  the  other  quantities  as  before.  Nearly  always  the  designer  will  find  the  column  spacing 
fixed  by  conditions  beyond  his  control,  and  quite  as  often  the  direction  in  which  the  girders 
must  lie  is  indicated  by  some  restriction  or  other,  so  that  he  is  finally  reduced  to  **  Hob- 
son's  choice  *'  in  picking  out  the  most  economical  size  of  beam. 

Should  there  be  a  restriction  on  the  depth  of  floor  beams,  and  should  the  economical 
size  of  beam  exceed  the  allowed  depth,  a  heavier  and  shallower  beam  of  equal  or  sufficient 
strength  must  be  chosen.  In  selecting  a  shallow  beam  to  do  the  work  required  of  a  deeper 
one,  the  limiting  span  should  not  be  exceeded.  The  limiting  span  is  determined  by  the 
amount  of  centre  deflection  allowed  by  the  specifications,  which  in  New  York  must  not 
exceed  ^\^  of  the  span  when  the  beam  is  fully  loaded.     The  following  formula  gives  the 

limiting  span,  the  centre  deflection  being  \-)th  of  it: 

'=?7V (3) 

where  E  =  modulus  of  elasticity  in  same  unit  as  7*, 
//  =  depth  of  beam  in  inches,  and 
T  =  allowed  fibre  stress. 

Having  determined  the  beam  and  girder  spacing  for  the  typical  size  of  beam  in  the 
job,  calculation  of  the  other  floor  beams  may  be  wisely  postponed  until  some  attention  has 
been  given  to  the  foundations,  especially  if  the  structure  is  to  rest  on  yielding  soil.  If  the 
building  is  to  be  very  high  and  very  heavy,  the  problem  of  arranging  the  foundations  prop- 
erly for  economy  as  well  as  safety  is  the  chief  part  of  the  work,  and  in  solving  it  if  it  should 
be  found  necessary  to  shift  the  position  of  a  column  here  and  there,  as  frequently  occurs, 
the  beams  or  girders  adjacent  to  that  column  throughout  the  building  would  have  to  be  re- 
calculated. 

The  wall  sections  should  now  be  determined,  and  the  question  at  what  floors  to  carry 
the  walls  settled.  In  New  York  City  the  law  requires  that  a  1 2-inch  curtain  wall  shall  be 
carried  at  every  floor,  but  permits  a  i6-inch  curtain  wall  to  be  two  stories  high  without  sup- 
port.  The  same  law  requires  curtain  walls  to  be  I2  inches  thick  in  the  four  top  stories  (i.e., 
from  the  roof  down  about  50  feet),  and  every  lower  section  of  50  feet  shall  have  a  thickness 
of  four  inches  more  than  is  required  for  the  section  next  above  it,  down  to  the  tier  of  beams 
nearest  to  the  curb  level.  The  absurdity  of  this  requirement  (passed  in  1892)  became  so 
manifest  in  the  planning  and  erection  of  very  high  buildings,  that  the  Board  of  Examiners 
(a  body  empowered  to  modify  the  Building  Law  within  certain  limits)  has  frequently 
allowed  concessions  on  this  point,  although  it  has  never  felt  at  liberty  to  take  so  radical  j^ 
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step  as  to  permit  the  use  of  a  1 2-inch  curtain  wall  throughout  the  full  height  of  a  building 
12  or  more  stories  high. 

If  any  of  the  ornamental  front  work  is  heavy  or  of  peculiar  construction,  or  if  any 
special  beams  are  needed  to  carry  bay-windows  or  spandrel  sections,  arrangements  should 
be  made  at  this  point  for  all  of  these  features,  and  the  system  of  wind  bracing  should  be 
decided  upon  enough  in  detail  to  show  how  much  additional  load  the  columns  must  sustain 
on  this  account. 

Having  provided  for  the  distribution  of  all  special  loads,  and  having  located  the  prin- 
cipal beams  and  girders,  the  next  work  is  to  calculate  all  the  column  loads  down  through 
the  building.  If  the  building  is  to  rest  on  yielding  soil,  the  live  and  dead  loads  should  be 
kept  separate  in  these  calculations.  Most  authorities  agree  that  the  floor  beams  should  be 
calculated  to  sustain  all  the  assumed  live  load  in  addition  to  the  actual  dead  load ;  very 
many,  however,  maintain  that  the  total  live  load  on  a  floor  never  reaches  the  girders,  and 
that  still  less  of  it  ever  reaches  the  columns.  A  great  many  theories  have  been  advanced 
as  to  what  portions  of  the  live  load  are  actually  carried  by  the  girders  and  columns.  The 
present  Ji^ilding  law  in  Chicago  requires  that  the  girders  shall  be  calculated  to  sustain  eight 
tenths  of  the  assumed  live  load  in  addition  to  the  dead  load,  and  that  the  columns  be  cal- 
culated to  sustain  six  tenths  of  the  assumed  live  load  in  addition  to  the  dead  load.  In  New 
York  City  the  law  requires  that  the  girders  and  the  columns  shall  be  calculated  to  sustain 
the  total  live  load  assumed  for  each  floor  in  addition  to  the  actual  dead  load,  and  that  this 
total  load  be  assumed  to  rest  upon  the  foundations.  This  rather  rigid  requirement  is  in 
excess  of  the  best  practice  among  engineers  who  are  not  restricted  in  any  way  in  their  ap- 
portionments of  the  loads ;  and,  were  it  not  for  the  exceptional  character  of  the  ground  under- 
lying NewYork  City,  such  a  requirement  would  be  a  great  hardship  in  the  construction  of 
very  tall  buildings.  The  law,  however,  is  somewhat  compensatory  in  permitting  a  pressure 
of  four  tons  per  square  foot  on  "  good  earth,"  without  in  any  way  defining  the  character  of 
the  soil  referred  to,  and  leaving  it  discretionary  with  the  Superintendent  of  Buildings  as  to 
whether  or  not  this  requirement  should  be  less.  Previous  to  the  enactment  of  the  Chicago 
law  referred  to,  it  was  customary  among  engineers  and  architects  to  assume  that  a  certain 
percentage  of  the  sum  of  the  live  loads  of  all  the  stories  above  it  was  carried  by  the  column 
in  a  given  story,  and  that  this  percentage  diminished  uniformly  from  the  top  to  the  bottom 
of  the  building.  It  was  also  considered  good  practice  to  ignore  the  live  load  entirely  in 
proportioning  the  foundations;  in  so  doing,  however,  the  unit  of  bearing  area  upon  the 
ground  was  made  low. 

The  writer  believes  that,  theoretically  and  practically,  it  is  right  to  proportion  the 
foundations  to  the  dead  loads  only  (meaning  by  dead  loads  all  the  permanent  loads),  even 
admitting  that  all  of  the  live  load  eventually  reaches  them.  Under  the  present  New  York 
City  requirements  this  can  be  done  as  follows  :  Having  scheduled  the  live  and  dead  loads 
separately,  the  total  dead  load  and  the  total  live  load  on  each  footing  are  known  ;  the  sum 
of  these  two  in  each  case  gives  the  total  load  on  the  footing,  which  by  law  is  required  to 
cover  such  an  area  of  ground  that  not  more  than  four  tons  shall  bear  upon  each  square 
foot ;  the  ratio  of  the  dead  load,  therefore,  to  the  total  load  in  each  case  must  equal  the 
ratio  of  that  portion  of  the  allowed  unit,  which  is  used  up  by  the  dead  load  only,  to  the 
unit  itself,  namely,  four  tons.  The  third  term  of  this  proportion  gives  the  unit  due  to  the 
dead  load  only,  which  can  easily  be  fixed  low  enough,  by  observing  a  sufficient  number  of 
cases,  so  that  finally  in  no  case  shall  the  total  load  per  square  foot  of  any  footing  exceed 
the  required  unit,  namely,  four  tons.  The  writer  has  used  this  method  frequently,  under 
the  jurisdiction  of  the  New  York  City  law,  where  an  equitable  distribution  of  the  per- 
manent load  was  important.  The  method  is  rather  rigid  and,  perhaps,  wasteful  in  giving  . 
larger  footings  under  interior  qolumns  whcrq  th^  dead  load  is  mugh  less  than  it  is  in  tl^^ 
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wall  columns ;  but  if  the  soil  is  of  a  yielding  nature  the  principle  of  proportioning  the 
footings  according  to  the  dead  load  should  be  closely  adhered  to. 
A  convenient  form  for  load  schedule  is  the  following : 


LOAD   SCHEDULE.     TONS. 
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Each  column  is  usually  numbered  on  the  plan  ;  the  different  stories  of  the  building 
being  represented  by  the  letters  of  the  alphabet,  *'  A  "  being  the  first  stor>',  **  B  "  the  second 
etc.,  so  that  column  B6  would  mean  column  number  six  in  the  second  story.  The  division 
of  the  loads,  in  the  left-hand  column,  into  three  parts,  viz.,  floor  loads,  wall  loads,  and 
special  loads,  is  usually  sufficient  for  all  practical  purposes.  The  floor  loads  are  understood 
to  include  an  allowance  for  the  fire-proof  partitions,  the  beams,  the  girders,  the  weight  of 
interior  columns  and  the  fireproofing  for  them,  and  for  the  plumbing  and  heating  fixtures 
etc.,  etc.,  all  of  which  items  should  be  calculated  and  reduced  to  a  uniform  amount  per 
square  foot  of  the  floor  area,  and  added  to  the  dead  load  of  the  floor  itself.  The  wall 
loads  include,  besides  the  weight  of  the  walls,  the  wall  columns,  the  windows,  and  every- 
thing in  the  walls  themselves.  It  is  customary  in  New  York  to  deduct  for  all  window 
openings  one  half  the  weight  of  wall  which  would  otherwise  fill  the  opening,  adding  nothing 
for  the  windows  themselves.  If  the  walls  are  very  irregular  and  contain  many  projections, 
as  might  be  the  case  with  ornamental  front  walls,  these  irregularities  should  be  taken  into 
account  and  lumped  as  wall  loads.  Under  the  head  of  special  loads  should  be  placed  the 
allowance  for  wind  (a  live  load),  the  weights  of  tanks,  vaults,  safes,  elevators,  and  all  per- 
manent machinery ;  these  loads  should  be  treated  as  concentrated  loads.  Although  not 
necessary  to  the  subsequent  work  of  designing,  still  the  division  of  the  loading  as  here  given 
is  convenient  and  desirable,  because  in  looking  over  the  work  to  detect  any  omission  a 
certain  amount  of  detail  is  advantageous  ;  and  further,  if  any  changes  are  desired  in  the 
interior  arrangement,  it  is  very  easy  to  rearrange  the  loads  for  such  changes  when  they 
have  been  kept  separate  from  the  beginning.  The  total  load  which  each  column  must  sus- 
tain is  put  in  the  third  vertical  column  of  the  load  schedule  opposite  the  proper  stor^  jus( 
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under  the  horizontal  line  dividing  the  stories,  and  is  the  sum  of  all  the  partial  loads  above 
that  line.  At  the  bottom  of  the  load  schedule  the  final  total  gives  the  load  on  the  founda- 
tions in  two  parts,  dead  and  live,  the  sum  of  which  must 
equal  the  total  on  the  basement  column  ;  to  find  the 
pressure  on  the  ground  the  actual  weight  of  the  footings 
themselves  should  be  added  to  this. 

Grillage.  —  The  distribution  of  the  column  loads  on 
the  ground  by  means  of  I-beams  or  girders  and  concrete 
beds  is  a  part  of  the  work  so  closely  allied  to  the 
designing  of  the  superstructure  itself,  and  is  so  im- 
portant a  problem  on  account  of  the  excessive  concen- 
tration of  loads  in  the  skeleton-constructed  building,  that 
it  ought  to  receive  attention  here. 

Case  I.  When  the  eoncretc  bed  is  symmetrical  and 
receives  the  load  from  one  column  situated  at  its  centre. — 
The  column's  shoe  must  of  course  be  large  enough  to 
bear  across  all  the  grillage  beams  or  girders  in  the 
upper  course.  The  shoe,  whether  cast-iron  or  riveted 
steel,  is  strong  enough  to  take  all  the  column's  load 
on  its  perimeter  ;  otherwise  the  slightest  deflection  in 
the  upper  course  of  grillage  beams  would  crack  or  bend 
it.  If,  tlicii.  a  is  the  width  of  the  shoe's  base  plate 
(Fig.  25),  y  is  the  projection  of  the  beams  beyond  the 
shoe  in  feet,  /  tlie  length  of  the  beams  In  feet,  and 
W the  load  transmitted  through  the  column,  the  moment 
at  the  point  x  will  be 


(4) 


The  section  modulus  required  to  withstand  this  external  moment  would  be 


iif). 


''     Tl'- 


(S) 


To  find  the  required  value  of  R  for  one  beam  this  value. is  then  divided  by  the  number 
of  beams  or  girders  used.  The  beams  in  the  lower  course  are  calculated  in  the  same  way, 
the  point  of  moments,  x,  being  situated  on  the  edge  of  the  outside  beam  of  the  course 
above. 

Case  II.  W/ten  the  concrete  bed  is  symmetrical  and  reeei^'fs  the  load  from  two  columns, 
one  situated  at  each  end. — This  case  Is  rarely  met  with  in  practice,  since  if  the  two  columns 
are  not  equally  loaded  the  concrete  bed  must  be  trapezoidal  in  form  (see  Case  IV,),  or  else 
must  extend  some  distance  beyond  the  more  heavih  loaded  column  (see  Case  III,),  in  order 
that  the  centre  of  gravity  of  all  the  imposed  loads  may  coincide  with  the  centre  of  pressure 
of  the  ground  area  covered.     In  this  case  (see  Fig.  26),  the  columns  being  loaded  equally 
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the  problem  is  exactly  similar  to  that  of  a  uniformly  loaded  beam  supported  at  each  end 
(invert  Fig.  26)  and  tlic  greatest  moment  is 

M=2WX~  =  ^ (6) 


Hence  the  required  section  modulus  is 


ie  = 


i2J/_  3W7 


(7) 


The  beams  of  the  lower  course  are  calculated  by  equation  (5). 

Case  III.  IVkai  the  concrete  bcdis symmetrical,  ami  receives  the  load  frotn  two  unequally 
loaded  columns  situated,  one  at  one  end,  and  the  other  at  a  distance  y  from  the  other  end. — 
The  distance  /— ^(Fig.  27)  and  the  load  on  each  column  being  known,  the  centre  of 

\ 


gravity  of  the  two  loads  W,  and  W,  is  known  to  be  at  a  point  distant 


H', 


-  w. 


from  the 


(8) 


load  \\\.     The  length  of  the  bed  should  be  twice  this  distance  in  order  that  its  centre  of 
pressure  and  this  centre  of  gravity  may  be  coincident.     Therefore 
_  iWil-y)^ 
W,  +  !(',■■ 

Assuming  that  no  deflection  occurs  in  the  upper  grillage  beams,  the  pressure  on  the 
lower  course  beams  is  now  uniform  from  end  to  end  of  the  bed  and,  per  linear  foot,  is 
equal  to 

W,  +  W, 


=  /.(say). 


(9) 

Next,  the  points  of  no  shear  must  be  determined  in  order  to  calculate  the  moments  at 
these  points  and  find  the  greatest.     From  the  load  W,  moving  to  the  right  the  first  point 


not  exactly  at  its  centre,  but  located  so  that  enough  of   W,  bears  to  the  left  of  it  to  be 
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added  to  W^,  and  equal  iAJ  —  y)*  As  the  column's  shoe  in  the  direction  indicated  is  usually 
not  more  than  20  to  24  inches  wide  (see  Fig.  25),  it  is  sufficiently  accurate  to  use  the  centre 
of  the  column  for  this  point  of  moments — just  as  the  centre  of  the  column  at  W^  is  used 
for  the  end  of  the  span. 

Considering  all  the  forces  left  of  the  first  point  of  no  shear,  the  moment  at  that  point  is 

M=[W^X  -^)--[p-fX--^)  =  ^'. (10) 

or,  substituting  the  value  of />  from  equation  (9),  we  have 


M  = 


2(  W,  +  W,)- 


(") 


Coming  to  the  point  under  the  column  at  IF,  and  considering  the  forces  to  the  right, 
the  moment  there  is 


M 


(12) 


in  which  a  is  the  width  of  the  column's  shoe  in  feet ;  and  substituting  for  /  as  before,  we 
obtain 


M  = 


2/ 


8 


(13) 


The  greater  of  the  two  moments  obtained  from  equations  (ii)  and  (13)  is  then  substi- 
tuted for  Mm  equation  (7),  and  the  required  value  of  R  is  found. 

The  beams  of  the  lower  course  are  again  calculated  as  before  by  equation  (5). 

Case  IV.  When  the  concrete  bed  forms  a  trapezoid^  and  receives  its  load  from  two  un- 
equally loaded  columns^  one  situated  at  each  end. — These  trapezoidal  beds  are  necessary 
when  the  space  beyond  the  more  heavily  loaded  column  cannot  be  utilized,  as,  for  instance, 
on  the  edge  of  the  property.  The  centre  of  gravity  of  the  loads  and  the  centre  of  pressure 
of  the  ground  area  must  be  coincident,  as  before.  If  c  denote  the  distance  of  the  centre 
of  gravity  from  the  lighter  load,  W^ ,  then 

(14) 


c  = 


but  this  distance  should  be  the  same  as  the  perpendicular  distance  from  the  centre  of 
gravity  of  the  trapezoid  to  the  shorter  of  its  parallel  sides,  which  by  the  calculus  is 


the  notation  being  as  in  Fig.  28. 


3(*,  +  *.) 


(15) 


and 


hence, 


*  This  equation  is  deduced  as  follows  : 
A  being  the  area, 
dA  =  ydx. 


1-hi  \lo:i'k'-\\    I        *"d 


r  =  ^  +  j-(^a  -  *i); 


dA  =  bidx  -\ — ^ .  xdx. 


xdA  =  b\xdx  H —  .  x^dx. 


'Of 


But 


1-  bi 


I   xdA  =  A^t 


\      ^?      < 


-   O/     .■ 
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The  area  of  the  traperoid  is  equal  to 


(16) 


This  area  is  of  course  known  by  dividing  the  sum  of  the  two  loads,  W,  and  W,,  by  the 


allowed  bearing  pressure  per  unit  of  area.     Consequently,  we  have  two  equations,  (15)  and 
(16),  containing  but  two  unknown  quantities,  b,  and  b^ 
Solving  for  these,  wc  obtain 


(■7) 


1  when  A  =  o.     Thcrelore 


being  lero,  becauu  j  =  o  when  A  =  o.     Thcrelore 


Since 


,=  ■•■  +  '■  .;.       a-E.D. 
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and 

2A 
K  =  7r(3^  -  IV (18) 

Substituting  for  c  in  each  of  these  equations  its  value  in  equation  (14),  we  have 

"^  -    i(w,-\-  py,) ^'9; 

and 

2A{2  W,  -  VV,) 

It  will  be  observed  that  the  trapezoid  becomes  a  triangle  when  ^,  =  o ;  which,  from 
equation  (19),  means  when  W^  =  iW^,  The  interpretation  of  this  is  that  Case  IV.  does 
not  apply  when  either  load  is  less  than  half  the  other. 

Considering  a  longitudinal  section  through  this  bearing  area,  as  shown  in  elevation 

(Fig.  28),  the  pressure   per  linear  unit   is  of  course  greater  under  the  heavier  load  and 

gradually  diminishes  to  the  other  end.     Denoting  these  linear  unit  pressures  by/,  and/, 

under  the  lighter  and  heavier  loads  respectively,  and  knowing  these  pressures  to  be  made 

up  of  as  many  square  unit  pressures  as  the  trapezoid  contains  widthwise  at  any  given  point 

we  have  the  equations 

A  =  ^^, (21) 

and 

P.^KU. (22) 

where  U  is  the  assumed  unit  pressure  per  square  foot  on  the  ground  area.  The  unit  press- 
ure due  to  either  load  is  zero  at  the  other  end  and  increases  uniformly  to  the  load  itself,  so 
that  it  may  be  represented  at  any  point  by  the  ordinate  to  the  straight  line  which  completes 
the  triangle  whose  base  is  the  unit  pressure  and  whose  altitude  is  the  distance  between  the 
loads.  Putting  the  two  triangles  (OFD  and  DFE)  together  forms  the  trapezoid  whose  paral- 
lel sides  are  /,  and  /,  (Fig.  28),  from  which  the  linear  unit  pressure  due  to  both  loads  can 
be  read  at  any  point  along  the  upper  grillage  beams  or  girders. 
It  is  easily  proved  that  at  the  point  of  no  shear  this  ordinate  is 


A='/^(A-A)+A'-t 


(23) 


*  Equations  (17)  and  (18)  may  also  be  deduced  geometrically. 

f  If  JT  represents  the  abscissa  and  y  the  ordinate  of  any  point  on  the  line  F£  (Fig.  18),  then  the  shear  at  any 
point  on  the  beam  OD  is 


2 

But 


therefore,  by  substitution,  we  have 


y=  pi  -\-j(pt  -A); 


x« 


IVi  -  pix  -   -(/,  -  />,)  =  k. 


an  equation  showing  that  the  line  in  which  the  ordinates  representing  shear  terminate  is  the  curve  of  the  parabola. 
When  the  shear  is  zero,  ^  =  o,  and 

Solving  this  for  x,  we  find 

^^ ±  V'i  ^Ap%  -  />.)  -f  />.*/^  -  />»/ 

pt-pi 

and,  substituting  this  value  of  x  in  the  above  equation  for  y,  remembering  that  y  •=.  p^zx  the  point  of  no  shear,  we 
have 


^.  =  |/^(/«  -  />»)  +/»••     e-  E-  D. 
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If  q^  represents  the  distance  of  this  point  from  the  load  W^ .  then  from  the  similarity  of 
triangles 

With  this  as  a  point  of  moments,  considering  all  the  forces  to  the  left  of  it  and  re- 
membering that  the  sum  of  all  the  unit  pressures  between  the  point  of  no  shear  and  the 
load  W^  is  equal  to  W^  itself,  we  have 

M  =  W,q.^Wiq,^c:)^W,c, (25) 

where  c^  represents  the  distance  from  the  load  fK,  to  the  centre  of  gravity  of  the  said  sum 
of  unit  pressures,  or  to  the  centre  of  gravity  of  the  trapezoid  whose  parallel  sides  are/,  and 
/,.     Changing  the  notation  in  equation  (15)  to  suit  this  trapezoid,  we  obtain 

• 

Having  found  the  moment  from  equation  (25),  the  required  value  of  i?  may  be  obtained 
from  equation  (7)  as  formerly. 

The  lower  course  grillage  beams,  being  of  different  lengths  and  distributing  different 
pressures,  should  be  computed  singly.  Knowing  how  far  apart  these  beams  will  be  located, 
we  may  represent  their  positions  along  the  line  OD  (Fig.  28)  by  points,  at  each  of  which 
ordinates  drawn  to  the  line  FE  will  measure  the  respective  unit  pressures.  Therefore  each 
ordinate  multiplied  by  the  distance  between  two  successive  ordinates  (or  two  adjoining 
beams)  will  give  the  load  W^  which  is  to  be  substituted  in  equation  (5)  to  determine  R  or 
the  size  of  the  beam. 

Case  V.   When  the  concrete  bed  is  rectangular  and  receives  its  load  frofn  three  or  more 


fc 


Ut 


W2 


Y2 


3 


Wa 


tntH^Mitunnttttitttitt 


FiS.  S9. 

unequally  loaded  columns. — The  centre  of  gravity  of  the  three  loads  (Fig.  29)  is  distant 

W  y    4.    IV  y 

11/ ^x^  11/  _\l  yt7  f''^'^  ^^M  «ind  as  the  bed  must  extend  an  equal  distance  each  side  of  this 

point,  the  length 

_  2(  W^y,  +  W,y,) 

iv,  +  w,-^w, ^^^ 

supposing  the  centre  of  gravity  to  be  nearer  W^  than  W^.    As  in  Case  III.,  the  pressure  on 
the  lower  course  beams  is  now  uniform,  and,  per  linear  foot,  is 


p  = 


(28) 
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At  the  several  points  of  no  shear  the  equations  of  moment  are  made  up  as  follows : 
at.,        M=[tV.X^]-(n'.X^^  =  ^: (29) 

at2,        M=(W,xr,)-{ty.X^)  +  ^-X°-=l¥.y,-i^  +  ^.    ....    (30) 
,.3,        M=  [W.  X  «^-)  +  [«-.  X  [E^  -  ,.)]  -  (M',  +  «-.)  X  «li^- 
=  (iM'_«..,,, (3„ 

CI'    \  ^J^  (I 

M  X  f  J  +  — •  X - 

=  (ir.+  fr.)^.-ff;>'.-^  +  -^, (32) 

a  being  the  width  of  the  column's  base  plate,  as  before. 

Equations  giving  moments  at  each  of  these  points  of  all  the  forces  to  the  right  can  be 
formed  in  a  similar  manner  and  used  for  checking. 

The  greatest  bending  moment  on  the  upper  course  of  grillage  beams  is  given  by  one 
of  the  four  equations  (29),  (30),  (31),  and  (32).  When  found  this  moment  is  substituted  in 
equation  (7)  to  obtain  R,  as  before. 

The  concrete  bed  being  rectangular,  the  beams  of  the  lower  course  may  be  calculated 
by  equation  (5). 

Case  VI.  When  the  concrete  bed  is  trapezoidal  in  form  and  receives  its  load  from  three  or 
more  unequally  loaded  cointnns, — Having  found  the  centre  of  gravity  of  the  three  or  more 
loads,  the  parallel  sides  of  the  trapezoid  can  be  computed  from  equations  (17)  and  (18), 
remembering  that  c  is  measured  from  the  short  end  of  it  and  that  A  is  the  sum  of  all  the 
imposed  loads  divided  by  the  allowed  pressure  per  unit  of  area.  If  Fig.  30  represents  a 
longitudinal  section  through  such  a  system,  we  may  lay  off  /,  and  /,,  as  in  Case  IV.,  by 
equations  (21)  and  (22),  and  draw  the  line  FE,  to  which  an  ordinate  from  OD  at  any  point 
represents  the  pressure  per  linear  unit  at  that  point.  The  points  of  no  shear,  i  and  3,  are 
readily  obtained  by  adapting  equations  (23)  and  (24)  as  follows : 

a/zW 
A=V-y(A-A)+A'; (33) 

A=/5ffi  +  J51>(,.  _,,)+,,; („) 

'•=fe^:-'- '^^> 

Another  point  of  no  shear  will  occur  under  the  load  W^,  which  may  be  considered  to 
be  at  the  centre  of  the  column,  although  this  is  not  exact,  as  previously  explained.     The 


6c» 
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distance  from  the  short  side  to  the  centre  of  gravity  of  any  of  these  trapezoids  may  now 
be  found  by  adapting  equation  (15),  and  hence  the  moments  at  the  points  i,  2,  and  3  can 
be  computed  in  the  usual  manner.  The  greatest  moment  should  then  be  selected,  and 
equation  (7)  solved  for  R, 

The  lower  course  grillage  beams  are  calculated  as  in  Case  IV. 

At  this  point  it  is  usual  to  go  back  to  the  floor  plans  and  calculate  the  sizes  of  all  the 
beams  and  girders  not  yet  known.  In  doing  this  it  is  well  to  keep  as  close  to  the  typical 
size  of  beam  as  practicable,  in  order  that  there  may  not  be  too  many  sizes  in  the  job  ;  the 
extra  cost  of  a  slight  excess  in  material,  by  using  the  typical  beam  when  a  lighter  beam 
would  be  sufficient,  is  often  more  than  balanced  by  the  fact  that  unless  many  of  the  latter 
were  needed  in  the  job,  there  would  probably  be  delay  in  procuring  them  from  the  mills. 


PRESSURE 
DIAGRAM 
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Girders  should  be  calculated  for  the  series  of  concentrated  loads  brought  to  them  by  the 
beams  which  frame  into  them,  since  this  method  usually  gives  a  smaller  moment  than  to 
assume  the  girders  loaded  uniformly.  No  beam  should  frame  into  another  one  of  less  depth 
than  itself,  even  though  the  respective  loading  may  suggest  it,  as  thereby  not  only  is  the 
labor  in  the  shop  and  on  erection  increased,  but  there  is  difficulty  in  designing  a  sufficient 
connection.  Beams  should  connect  to  the  webs  of  the  girders  in  preference  to  resting  on  the 
girders  ;  although  the  latter  is  a  cheaper  mode  of  construction,  it  lacks  stiffness  and  rigidity. 

The  permissible  fibre  stress,  7",  [see  equations  (i)  to  (7)]  for  steel  floor  beams  and 
girders  is  usually  taken  at  16,000  lbs.  per  square  inch  unless  otherwise  specified.  The  New 
York  law  limits  its  value  to  15,000  lbs.  For  grillage  beams,  however,  7"  may  be  taken  as 
high  as  18,000  or  20,000  lbs.  within  the  limits  of  good  practice  ;  first,  because  the  load  upon 
them  can  never  be  applied  suddenly  or  with  a  shock  ;  and  second,  because  the  concrete  in 
which  they  are  imbedded  aids  materially  in  the  performance  of  their  work. 

Columns. — In  calculating  the  sizes  of  the  columns  the  load  which  each  column  has  to 
carry  may  be  taken  directly  from  the  load  schedule  already  prepared ;  a  schedule  for  each 
column  is  usually  made  out  somewhat  as  follows : 
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COLUMNS   NO.    8   AND   14. 


Story. 


12 


II 


lO 


8 


etc. 


Rcqu  red 
Load. 
Tons. 


32 


62 


90 


119 


152 


etc. 


Composition. 


Area. 


i// 


4ZS3'    X3"Xr-  ipl.  8"  Xi" 


4  Zs3f' X3"X/i'-ipl.  8"  xr 


2  [s  10"  X  i6i  lbs.  —  2  pis.  14"  X  A" 


2  [s  10"  X  20  lbs.  —  2  pis.  14"  X  A" 


2  [s  12"  X  20  lbs.  -  2  pis.  16"  X  ^' 


etc. 


etc. 


7.76 


12.60 


18.45 


20.50 


25.75 


No.  of 
Sketch 

on 
Sheet  16. 

^  • 

r 

Unit 
Stress. 
Tons. 

Safe 
Load. 
Tons, 

I 
I 

3 
3 
4 

is.o' 

I.21" 

to.o' 

1.48" 

9  5' 
45" 

q.5' 
4.36" 

q.5' 
5.51" 

4.12 

5.07 
5.86 
5.86 

5.91 

32 

64 

108 

120 

152 

Wt   pr. 

ft>ot. 
lbs. 


26 

43 
63 
70 

87 


The  properties  of  each  column  when  calculated  are  set  down  in  their  proper  places. 
The  safe  load  is  of  course  the  product  of  the  unit  stress  by  the  area.  The  weight  per  foot 
here  given  does  not  include  an  allowance  for  splice-plates,  connections,  etc.  It  will  be 
observed  that  the  columns  are  designed  to  be  continuous  through  two  .stories, — the  ninth 
and  tenth  story  column  having  14"  X  W'  plates  running  full  length,  while  the  channels  are 
spliced  at  the  tenth-floor  level, — the  eleventh  and  twelfth  story  colurrin  having  one  8"  X  \'' 
web  plate  extending  full  length,  while  the  angles  are  spliced  at  twelfth  floor.  Columns  in 
the  eighth,  ninth,  and  tenth  stories  are  in  style  like  Fig.  6  ;  those  in  the  eleventh  and 
twelfth,  like  Fig.  10.  As  a  mere  matter  of  economy  it  can  be  readily  figured  out  whether 
any  attempt  to  reduce  the  column's  section  in  the  upper  story  will  be  more  or  less  costly 
than  to  continue  the  section  of  the  lower  story  through  the  upper  one  also.  Where  the 
difference  is  slight  no  change  of  section  should  be  made. 

In  the  above  schedule  the  columns  were  calculated  by  the  Gordon-Rankine  formula, 

_         / 


/  = 


1  + 


144/^ 


ar 


/being  in  feet  and  r  in  inches.     The  constant  /used  was  12,000  lbs.,  and  the  constant  a 

was  36,000.  The  New  York  law  requires  the  use  of  this  formula,  and  specifies  that  /  shall 

equal  12,000  for  steel  and  10,000  for  wrought  iron,  but  makes  no  mention  of  the  constant  a. 

Many  engineers  prefer  a  **  straight-line  **  formula,  and  the  Chicago  building  law  provides  one 

60/ 
for  steel  columns  as  follows:  /=  17000 for  columns  more  than  60  radii  in  length,  and 

p  =  13500  for  columns  under  60  radii, — /  and  r  both  in  inches.  Good  practice  restricts  the 
length  of  built  columns  in  this  class  of  work  to  thirty  times  the  least  dimension  or  about 
120  radii  of  gyration,  and  that  of  cast-iron  columns  to  twenty  times  the  least  dimension. 
The  subject  of  column  formulas,  including  provision  for  eccentric  loading,  etc.,  etc.,  is  fully 
discussed  in  the  chapter  on  **  Theory  of  Flexure." 

Wind  Bracing. — Of  the  various  methods  of  stiffening  or  wind  bracing,  those  shown  in 
Figs.  14  and  16  are  in  general  use, — that  of  Fig.  15  being  practicable  only  where  windows 
or  doors  can  be  omitted,  and  that  of  Fig.  17  being  expensive.     The  use  of  lattice  girders 
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for  this  purpose  (Fig.  i6)  is  becoming  so  general  as  to  justify  a  little  special  discussion  at 
this  point.  Referring  to  Fig.  31  for  notation,  wc  observe  that  the  external  force  of  the 
wind  is  F,  applied  outside  the  column,  one  half  in  a  line  with  each  chord  of  the  girder. 
These  forces  are  each  made  up  of  the  wind  pressure  upon  a  superficial  area  of  the  build- 
ing extending  half-way  to  the  next  force  in  either  direction,  horizontally  or  vertically. 
This  pressure  is  commonly  assumed  to  be  from  30  to  40  lbs.  per  square  foot.  The  horizon- 
tal shear  due  to  the  force  /'"must  be  resisted  by  the  two  columns  at  any  point  between  C 
and  the  next  girder  below,  and  hence  at  the  bottom  of  the  column.     If  the  total  horizon- 
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Fig.  31. 


Fig.  32. 


tal  shear  from  all  the  stories  above  is  //, ,  one  half  resisted  by  each  column,  then  the  total 
shear  at  the  bottom  of  the  story  is 

H=H,  +  R (37) 

Representing  the  compression  in  the  leeward  column  due  to  the  wind  by  F,  and  that 
from  all  the  stories  above  by  F, ,  we  have 


F=F,+ 


H,A  +  iF{d  +/) 


a 


(38) 


which  is  also  the  tendency  to  tension  in  the  windward  column.     This  value  of  F  is  a  live 
load  on  the  leeward  column,  and  should  be  added  to  all  the  other  column  loads. 

It  may  be  obtained  more  simply  from  the  following  equation,  based  on  notation  in 
Fig.  32,  and  its  value  here  should  agree  with  that  given  by  equation  (38) : 

f^  =  MX^-  +  rfjX-  = , (39) 
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where  ^  is  the  wind  pressure  per  linear  foot  of  height,  and  d^  represents  the  distance  from 
the  roof  to  a  point  midway  between  the  lattice  girders  next  above  and  below  the  story  in 
question.     In  closely  built  up  cities  the  wind  pressure  is  usually  assumed  to  act  above  the 
fourth  or  fifth  story  only,  i.e.,  above  the  average  height  of  surrounding  buildings. 
The  stress  in  thfe  upper  flange  AB  (Fig.  31)  is 

^5 = i^* -^w + i^, (^, 

which  is  compression  ;  the  stress  in  the  lower  flange  CD  is 

CZ,=  *^(i^i^*-lF; (4.) 

also  compression.  The  moment  on  the  column  at  the  point  C,  considering  both  ends 
fixed,  is 

M=-X-Xf=-f (42) 

and  the  column  should  be  so  designed  that  it  can  resist  this  bending  moment  in  addition 
to  its  other  work.  In  tall,  narrow  buildings  the  columns  are  made  much  wider  crosswise 
than  lengthwise  of  the  building  for  the  purpose  of  taking  up  this  moment. 

Since  these  lattice  girders  usually  carry  wall  and  floor  loads  they  must  be  designed  for 
these  first  in  the  usual  way.  The  chord  sections  should  then  be  increased  for  the  wind 
strains  as  here  shown,  and  the  diagonals  may  be  slightly  increased  for  the  extra  work  of 
providing  rigidity  between  the  chords. 

For  a  thorough  discussion  of  overhead  and  portal  sway  bracing  to  which  the  above 
system  is  analogous,  and  for  the  treatment  of  knee-bracing  or  the  system  of  brackets  in 
Fig.  14,  the  reader  is  referred  to  the  chapter  on  "  Wind-bracing."  Diagonal-rod  bracing 
(Fig.  15)  should  be  treated  in  a  similar  manner  to  the  lattice-girder  bracing,  the  differences 
being  that  the  former  puts  no  bending  moment  in  the  column  and  that  the  forces  /^  and  //, 
(Fig.  31)  all  act  at  one  point,  viz.,  the  floor  level.  The  stress  in  the  diagonal  rod  is  the 
product  of  the  stress  in  the  horizontal  strut  above  it  and  the  secant  of  the  angle  between 
them.     The  wind  load  on  the  leeward  column  is  given  by 

V^V,  +  i£+Ji» (43) 

Unless  the  rods  are  attached  at  the  centre  of  the  columns,  this  load  on  the  columns  will  be 
eccentric,  and  to  this  extent  does  cause  a  bending  moment. 

In  the  system  of  portals  (Fig.  17)  there  should  be  thickness  of  plate  enough  on  any 
horizontal  or  vertical  section  to  take  up  the  shear  in  that  direction,  and  the  flanges  should 
be  proportioned  to  resist  the  greatest  moment  at  any  point  on  the  curve. 

4.  Details. — Like  all  other  structural  steel  work,  it  is  very  important  that  the  details 
should  be  carefully  designed  for  economy,  strength,  and  facility  of  erection ;  much  can  be 
wasted  or  saved  in  the  designing  of  the  details,  and  a  large  share  of  the  strength  of  the 
structure  is  either  present  or  lacking  in  them.  The  principles  of  detailing  are  about  the 
same  as  in  other  branches  of  structural  steel  work,  and  they  should  be  applied.  In  connect- 
ing beams  or  girders  to  columns  web  connections  are  preferable,  since  they  are  more 
efficient  in  providing  lateral  stiffness ;  if,  however,  it  is  not  always  possible  to  make  the  web 
connections  strong  enough  for  the  purpose,  a  seat  re-enforced  by  stiffening  angles  is  placed 
under  the  end  of  the  beam  to  help  support  it.     If  cast-iron  columns  are  used  this  seat 
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should  be  supported  by  a  bracket  directly  underneath  the  web  of  the  beam  or  girder  resting 
upon  it;  and,  if  there  are  two  beams,  there  should  bo  two  brackets.  If  the  column  is  a 
built  column  the  seat  is  usually  made  the  horizontal  leg  of  an  angle,  and  stifTeners  for 
supporting  it  are  placed  directly  under  the  web  of  each  beam  or  girder. 

An  allowance  of  three  eighths  of  an  inch  should  be  made  at  each  end  of  each  beam  or 
girder  which  comes  against  a  cast-iron  column  ;  with  steel  columns,  this  allowance  is 
usually  made  one  fourth  of  an  inch.  Where  a  beam  frames  in  between  two  header  beams 
or  girders  an  allowance  of  three  sixteenths  of  an  inch  on  the  total  actual  distance  between 
the  webs  of  the  girders  should  be  made.  These  allowances  are  made  to  facilitate  erection 
and  to  overcome  any  unevcnness  there  may  be  in  the  material,  as  it  is  found  that  when 
material  is  cut  to  exact  lengths  there  is  always  a  cumulative  error  in  some  one  direction 
which  forces  the  total  over-all  dimensions  considerably  out.  The  above  allowances  should 
be  made  from  the  last  holes  to  the  end  of  the  beam  ;  that  is,  the  distance  between  the 
holes  in  the  beam  itself  should  be  exact.  All  dimensions  should  be  given  on  the  drawings 
in  exact  figures;  distances  from  centre  to  centre  of  beams  and  girders  should  be  distinctly 
marked;  and,  unless  the  connection  is  a  standard  one,  and  can  be  readily  referred  to  as 
such,  it  should  be  detailed  and  every  hole  accurately  dimensioned.  The  cost  of  erecting 
the  building  is  materially  aflccted  by  the  way  in  which  the  details  are  made ;  time  can  be 
saved  and  thus  gained  for  the  capital  invested  if  they  are  made  in  an  advantageous  manner. 
There  is  almost  no  other  branch  of  engineering  where  so  much  can  be  done,  by  way  of 
careful  preparation,  to  facilitate  the  speed  as  well  as  the  accuracy  of  the  work. 

5.  Erection. — Much  depends  upon  the  accurate  alignment  of  the  base  plates  or  shoes 
for  the  basement  columns  ;  they  should  beset  exactly,  both  for  line  and  for  level,  and  .securely 
grouted  or  bolted  in  their  places  on  the  foundation.  Built-steel  columns  are  usually  erected 
in  two-story  lengths,  occasionally  in  three-story  lengths — a  practice  which  results  in  much 
saving  of  time  and  some  expense  ;  but  it  is  not  necessary  that  the  column  whose  length  is  two 
stories  contain  the  same  section  throughout  its  length,  since  outside  plates  may  be  riveted 
on  through  the  lower  story  only,  or  part  of  the  section  may  be  spliced  at  the  intermediate 
floor  the  remainder  running  full  length.  The  beams  and  girders  are  first  bolted  temporarily 
in  their  places,  about  one  third  of  the  bolt-holes  being  filled  ;  if  any  of  the  connections  are 
to  be  riveted,  a  riveting  gang  follows  closely  behind  the  erectors;  tie-rods  should  be  drawn 
just  taut,  so  that  the  beams  remain  in  perfect  alignment  and  no  initial  stress  is  put  in  the 
rods.  Columns  should  be  jointed  just  above  a  tier  of  beams  so  that  the  beams  frame  near 
the  top  of  the  columns;  when  columns  are  jointed  just  below  a  tier  of  beams  and  the 
beams  frame  at  the  bottoms  of  the  columns,  erection  is  much  more  difficult  and  not  as  safe. 
The  rapidity  of  erection  is  not  determined  so  much  by  the  cubic  contents  of  the  building 
as  by  its  linear  height,  the  rate  of  putting  the  work  together  being  usually  about  two  tiers 
of  beams  per  week  without  regard  to  the  size  of  the  building.  Of  course  when  the  building 
covers  a  very  extensive  ground  area  the  above  statement  should  be  modified  somewhat, 
since  material  cannot  then  be  picked  up  directly  from  the  street  and  landed  at  its  destination 
with  one  sweep  of  the  boom. 

6.  Spkcifications. — In  writing  the  specifications  to  accompany  a  set  of  plans  it  is  well 
to  avoid  useless  repetitions  of  the  ordinary  facts  plainly  set  forth  on  the  plans,  as  thereby 
conflicting  statements  between  the  plans  and  specifications  often  result ;  if  there  are  any 
very  unusual  features  in  the  work,  which  aflect  the  cost,  these  should  be  carefully  described 
in  the  specifications,  and  the  limitations  of  the  work  should  be  defined  with  accuracy  so 
that  the  iron  contractor  will  know  exactly  where  he  is  to  stop  and  the  next  contractor  to 
begin,  or  vice  versa.  The  quality  of  the  steel  or  iron  ought  to  be  distinctly  defined — broadly 
enough  so  as  not  to  restrict  the  market  too  much  and  yet  to  be  on  the  side  of  safety;  most 
of  the  mills  now  furnish  material  under  specifications  of  their  own,  and  want  an  extra  price 
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or  extra  length  of  time  for  work  under  more  rigid  specifications.  This  action  on  their  part 
is  the  outcome  of  the  large  demand  for  steel  during  the  last  four  or  five  years  by  people 
who  do  not  know  whether  they  are  getting  good  or  bad  material  and  never  hire  anybody 
to  tell  them.  Formerly,  before  the  days  of  skeleton  construction,  the  larger  portion  of  the 
demand  for  structural  iron  and  steel  was  from  railroads,  municipalities,  and  others  who 
defined  what  they  wanted  and  enforced  their  requirements  by  rigid  inspection.  Of  late 
years  the  demand  for  steel  in  building  construction  has  been  so  enormous  in  comparison 
with  the  other  that  it  has  regulated  the  market  and  has  enabled  the  mills  to  get  together 
and  practically  to  dictate  the  specifications.  The  New  York  market  receives  and  uses 
about  every  grade  of  steel  rolled  without  much  investigation  as  to  its  quality.  Many 
architects  argue  that  the  building  law  requires  such  an  excessive  assumption  for  live  load, 
besides  a  large  factor  of  safety,  that  time  or  money  spent  in  enforcing  a  requirement  for 
any  particular  grade  of  steel  is  wasted.  The  consequence  is  that  material  rejected  on  work 
where  inspectors  have  been  employed  easily  finds  its  way  into  buildings  on  which  there  is 
no  shop  or  mill  inspection.  It  stands  to  reason,  however,  that  the  life  of  a  building  which 
is  constructed  with  high-grade  material,  well  designed  and  well  put  together,  will  be  much 
greater  than  the  life  of  one  otherwise  constructed,  although  to  the  unskilled  eye  the  differ- 
ence would  not  be  apparent  during  the  first  few  years  of  their  existence. 

The  following  requirements  will  produce  a  grade  of  steel  which  will  give  thoroughly 
satisfactory  results  in  this  class  of  work,  and  come  well  within  the  present  practice  of  any 
first-class  rolling-mill :  , 

All  material  shall  be  open-hearth  steel. 

Ultimate  tensile  strength  shall  be  between  58,000  and  68,000  lbs.  per  square  inch. 

Elastic  limit  shall  be  at  least  one  half  the  ultimate  strength. 

Elongation  shall  be  at  least  24  per  cent  in  8  inches. 

Reduction  of  area  shall  be  at  least  48  per  cent. 

The  specimen  shall  bend  cold,  or  quenched  from  a  dark  cherry-red  heat  in  water  of  80 
degrees  Fahr.,  180°  around  a  diameter  equal  to  thickness  of  the  piece  bent  with- 
out sign  of  rupture  on  the  convex  side;  and  shall  bend  180°  flat  at  any  heat  from 
a  dark  red  to  a  light  yellow  without  sign  of  rupture  on  the  convex  side. 

Chemical  analysis  shall  show  not  more  than  .10  of  one  per  cent  phosphorus  for  acid 
steel,  and  not  more  than  .o5  of  one  per  cent  phosphorus  for  basic  steel. 

If  the  reader  desires  thorough  information  on  the  subject  of  structural  steel,  he  is  re- 
ferred to  "A  Manual  for  Steel  Users,"  by  Wm.  Metcalf,  published  by  John  Wiley  &  Sons, 
1896  ;  and  "  Manufacture  and  Properties  of  Structural  Steel,'*  by  H.  H.  Campbell,  pubHshed 
by  the  Scientific  Publishing  Co.,  1896. 

Specifications  for  the  shop  work  are  not  as  rigid  in  this  class  of  work  as  in  railroad 
bridge  work.  Drilling  rivet-holes  is  almost  never  required,  and  a  moderate  use  of  the  drift- 
pin  is  allowed  both  in  the  shop  and  field.  Any  considerable  degree  of  mismatching  should 
be  corrected  by  reaming.  The  ends  of  all  columns  should  be  milled  to  a  true  surface 
exactly  normal  to  the  column's  axis,  leaving  the  finished  length  of  the  column  absolutely 
accurate  as  per  plans.  Requirements  for  rivet  spacing  and  driving  are  the  same  as  for 
other  classes  of  work. 

7.  Supervision  and  Insppxtion. — Until  recently,  almost  the  only  examination  or 
inspection  which  building  material  was  subjected  to  occurred  after  it  had  been  delivered 
on  the  job,  but  since  these  very  high  buildings  have  come  in  vogue  a  few  of  the  persons 
charged  with  the  responsibility  of  making  them  safe  feel  that  every  known  precaution  to 
make  them  so  ought  to  be  taken  and,  consequently,  have  resorted  to  the  method  of  shop 
and  mill  inspection  so  long  customary  in  bridge  work.     If  the  shop  inspection  is  done  with 
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care  mistakes  are  frequently  found  before  the  work  is  shipped  and  thus  important  delays 
are  avoided.     The  mill  inspection  is  valuable  or  otherwise  depending  upon  its  rigidity. 

In  supervising  the  erection  there  are  many  little  points  to  look  out  for  which  can  only 
be  learned  by  experience  in  this  line  of  work;  a  man  with  a  practised  eye  will  very  soon 
discover  the  weaknesses  of  any  particular  contractor,  and  be  on  the  lookout  for  these  par- 
ticular points.  If  the  drawings  have  been  accurately  made,  a  close  adherence  to  them 
should  be  compelled,  as  any  deviation  from  the  plans  at  the  beginning  will  affect  the  work 
later  on. 

Where  connections  are  bolted  the  nuts  should  be  left  tight,  and  bolts  should  be  long 
enough  to  fill  the  nut.  Field  rivets  should  be  driven  absolutely  tight,  the  button  head 
being  as  near  the  centre  as  possible :  rivets  with  cracked  or  eccentric  heads  should  be  cut 
out  and  replaced.  Assuming  that  the  connections  have  been  designed  with  the  usual  ten 
per  cent  excess  over  the  required  amount  of  bolts  or  rivets,  a  single  rivet  here  and  there 
which  did  not  come  up  to  the  standard  of  workmanship  might  be  passed  rather  than  that 
the  work  be  delayed  by  having  it  replaced.  In  general  it  is  just  as  easy  to  do  the  field 
work  right  as  wrong,  and  the  mere  presence  of  a  competent  inspector  or  supervisor  always 
has  a  wholesome  effect. 

8.  Tables  and  Diagrams. — The  work  of  calculating  the  sizes  of  columns,  beams, 
girders,  or  trusses  has  of  late  years  been  greatly  simplified  and  much^of  it  eliminated  by 
the  use  of  tables  and  diagrams  based  on  fundamental  formulae,  both  rational  and  empirical. 
Almost  every  engineer  has  his  own  peculiar  methods  of  working,  and  consequently  uses 
tables  or  diagrams  adapted  to  them.  A  set  of  tables  and  diagrams  on  the  loading  and 
spacing  of  beams  and  columns,  and  the  calculation  of  plate  girders  for  this  class  of  work, 
was  published  in  1894  by  the  writer,  and  copies  may  be  procured  of  the  Engineering  News 
Publishing  Co.,  New  York.  Each  table  or  diagram  is  accompanied  by  an  explanation  and 
suitable  examples. 

9.  Refkrences. — Periodical  literature  on  the  subject  of  skeleton-constructed  buildings 
and  allied  topics  is,  of  course,  comprised  within  the  last  ten  or  twelve  years,  and  even  down  to 
five  years  ago  is  decidedly  meagre.  The  following  list  of  references  has  been  compiled  from 
four  well-known  sources,  viz. :  (i)  Transactions  of  the  American  Society  of  Civil  Engineers ; 
(2)  The  Engineering  News;  (3)  The  Efigineering  Record  (from  December  1887  to  December 
1890  known  as  The  Engineering  and  Ruildifig  Record,  from  June  to  December  1887  known 
as  The  Sanitary  Engineer  and  Construction  Record,  and  previous  to  June  1887  known  as 
The  Sanitary  Engineer) ;  and  (4)  The  Railroad  Gazette.  The  classification  of  subjects  is 
made  as  brief  as  possible,  and  only^those  special  headings  are  used  which  seem  to  be  most 
important ;  the  general  heading  covers  references  to  those  articles  only  which  treat  no 
particular  branch  of  the  subject,  and  could  therefore  be  otherwise  classified  only  by  endless 
duplication.  There  is  no  duplication  in  the  list  as  here  given  ;  each  reference  is  given  once 
only,  except  in  rare  instances  where  two  particular  subjects  are  treated  in  one  article. 
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do.         do.    p.  III. 

Aug.  17,  1895,  p.  199. 

Aug.  22,  1895,  p.  127. 

Aug.  31.  1895,  p.  244. 

a  < 

Aug.  29,  1895.  p    i;o. 

Sf.'pi.  r4.  1S95,  p.  278. 

'J 

do.         do.     p.  142. 

Sept.  21,  1895.  p.  299. 
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Sept.  5.  1895,  p.  145. 

Nov.  16,  1895,  p.  433. 
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Vol.  XXXV,  p.  371. 


Vol.  XXXI,  p.  45g. 
Vol.  XXXIV,  p.  521. 
Vol.  XXXIV,  p.  542. 
Vol.  XXXV,  p.  125. 


Emj^»  Ntws, 


Apr.  25,  1 89 1,  p.  400. 
Jan.  9,  1892,  p.  41. 
Jan.  30,  1892,  p.  97. 
Mar.  12,  1892,  p.  253. 
May  5,  1892,  p.  459. 
July  28,  1892,  p.  89. 
Aug.  4,  1892,  p.  III. 
Nov.  9,  1893,  p.  377. 
Nov.  23,  1893,  p.  415. 
Jan.  II,  1894,  p.  32. 
May  24,  1894,  p.  430. 

do.    do.  p.  432. 

do.    do.  p.  434. 
June  7.  1894,  p.  475. 
Aug.  23,  1894,  p.  146. 
Sept.  6,  1894,  p.  184. 
Aug.  29,  1895,  p.  140. 
Apr.  2,  1896,  p.  224. 

do.   do.  p.  227. 
Apr.  16,  1896,  p.  259. 


May  16,  1895,  p.  318. 
June  20,  1895,  p.  404. 


Dec.  7.  1889.  p.  542. 
Nov.  14,  1895,  p.  332. 
Feb.  20,  1896,  p.  125. 
Apr.  9,  1896.  p.  234. 
Apr.  16,  1896,  p.  250. 

do.  do.  p.  257. 
May  14,  1896,  p  322. 
Aug.  6,  1896,  p.  92. 
Aug.  13,  1896,  p.  102. 
Aug.  20,  1896,  p.  122. 
Sept.  17,  1896,  p.  182. 

do.    do.  p.  184. 
Oct.  I,  1896,  p.  219. 


Eng.  Record. 


June  29,  1889,  P-  588. 
Nov.  9,  1889.  p.  434. 
Apr.  12,  1890,  p.  341. 
Apr.  19,  1890,  p.  367. 
July  4,  1891,  pp.  2  and  3. 
July  II,  1891,  p.  38. 
July  25,  1891,  p.  81. 
Aug.  29,  1891,  p.  180. 
Nov.  14,  1891,  p.  471. 
May  5,  1892,  p.  447. 


Nov.  13,  1886,  p.  565. 
May  18,  1889,  p.  325. 
Aug.  I,  1 89 1,  p.  140. 
Jan.  30,  1892,  p.  144. 
Apr.  9,  1892,  p.  316. 
Nov.  19,  1892,  p.  389. 
Jan.  14,  1893,  p.  139. 
Aug.  4,  1894,  p.  157. 
Nov.  17,  1894,  p.  403. 
Aug.  31,  1895,  p.  246. 
Sept.  28,  1895,  p.  308. 

do.    do.  p.  316. 
Feb.  8,  1896,  p.  163. 
July  4,  1896,  p.  89. 
July  18,  1896,  p.  127. 
Aug.  8,  1896,  p.  179. 
Aug.  15,  1896,  p.  205. 
Aug.  29,  1896,  p.  233. 

do.    do.  p.  237. 


Jan.  I,  1887,  p.  no. 
Feb.  19.  1887.  p.  288. 
Mar.  19.  1887,  p.  399. 
Nov.  10.  1888,  p.  284. 
Jan.  17,  1891,  p.  no. 
Jan.  24,  1891,  p.  124. 

ian.  31,  1891,  p.  140. 
'eb.  21,  1891,  p.  191. 
Mar.  28,  1 89 1,  p.  274. 
Jan.  9,  1892,  p.  94. 
Feb.  13,  1892,  p.  176. 
Mar.  12,  1892,  p.  247. 
Mar.  19,  1892,  p.  263. 
Mar.  26,  1892,  p.  280. 
Sept.  2,  1893,  p.  222. 
Oct.  28,  1893,  p.  349. 
Nov.  4,  1893,  p.  364. 
Dec.  I,  1894,  p.  5. 
Jan.  12,  1895,  p.  116. 
Jan.  26,  1895,  p.  152. 
Apr.  27,  1895,  p.  388. 
Sept.  5,  1896,  p.  259. 


Nov.  27,  1884,  p.  607. 
Feb.  II,  18S6,  p.  248. 
Mar.  4,  18S6,  p.  321. 
Apr.  I.  1886,  p.  417. 
Apr.  8,  1886,  p.  441. 
May  13,  1886,  p.  561. 
Aug  26,  1886,  p.  297. 
Sept.  I,  1888,  p.  159. 
Sept.  15,  1888,  p.  189. 
Oct.  7,  1893,  p.  300. 
Oct.  14.  1893,  p.  317. 
Oct.  20,  1894,  p.  337. 
Aug.  8,  1896,  p.  179. 


Sept.  16,  1886,  p.  371. 
Nov.  13,  1886,  p.  565. 
Jan.  iQ,  1889,  p.  96. 
Feb.  16.  1889,  p.  146. 
Dec.  21,  1889,  p.  40. 
Apr.  4.  1889.  p.  288. 
Dec.  5,  1891,  p.  15. 
May  7,  1S92,  p.  376. 
Oct.  2g.  1892,  p.  346. 
Nov.  5,  1892,  p.  363. 
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Oct.  30,  1 891,  p.  759. 
Aug.  7,  1896,  p.  551. 


Jan.  18,  1895,  p.  37. 
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June  22,  1893,  p.  58S. 
Apr.  12,  1894,  p.  305. 
Oct.  25.  1894,  p.  347. 
July  18.  1895,  p.  45. 
Nov.  7,  1895.  p.  314. 
Dec.  12.  1895,  p.  396. 
Mar.  19,  1896,  p.  186. 
Apr.  9,  1896,  p.  234. 
do.       do.    p.  238. 
July  9.  1896,  p.  23. 


Oct.  18.  1890,  p.  358. 
Auf(.  8.  1891,  p.  116. 

do.    do.  p.  122. 
Sept.  19,  1S91,  p.  265. 
Oct  3.  1891,  p.  312. 
Oct.  31.  1891,  p.  415. 
July  7,  1892,  p.  9. 
Oct.  13,  1892,  p.  343 

do.    do.  p.  349 
Aug.  31.  1893,  p.  165. 
Dec.  7,  1893,  p.  458. 
July  26.  1894.  p.  7». 
Aug.  9.  1894,  p.  loS. 
Nov.  8,  1894,  p.  387. 
Dec.  20,  1894,  p.  516. 
Jan.  8.  1895,  p.  10. 
Jan.  24.  1895,  p.  58. 
July  18,  1895.  p.  33. 
Jan.  9.  1896,  p,  32. 
Apr.  2,  1896,  p.  232. 
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Jan. 
Feb 


Jan.  19.  1889.  p.  50. 
July  26.  1S90,  p.  86. 
Dec.  5,  1891.  p.  534. 
Dec.  12,  1 89 1,  p.  560. 
Dec.  26,  1891,  p.  605. 

3.  1S92.  p.  2. 

12,  1892,  p.  553. 

5,  1893,  p.  15. 

16.  1893.  p.  151. 
June  I,  1893,  p.  521. 
July  13.  1893,  p.  33. 
Sept.  28.  1893,  p.  251. 
Dec.  21,  1893.  p.  486. 
Mar.  I.  1894,  p.  169. 
.Mar.  22,  1894,  p.  240. 
Oct.  25,  1894.  p.  342. 
Dec.  27.  1894,  p.  526. 
do.    do.  p.  535. 
Aug.  29  1895.  p.  140. 
Oct.  17,  1895.  p  250. 
Nov.  21.  1895.  p.  337. 
Dec.  5,  1895,  p.  372. 


Eng.  Record. 


Nov.  12,  1892,  p.  382. 
Mar.  3.  1894,  p.  224. 
Mar.  17,  1894,  p.  254. 
Mar.  31,  1894,  p.  284. 
Apr.  14,  1894,  p.  319- 
Apr.  21,  1894,  p.  333 
May  26,  1894,  p.  416. 
Nov.  3,  1894.  p.  372. 
Nov.  17,  1894,  p.  410. 
Dec.  22,  1894,  p.  64. 
Jan.  12,  1895,  p.  109. 
Feb.  9,  1895,  p.  185. 
Nov.  30,  1895,  p.  480. 


Jan.  21,  1886,  p.  177. 
Mar.  30,  1889,  p.  226. 
Apr.  6,  1889,  p.  240. 
May  31,  1890,  p.  412. 
Feb.  21,  1891,  p.  198. 
Feb.  28,  1891,  p.  207. 
Dec  5,  1891,  p.  15. 
Dec.  12,  1891,  p.  25. 
Jan.  2.  1892,  p.  72. 
Jan.  9,  1892,  p.  94. 
Apr.  9,  1892,  p.  314. 
Oct.  15.  1892,  p.  315. 
May  6,  1893,  p.  460. 
Jan.  6,  1894,  p.  89. 
Jan.  20,  1894,  p.  122. 
Feb.  3,  1894,  p.  156. 
Mar.  3,  1894,  p.  223. 
Apr.  7,  1894.  p.  295. 

do.   do.  p.  300. 
Apr.  14,  1894,  p.  318 
May  12,  1894,  p.  382. 
July  7.  1894.  p.  92. 
July  14.  1894.  p.  104. 
Dec.  8,  1894,  p.  25. 
July  13,  1895,  p.  117. 
July  27,  1895,  p.  149. 

do.    do.  p.  155. 
Apr.  4.  1896,  p.  315. 
Apr.  25,  1896,  p.  361. 
May  2,  1896.  p.  388. 
Aug.  8,  1896,  p.  183. 
Aug.  15,  1896,  p.  202. 
Sept.  26,  1896,  p.  315. 


Dec  10,  1885.  p.  32. 
Ian.  14.  r886,  p.  153. 
Nov.  3,  1888,  p.  272. 
Jan.  3,  1889,  p.  70. 
May  4,  1889.  p.  297. 
May  II,  1889.  P-  3»2. 
May  25,  1S89.  p.  339. 
Apr.  12,  1890.  p.  296. 
Nov.  I,  1890,  p.  342. 
Nov.  8.  1890.  p.  358. 
Nov.  15,  1890.  p.  374- 
Nov.  22,  1890.  p.  394. 
Nov.  29,  1890,  p  409. 
Mar.  21,  1891.  p.  257. 
Nov.  14,  1891,  p.  389. 
May  7.  1892,  p.  379. 
May  28,  1892.  p.  436. 
Aug.  6,  1892.  p.  IS9. 
Jan.  21,  1893.  p.  160. 
Dec.  9.  1893.  p.  25. 
Dec.  30,  1893.  p.  76. 
Jan.  6,  1894,  p.  90. 


Raiiread  Gazette. 


May  21,  1886,  p.  350. 
June  24,  1892,  p.  478. 
Mar.  17,  1893,  p.  206. 

do.  do.      p.  212. 

July  7.  1893,  p.  503. 
Dec.  8,  1893,  p.  882. 
Apr.  27,  1894,  p.  302. 
Dec.  14,  1894,  p.  850. 
do.    do.  p.  852. 

uly  26,  1895,  p.  503. 

unc  5,  1896,  p.  390. 
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Eng.  Record, 


Feb.  6,  1896,  p.  81. 
Mar.  5,  1896,  p.  152. 

do.        do.    p.  157. 
Mar.  19,  1896,  p.  186. 
May  7,  1896,  p.  310. 
Oct.  8,  1896,  p.  226. 

do.       do.    p.  232. 


June  20,  1891.  p.  602. 
Nov.  7,  1891,  p.  447. 
Dec.  26,  1 891.  p.  624. 
Feb.  6,  1892,  p.  119. 
Feb.  20,  1892,  p.  185. 
July  14.  1892,  p.  44. 
Sept.  12,  1895,  p.  168. 
Jan.  9.  1896.  p.  32. 
Mar.  12,  1896,  p.  176. 
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Sept.  8,  1892,  p.  21S. 
Apr.  20,  1893,  p.  365. 
May  II,  1893,  p.  434. 
July  13,  1893.  p.  30. 
Sept.  2f^.  1893.  p.  259. 


Aug.  18,  1894,  p.  189. 
Sept.  22,  1894,  p.  272. 
Nov.  17,  1894,  p.  408. 
Nov.  24,  1894,  p.  428. 
Dec.  15,  1894,  p.  44. 
Apr.  13,  1895,  p.  350. 
June  15,  1895,  p.  43. 
July  6,  1895,  p.  102. 
Oct  26,  1895.  p.  385. 
Nov.  30,  1895,  p.  469. 
Dec.  28,  1895,  p.  61. 
Jan.  4,  1896,  p.  81. 
June  13,  1896,  p.  28. 
June  20,  1896,  p.  48. 
July  II,  189(3,  p.  103. 

do.    do.  p.  107. 
July  25,  1896,  p.  135. 

do.    do.  p.  143. 

do.    do.  p.  144. 
Aug,  15,  1896,  p.  203. 
Aug.  22,  1896,  p.  22Z 


Mar.  13.  1884,  p.  358. 
Oct.  31,  1891,  p.  343. 
Nov.  7,  1891,  p.  360. 
Dec.  12,  1 891,  p.  30. 
Mar.  25,  1893.  p.  331. 
Apr.  8,  1893,  p.  380. 
Apr.  21,  1894,  p.  327. 
Jan.  18,  1896,  p.  109. 
Feb.  22,  1896,  p.  203. 


Vol. 

XXX,  p.  155. 

Feb.  14,  1S95.  p.  102. 

Vol. 

XXXI,  p.  423. 

Apr.  18,  1895,  p.  261. 

Vol. 

XXXI II.  p.  297. 

Apr.  25.  1895,  p.  275. 

Vol. 

XXXIV,  p.  I. 

Aupf.  27,  J 896,  p.  130. 

Vol. 

XXXIV.  p.  175. 

do.         do.    p.  138. 

Vol. 

XXXIV,  p.  285. 

Vol. 

XXXIII,  p.  190. 

Dec.  13,  1890.  p.  520. 

do.         do.     p.  530. 
Apr.  12,  1S94.  p.  303. 
May  24,  1894.  p.  434. 
June  7.  1894,  p.  475. 
Dec.  20,  1894.  p.  506. 
Mar.  14,  1895,  p.  172. 

do.         do.     p.  175. 

Feb.  13.  1892,  p.  147. 

Mar.  12,  1892,  p.  240. 

May  5,  1892.  p.  448. 

May  12.  1892,  p.  472. 

June  30,  1892.  p.  649. 

July  28,  1892,  p.  74. 

Sept.  I,  1S92,  p.  194. 

Mar.  17.  1888,  p.  245. 
Apr.  14,  1888,  p.  291. 
Oct.  27,  1888,  p.  265. 
June  6,  1891,  p.  10. 
Nov.  7.  i8gi,  p.  364. 
Nov.  14.  1S91,  p.  382. 
Mar.  26,  1892,  p.  283. 
Apr.  2.  1892.  p.  300. 
June  9,  1S94.  p.  19. 
do    do.  p.  23. 


Oct.  I.  1892.  p.  273. 
Oct.  15,  1892,  p.  312. 
Nov.  5,  1892,  p.  362. 
Nov.  26,  1892,  p.  407. 
Jan.  14,  1893.  p.  138. 
Jan.  21,  1893,  p.  149. 
Feb.  10.  1894.  p.  176. 
Mar.  24.  1894,  p.  263. 
Apr.  14,  1894,  p.  317. 
Dec.  29,  1894.  p.  73- 
Apr.  20,  1895,  p.  370. 
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Oct.  8.  1892,  p.  299. 
Oct.  15,  1892,  p.  313. 
Oct.  22.  1892,  p.  330. 
Nov.  19,  1892,  p.  399. 
Dec.  24,  1892,  p.  77. 
Dec.  31,  1892,  p.  99. 
Apr.  29,  1893,  p.  441. 
Dec.  2,  1893,  p.  8. 


May  16,  1884,  p.  371. 


Mar.  2,  1894,  p.  164. 
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Abutting  joints 432,  517 

Algebraic  method  of  moments . .     23 

"        resolution  of  forces 17 

Allowable  stress 366,  376 

American  column 370 

Analytic  resolution  of  forces 16 

Apex,  definition  of 4 

Arch,  braced 58,  190 

"     hinged 190 

*'     hinged  at  ends  only 194 

"     fixed  ends  ,  204 

**     temperature  thrust 203,213 

"     formulas  for 214 

"      brick  segmental 579 

"     tile 577 

Arm,  lever 5,  23 

Axis,  neutral. 285,  328 

Baltimore  bridge  truss 56,  124 

Bars,  lattice 404 

*'     eye-bars  and  pins 518 

**  **         order-book  form  for 552 

Bay,  definition  of 4 

Beam 4 

*•    application  of  theory  of  flexure  to 294 

"    hangers 467,  480 

"    fixed  at  both  ends 308 

**        **     **  one  end,  supported  at  the  other 307 

«•         "     **     "      "     load  at  other 295 

"     two  equal  spans 156 

**       **        "         **     centre  support  lowered 185 

"     three  spans,  walled  in  at  ends. 177 

'*        "     unequal  spans,  fixed  at  one  end 178 

**     four  unequal  spans,  load  in  second 176 

••       **     equal  spans,  third  support  lowered 186 

"     five  equal  spans,      "  **  '*        186 

"    over  four  supports 163 

n       tt     ^^g         <<        uniform  load  in  second  span  174 

•*  "       "           "    concentrated  "  "       **          "  175 

"  *•     six         **    uniform          **  **       "          "  175 

*'     supported  at  both  ends 302 

**    uniformly  loaded 44 

"            "             **     beyond  supports. 44 

•*     with  any  number  of  weights 40 

**     one  upward  and  one  downward  force 40 

*•    two  equal  weights  beyond  supports 42 


PAGB 

Beam  with  couple  beyond  supports 41 

with  a  single  weight 40 

with  two  unequal  weights 38 

•*    vertical  weight  beyond  each  support 40 

deflection  of 287,  295,  296 

floor 477 

**    rivets  in 440 

graphic  representation  of  moments  in 37 

properties  of,  table 316 

maximum  shear , 91 

neutral  axis 285 

Bed-plates  and  rollers 484,  520 

Bending,  moment  of 285 

**         work  of 286 

Bent  crane 61 

Bents,  trestle 454 

Bevel  angles  for  skew  portal 463 

Bismarck  Bridge 505 

Bollman  truss 57 

Bolts 444,  514 

"    order-book  form  for 553 

Book,  order 550 

Bowstring  girder 58,  131,  135,  143 

double 58 

suspension 140 

truncated 136,  254 

Brace *. 4 

Braced  arch 58,  190 

*'   different  kinds  of 190 

hinged  at  crown  and  ends ....   190 

hinged  at  ends -. 194 

without  hinges 204 

tcQiperature  thrust 203,  213 

formulas  for 214 

piers 454 

Braces,  counter 55 

*'       knee 452 

Bracing,  lateral 57i  520 

longitudinal 511 

sway 449.  45' 

"       wind ••445*510,520 

**  *'     weight  of 457 

Breaking  load 291 

Brick  segmental  arch 579 

Bridge,  complete  design  for  a  railway 534 

Bismarck t 505 
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Rrid{^,  deck 57 

'*       (lead  load  for 501 

*•       hifjhivay  live  load  for 470 

"       Kiiilc.*ril>vrg 53 

**       incmluM s,  list  of 524 

switiR 155 

**       ihrouf^h 57 

iiussts 54.  77 

**       deadweight 490 

HuildioK^.  modem  high 575 

Buili  members,  order-  book  form  for 55 1 

Butt  joint 432,  5 1 7 

Cable,  shape  of 218 

"      deflection  of 221 

**     stress  in 220 

Calculation,  different  methods  of 5,  100 

Camber 459,521 

Cantilever 59,  261 

"         best  proportions  for 218 

•*         wind  stresses 268 

**        crane... 61 

Carnegie's  Pockei-book 3Q0 

Cast  iron,  strength  of 367 

Castings,  order-book  form  for 550 

Centre-bearini;  pivot  span. 156 

Centre  of  moments 23 

Centrifugal  force 447,  5 1 1 

Chain  riveting 432 

Channels,  radius  of  gyration  of 404 

Character  of  stresses 13 

Chord  bars,  depth  of 394 

**     lower,  details  395 

"      packing 421 

'*     plates,  top  chord,  rivets  in 438 

"      section,  increase  of,  due  to  wind 394 

"  **         common 370 

"     stresses,  maximum 80 

"      upper 437 

"         '*      details  ••  • 407 

'*      width  and  depth  of 409 

Chords,  formulas  for  inclination  of 145 

'*        horizontal   78 

**        inclined 58,254 

'*  **       concentrated  load  system 254 

**        parallel 103.  116 

Classification  of  structures 53 

Clevises,  standard ', 465 

Closing  line 34 

Coefficient  of  elasticity 148,  283 

**  *'         *'         for  torsion 329 

"  "  resilience 284 

Coefficients,  method  of 107 

(Column,  American,  common,  square 370 

'*         cylindrical 386 

*•        formulas 332,  377,  381 

**        Phoenix 370 

"        the  ideal 332 

Columns 369 

"        tables  for 385 

Combined  compression  ^nd  shear 315 
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Combined  compression  and  flexure 3i3t  410 

"  flexure  and  tension 312,  392 

'  •  *  •         * '    torsion 330 

tension  and  shear 314 

Common  column 370 

Comparison  of  methods  of  calculation 100 

Complete  design  for  a  railway  bridge 534 

Composite  structures «...  217 

Compression  and  tension,  signs  for 7 

'*  in  lower  end  panels 394 

*'  chords 437 

"  and  flexure  combined 313,  410 

"  joints,  rivets  in 437 

*'  members 401 

"  and  shear  combined 315 

"  stress     4 

Concentrated  load  system 85,  243 

**      diagram  for 88 

"  "         "      graphic  solution 95 

Connections  of  lower  choid 395 

**  *'  upper  chord -.   408 

Continuous  girder 57,  171,  340 

"  *•     advantages  of 188 

'*  "     disadvantages  of 187 

**  **     economy  of 186 

"     fixed  ends  176 

Continuous  girder,  formulas 174,  349 

hinged ..      188 

"  **       literature  of 189 

"  **       methods  of  calculation 180 

**  •*       moments  at  supports 178 

**  "       supports  not  on  level 183 

'*  *'       uniform  load 174 

"  web , 4 

Coi>per's  specifications 506 

Cost,  estimate  of 543 

C'ounterbraces 4f  55 

Couple,  force 25 

Cover  plates,  rivets  in 439 

Covering,  roof,  weight  of 490 

Crane,  bent 61 

"       cantilever 61 

Crippling  load 291 

Criterion  for  maximum  moment 93 

"  "        shear 89,244 

'«  **  '•  solid  beam 91 

Cross-girders 469 

"      rivets  in 440 

"  '*      maximum  load  on 247 

Cross-section,  special  forms  of 370 

"      sectioning 365,  390 

Culmann's  principle 35 

Curve,  skew  span  on 261 

"      of  cable 2i8 

Curved  members 62 

roofs 66 

Dead  weight 490 

"      load,  shear 8a 

Deck  bridge  57 

Deflection  of  beams     . 287,  29$,  302,  31^ 
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£)eflection  of  cable 221 

"  **  framed  girder 152 

Depth,  economic  490,  499 

**       of  upper  chord 409 

•*        •«  lower  chord % 394 

Designing 365 

De5:ign,  complete,  of  railway  bridge 534 

Details,  miscellaneous 445 

designing  of 365 

of  lower  chord 395 

Determination  of  dimensions 365,  390 

Diagram,  force 9 

"  frame 11 

"  stress 12 

"  for  concentrated  load  system 88,  98 

Diameter  of  pin 421,  427 

Dimensioning 377 

Dimensions  and  designing 365 

Double  bowstring 58 

Draw  span 155 

Drawings,  shop 545 

Economic  depth  of  trusses 4(^9 

•*  span 504 

Economy  of  continuous  girder 186 

Elasticity,  coefficient  of 148,  283 

•*  *'  *' for  torsion 329 

Elastic  limit 148,  283,  366 

'*      line,  equation  of 289,  316 

Ends,  upset 518 

Engine,  wheel  weights  of 88,  102,  243 

Equilibrium,  curve 218 

principles  of 4,  10 

polygon 34 

Equivalent  length  of  rods  with  upset  ends 459 

'*        uniform  load 97 

Erection 558 

*'       of  high  buildings 604 

Estimate  of  cost 543 

Enter's  formula 334 

Excess,  locomotive 99 

Exterior  and  interior  loading 172 

External  forces 3 

Eye-bars  and  pins 417 

heads 427 

table  for 431 

•w     "        order* book  form  for 552 

Factor  of  safety *. 366 

Fink  truss 54,  127 

Field  rivets,  order-book  form  for 554 

Five-legged  table 1 50 

Flanged  girder 4 

Flanges,  compression 515 

*'         stresses 81 

Flexure,  theory  of 270,  294 

•*        "  experimentallaws 282 

and  compression  combined 313,  410 

"   tension  combined 312,  392 

**    torsion        **         330 

Floor  beams 469 
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Floor  beams,  rivets  in •...    .  440 

"      solid  plate  girder 483 

**      system 469,  508 

Force  couple 25 

'*      centrifugal 447,  511 

graphic  representation  of 8 

*'      resolution  of 8 

"      pair 24 

"      polygon la 

"      of  tension,  compression,  and  shear 3 

Forces,  resolution  of 5 

analytic  resolution  of 16 

graphic  *'  " II 

common  point  of  application 8 

external  and  internal 3 

parallel 38 

wind   62,  64 

Forgings,  order-book  form  for 554 

Foundations 368,593 

Forth  bridge 60 

Frame  diagram II 

Framed  girder 4 

*•      deflection  of 15a 

structures,  definition  of 3 

French  roof  truss 61 

Friction  rollers 458,  484,  sac 

General  specifications 506 

Girder 4 

•*      bowstring 58,  131,  136,  140 

"      Bollman 57 

"      Baltimore 56 

**      braced  arch 58 

"      bridge,  general  principles 77 

**      continuous 57»  I7tf  34© 

formulas 174,  349 

economy  of 186 

advantages  and  disadvantages 187 

fixed  ends 176 

hinged 188 

literature  of 189 

"        calculation  of 180 

"        moments  at  supports 178 

"        supports  not  on  level 183 

"        uniform  load 174 

cross 478 

"      framed,  deflection  of 15a 

"      Fink 54.127 

"      Gerber 57 

"      Howe 55 

••      Kellogg 57.126 

*'      lattice 116 

"      lenticular 140 

"      limiting  length  of 500 

*•      Pauli   57 

'•      Petit 56 

"      plate 4*  480 

'•    with  solid  floor ' 483 

"      Post 56,  123 

Pratt  55.  119.  251 

*'    double  intersection 252 
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Girder  Schwedler 56 

solid 4 

spacing 4S1 

sub-Pratt 56,  124 

triangular 103 

*•      Warren 54,  249 

with  inclined  chords 58,  131,  145 

Whipple 55 

Gordon's  formula 339 

Graphic  method  uf  moments 32,  45 

representation  of  force   8 

resolution  of  forces 8,  11 

statics,  literature  of 49 

Guastavino  system 578 

Gyration,  radius  of 271,  404 

Half-hitch  truss 124 

Hangers,  beam 480,  519 

Head  room 508 

High  buildings 575 

Highway  bridge,  live  load  for 470 

*•  *'       dead  load  for 492 

Hinged  continuous  girder 1S8 

Hip,  size  of  pin  at 426 

Horizontal  chords.. 78 

Howe  truss 55 

Ideal  column 332 

Impact,  allowance  for 471 

Inch  stress 7 

Inclined  chords 58,  84,  131,  244,  254 

formula  for  145 

concentrated  load  system 244 

Inertia,  moment  of 270,  272,  281 

Initial  tension 393 

Inspection,  high  build ings 605 

•*  and  shipping 550 

Inner  forces 3 

Iron,  cast 367,  523 

wrought 367 
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butt 432 
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Kellogg  truss 57,  126 

Knee  braces 452 

Kuilenberg  truss 58 

Lap  joint 432 

Lateral  bracing 57,  520 

Lattice  bars 404   j 

**    rivets  in 43^   ; 

girder 60,  no 

Launhardt's  formula 372 

Least  work,  principle  of 148 

Length,  limiting 500 

Lenticular  girder 58 

Lever  arm 5,  23 
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Limit,  elastic 148,  283,  366 

*'     load 291 

Limiting  length  of  girder 500 

Line,  closing , ^^ 

Line  representation  of  a  force 8 

Literature  of  continuous  girder 189 

**  "  graphic  statics 49 

**  "  high  buildings 607 

Live  load,  action  of 77,  80 

**       **     highway  bridges 470 

Load,  crippling 291 

Load,  dead  and  live 470,510 

*•    shear 82 

'*     equivalent  uniform 97 

*'     live,  action  of 79 

**     snow  and  wind 4Q1 

**     system,  concentrated 85,  88,  98,  243 

*'  *'         graphic  solution 95 

*'     uniform 25,42,83 

Loading,  bridge 88 

"         exterior  and  interior 172 

Locomotive  excess qq 

wheel  weights 88 

Long  struts 385 

Lower  chord  details 3^5 

Mason  work 368 

Masonry  members 542 

**       strength  of 368 

Materials       *'         ** 270 

*'       table  of  properties  of 292 

Maximum  load  on  a  cross  girder 247 

*•         moment,  criterion  for 93,  243,  245 

'*  *'        in  plate  girder 241 

*'  **        equation  for 89,  243 

"  shear 244 

*'  '*   criterion  for 81 

'*  '*  solid  beam 91 

Melan  system 578 
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"         list  of  bridge 524 

'*         built,  order-book  form  for 551 

"        masonry 542 

*'         redundant 5,  53.  1 52 

Memorandum 543 
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stress 380 

Metals,  properties  of 292 

Method  of  moments 6 

algebraic 23 

graphic 23,32.45 

"        •*  sections 21,  26,  27 

Methods  of  calculation 5,  100 

Metropolitan  system 577 

Modern  high  buildings 575 

Moment 5)23,26 

"      bending  and  resisting 285 

'*      criterion  for  maximum 93*243,245 
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Moments,  method  of 6,  23 

maximum,  table  of 243 

graphic  method  of 32,  36,  37,  45 

for  concentrated  load  system 88 

"         theorem  of  three 342 
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••  **    for  torsion 328 

Notation  for  rivets 547 

Order  book 550 

Osborn's  notation  for  rivets 547 

*'       tables 390 

Outer  and  inner  forces 3 

Pair,  force 24 

Panel,  definition  of 4 

Panels,  best  number  of 498 

Parabola,  how  to  draw 44 

"         formula  for 382,338 

Parallel  chords 103,  1 16 

"  **      shear.  83 

**     forces 38 

Pauli  truss 57 

Petit  truss ... 56,  124 

Phoenix  column 370 

Piers,  braced 454 

Piling 560 

Pins  and  eye-bars 417,  518 

**    calculation  of 421 

"    diameter  of 418,  422 

'•    order-book,  form  for 552 

**    plates 442 

size  of,  at  hip 426 

intermediate  top  chord  joint 426 

second  lower  joint 425 

*•      "     "    '*  first  "        "    425 

«      <«     «    <«  centre  of  lower  chord 424 

"    tables  for 427,  429,  430 

Pitch  of  rivets 436 

Pivot  spans 155 

Plans,  shop 545 

Plate  girder 4 

bridge 480 

solid  floor , 483 

maximum  moment 245 

weight  and  depth  . . . « 482 

Plates,  bed  and  roller 484 

cover,  rivets  in 443 

P»n 443 

stay,  rivets  for 438 

web 515 

stay 405 

Polar  moment  of  inertia 271 

Pole  in  equilibrium  polygon 34 

Polygon,  equilibrium 34 

"        force 12 

Pony  truss 57  I 
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Pony  truss  wind  bracing 457 

Portal  bracing 445 

"      skew 463 

Post 4 

'*    truss 56,123 

Postulates 6 

Power,  transmission  of,  by  shafts 330 

Pratt  truss 55,  119,  251 

"        "    double  intersection 252 

Prichard's  formula  for  columns 334 

Primitive  safe  stress 373 

Principles  of  equilibrium 4 

Properties  of  materials 392 

Quadrangular  truss 55 

Radius  of  gyration 271 

"        '*        "        for  channels 404 

Rails,  guard 509 

Rankine's  formula  for  struts 338 

Rays 34 

Reactions,  determination  of 65 

Redundant  members 15a 

Re-enforcing  plates 418 

Repeated  stress • 37a 

Representation  of  a  force,  graphic •••.....       8 

Residual  shear 79 

Resilience,  coefficient  of 284 

Resisting  moment a85 

Resolution  of  forces . .  5,  6,  8,  ii,  16,  17 

Resultant 8 

"        position  of 34 

"        shear , 79 

Rim-bearing  turn-table 163 

Riveting 432 

Rivets  in  lattice  bars 439 
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"       heads 441 

"      in  top  chord  and  batter  brace 439 
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"       number  of 435 
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'*      shop,  order-book  form  for 554 

"      tables  for 436 

Rods,  equivalent  length  for 458 

*'      upset,  order-book  form  for 552 

Roebling  system 577 

Roller  friction  and  bed  plates 458,  484,  520 

Roofs,  covering,  weight  of 490 

"       curved 66 

Roof  trusses 53t  61 

"         "       algebraic  solution I7f  27 

*'         "       complete  calculation 66 

"        "       graphic  solution Ht  45 

"        "       deadweight 490 

"       French 61 

Room,  head 508 

Ropes,  strength  of 368 
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Schwedler  truss 56 
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Sections,  method  of 21,  26,  27 

Shear  due  to  dead  load 88 

definition  of 77 

concentrated  load  systen* 82 

"      criterion  for  maximum 89 

diagram    "  "        88,98 

graphic  representation  of 77 

"      maximum 81,244 

"  solid  beam 91 

parallel  chords 83 

residual 79 

inclined  chords •     84 

for  continuous  girder 173 

and  tension  combined 314 

Shearing  force. 3 
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"        stress 4.292 

Shafts,  transmission  of  power  by 330 
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Shop  drawings 545 

**     ri veti,  order-book  form  for 5 54 

Sign  for  tension  and  compression 7 

"     **    moments 23,26 

Skeleton  construction  for  high  buildings 576 

Skew  portals 463 

'*     span 256 

•*        *'    on  curve 261 

Snow  and  wind  load 490 

Solid  girder 4 

**      floor-plate  girder 483 

Span,  economic 504 

Spans,  best  ratio  of  continuous 188 

**      pivot  or  draw 155 

Specifications,  bridges 507 

*'  high  buildings 604 

Splices,  top  chord 489 

web 487 

Square  column 370 

Static  equilibrium 4 

Statics,  graphic,  literature 49 

Slay  plates 405 

Slays,  suspension  system 217 

Steel,  strength  of 368,523 

StifTeners 476,  517 

Straight-line  formula 337,  380,  383 

Strain  and  stress 4 

"      of  shearing  and  tension 4 

Straining,  work  of 149,  284 

Sirength  of  masonry 368 

materials 270 

struts,  tables  for 385 

"  timber 368 

ultimate 365 

uniform 299,  302 
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"     combined 514 

"     compression 4 

"     diagram • 12 
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"     maximum  chord 80 

'*     character  of •     13 

"     inch 7 

**     polygon 12 

'*     primitive  safe 373 

'*     secondary.. 313*393 

"     shearing 4,  292 

**     tension 4»  513 

*'     working 369 

String- 34 

Stringers 469 

**        maximum  moment 24s 

"        rivets  in 440 

Structures,  framed 3 

"         composite 217 

*'         classification  o' 53 

Strut 4 

"     factor  of  safety  for 369 

**    formulas 332.  377»  381 

•*     tables  for 385 

Sub-Pratt  truss 56,  124 

Superfluous  members 5*53 

Supervision  and  inspection 605 

Suspenders 224 

Suspension,  bowstring 140 

**  system 59.217 

**  calculation  of 233 

**  formulas 228 

Sway  bracing 449 

Swing  bridge 155 

Temperature 203,  213 

Tensile  stress. , 3,  4 
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**        members 390 
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Three  moments,  theorem  of . .  ^ 342 
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Top  plate 409 
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Torsion 328 
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track  stringers,  rivets  ifl 440 

Transmission  of  power  by  shafts 330 

Trestles 454 

Triangular  girder 103,  249 

Truncated  bowstring 136,  254 

Truss,  Baltimore 56 

Bollman 57 

bowstring 131, 140 

"      braced  arch 58 

*'      continuous 340 

•*      deflection  of 152 

"      definition  of 3 

"      element 53 

* '      economic  depth  of 499 

•*       Fink 127 

"       French  roof 61 

••      Gerber 57 

Howe 55 
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*'      lattice 116 

"      lenticular 58 

"      Pauli 57 

"       Petit 56 
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Post 56,  123 

Prait 119,251 

"     double  intersection 119 
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Schwedler 56 

sub- Pratt 56,  124 

triangular 103 
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Turn-table,  rim-bearing » 163 

Ultimate  strength 365 

Uniform  loading 25*  42 

"       equivalent 97 

strength 399,  302 

Unit  stress 7 

*  *        "      allowable 366,  376 

Unnecessary  members 5»  53 

Upper  chords 437 

"      connections 407 

"      depth 409 

Upset  ends 518 

••      rods 458 

Warren  girder 54,  103,  249 

Web 4 

**    continuous 4 

**    splices 487 

"    thickness  of 476 

Weight  of  truss    490 

**  roof  covering 490 

formulas  for 500 

Weyrauch's  formula 374 

Whipple  truss 55 

Wind  bracing 445,  583 

"       weightof 457 

"     force e 62,64 

'*     increase  of  chord  section  due  to 394 

'*     stress  in  end  panels 394 

"       **      in  trestles 454 

WOhler's  results 372 

Work  of  bending 286 

'*     principle  of  least 148,150 

"      of  resilience 284 

"      of  straining 149,284 

**     of  torsion 329 

Working  stress 369 
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Width  in  clear,  i5'.o". 

;s  Iron  Stringers  7'. 6"  c  to  c. 
etween  Channels  of  Posts  84". 


PLATE    22. 


STRAIN    SHEET 


net. 


rs  6J"  X  -f^"  X  12"  long 
8^    X  -i^^    X  12      •* 
8i    X  i\-    X  12      ** 


Cross  plates  12"  x  ^" , 

Lattice  bars  2  x  ^"double.! 


:  inside 

5  9I"  X  ^^,    Coupling  plates  o|"  x  i" 
'  X  iS'long 


V  double. 


Bottom  angles,  5"  x  3^  x  tt  *»  Area  8". 29  net. . .  ] 
ingles  3  X  -j^  X  12  long 


ss.     Bottom  Angles,  4^"  x  3  x  i^^-;  Area,  7".o  net  j 

plate  across  beams,  gi"  x  \"  x  23"  long 

5s  frames  2  Angles  3"  x  vV"»  gusset  plates  iV'  thick.' 

X  i4"  X  24"  lon^.  Angles,  4"  x  i    ;, 

lain  bed  plates  I4'  o,  in  Stringer  bed  plates  i"-o. . . . 


X  A"  and  2  X  iV' 


th  f"  bolts 


Total  Cross 

1 
Max.  strain 

Section  q". 

per  D"  Lbs. 

.785 

5»642 

4.810 

7,670 

7.5 

8,826 

11.25 

9,124 

15.625 

9,085 

5.469 

7,209 

II. 5 

8.75 « 

19- 

9,090 

25. 

8^739 

27.5 

8,875 

6. 

5,663 

9.6 

6.093 

13.2 

6.742 

26.62 

6,907 

24.75 

6,978 

29.05 

7.530 

31.5 

7.748 

31-5 

7,748 

T.  Gross  9.27 

7.153 

B.  Net     8.29 

7,999 

T.  Gross  7.79 

6,431 

B.  Net      7. 
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7.157 
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Width  in  clear,  is'.o". 

!S  Iron  Stringers  7'.6"  c  to  c. 
etween  Channels  of  Posts  84". 
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PLATE    22. 


STRAIN    SH  EET 


Total  Cross 
Section  a". 


net. 


-s  (>k"  X  -fh'  ^  12"  long 

Sl    X  ^\    X  12      •• 

Bk    X  ri-    X  12      •• 

:  inside 

s  9i"  X  iV    Coupling  plates  gl"  x  |" 
'  X  18"  long 


Cross  plates  12"  x  ^", . . , 
Lattice  bars  2  x  ^"  double. 


Sz"  double. 


Bottom  angles,  5"  x  3^  x  1^  ;  Area  8". 29  net. . .  ] 
smgles  3  X  T^j  X  12  long 

ss.     Bottom  Angles,  4^"  x  3  x  ^%;  Area,  7''.o  net  i 

plate  across  beams,  o4"  x  \"  x  23"  long 1 

5s  frames  2  Angles  3'    x  v\",  gusset  plates  fy"  thick., 

X  i4"  X  24"  lone.  Angles,  4"  x  i ' 

lain  bed  plates  I4'  o,  in  Stringer  bed  plates  i"-o 1 


X  A"  and  2  X  A" 


^h  I"  bolts 


.785 
4.810 

7.5 
11.25 

15.625 
5  469 

"•5 
19. 

25. 

27.5 
6. 

9.6 

13.2 

26.62 

24.75 
29.05 

31.5 
31.5 

T.  Gross  9.27 
B.  Net     8.29 


T.  Gross  7.79 
B.  Net     7. 


Max.  strain 
per  a"  Lbs. 


5,642 
7,670 
8,826 
9,124 

9,085 
7,209 

8,75 « 
9,090 

8,739 
8,875 

5,663 

6.093 

6,742 

6.907 

6,978 

7,530 

7.748 

7»748 

7,153 
7,999 


6.431 

7.157 
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